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MULTIPLE POSITIVE SOLUTIONS FOR A
SCHRODINGER-NEWTON SYSTEM WITH SINGULARITY
AND CRITICAL GROWTH
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Communicated by Paul H. Rabinowitz

ABSTRACT. In this work, we study a class of Schréodinger-Newton systems
with singular and critical growth terms in unbounded domains. By using the
variational methods and the Brézis-Lieb [6] classical technique, the existence
and multiplicity of positive solutions are established.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In this work, we are concerned with the existence and multiplicity of positive
solutions to the Schrodinger-Newton system

—Au = Ag(x)u™" + ¢lul* "3u, in RN,
~A¢ = [ul*"!, inRV, (1.1)
u>0, inRY,

where N > 3, v € (0,1) and A > 0 is a real parameter and g € L7 (RM) is a
nonnegative function.
This system is derived from the Schrédinger-Poisson system

—Au+ V(2)u+nof(u) = h(z,u), in R3
~A¢ =2F(u), in R

Systems as have been studied extensively by many researchers because
has a strong physical meaning, which describes quantum particles interacting with
the electromagnetic field generated by the motion. For more details as regards the
physical relevance of the Schrodinger-Poisson system, we refer to [1} 4], 20]. System
has been extensively studied after the seminal work of Benci and Fortunato
[4]. Many important results concerning existence of positive solutions, ground state
solutions and multiplicity of solutions, least energy solutions, and so on, have been
reported; see for instance [2] B} B [7, [8, @, 10, T4l 15l 06} 17, 08, 19, 2], 22} 23] B0,
31, B2] and the references therein.

(1.2)
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There are some references which investigated Schrodinger-Poisson systems in-
volving the critical growing nonlocal term, such as [2, [3, 15 [I8]. Precisely, in
bounded domains, the system

~Au+eqpf(u) = nlulP "y, nQ,
—A¢ =2¢F(u), in
u=¢ =0, in 99,
was considered in [15], where Q C RY (N > 3) is a smooth bounded domain, and
the existence and multiplicity results were established when f a subcritical growth
condition or the critical growth case by using the methods of a cut-off function

and the variational arguments. In [3], the following system involving the critical
growing nonlocal term was also considered

—Au = du+ gi)|u|2*73u7 in €,
—A¢=|ul* 7', inQ,
u=¢ =0, in IN.
They proved the existence and nonexistence results of positive solutions when N = 3
and existence of solutions in both the resonance and the non-resonance case for
higher dimensions.
Specially, in unbounded domains, Liu [I§] studied the system
—Au+ V(z)u = K(x)p|ul*v+ h(z,u), inR?,
~A¢ = K(2)|ul’, inR3,
where V| K, h are asymptotically periodic functions, and a positive solution was
obtained by using variational methods.
Recently, in a bounded domain, in [31], the following system involving weak
singularity was studied
—Au+nou = pu~", in Q,
—Ap=u?, inQ,
uw >0, in {2,
u=¢ =0, on Jf.
The existence, uniqueness and multiplicity of positive solutions for the above system
are obtained in the case when 1 = £1 by employing the Nehari manifold.
In bounded domains, the singular semilinear elliptic problem
—Au=Af(z)u™" + ph(x)uP, in Q,
uw >0, in {2,
u=0, on JQ,
has been extensively studied. For example, Yang [29] obtained the multiplicity

positive solutions by combining variational and sub-supersolution methods when

0<y<l<p< %, = ph =1, X enough small. In the case when 0 < v <
l<p< % and h = 1,\ = 1 and p enough small, Sun and Wu [25] also got two
positive solutions by employing the Nehari manifold provided g enough small. In
[13], Hirano et al. studied the existence of multiple positive solutions in the case of

0<y<1l<p< %, g > 0. When Q = RY, we should mention that semilinear
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elliptic equations involving singular and subcritical growth terms have been dealt
with by a number of authors, see for example, [12, 24] and the references therein.

Motivated by the above facts, to the best of our knowledge, there are no results
on the multiplicity of positive solutions for Schrédinger-Newton system involving
critical and weak singular nonlinearities on unbounded domains. We shall give a
positive answer to this question. Our main result reads as follows.

