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GAIN OF REGULARITY FOR A KORTEWEG - DE VRIES -
KAWAHARA TYPE EQUATION

OCTAVIO PAULO VERA VILLAGRAN

ABSTRACT. We study the existence of local and global solutions, and the gain
of regularity for the initial value problem associated to the Korteweg - de Vries
- Kawahara (KdVK) equation perturbed by a dispersive term which appears in
several fluids dynamics problems. The study of gain of regularity is motivated
by the results obtained by Craig, Kappeler and Strauss [§].

1. INTRODUCTION

In 1976, Saut and Temam [25] remarked that a solution u of a Korteweg-de
Vries type equation cannot gain or lose regularity. They showed that if u(z,0) =
o(x) € H*(R) for s > 2, then u(-,t) € H*(R) for all ¢ > 0. The same result was
obtained independently by Bona and Scott [3] through a different method. For the
Korteweg-de Vries equation on the line, Kato [17] motivated by work of Cohen [7]
showed that if u(z,0) = ¢(z) € L2 = H*(R) N L?*(e*®*dz) (b > 0) then the solution
u(z,t) of the KAV equation becomes C* for all ¢ > 0. A main ingredient in the
proof was the fact that formally the semi-group S(¢) = et in L? is equivalent
to Sp(t) = e~ in L2 when ¢ > 0. One would be inclined to believe that this
was a special property of the KdV equation. This is not however the case. The
effect is due to the dispersive nature of the linear part of the equation. Kruzkov and
Faminskii [2I] proved that for u(z,0) = ¢(x) € L? such that z%p(x) € L?((0,+o0))
the weak solution of the KdV equation has [-continuous space derivatives for all
t > 0 if | < 2a. The proof of this result is based on the asymptotic behavior of the
Airy function and its derivatives, and on the smoothing effect of the KdV equation
which was found in [I7, 21]. Similar work for some special nonlinear Schrodinger
equations was done by Hayashi et al. [I3] [I4] and Ponce [23]. While the proof of
Kato appears to depend on special a priori estimates, some of its mystery has been
resolved by the result of local gain of finite regularity for various others linear and
nonlinear dispersive equations due to Constantin and Saut [II], Sjolin [26], Ginibre
and Velo [I2] and others. However, all of them require growth conditions on the
nonlinear term.
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All the physically significant dispersive equations and systems known to us have
linear parts displaying this local smoothing property. To mention only a few, the
KdV, Benjamin-Ono, intermediate long wave, various Boussinesq, and Schrodinger
equations are included. Continuing with the idea of Craig, Kappeler and Strauss
[10] we study a equation of Korteweg - de Vries - Kawahara type (KdVK) which
appears in fluids dynamics (see [24] and references therein).

with —oco < & < 400, t > 0 and € R. Tt is shown that C* solutions u(x,t) are
obtained for all ¢ > 0 if the initial data u(z,0) decays faster than polynomially on
R*T = {z € R: 2z > 0} and has certain initial Sobolev regularity. In section three
we prove the main inequality. In section 4 we prove an important a priori estimate.
In section 5 we prove a basic local-in-time existence and uniqueness theorem. In
section 6 we prove a basic global existence theorem. In section 7 we develop a
series of estimates for solutions of equation in weighted Sobolev norms. These
provide a starting point for the a priori gain of regularity. In section 8 we prove
the following theorem.

Theorem 1.1. Let T > 0 and u(z,t) be a solution of in the region R x [0, T]
such that
u € L=([0,T); H>(Woro)) (1.2)
for some L > 2 and all 0 > 0. Then
u € L0, T} H M (Wo, 1)) (| L2([0, T); HS M (W 1)) N H ™ (W mi-11))

forall0<I<L-1.

2. PRELIMINARIES
We consider the initial-value problem

with —o00 < © < +o0, t € [0,T], T an arbitrary positive time, and n € R is a
constant.

As a notation, we use d = 9/0x,0; = 8/0t and u; = du, 8; = 0/0u;.
Definition. A function £(z,t) belongs to the weight class W, if it is a positive
C®° function on R x [0,77,&, > 0 and there are constant ¢;,0 < j < 5 such that

0<ec <t Fe %(x,t)<cy Vo< —1,0<t<T, (2.2)
0<cg <t e i¢(z,t)<ecy VYe>1,0<t<T, (2.3)
(t&] + |07¢]) /€ < es V(x,t) ERx[0,T],Vj € Z7. (2.4)

We remark that, we will always consider ¢ > 0, ¢ > 1 and k > 0. For example, let
l+eV/* forxz>0
§(x) =
1 for x <0;
then & € Woio-

Definition. Let s be a positive integer. We define the space

s 400
HWae) = {o: R~ B3 o] = Y [ 00(a) Pe(a o < +o0)
Jj=0"7°°
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with & € W, fixed. Note that H*(Wy,1) depends on t because £ = £(x,t)).

Lemma 2.1 ([6]). For { € Wy and o > 0, i > 0, there exists a constant ¢ > 0
such that, for u € HY(W,4),

+oo
sup |[€u?| < c/ (|u|2 + |8u\2) &dx
z€R —00

Definition. For fixed £ € Wy, we define the spaces
T
PO, T 1 (W) = {v(e.0): [l = [ o0t < +o0}

L=([0,T) H*(Woir)) = {v(=,1) : [[[v]l|oc = ess sup [o(-, )| < 400},

)

where s is a positive integer. Note that The usual Sobolev space H*(R) is H*(Wyoo),
i.e., without weight.

We shall derive the a priori estimates assuming that the solution is C*°, bounded
as x — —oo, and rapidly decreasing together with all of its derivatives as © — +oo.
We consider the following KdVK equation

up + nus + uz + uug =0 (2.5)

with 7 € R constant. This equation will be studied for —oco < & < +o0, t € [0,T]
with 7" an arbitrary positive time.

3. MAIN INEQUALITY

Lemma 3.1. Let u be a solution to (2.5)) with enough Sobolev regularity (for in-
stance, u € HY(R), N > a +5), then

6t/fuidx—k/u1u§+1dx+/u2ui+2da:+/Huida:—i—/RadxSO
R R R R R

with
= —cs(5n+3)¢ for n<-=3/5 (Natural Condition)
p2 = —5nd¢
0 = —& —nd°¢ — 9°¢ — 9(¢u)
Ry =O(uq,-..)
Proof. Taking a-derivatives of (for a > 3) over z € R
Ottt + Nbats + Uats + Ular1 + Ro(ta, ta—1,...) =0 (3.1)

Multiply this equation by 2&u, and, integrate over = € R to have

2/§ua8tuadx—|—277/fuaua+5dx+2/§uaua+3dx
R R R

+2/ Eutgtg1de + 2/ CugRodxr =0
R R

Integrating by parts,
8t/§uida: + /(57783§+ 30€)uZ, ,qdx
R R

+/ 75773§ui+2dx+/0u§dx+/Radx:O
R R R
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with § = —&; — n0°¢ — 93¢ — d(€u). Using ([2.4), it follows for c5 > 0 that

6t/§uidxfC5(5n+3)/{ui+1dx—5n/8§u§+2dz+/9uidaj+/Rad$§O,
R R R R R

from where we obtain the main inequality.