Theorem 1.1. Assume that v € (0,1). Then there exists A > 0 such that for any
A€ (0,\,), system (L.1)) has at least two positive solutions (u,¢d,) € DV2(RN) x
DY2(RYN), and one of the solutions is a positive ground state solution.

Throughout this paper, we use the following notation:
e The space DV3(RN) = {u € L (RY) : 2~ € L?(RV)} endowed with the
norm ||ul|? = [on |Vul?dz. The norm in LP(RY) is denoted by | - |p;

o (,C1,Cs,... denote various positive constants, which may vary from line
to line;
e Let S be the best constant for Sobolev embedding DV2(RY) < L2 (RN),
namely
g Jan [VulPda

i T L2 anZ
weD 2RO} (frx [ul?” dar) 5
2. EXISTENCE OF THE FIRST POSITIVE SOLUTION OF SYSTEM ([1.1)

The energy functional associated with system (|1.1)) is defined as

1 A _ 1 *_
B = gl = 2 [ gl - ot [ ol e

1, s A - 1 / )
| p—_— dz — ——— | |Véu|2da.
sl = 2= [ s@hl' e - gt [ vepar

In general, a function u € DV2(RY) is called a solution of system (1.1]), that is
(u, ¢,,) is a solution of system (1.1)) and u > 0 enjoying

/ (Vu, Vu)dz — )\/ g(x)u Yvdz — / bulul? Puvdz =0, VYo e DV2RN).
RN RN RN

It is well known that the singular term leads to the non-differentiability of the
functional Iy on DV2(RY), therefore system cannot be considered by using
critical point theory directly. In order to obtain the multiple positive solutions of
system , we consider a set

Ao = {ue DY@ s ulP <3 [ gl do [, e =0},
RN RN
and split Ny as follows:
N3 ={ue N, :p(u) >0},
NY ={u e N, :¢(u) =0},
Ny ={ueNy:9¥(u) <0},
where

W) = 2Jull* = A(1 =) /RN g(@)|u' ™7 de — 2(27 — 1) /RN Gulul* ' dx.

Before proving our Theorem we recall the following lemma (see [3]).
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Lemma 2.1. For every u € DV2(RY), there exists a unique ¢, € DV2(RN) solu-
tion of
—A¢ = |u)* 7!, inRV .

Also

(1) ¢y >0 for x € RV,

(2) For each t # 0, ¢ppy = t> ~ihy,.

3)

/ dulul” ' dz = / [Voulde < 572 ulP® 0.
Q Q

(4) Assume that u, — u in DV2(RN), then
/ Pu, [tn]? "rdx — / Gy —u|ttn — u|* "z = / bulul? ~Vdz + on(1).
RN RN RN

Set

1—~ *
Mool A =DST (1478 }ﬁ
2*43«,71 22*4—7—3 (22*4—7—3)

Lemma 2.2. Assume \ € (0,Aq). Then (1) N #0 and (2) N = {0}.
Proof. (i) For each u € DV2(RV)\{0}, we have

1% I (1)

=l =2 [ gl e = [ o e

:tl—’Y [tH_’Y”qu _t2-2*+'y—3/ ¢u|u|2*_1da:—)\/ g($)|u‘l_ﬂydl‘].
RN RN
Set
F(t) = t1+7||u|\2 _ t2~2*+7—3/ ¢u\u|2*_1dx7 t>0.
RN
We see that I'(0) = 0 and lim;_, o I'(t) = —oco. Then I" achieves its maximum at

tmax = [ (1+ ) full? } )
e (2 “2F oy — 3) fRN ¢7L‘U|2*71d17

)

and so,

T (tmax) = 2(2" — 2)Julf? [ (14 fJull? } oy
e 2-2°+y=3L(2-2 +~—=3) [gn Pulul> "ldx
Consequently,

T(tmax) — )\/ g(@)|ul* Vdx
RN
2(2* — 2)||ul? 1 2 ey
( )HUH { ( +'Y)||u|| _ }2(2 2) _)\/ g(m)|u|1_”d:v
2-2°+7—=3L(2-2+v—3) [ Oulu]> ~tdz RN
2(2* — 2)]|ul|? { (1 +7)5% ||ul|? }72(;*12)
T 2.2+ —=3L(2-2% + = 3)|ulFE-D
_ { 2(2* - 2) { (1+47)8% }72&12)
Cl2.2r 4y —3L(2-2¢ 4y - 3)

— Mg

2 ST ||l
2¥ f4—1

=gl 2 577 Ml > 0,

¥ fy—1

(2.1)
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the last inequality holds provided 0 < A < Ag. Consequently, there exactly exist
two points 0 < £ < tmax <t such that

() = )\/ @)/, T (E) > 0> T(6),

which imply that tfu € Ny, t;u € Ny . That is, N # 0.
(ii) We prove (ii) by contradiction, suppose that there exists ug # 0 such that
up € NY, similar to (2.1)), it holds that

2(2% — 2 14+7)8% 1z 1 _
0<{ ( ) [( ( ’7) }2(2 2) *>\|g|ﬁ:715 = }HUOHI ¥

2.2+~ —3L(2-2*+~v—3)
1+y
< 202" = 2)Juo? (1 +7)[luol? T
2.2 4+~4—3 (2~2*+773)fRN Pug|Uo|? ~Ldx

A [ ota)lual' s =
RN
this is a contradiction, thereby NY = {0} for X € (0, Ag). The proof is complete. [
Lemma 2.3. The functional Iy is coercive and bounded below on Ny.

Proof. Suppose u € Ny, then by Sobolev inequality,

1 .
1) = 3 u ||2——/ @l e = s [ ol e

) <2 A - s s

_1—y _
+ —1S 2 ”qu ’Ya

9 1 1
> Il =A== - 55—
N +2 -y  2(2*-1)
as 0 < v < 1, it follows that I is coercive and bounded below on N). [l

We remark that by Lemmawe have Ny = N;F UN; UNY for all A € (0, Ag).
Moreover, we know that Ny and Ny are non-empty and by Lemma we may
define

a—mfI af = inf Iy(u), oy = inf I\(u).
AT uen, () A ueN 2 () A ueNy A(w)

Lemma 2.4. a) < aj\' < 0.

Proof. Assume u € Ny. Then
. 1+~
271 2
der < ————— )
o Pull” e < o 3l
so that

1 A 1 .
I = “ul|? = ——— =Yg _ 2 -1,
) = 5l = 2= [ gt e T [, ol
1 1 1 1 .
= (5 1 >||U||2 + ( ~ oo ) / Gulul* ~ldx
— 1—v 22*=1)/ Jg~

11 1 1 14+ } )
<[<2 1—7)+<1—7 2(2*—1))2.2*+v—3”“”

[_2(1—7) 2025 —1)(1 — )“ ”
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T (R
~ ey e

By the definitions of ay and @, one obtains ay < af < 0. O

Lemma 2.5. For u € N (respectively N ), there exist ¢ > 0 and a continuous
function f = f(w) > 0,w € DV2RY), ||lw|| < e satisfying

f(0)=1, f(w)(u+w)eNx (respectively N ),
for all w € DV2(RY), |lw|| < e.

Proof. For u € Ny, define F : R x DM2(RY) — R by

F(t’w) = t2Hu + wH2 - t2(2*_1)/ ¢u+w‘u + w|2*_1d$
RN

- )\tl_”’/ g(x)|u 4+ w|*~Vda.
RN
Since u € N, it is easily obtained that F'(1,0) = 0 and
Fy(1,0) = 2||ul|* — 2(2* - 1)/ pulul* “dr — A(1 — ’y)/ g(z)|ul*dz.
RN RN

As u # 0, by Lemma we know that Fy(1,0) # 0. Thus, we can apply the
implicit function theorem at the point (0,1), and obtain € > 0 and a continuous
function f : B(0,¢) C DY2(RY) — RT satisfying
f0)=1, f(w)>0, f(w)(u+w)eN,,
for all w € DV2(RY) with |Jw|| < e.
The case u € N can be obtained in the same way. The proof is complete. [

Lemma 2.6. If {u,} C N, is a minimizing sequence of Iy, for each ¢ € DV2(RY)
, it holds

! !
n n
where
(J (un), ) :/ (Vun,Vgo)dx—/ qﬁu,,Luf:_Qgpdx—)\/ g(x)u; Tpd.
RN RN RN