O / Euldr + / pruldz + / pou’  Hdz + / Ou? dx + / Rodx <0 (3.2)
R R R R R
with
1 = —cs(5n+3)¢ for n < —3/5 (Natural Condition)
p2 = —5nd§
0 = —& —nd°E — 0°€ — 9(Eu)
Ry = O(uq,...)
U

Lemma 3.2. For pus € Wy, an arbitrary weight function and n < —3/5, there
exists £ € Wy 41,1 that satisfies
p2 = =510 (3.3)

Indeed, we have
1 x
= [ bty (3.4)
51 J -
Lemma 3.3. The expression R, in the inequality of Lemmal[3-1]is a sum of terms
of the form
Elyy Upy U (3.5)
where 1 < vy <y < a.
nm+urm=a+l (3.6)
Proof. Differentiating ([2.5]) once with respect to x and multiplying by 2§u; we have
28u1Opur + 2n§urue + 28ugug + 28uzuug + Euyuiug =0,
where Ri1€uy = fujujug. Taking 2-xzderivatives of the equation (2.5), and multi-
plying by 2&us we have
28ug0rug + 2n€ugur + 28usus + 28usuus + 6€usuius = 0
where Rofugs = 6fujusug. Taking 3-zderivatives of the equation (2.5)), and multi-
plying by 2€ug we have
2¢ugdius + 2nfugug + 28ugug + 28uguuy + 8Euguiug + 6&ugusus = 0
where R3éus = 8&ujuzug + 6Sususug. Taking 4-xzderivatives of (2.5)), and multi-
plying by 2€u4 we have
28ug0puy + 2nugug + 28ugur + 28uguus + 10€uguiug + 208ugquous =0
where Ry€uyq = 10fuiugug + 20ususuy. Taking 5-zderivatives of ([2.5)), and mul-
tiplying by 2¢us we have
28usOpus +2nfusuig + 28 usug + 28 usuug + 128 usui us + 308 usus g +208usugug = 0

where Rsus = 128ujusus + 30€ususus + 20€uszuszus. Throw away the first terms
in each derivative and the result follows. [l
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4. AN A PRIORI ESTIMATE

We show a fundamental a priori estimate used for a basic local-in-time existence
theorem. We construct a mapping Z : L*°([0,T]; H*(R)) — L°*([0,T]; H*(R))
with the following property: Given u(™ = Z(u(»~Y) and [Ju("~ V]|, < ¢y then
lut™||s < co, where s and ¢y > 0 are constants. This property tells us, in fact,
that Z : B, (0) — B, (0) where B, (0) = {v(z,t);||v(,t)|ls < co} is a ball in

L ([0, T]; H*(R)). To guarantee this property, we will appeal to an a priori estimate
which is the main object of this section. Differentiating (2.5)) four times leads to

Oruy + nug + ur + uus + Suiug + 10ususz =0 (4.1)

Let u = Av where A = (I — 9*)~!. Then dyuy = —v; + u; by replacing in (4.1]) we
have

—v +NAVg + Av7 + AVAV5 +5AV1 Avs + 10AVv2 Avs — [nAV5 + Avs — AvAvy] = 0 (4.2)
The (4.2) is linearized by substituting a new variable w in each coefficient;
—vt+nAv9+/\v7+/\w/\v5+5/\w1/\v4+10/\w2/\v3—[77/\v5+/\03—/\w/\v1] =0 (43)

Equation (4.3) is a linear equation at each iteration which can be solved in any
interval of time in which the coefficients are defined. This equation has the form

A = nAvd™ + Ao 4+ bW A0l 4 5@ Al 4 p3) (4.4)
We consider the following lemma that will help us setting up the iteration scheme.

Lemma 4.1. Let n < —3/5. Given initial data ¢ € H*®(R) = yso HY (R)
there exists a unique solution of where b = bW (Aw), b = b@ (Aw,) and
b3 = b3 (Aws, ..., Aw) are smooth bounded coefficients with w € H*(R). The
solution is defined in any time interval in which the coefficients are defined.

Proof. Let T > 0 be arbitrary and M > 0 a constant. Let
L =209, —nAd° — A" — b ND® — P Ao
where 0 < ¢g < £ < ¢7. We consider the bilinear form B: D X D — R,

T
B(u,v) = (u,v) :/ /efMtuv dx dt
0o JR

where D = {u € C§°(R x [0,T]) : u(z,0) = 0}. We have

/ Lu - udr = 2/ Euuydr — 217/ EuNugdx — 2/ EuNurdx
R R R R
—2/§b(1)u/\u5dx—2/§b(2)u/\u4d$
R R

Each term is treated separately. The first term yields

2/§uutdac:8t/qudx—/é}qu;v
R R R
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In the second term, by integrating by parts we obtain
— 277/ EuNugdx
R
= 7277/ EN (I — Y urhugdr — 277/ ENuNugdx + 27)/ ENugNugde
R R R
= n/ 2%¢(Au)?dx — 917/ "E(Aup ) dx + 277)/ D5E(Nug)?de
R R R
—30n / P3¢ (Aug)?dr —n / (0°€ — 99¢)(Aug)*dx + 51 / D3¢ (Aus)?dx
R R R
- 577/ ¢ (Aug)?de .
R