Proof. According to Lemma I, is coercive on Ny. Applying Ekeland’s varia-
tional principle, there exists a minimizing sequence {u,} C N, of I such that

1 1
I(up) < ax + — I(v) — In(uy) > —ﬁ||v —upll, Yo e N,. (2.3)

Based on Iy(|u,|) = Ix(u,), we may assume that u,, > 0 in RY, and there exist a
subsequence (by denoted itself) and u, in D2(RY) such that
U, — u, weakly in DV2(RY),
Un () = ue(x) a.e. in RY,

Let ¢t > 0 small enough, » € DV2(RN), we set u = u,,w = tp € DV2(RY) in
Lemma then we have f,(t) = fn(tp) with f,(0) = 1, fn(¢)(un + tp) € Ni.
Note that

||unH2 — )\/RN g(x)|un|1_7dx — /RN gbun|un|2*_1d:p =0. (2.4)
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From (2.3)), it follows that

0a®) =10 lanll + 250 Oll] > 1 FaE) i+ ) i
> Iy () — T (0)(n + 1)

(2.5)

and
IA(UTL) - I)\[fn(t)(un + t@)]
2 (2" -1)
f ()H n||2 f"2(2*/ ¢(u ) ‘Un+t<,0|2 _1dl‘
f1 (1)

2
ﬁ/ @+t e+ L (a2 = s+ 11P)

1 2"—1 2" —1
S/0% 1) n t - Pu n d
L=y
Combined with (2.4) and ([2.5)), dividing by ¢ and letting ¢ — 0, we obtain
| fn O luan |l + [l

n

> Ol =3 [ s@puide= [ o,

—/ (Vun,Vgo)dx+/ ¢un|un|2**3u<pd:c+A/ 9(@)uy, " pdx
RN RN RN

L 9@)((un + o) — ul ) d.

un|2**1dm}

= —/ (Vug, Vo)dx —|—/ bu, [tn|* “Pupds + )\/ g(z)u,, Vdz,
RN RN RN
so, we obtain that for ¢ € DV2(RN), ¢ > 0, it holds
/ (Vun, V)dz */ [Du, un|* ~Pu+ Ag(a)uy, " pdz
RN RN
> £ Ollluall + el

- n

Since the above inequality holds for —¢, it follows that

/ (VumV@)dﬂﬁ—/ [Dunln]® ~Pu+ Ag(x)ur, " pdz
RN RN
< a(Ol[uall + llell

n

Set

(J'(u),p) = / (Vu, Vp)d — / bu [un* ~Pupdz — A/ 9(x)u,, " pd,
]RN RN RN
consequently (2.2) holds. As in [3I], we can prove that {f;(0)} is bounded for all
n. The proof is complete. ([

Lemma 2.7. Supposes {vn} C Ny is a minimizing sequence for Iy with

a, < DATE"  where D = D(N,~,S,|g]__2=_).
Fpy—1

N +2
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Then there exists v. € DY2(RY) such that v, — v, in D¥2(RY) and
/ ¢vn|vn‘2*7ldm - / P,
RN RN

Proof. Let {v,} C N, be a minimizing sequence for I, similarly to the proof of
Lemma [2.6] one obtains

v, "da

as n — Q.

] PN ()] A 2

n n

Since {v,} is bounded in D2(R¥), there exist a subsequence, still denoted by
itself, and a function v, € DV2(RY) such that

Up — vy, weakly in DV2(RY),
vp(z) — vi(z), ae. in RY
as n — oo. We firstly claim that
/ g(x)viVdr — g(x)vidx.
RN RN
In fact, by Holder’s inequality and the boundedness of {v,}, it holds that

| . 9(@)[v, ™" = v,da]
x(>m

< / g(@) ok — 01 de
lz|>m

= / (@) ([0 + v, )da
lz|>m

- / G / 9(@) o'V da
x|>m

lz|>m

2*¥ 4y—1

<([  sweFma) T
|z|>m

o 2*+171
< C(/ g(l‘)z**”*ldx) :
|z|>m

— 0, asm — oo,

2% 4~4—1

3T+ (/ g(x)iz*iW—ldx) SO
|z|>m

which implies that for any ¢ > 0, there exists N1 > 0 such that
/ g(@) vy — vy ]da| < E, for each m > Nj.
|z|>m 2