All the others terms are calculated of the same way. We have

/ Lu - udx
R

:6t/R§u2da:—/thqux—&-77/]1%895(/\u)2dx—977/]1{875(/\u1)2dx
—|—2777/855(/\112)2(133—3077/835(/\U3)2dx—n/(85§—96£)(/\U4)2dm
R R R
+5n/ﬂ§83§(/\U5)2daj—517/Ra§(/\u5)2d:c—|—/R<97§(/\u)2d1:—7/]1%555(/\u1)2dx
+14/R§3§(/\u2)2d:z:f7/R@§(/\U3)2dzf/Ran(/\uzl)de+3/Ra§(/\us)2dx
+ / 8°(eb™M)(Au)?dz — 5 / &3 (eb™M) (Aup)?da + 5 / (M) (Aus)?dz
R R R
- / A(EbW) (Auy)?dx — / (e (Au)?dx + 4 / 9% (6@ (Auy ) 2dx
R R R
- / 0@ (Aug)?dx + 2 / 0 (Auy)?dz .
R R
It follows that
/L’u-udﬂc
R
:8t/R§u2dx—577/R(9§(/\u6)2dx+/R(57783§+33§)(/\u5)2dx
+ / (—nd°¢ — 03¢ + 9ndE — A(EbW) + 266 (Aug)dx
R
_ 3¢ 25 2
—|—/R( 30n0°E — T08)(Aus)“dx /thu dx
+ / (2700°€ + 149%¢ + 503 (£bM) — 266 (Aug)?dx
R

+ / (=9nd7¢ — 70°¢ — 533 (€dV) + 402 (b)) (Au)dx
R
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Using [2.4), Aup, = (I — (I —0*))Atup_4 = Aip_4 — up_4 for n positive integer and
standard estimates it follows that

/ Lu - udx > O /§u2dm — c/ Eulde (4.5)
R R R
Multiply this equation by e~ and integrate with respect to t for ¢ € [0, 7] and
u € D.
T
/ / e MLy - udxdt
0
T
2/ —ME( /gu dz) dt—c/ /ge Mt 2 dedt
= *Mt/gu x, t)dz|f +M/ /ge Miy? dedt
—c/ /fe_Mtquxdt
o Jr
T
:eiMTff(x,T)uz(as,T)derM/ /fefMtuzdz:dt
R 0o JR
T
—c/ /ée_Mtu%lxdt.
o Jr
Thus

T
/ / e MLy - udxdt
o JRr

T
> e*MT/g(:E,T)uz(x,T)dx + (M - c)/ /fe*Mtuzdxdt
R o JR

T
> / /ge_Mtu%lac dt
0o JR

provided M is chosen large enough. Then (Lu,u) > (u,u), for all u € D. Let
L = 26(—0; + A 4+ AT + bIAD® — bPIAD?) be the formal adjoint of £. Let
D*={we CFR x[0,T]) : w(z,L) = 0}. In the same way we prove that

(L*w,w) > (w,w) Yw € D* (4.6)

From this equation, we have that £* is one-one. Therefore (L*w, L*v) is an inner
product on D*. We denote by X the completion of D* with respect to this inner
product. By the Riesz Representation Theorem, there exists a unique solution V' €
X, such that for any w € D*, (£b®) w) = (L*V, L*w) where we use that £b6) € X.
Then if v = £*V we have (v, L*w) = (¢b®) w) or (L*w,v) = (w,&bB)). Hence
v = L*V is a weak solution of Lv = ¢b®) with v € L2(Rx[0,T]) ~ L?([0,T]; L*(R)).
Remark To obtain higher regularity of the solution, we repeat the proof with
higher derivatives. It is a standard approximation procedure to obtain a result for
general initial data.

The next step is to estimate the corresponding solutions v = v(x, t) of the equa-
tion via the coefficients of that equation.

Lemma 4.2. Let v,w € C*([0,4+00); HY(R)) for all k, N which satisfy (4.3)). Let
0<cg <E&<cgandn < —3/5. For each integer « there exist positive nondecreasing
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functions G and F such that for all t > 0,
o [ okda < Gl ol + F(ul) (47)

where || - ||lo s the norm in H*(R) and A = maz {1, a}.

Proof. Differentiating a-times the equation (4.3), for some « > 0, we obtain

a+5

—Btva + 7]/\'Ua+9 + AUQ+7 + Z h(]) /\Uj + Clo/\vg/\wa+2 —|—p(/\wa+1, ce ) =0 (48)
j=6

where hU) is a smooth function depending on Aw;,... with i = 54+ a — j. We

multiply equation (4.8)) by 2£v,, and integrate over R,

—2/fvaﬁtvadx+277/£va/\va+gdx
R R

a+5d

+2/fva/\va+7dx+22/gh(j)va/\vjdx (4.9)
R Pl
+2¢19 / EVa ANVSAW gy odT + 2/ Evap(ANWat1, ... )de =0

R R

Each of these terms is treated separately. The first term yields

—2/§voﬁtvadw: —3t/§vidm+/§tvidx
R R R

In the second term we have, by integrating by parts

2n/§va/\va+9dﬂc
R
= 277/ ENT — 0N VoAV rodT
R
= 277/§/\va/\va+gda:—2n/§/wa+4/\va+gdx
R R
= —n/@gf(/\va)de—FQn/675(/\va+1)2dx—2777/85§(Ava+g)2da:
R R R
+ 301 / DO (Nvass)2dz + 1 / (0°€ — 90€)(Avasa)?da
R R

~ 50 [ 0 hvars)do + 50 [ 06(Nvasa) s
R R
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The others terms are treated similarly. Replacing the equations obtained, on (4.9)),
we have

—8t/£vidx+/£tvidx—n/89§(Ava)2d:r+977/37§(Ava+1)2dm
R R R R
— 271 / DE(AVay2)?dx + 30n / D3E(Nvay2)?dr — 30 / D3E(Nvay3)’da
R R R
41 [ (0% - 906 (Nvarade — 5y | O€(varsVidi+ 51 [ 06(Nvase)ds
R R R
—/875(/\va)2d$+7/8{(/\va+1)2dm— 14/835(/\va+2)2dx
R R R
+7/6§(/\va+3)2d:€+/835(/\va+4)2dm—3/85(A0a+5)2dﬂc
R R R
- / A°(n D)) (Avy )2 da — / PP (ER OO (Avaqr)?d
R R

_5 / D(ER D)) (Avosa)?da + / DEROTD) (Avss)2da
R R
a+4 )
+2Z/ﬁh(J)va/\vjdx—l—%lo/fva/\vg/\waJrgdx
Rl R

+ 2/ Evap(AMUg41, ... )de =0
R

and

Oy / Evide
R

. /R O (Avarss)2da — /R (570°%¢ + 30€) (Avess)da + /R €1 (Ave)2da
+ /R (nd°¢ + 3¢ — IMOE + D(EL D)) (Avgya)da
+ /R (30n93¢ + 70€)(Avgys)?dr
+ /R (—27nd°¢ — 148%¢ — 5A(ER D)) (Avg o) de

+ / (On07€ + T0€ + D¥(ER D)) (Avasr) de
R

a+4
+ / (—10%€ — 07¢ — 0P (EhL D)) (Avo)?da + 2 ) v Avjda
R

=6

+ 2c¢19 / EVaNVSAW oy odT + 2/ Evap(ANwayt, ... )dx
R R
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Using (2.4) we have that the first and the second term in the right hand side of the
above expression are nonpositive. Hence

2] / vrdr < / (n0°€ + 9°¢ — IIE + D(ER D)) (Avgra) dar + / &(Avg) da
R R R
+ / (30n03€ + T0€) (Avays)?dx
R
+ / (—2700°€ — 148%¢ — 5A(ERFD)) (Avgpo)?da
R

+ / (On07E + T0E + D3 (ER D)) (Avayr)de
R

a+4

+ /}R (—nd%¢ — 07¢ — 0P (Eh ) (M) ?dz + 2 EhPva v da

j=6
+ 2¢10 / EVa ANVU3AW gy 2dx + 2 / Evap(ANWayt, ... )dx
R R

Using that Av, = Av,_4 — v,—4 and standard estimates, the Lemma follows. [

5. UNIQUENESS AND EXISTENCE OF A LOCAL SOLUTION

In this section, we study the uniqueness and the existence of local strong solutions
in the Sobolev space HY(R) for N > 5 for the problem (2.5). To establish the
existence of strong solutions for we use the a priori estimate together with an
approximation procedure.

Theorem 5.1 (Uniqueness). Let n < —3/5,¢0 € HY(R) with N >5 and 0 < T <
+00. Then there is at most one strong solution u € L>([0,T]; HN (R)) of (2.5)
with initial data u(x,0) = @(x).

Proof. Assume that u,v € L>([0,T]; HY (R)) are two solutions of (2.5]) with u,v; €
L>([0,T); HN=>(R)) and with the same initial data. Then

(u—v)e+nlu—v)s+ (u—2v)3+uu; —ovv; =0 (5.1)
with (u — v)(z,0) = 0. By (5.1)),
(u—v)+nu—v)s+ (u—20)s+ (u—v)us + (u—v);v=0. (5.2)

Multiplying (5.2]) by 2¢(u — v) and integrating with respect to x over R,
2/ E(u—v)(u—v)dr + 277/ E(u—v)(u—v)sdx
R R
+ 2/ E(u—v)(u—v)sdr + 2/ Euuy (u — v)3de (5.3)
R R

+ 2/R§v(u —v)(u—wv)1dz =0

Each term is treated separately. In the first term we obtain

2/R§(u—v)(u—v)tdaczat‘/ﬂxf(u—vfdm—/th(u—v)de
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In the others terms, we also integrate by parts,

277/R£(u—v)(u—v :—17/85 dx+517/83 —v)3da

= —57)/Raf(u—v)2dx
2/R§(u—v)(u—v)3d:b:—/Ra?’é(u—U)de—&—S/Rag(u—v)%dx
2/R§v(u—v)(u—v)1das=—/]Ra(ﬁv)(u—vfdx

Replacing these expression in , we have

/fu—v dm—/ftu—v )odx — /85 dx—|—577/83 (u —v)3dx

- 577/ ¢ (u —v)3dx — / 03¢ (u — v)dx + 3/ 0&(u — v)idx
R R R
+ 2/]R§u1(u —v)?dx — /R@(gv)(u —v)2dr =0

then

Oy / E(u—v)?dx + /(517835 +30¢)(u — v)ide — 517/ ¢ (u — v)ada
R R R
+ /(—ft —nd°¢ — 03¢ + 28uy — A(€v))(u — v)dz =0
R
By using 7 we obtain for ¢5 > 0 and n < —3/5 that

Oy /Rf(u —v)?dx — cs /R(fm +3)¢(u —v)idr — 5n/Ra§(u —v)idx
< [ 6+ o + 55 — 2gun + 0(60)) (u — P
R

and using Gagliardo-Nirenberg’s inequality and standard estimates, we have

8t/]1%§(u—v)2dm§c/Rf(u—v)2dx

By Gronwall’s inequality and the fact that (u —v) vanishes at ¢ = 0, it follows that
u = v. This proves the uniqueness of the solution. (Il

We construct the mapping Z: L ([0,T]; H*(R)) — L*°([0,T]; H*(R)) by

ul? = o(z)

u™ = Z(wm V) n>1,

where «(™=1 is in place of w in equation and u( is in place of v which
is the solution of equation . By Lemma u(™ exists and is unique in
C((0,+00); HN(R)). A choice of ¢y and the use of the a priori estimate in §4 show
that Z: B, (0) — B, (0) where B, (0) is a bounded ball in L*°([0,T]; H*(R)) O

Theorem 5.2 (Local solution). Let n < —3/5 and N an integer > 5. If ¢ €
HN(R), then there is T > 0 and u such that u is a strong solution of (2.5),
u € L>([0,T); HN(R)), and u(z,0) = ¢(x)
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Proof. We prove that for p € H*(R) = (50 H k(R) there exists a solution u €
L>°([0,T); HY (R)) with initial data u(z,0) = ¢(x) which time of existence T' > 0
only depends on the norm of . We define a sequence of approximations to equation
[{3) as

— o™ Aol 4 Aol 4 A AR — el (5.4)

+ 5/\115 )/\vfln) + O(/\vé"fl)7 /\v&nil), ...)=0 .
where the initial condition v(™) (x,0) = ¢(x) — d*¢(x). The first approximation is
given by v (z,0) = p(z) — d*p(z). Equation (5.4) is a linear equation at each
iteration which can be solved in any interval of tirne in which the coefficients are
defined. This is shown in Lemma [£.1] By Lemma [£.2] it follows that

@/fwﬁﬁhSGW“””MWWWﬁ+FWU“”%) (5:5)
R

Choose o = 1 and let ¢ > |l¢ — 9*¢|l1 > ||¢|ls. For each iterate n,|[v(™ (-, )|| is
continuous in ¢ € [0, 7] and ||v™)(-,0)| < ¢. Define cq = o 2 +1. Let T( ™) be the

maximum time such that |[v*) (-, ¢)[|; < ¢c3 for 0 < ¢ < TO( ), 0 < k < n. Integrating
(5.5) over [0,¢] we have for 0 < ¢ < To(n) and j =0, 1.

t t t
A(&A&WﬁmwgéGWW”MWWW@+AFWW“MW

It follows that

[ w0
R

< [ &0 (,0) m+/<ﬂW"WIMWW@+/1HW”Wbs
R

hence
c [ (n) 20y < (n)y2
s [ [v;]7de < | £v;7) dx
R R
t
SA&L@MMW®WM+ACMW“WMMWWM
t
+ [P0 ds
0
and