Let M = {z € RV : |z| < Ny +1}. Note that {v,} is bounded in D23(RY), then
1

* =
(f|x|<N1+1 v?l d:zc) ¥ < M’ for some M’ > 0. Moreover, from absolute continuity

of the Lebesgue integral, for every ¢ > 0, there exists ¢’ > 0 such that for each
E C M with meas E < ¢', it holds

0%
2* e 2F 4t~ —1
i < ()7

/Eg(x) Ce
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Consequently,

N 2*+371
/g(m)v}f%lx < (/ g(x)2*fv—1dac) : (/ |vn
E E E

Hence {, <y, 11 g(z)vl=7dz,n € NT} is equi-absolutely-continuous. It follows
easily from Vitali Convergence Theorem that

1—vy
* 2%
2 d:c) < e.

/ g(x)viVdr — g(x)vlVdx, asn — oo.
|z|<N1+1 |z]<Np+1
That is, there exists Ny > 0 such that
€
| / g(@)[vy™ — vy ]dx| < =, for each n > No.
|z]|<Np+1 2
Therefore, from the above inequalities, it follows that

’ g(m)v}f’ydw—/ g(x)vi‘”dm’
RN RN

- g@)leh = ot et [ Bl - ol sl
|z|<Np+1 [z|>N1+1
<| gl = o el 4| [ galeh T = ok de] <
|z|<N1+1 |z|>N1+1
for n > N5, which implies
/ g(x)viVde — g(x)v!Vdx, asn — oco.
RN RN

Now, set w, = v, — vy, then |Jw,|| — 0. Otherwise, there exists a subsequence
(still denoted by w,,) such that

lim |lw,| =1>0.
n—oo
From (2.7), letting n — oo, for every ¢ € DV2(RY), it follows
/ (Vo,, V)dx — )\/ g(x)v, Ypdr — / bu,vF 2pdz = 0. (2.8)
RN RN RN
Taking the test function ¢ = v, in (2.8)), it follows that
lal* = /\/ g(@)v,Vdz — / ¢ 07 "ldz = 0. (2.9)
RN RN

Putting ¢ = v, in (2.7)), by the Brézis-Lieb’s lemma (see [0]) and Lemma it
follows that

v ¥ 7)dz

P+ ol = [ [ fun " 461,
R (2.10)

- )\/ g(x)v!Vdx = o(1).
RN
It follows from (2.9)) and (2.10]) that
[[wn||* — / P, |wn|* "dr = o(1). (2.11)
RN
Note that [ix Guw, |wn|? tda < S7% ||w,[|** ~Y); then

1> 87, [>0.
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On the one hand, from by the Young inequality,

1 _ —
I)\('U*) = 5“11*”2 / d)v* z 1d(E - — 7 Jan g(x)vi Tdx
2% —2 1 -
- m””*”z M~ g }/ @y, d
’y (2 1) RN
2 1 1 13
> 2= A - = ST e
= N+2”U l [1 —y 2(2F _1)}‘9 T ol
> —DATH,

where D = D(N,~, S, |g| ) > 0 is a constant (independent of \).
7,
On the other hand, from ,

1 1 .
IA(U*) = I)\(Un) - 5”10””2 + m /]RN ¢wn\wn|2 ldx + 0(1)

2*
= Ix(vn) 2(2* )HwnH2+0(1)
2
=N T N2
2 N N
— S§72 — D)1 -
<N+252 ~ 5 2
= —D)\T+

This is a contradiction. Therefore, [ = 0, it implies that v, — v, in DY2(RY).

Note that
0</ o, U7 ‘1d$—/ po.v2 lda
N

= qbwn x4 o(1)
]RN

< S wa |2F 7Y 4 0(1) — 0,

which implies that [yx ¢u,v2 ~'dz — [pn ¢o,v2 ~“'dz as n — oo. The proof is
complete. (I

Theorem 2.8. Under the assumptions of Theorem system (1.1)) has a positive
ground state solution (uy, ¢, ) € DV2(RYN) x D172(R V) with I(uy) < 0.