F
/[v;n)]2dx < “ /[vj(-n)(m,o)]de + G(Cs)cgt + (CB)t
R R

cg cg c8
and we obtain for j = 0,1 that
F(co)
&3]

0 it + t

G
oty < 22 4 S0)
Cg C

Claim: Té") does not approach 0
On the contrary, assume that Tén) — 0. Since |[v(™(-,t)| is continuous for ¢ > 0,
there exists 7 € [0,T] such that [[v®)(-,7)|; = ¢o for 0 < 7 < T(E"),O <k <n.
Then

€9 2 G(co)

S F
¢ 4+ 20) 2 4 Fleo)

n)
™.
& Cg Cs

2
cy <
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as n — +0o0o, we have

2
C C C
(22 4+1)° <22 — LA 41<0
2cg cs 4cg

which is a contradiction. Consequently To(n) # 0. Choosing T' = T'(c) sufficiently
small, and T not depending on n, one concludes that

o™y < C (5.6)

for 0 <t < T. This shows that Ton) > T. Hence from (5.6) we imply that there
exists a subsequence v(™) := v(") such that

o™ 2y weakly on  L([0,T); H(R)) (5.7)

Claim: u = Av is a solution.
In the linearized equation (5.4]) we have

A = AT = (I = ))ol™ = nvl™ — ol = o*(rol™) — 94 (™)
—— ———
€EL2(R)  €H %(R)
Since A = (I —8*)~! is bounded in H(R) so Av{™ belongs to H=4(R). v(™ is still
bounded in L*°([0,T]; HY(R)) < L3([0,T]; H*(R)) and since A : L?(R) — H*(R)
is a bounded operator,

||/\v(1n)||H4(R) < CllHUYL)HLZ(]R) < Cl2||v§n)HH1(R)'

Consequently /\vgn) is bounded in L2([0,T]; H*(R)) — L*([0,T); L?*(R)). It follows
that 84(Avln)) is bounded in L%([0,7); H~*(R)), and

/\’Ugn) is bounded in  L*([0, T]; H*(R)) (5.8)

Similarly, the other terms are bounded. By (5.4)), vt(n) is a sum of terms each

of which is the product of a coefficient, uniformly bounded on n and a func-
tion in L2([0,T]; H—*(R)) uniformly bounded on n such that v\ is bounded in
L%([0,T); H-*(R)). On the other hand, HL._(R) <> H/*(R) < H~4(R). By Lions-
Aubin’s compactness Theorem [22] there is a subsequence v(™) := v(™) such that

v(™ — v strongly on L2([0,TY; Hf(f(R)). Hence, for a subsequence v(™) := (™),
we have v(") — v a. e. in LZ([O,T];HIIO/Cz(R)). Moreover, from (f.8), ASY = Awg
weakly in L?([0,T]; H~4(R)).

Similarly, /\vé") — Awvs weakly in L2([0,T]; H=*(R)). Since [[Av™||gs@r) <
csllv |y < eralo™ | greg) and o™ — v strongly on L2([0,T); /2 (R))
then Av(™ — Av strong in L?([0,7]; H2.(R)) — L%([0,T); H{ (R)). Thus the
fourth term on the right hand side of , /\v(”*l)/\vé") — AvAvs weakly in
L%([0,T); L. (R)) as /\vén) — Aws weakly in L2([0,T]; H~*(R)) and Av(*~1 — Av
strongly on L2([0, T]; H{ .(R)). Similarly, the other terms in converge to their

loc
limits, implying vin) — v weakly in L?([0,T]; L], .(R)). Passing to the limit
vy = 04 (nAvs + Avs + AvAvy) — (NAVs 4+ Avs 4+ AvAvy)
= —(I — 9" (nAvs + Avs + AvAvy)

thus vy + (I —0*) (nAvs+Avz+AvAvy) = 0. This way, we have that (2.5) for u = Av.
Now, we prove that there exists a solution to (2.5)) with u € L°°([0,T]; H" (R)) and
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N > 6, where T depends only on the norm of ¢ in H°(R). We already know
that there is a solution u € L*([0,T]; H°(R)). It is suffices to show that the
approximating sequence v(™ is bounded in L= ([0, T]; HN~*(R)). Taking o« = N —2
and considering (5.5)) for o > 2, we define cx—5 = 32 {|o(-)[|v + 1. Let Tl(\,n_)5 be
the largest time such that [[v®) (-, t)||a < en_s5 for 0 < t < TI(\,”_)5,O <k < n.
Integrating ([5.5)) over [0,¢], for 0 < ¢ < T](\,n_)57 we have

t t t
/ (as / £[vé”)]2dx> ds < / Gl o) o™ |2 ds + / F(lo® ) ds.
0 R 0 0

It follows that

/ £, ) o ()
R

t t
< / £(, 0™ (z, 0)]2dz + / G (o™ D]l [0 2ds + / F([o™ ]| )ds
R 0 0

hence
oo [P < [ €l
R R
t
< [ @0 @0+ [ Gl 011 2ds
R 0
t
—|—/ F(||11("71)Ha)ds.
0
Then
_ F _
/[Uan)]zdf <2 [0 (z,0))2dz + MC?\,_J + mt
R cs JR cs cs
Gl(en— Flen—
< @||U(")('70)||i + Mc?\,%t + Mt
Cs Cg Cg
C9 G(en—s5) F(en-s)
< —=lo(-,0)[| 3 + ———=ck _st + ———=t
Cs C cs
and we obtain
G F
o012 < Lol 01 + H ey 4 T,
(6] Cs Ccs

Claim: T](VnZS does not approach 0.

On the contrary, assume that T](\,n25 — 0. Since [|v™)(-,¢)|| is continuous for ¢ > 0,
there exists 7 € [0, Ty_s] such that [|[v®) (-, 7)||q = cy_5 for 0 <7 <TM, 0<k <
n. Then

G(cn—s) 2

Co n F(CN_5)
s < Zlel Ol + T g T+ — 2

(..

as n — +o0o we have

2
Cg 2 C9 C
(5—lle 0l +1)° < =lleC 0 = = lle, 0y +1 <0
2cg cs 4cg
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which is a contradiction. Then TJ(\,"_)5 #+ 0. By choosing Ty_5 = Tn—s5(l¢(-,0)[|%)
sufficiently small, and T _5 not depending on n, we conclude that

[ (L 0))2 < A5 forall 0<t<Ty_s. (5.9)
This shows that 7", > T _5. Thus,
v € L>([0,Tn—s5); H*(R)) = v € L=([0, Tn—5); HN ~*(R)).
Now, denote by 0 < Tx,_; < 400 the maximal number such that for all 0 < ¢ <
Ty sy u = Av € L>([0,t]; HY(R)). In particular Ty_5 < Tx_5 for all N > 6.
Thus, T can be chosen depending only on the norm of ¢ in H?(R). Approximating
¢ by {¢;} € C§°(R) such that || —@;|| g~ @) — 0as j — +oo. Let u; be a solution

of (2.5) with w;(z,0) = ¢;(z). According to the above argument, there exists T'
which is independent on n but depending only on sup; ||¢;|| such that u; exists on

[0,T] and a subsequence u; T7A% 4 in L>([0,T); HN (R)). O

As a consequence of Theorems|[5.1]and [5.2]and its proof, one obtains the following
result.

Corollary 5.3. Let ¢ € HY(R) with N > 5 such that () — ¢ in HV(R). Let
u and u?) be the corresponding unique solutions given by Theorems and|5.7
L>([0,T]; HN(R)) with T depending only on sup., 1| s (my then

A1in

u 2w weakly on L>=([0,T]; HN (R)),
u S strongly on L2([0,T); HNTH(R)),
u S strongly on L2([0,T); HN*2(R))

6. EXISTENCE OF GLOBAL SOLUTIONS

Here, we will try to extend the local solution u € L ([0, T); HY (Wo;0)) of
obtained in Theorem tot > 0. A standard way to obtain these extensions
consists into deducing global estimations for the HY (Woio)-norm of u in terms
of the H™ (Wpig)-norm of u(z,0) = ¢(x). These estimations are frecuently based
on conservation laws which contain the L?-norm of the solution and their spatial
derivatives. It is not possible to do the same to give a solution of the problem
of global existence because the difficulty here is that the weight depends on the
variables x and ¢ variables. To solve our problem we follow a different method
using the Leibniz rule like in the proof of Theorem 3.1 of Bona and Saut, cf. [5].

Theorem 6.1. For n < —3/5 there exists a global solution to (2.5) in the space
H*(R) HN (Woio) with N integer > 5 and s > 2.

Proof. The first part was proved in [I], with N > 5 and a nonegative integer i.
Taking 0% derivatives of the equation ([2.5])

Ottt + NMigts + Uass + (uug)e = 0. (6.1)
We multiply (6.1) by 2€u, and integrate over R.

2/§ua8tuad;v+2n/§uaua+5dac+2/§uaua+3dx+2/§ua(uu1)adx:0. (6.2)
R R R R
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Each term is treated separately. The first term yields

2/fuaatuadsr:zat/§uidx—/§tuidm.
R R R

In the second and third term, integrating by parts, we obtain

277/R§uaua+5dx = —77/]1{65§uidx + Sn/]Ragfuinx — 517/Ra§ui+2dx,

2/§uaua+3dx: —/63§uida:+3/8§ui+ldx.
R R R

In the last term, using the Leibniz rule, we obtain

2/§ua(uu1)adm
R
9 ala—1)
=2 | fuugugrrde + 2a §u1uadx+2? EugUg_1ugdr
R R
+23'</£U3ua guad:c+2 /§U4ua U dT

4+ 4 2/ Euyu de.
R

Integrating by parts it follows that

2/ Eug (uur) dx

/8§uu dx—|—20z/§u1u do — 822 /aqu 2 dx

al al
22—y a—2Uad 27 a—3Uad
3!(04—3)!/]1@5“3“ 2T+ 21 ) /Rf“‘*“ glady

+ --—|—2/§u1uid;ﬁ.
R

Substituting in (6.2)), we have

8t/§uidx—/§tuidx—n/85§uidx—|—5n/83§ui+1dx
R R R R

757;/8§ui+2daz—/83§uidx+3/8§ui+ldx7/6(§u)uidx
R

|
—|—2a/ §u1uidx — /8 (Euz)u 2 1dm+2 @ /§u3ua 2UadT
R 3l(a —3)!

al ,
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hence
6t/ §uidx + /(5n83§ + 38§)ui+1dx — 577/ afuiﬁdx
R R R
+ /(—ft — 1€ — 03¢ — O(€u) + 20éuq )ulde

ol
/3§u2 2 1dx+23( —3) /{u:),u(,_guadx

+ 7/§U4ua sUqdr + - - —|—2/§u1u dr =20
N —4

then using (2.4), Gagliardo - Nirenberg’s inequality and standard estimates we get

Oy / Eudr + /(57} + 3)¢u dx — 577/ O¢u?, , ydx < c/ Euldz . (6.3)
R R R R

Integrating (6.3) in ¢t € [0, Tmax = T we obtain

t t
/fuidw—!—/ /(5n+3)§ui+1dxds—5n/ /8§u3+2d1‘d8
R o Jr 0o Jr
t
<lpl+ [ (e [ eutda)as
0 R

t
/guidxg ||go||§+/ (c/guidx)ds
R 0 R

Using Gronwall’s inequality

where

/ gulde < ||p|2et < [l eT

it follows that
[ uzdo <0 =@ e,
R

Then for any T = Tmax > 0, there exists C' = C(T, ||¢||) such that

t t
|| +/O /]R(Em + 3)¢u? dxds — 577/0 /Rafuiwdxds <C.

This concludes the proof. ([

7. PERSISTENCE THEOREM

As a starting point for the a priori gain of regularity results that will be discussed
in the next section, we need to develop some estimates for solutions of the equation
in weighted Sobolev norms. The existence of these weighted estimates is
often called the persistence of a property of the initial data ¢. We show that
if o € H>(R)(HL(Wyi) for L > 0,i > 1 then the solution u(-,t) evolves in
HE (W) for t € [0,T]. The time interval of such persistence is at least as long as
the interval guaranteed by the existence Theorem
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Theorem 7.1 (Persistence). Let i > 1 and L > 0 be non-negative integers, 0 <
T < +oo. Assume that u is the solution to (2.5)) in L>([0,T]; H®(R)) with initial
data o(z) = u(z,0) € H>(R). If p(x) € HX(Woyy0) then

u € L0, T); H*(R) [\ H" (Woin)) (7.1)
/T/ |0F T (2, 1) |2 py dedt < 400 (7.2)
0 R

/ / |05 2u(z, t) P podrdt < 400, (7.3)
0 R

where o is arbitrary, p1 € Wy ;0 and pio € Wy 31,0 fori > 1.
Proof. We use induction on «. Let
u e Lo([0,T); H*(R) | H*(Woio)) for 0<a<L.

We derive formally some a priori estimate for the solution where the bound, involves
only the norms of u in L>([0,7]; H°(R)) and the norms of ¢ in H?(Wp;p). We do
this by approximating wu(z,t) through smooth solutions, and the weight functions
by smooth bounded functions. By Theorem we have

u(z,t) € L=([0,T]; HN(R)) with N = max{L,5}.