Proof. There exists a constant ¢ > 0 such that S > — DATE7 > 0 for \ < 6.
Set A1 = min{Ao, ¢}, then Lemmas [2.1H2.7] hold for all 0 < A < A;. Therefore,
there exist a bounded minimizing sequence {u,} C N of I, and uy € DV2(RY)
such that

U, — uy, weakly in DM2(RY),
up(z) — ux(z), ae. inRY,

as n — oo. Now we will prove that uy is a positive ground state solution of system

D).
Indeed, by Lemmas we can deduce that

lim [ fu,u n_ldx—/ Puyui da.

n—oo [pN
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By Fatou’s lemma,

= Jim {2 [ gt de= [ 6,0t s
> sl = [ @y de = [ ouid .

Letting n — oo in (2.2)) and using the Fatou’s lemma again, for each ¢ € DV2(RY),
¢ >0, it holds

/RN (Vuy, Vo)dz — )\/RN g(z)uy Todx — /RN Puyu ~Zpdr > 0. (2.13)

Now, for any v € DV2(RY), we set U = (uy + ev)™, it follows from (2.12)) and

@13) that

OS/RN[(VuA,V\I') Puyul T2 — Ng(x)uy " U]da

(2.12)

:/ [(Vux, V(uy + €v)) —¢uku§*_2(u,\ + ev)
{ux+ev>0}

— Ag(z)uy " (ux + ev)]dz

/R - /{ _ )(Vun, V(s +ev)
(zﬁmuX 2(uy + ev) — Ag(x)uy Y (uy + ev)]dz

<l [ owid e [ gleyd s
RY (2.14)
+ E/ [(VuA,Vv) — qSuAuA 2y — )\g(x)u;\vv} dz
RN
- / (Vux, V(ux + ev))dx
{ux+ev<0}
+ / {(bukui*_Q(u)\ +ev) + Ag(z)uy " (us + 51))] dx
{ux+ev<0}
< 6/ [(VUJ}\, Vo) — gbuku?\*_% — )\g(:z:)u;’yv} dx
RN

- s/ (Vuy, Vo)dx
{ux+ev<0}

Since Vuy = 0 for a.e. z € R3 with uy(z) = 0 and
meas{z|ux(z) +ev(r) < 0,ux(z) >0} -0 ase—0,

then, we have
‘ / (Vuy, Vo)dz| = / (Vuy,Vu)de — 0 ase — 0.
{ux+ev<0} {ux+ev<0,ux>0}
Therefore, dividing by € and letting € — 0 in (2.14]), one gets

/ (Vuy, Vo)dz —/ buyul 2vdz — )\/ g(z)uy, "vdz > 0.
RN RN

RN
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As v is arbitrarily, consequently, uy is a nonzero negative solution of system (1.1).
Note that uy € Ny and ay < 0 (by Lemma [2.4), then

1 1 - 2
- A Tdx = 2.1
[1_,}/ 2(2*_1)] /RN g(x)u/\ T N_|_2Hu>\|| )\(UA)

> Jurl]® — ax >0,

N+2
which implies that uy # 0. Note that uy, > 0 in RY. By standard arguments
as in DiBenedetto [I1] and Tolksdorf [27], we have that uy € L>®(RY) and uy €
CL*(RN) with 0 < a < 1. Furthermore, by Harnack’s inequality (see Trudinger

loc
[28]), uy > 0 for any x € RY. Furthermore, we have

ay = lim Iy(un) = Ix(u). (2.15)

Next, we claim that uy € N On the contrary, assume that uy € Ny (MY = {0}
for A € (0,Ay)), then by Lemma[2.2] there exist positive numbers t7 < tyax <t~ =
1 such that tTuy € Ny, t7uy € Ny and

) < I,\(tJr’u,)\) < I)\(tiuA) = I,\(’U,A) = @),

this is a contradiction. Hence, u) € ./\/';' By the definition of ozj\', we have a}f <

I (uy). It follows from Lemma and (2.15) that
I(uy) = af =a) <0.