In particular u;(z,t) € L>([0,T] x R) for 0 < j < N — 1. To obtain (7.1)-(7-2)
and there are two ways of approximation perform. We approximate general
solutions by smooth solutions, and we approximate general weight functions by
bounded weight functions. The first of these procedures has already been discussed,
so we will concentrate on the second.

Given a smooth weight function po(z) € W, ;—1,0 with ¢ > 0, we take a sequence
115 () of smooth bounded weight functions approximating p2(z) from below, uni-
formly on any half line (—oo, ¢). Define the weight functions for the a-th induction
step as

oat) =5 (14 [ udtwnt)an)

then the £ are bounded weight functions which approximate a desired weight
function £ € Wy;o from below, uniformly on a compact set. For a = 0, multiplying
(2.5) by 2£su, and integrating over = € R.

2/ Eguurdt + 27]/ fguU5dx+2/ Eguusdr + 2/§ﬁu2u1daj =0. (7.4)
R R R R

Each term is treated separately. In the first term we have

2/§guutdajzat/§gu2dx—/8t§gu2dx.
R R R

For the others terms, using integration by parts, we have
27]/£5uu5d$ = —n/@sgqudx+577/ 33§5ufdx—577/ Ogud.
R R R R

2/£5UU3dx: —/83§5u2d33+3/8§5ufdx,
R R R

2
2/§5u2u1dx:—7/6§gu3dx.
R 3 Jr
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Replacing in (7.4)), we obtain
8t/§gu2d:v—/Btfqudx—n/85§5u2dx+5n/63§ﬁu§dx
R R R R
2
— 5n/ afqudx— / 83§5u2dx+3/ afgu%dﬂc— f/ afﬁu?’dx =0
R R R 3 Jr
then
O / Egulda + / (5n93¢s + 30¢5)uidr — 5n / O guide
R R R
2
+ [(-018 —n0°6s — 35 - Zeaupuida =0,
R
Using (2.4)), for ¢5 > 0 (n < —3/5),
8t/§gu2dx —cs5(5n+3) / Egutda — 577/ ¢ gusda
R R R
2
+/(—8t53 — 77(956,3 — 83f,3 — gfﬁu)ugdx <0.
R
Using again ([2.4) and Gagliardo-Nirenberg’s inequality, we obtain
(“)t/ Egutdr — cs5(5n + 3) / Eguida — 577/ O gusdr < c/ Eguda
R R R R

thus

at/§5u2dx < c/fqudx.
R R

We apply Gronwall’s lemma to conclude

A@wwsczmnwm

19

(7.5)

for 0 <t < T and ¢ not depending on § > 0, the weighted estimate remains true

for g — 0.

Now, we assume that the result is true for (¢ — 1) and we prove that it is true for
«. To prove this, we start from the main inequality (3.2]) with i, uo and € given

by ,uf , ug and &g respectively.

8t/§guidx+/ufuiﬂdx—l—/uguiwdx—l—/95uida:+/RadxSO
R R R R R

with
1 = —cs(5n+ 3)¢s for n < —3/5 (Natural Condition)
ph = —5nds

05 = —0ip —nd°Ep — °Es — O(Epu)
R = Ottas, ... )
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then
8t/£guid$+/u’fui+1dx+/ugui+2dx§ —/nguidx—/Radm
R R R R R
< ‘ —/Oguidx—/Radﬂ
R R
g/|95|u§da:+/|Ra|dx.
R R

Using (2.4) and Gagliardo-Nirenberg in the first term of the right side we obtain

/|95|dac§c/§guidx
i R

Thus
O / Equdr + / ufui+1dac + / ugui+2da: < c/ Eguldx + / | R |dx.
R R R R R
According to (3.5)), fR R,dx contains a term of the form
/ f@uVIUDQUQdI. (76)
R
Let vy < o — 2. Integrating (7.6) by parts and using Hélder’s inequality we obtain

C[(/Rgﬁu?/ﬁldx) v + (/Ré“ﬁuidx)w} (/Rfﬁuildl”)m (7.7)

where ([7.7)) is bounded by hypothesis. Now suppose that & — 1 = v; = v, then in
(7.6) we obtain

) 1/2 N
|/§5ua_1ua_1uad1¢| < ”ua—lHLoc(]R) (/fﬂua—ldx> (/gﬁuadl)
R R R

where |[uq 1] (r) is bounded by hypothesis, and the estimate is complete. Finally,
for vy = a —2;v, = a— 1 we have

‘/gﬂua—ZU(x—l’U/adl“ = ‘/@ua_gua_lﬁuadx’
R R
S “@UQ—Q"Lm(R)|Aua—1\/ fﬁuad$|
) 1/2
< 1V&ta-2ll o 0 ey ([ €20)

) 1/2
< cllta-all e ([ goun) "

Using these estimates in (|7.5)), and applying the Gronwall’s argument, we obtain
for0<t<T,

at/Rfﬂ“?xdx+/R“?“§+1dx+/ﬁ§ﬂ§“i+2d$SCoeclt(/Réwi(fﬁ)derl)

where ¢y and c¢; are independent 3 such that letting the parameter § — 0 the
desired estimates (|7.2]) and (|7.3)) are obtained. O



EJDE-2004/71 GAIN OF REGULARITY 21

8. MAIN THEOREM

In this section we state and prove our main Theorem, which states that if the
initial data u(z,0) decays faster than polinomially on RT = {z € R;z > 0} and
possesses certain initial Sobolev regularity, then the solution u(z,t) € C*° for all
t > 0. For the main Theorem, we take 6 < a < L + 4. For a < L + 4, we take

H1 € Wo’,LfaJrE),osz — 5 S WU,L7Q+5,D¢75 (81)
e € Wor—ats,0-5 = &£€Wsi—a+5a0-5 (8.2)

Lemma 8.1 (Estimate of error terms). Let 6 < o < L+4 and the weight functions

be chosen as in —, then
T
{/ / (0uZ + Ry) dzdt| < c, (8.3)
0o JR

where ¢ depends only on the norms of u in
L=([0, T} H*(Wo—pi5,5-5)) [ |L2(0,T); H*Y (Wo L p45,5-5)
(NH*(WoL—p1a5-5))
for 5 <3< a—1, and the norms of u in L°([0,T); H>(Woro))-
Proof. We must estimate both R, and 6. We begin with a term of R,, of the form

Uy, Upy U (8.4)

assuming that v; < a — 2. By the induction hypothesis, u is bounded in
L>([0,TY; HB(WU,L_(5_5)+7(5_5)+)) for0<fB<a-1. By Lemma

sup sup Cu% < 400 (8.5)
t>0 zeR

for 0 < B <a—-2and (€W, _(g_ay+ g—a)+- We estimate u,, using (8.5). We
estimate u,, and u, using the weighted L? bounds

T
-/0 /Rguidxdt < +oo  for ¢ € Wy 1_(vy—5)+,(va—6)+ (8.6)

and the same with v, replaced by «. It suffices to check the powers of ¢, the powers
of x as * — 400 and the exponential of x as © — —o0.

For x > 1. In the term (8.4)), the factor £ constributed according to (8.1])-(8.2)
f((E, t) — t(a—5)x(L—a+5)t—(a—5)x—(L—a+5)g(x, t) < C2t(a—5)x(L—a+5)

by (2.3). Then &u,, up,uq < czt(o‘_5)x(L_°‘+5)u,,1ul,zua. Moreover

(R e O et Rt (2 R Rt € el O Bt YA
Uy Upp U =t 2 X 2 t 2 x 2

o6t L-(ug-5)T —(—6)t —(L-(y-57)
2 t 2 €T 2

XUyt 2 Uy,
(e-6)t L-(a=5)t —(a-6)t —(L—(a=5)T)
Xt 2z x 2 t— 2 x 2 Ug -
It follows that
gulllul/2u04
M.T (v -t L@ -t (vo—6)t L—(vg—5)* (a—6)t  L—(a—5) (8‘7)
<ectTzrt 2 =z 2 U, 2w 2 Uyt 2 T T Uy
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where M = a —5—2(y —4)" — L (1p, —6)" — 2(a— 6)T and
T=(T—a+5)~ 5T~ (a5~ 5(T— (s ~5)") — 5(T~ (n —4)").
Claim M > 0 is large enough, that the extra power of ¢ can be omitted.
2M =20 — 10 — (v} —4)T — (rp —6)T — (a — 6)T

=a—4— (-4t — (L —-6)"

=a—4—v1+4—15+6

=a+6— (v +1r)

=a+6—(a+1)=5>0.

T

Claim T < 0 is such that the extra power z* can be bounded as © — +o0.

T:L*O[JFE)*%(Lf(OZ*E))JF)*%(L*(V275)+)*%(L*(V174)+).
Thus
2T =2L —2a+10 — (L — (a = 5)") =L+ (vo —=5)" =L+ (a — 4)*
=—L—-a+vi+ry—4
=—L-a+a+1-4
=—(L+3)<0.

Now, we study the behavior as 2 — —oo. Since each factor u,, (j = 1,2) must grow
slower than an exponential e I#1 and ¢ decays as an exponential e~?1*! we simply
need to choose the appropriate relationship between o and o’ at each induction step.
The analysis of all the terms of R, will be completed with the case of 11 > a — 1.
Then in if 2(a+1) <a+1, a <3, but a > 5 so this possibility is impossible.
For < 1 the estimate is similar, except for an exponential weight. This completes
the estimate of R,,.

Now we estimate the term u? where 6 is given in (3.2). We have that ¢ involves
derivatives of u only up to order one and hence fu?2 is a sum of terms of the same
type which we have already encountered in R,,. So, its integral can be bounded in
the same manner. Indeed shows that 6 depends on &;,9°¢ and derivatives of
lower order. By using we have the claim. [

Theorem 8.2 (Main Theorem). Let T' > 0 and u(x,t) be a solution of (2.5) in
the region R x [0,T] such that

u € L*([0,T); H>(Woro)) (8.8)

for some L > 2 and all ¢ > 0. Then u is in L°>([0,T]; H>*'(Wy.1-1.1))
N LQ([O, T]; H6+I(W07L,l71) N H7+Z(W0,L,l,1)l)) forall0<I<L-1.

Remark 8.3. If the assumption (8.8]) holds for all L > 2, the solution is infinitely
differentiable in the z-variable. From (2.5 we have that the solution is C*° in both
variables.

Proof. We use induction on a. For a = 5, let u be a solution of satisfying
(8-8). Therefore, u; € L>([0,T); L?>(Woro)) where u € L>([0,T]; H>(Wyo)) and
U € LOO([07T];L2(WOL0)). Then u € C([O,T];L2(W0L0)) ﬂCw([O,T];HS(WOL())).
Hence u: [0,T] — H5(Wyro) is a weakly continuous function. In particular, u(-,t) €
H®(Wyro) for all t. Let tg € (0,T) and u(-,to) € H>(Woyro), then there are {o™}
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Cg°(R) such that o™ () — u(-,tg) in H>(Woro). Let u(™ (x,t) be a unique solution
of with u(™ (z,ty) = ¢(™ (x). Then by Theorems [5.1| and there exists in
a time interval [to,tp + d] where & > 0 does not depend on n and u is a unique
solution of u™ € L=([to, to + 6); H>(Woro)) with u(™ (z,t0) = o™ (z) —
u(x,tg) = p(x) in H>(Wyro). Now, by Theorem we have

u™ € L®([to, to + 0]; H*(Woro)) [ ) L*([to. to + 0); H (W r0) N H (We,£-1,))

with a bound that depends only on the norm of ¢ in H >(Woro). Furthermore,
Theorem guarantees the non-uniform bounds

sup sup(L+ [z4 )£|07u™ (, ] < +o0
[to,to+d] T
for each n, k and a. The main inequality (3.2]) and the estimate (8.3) are therefore
valid for each u(™ in the interval [to,to + d]. w2 may be chosen arbitrarily in its
weight class (8.1)) and then & is defined by (3.4]) and the constant ¢1, ¢, c3, ¢4 are

independent of n. From (3.2)) and (8.1))-(8.2) we have

to+6 to+6
sup /g[u((ln)]2dx—|—/ /pl[ugjﬁl]Qdmdt—i—/ /,u2[u(a’22]2da:dt <c¢ (8.9)
[t07t0+6] R to R to R

where by (8.3), ¢ is independ of n. Estimate is proved by induction for
a=05,6,... Thus u(™ is also bounded in

L= ([to, to + 6]; H*(Wo, L—a+5,0-5)) m L*([to, to + 8); H*T (W, L—at5,0-5))
ﬂ L2([t0a tO + 5]7 HOH—Q (WU,L—u+4,oz—5))

8.10)
for a > 5. Since u(™ — u in L>([to,to + d]; H*(Woro)). By Corollary it
follows that u belongs to the space (8.10]). Since ¢ is fixed, this result is valid over
the whole interval [0, T]. O
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