From the above analysis, we obtain that u) is a positive ground state solution of
system (|1.1). The proof is complete. a

3. EXISTENCE OF THE SECOND POSITIVE SOLUTION OF SYSTEM (|1.1)

From [26], For z € R it is well known that the function
N-2
(32) "

P(x) = ——
W =

solves

—Au=u*"lzge RY,
(|2 :/ 2 dr = 57
RN
Lemma 3.1. There exists Ag > 0 such that for each A € (0,As), it holds

sup I (t®) < 2

N 2
2 — DATHY . .1
>0 N+252 i 3.1)

Proof. We are going to give an estimate of the value of I. Observe that, multiplying
the second equation of system (L.1)) by |u| and integrating, one has

x 1 1
s = [ VoulViullde < 3 V6u + 5 Vlul:
RN
So, if we introduce the new functional Jy : DV2(RY) — R defined in the following
way

N 1
Ia(u) = mHUHQ T /RN lu

. A
dx — i /RN g(x)|ul*Vdz.
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Then, we have I (u) < Jy(u) for any u € DV2(RY). For t > 0, set

Nt? 2 .
h(t) = P|* — ®*d
O=yltl-—5—=— ), 2%
2 2%
Nt gy _ t e
N +2 2% — 1
Then
Nt? ~ 2" N 2 N
sup h(t) = su {757— 7}:757.
Sup () =sup 55 2 1 N +2
When A € (0,6), we have NLHS% — D)\TH > 0, which implies that there exists
to > 0 small such that
N 2
sup I)(t®) < S2 — DAT+  for each X\ € (0,0).
S A(E®) < (0,6)
‘We next consider the case where t > ty. Since % > 1, there exists Ay > 0 such
that
tg™" >
e / g(x)®' ™ Vdr < —DXT  for each A € (0, A).
1-— Y JrN
Then, for each A € (0, Ag), it follows
2 N t=
sup I\ (t®) < ———S=2 — \ / )1 Vde
sup L(t9) < 575 =7 fon 9@
2 x g
< —— 8% — 22 ot7d
=N+t2 1—7/@9@) v
2 N
——— 8572 — DA\T+
N +2
Set A3 = min{d, A2}. From the above information, it holds that
2
iggb\(t(l)) < N+25% — DA for each A € (0,A3).
Therefore, (3.1)) holds true when A < Az. The proof is complete. [

Theorem 3.2. There exists A\ > 0 such that problem (1.1)) has a positive solution
vy with vy € Ny for each 0 < X < A,.

Proof. Let A, = min{Ag,As}. Since I is also coercive on N, , we apply the
Ekeland’s variational principle to the minimization problem ay = inf _\ Ix(v),
A

there exists a minimizing sequence {v,} C N, of Iy with the following properties:
(1) In(vn) <oy + o

n’
(i) In(u) = Ix(vy) — 2||u — vy || for all u € N .
Since {v,} is bounded in DV2(R¥), up to a subsequence if necessary, there exists

vy € DV2(RY) such that
vp — vy, weakly in D2 (RY),
vp(z) — va(x), a.e. inRY as n — oco.

Using Lemmas [2.5H2.7) and Lemma [3.1] similarly, we can get that vy is a non-
negative solution of system ((1.1)).
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Now, we prove that vy > 0 in RY. Since v,, € Ny, it holds

@+ )llvnl® < (22" + 7 = 3) RN A

<(2-2° 47 =3)S 7 Joal P77,
so that .
(1++4)8?
ol > (ot
2.2 4+~v-3
which implies that vy # 0. Similarly, by Harnacks inequality, we also obtain vy > 0
for any = € RYV.
Next, we prove that vy € Ny, it suffices to prove that N, is closed.
Indeed, by Lemma [2.7| and Lemma (3.1} for {v,} C N, it holds

1
3(2* —2) _
) Vo, € Ny,

lim by, v2 “tdr = buyv5 lda.
N RN

n— oo R

By the definition of AV, , it holds that

o2 — (2" — 1) / Gud e~ A1) / g(x)okdr < 0,

N

thus
2onlf? = 2 =) [ 6ued e - A=) [ gla)el de <o,
RN RN

which implies that vy € NY UN . If Ny is not closed, then we have vy € N, by
Lemma it follows that vy = 0, this contradicts vy > 0. Consequently, vy € Ny .
Note that, /\/’;r NN, =0, then uy and vy are different positive solutions of .
This completes the proof. O
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