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STABILIZATION OF THE CRITICAL NONLINEAR
KLEIN-GORDON EQUATION WITH
VARIABLE COEFFICIENTS ON R?

SONG-REN FU, ZHEN-HU NING

ABSTRACT. We prove the exponential stability of the defocusing critical semi-
linear wave equation with variable coefficients and locally distributed damping
on R3. The construction of the variable coefficients is almost equivalent to the
geometric control condition. We develop the traditional Morawetz estimates
and the compactness-uniqueness arguments for the semilinear wave equation
to prove the unique continuation result. The observability inequality and the
exponential stability are obtained subsequently.

1. INTRODUCTION

In this article, we consider the defocusing critical nonlinear Klein-Gordon equa-
tion
uy — div A(z)Vu + a(z)u, + u+u® =0, (x,t) € R x (0, +00),
u(z,0) = uo(x), u(w,0) =ui(z), z &R,
where A(z) = {aij(a:)}szl

aij(r) € WH=(R3) fori,j =1,2,3.

(1.1)

is a positive definite matrix such that

Let the damping term a(z) be a real nonnegative function of class W2 (R?), and
let the initial data (ug,u1) € H'(R3) x L2(R?).

The Klein-Gordon equation is the basic equation in relativistic quantum mechan-
ics and in quantum field theory. It is a special relativistic form of the Schrodinger
equation, which describes particles with zero spin. The studying of Klein-Gordon
equations with nonlinear perturbation is essential in both physics and mathematics.
In particular, the stability of the semilinear Klein-Gordon equations have attracted
much attention, but the critical case hard to study. See for instance [25] and refer-
ences therein.

1.1. Notation and statement of the problem. Let O be the origin in the space
R3, and r(x) = |z| be the Euclidean norm of z € R3. Let (-,-), div, V, A, and
I3 = (6;j)3x3 be the standard inner product, divergence operator, gradient operator,
Laplace operator, and the unit matrix in R3, respectively.
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We define
g=A"Yx)=G(z) forxecR?
as a Riemannian metric on R3. Thus, we consider (R?, g) as a Riemannian manifold
and

(X,YV)y = (A" (2)X,Y), |X]2=(X,X),, X,YeR} zecR’ (1.2)

X

where R? is the tangential space at z € R3. We assume that there exist positive
constants mq, mo such that

mi| X|? < (A(2)X, X) = | X[2 < mo|X|* for X € R}, z € R®. (1.3)

Let D be the Levi-Civita connection in the metric g, and H be a vector field. We
will use many times that H(u) = (H, Vyu),. The covariant differential DH of the
vector field H is a tensor field of rank 2, and

DH(X,Y)(z) = (DyH,X),(z) X,Y €R3 zeR3 (1.4)

X

For a given y > 0, we define the ball
B(y) ={z € R’ : |z| < y}. (1.5)

We also set divy, Vg, and A, the divergence operator, e gradient operator, and
Laplace-Beltrami operator in the metric g, respectively.
We define the energy functional associated with (|1.1]) as

1 1
E@) = 3 /RS(uf + \Vgu|!2] +u?)dz + 8 /]RS uSdz. (1.6)

In this article we consider mainly the exponential decay of E(t).

We say that a subdomain w C () satisfies the Geometric Control Condition
(GCQ) if each unit geodesic initiated from € enters w before a finite time 7. In
particular, if w is the boundary I' of 2, then the Geometric Control Condition states
that each geodesic initiated from 2 mush hit the boundary I' in time less than T'.

1.2. Previous results. There is a large number of results for the wave equa-
tions with either locally distributed damping or suitable boundary dissipation.
For stability results of linear wave equations in compact domains, we refer to
[15], 26 27, B3, B4, [43]. For the linear wave equations in non-compact domains,
we refer to [2], Bl 27, B0, 311 [42].

A lot of contributions to the stability analysis of the nonlinear wave equations
arose subsequently. We mention that [§] concerned the wave equation on compact
surfaces with nonlinear locally distributed damping, described by

uy — Agu + a(x)h(uw) = 0.

The authors obtained the stability result that E(t) < S(t)(t/To—1) for fixed Ty > 0
under some assumptions on the function h and on the compact domain, where
S(t) vanishes as t tends to infinity. Moreover, the energy decays exponentially
with respect to the initial energy if the feedback h is linear. Later, in [Il [§] the
authors studied the well-posedness and sharp uniform decay rates of the energy
related to the Klein-Gordon equation. This is done subject to a nonlinear and
locally distributed damping, posed in a complete and noncompact n dimensional
Riemannian manifold (M, g) without boundary, u; — Au+u+a(z)h(us) = 0. They
obtained the exponential stability result under some suitable assumptions on h, a
and the geometric conditions of (M, g).
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For the long time behavior of the nonlinear wave equations in compact spaces, we
refer to [7, 9], 20| 22} [24] 44], [46]. For the nonlinear wave equations in noncompact
spaces, we refer to [3, [10, 20, 28] [29] [38] [39] 40} [45] [48]. We note that most of
the noncompact spaces concerned in literature are either the whole spaces R™ or
domains outside a convex obstacle. The geometric control condition (GCC) is
always used as a necessary assumption to get the stability results.

For the energy subcritical semilinear wave equations, we point out that [20]
studied the exponential stability of the semilinear wave equation with a damping
effective in a zone satisfying the geometric control condition only. The nonlinear-
ity is assumed to be subcritical, defocusing, and analytic. The new contribution
compared to previous results, is their proof of a unique continuation result in large
time for some undamped equation. For the stabilization of the subcritical semilinear
wave equations, we refer to [3] [7], 10, 48] and references therein.

We know that the global well-posedness and the stability results related to the
subcritical nonlinear wave-type equations are easier than the critical ones. In [25],
exponential stability of the critical semilinear Klein-Gordon equation was proved on
a 3-D compact manifold with small initial data. They posed a geometric assumption
slightly stronger than the classical GCC. The smallness of the initial data in the
norm L? x H~! was assumed in order to avoid the missing unique continuation
theorem:

u = 0 is the unique strong solution in the energy space of

gy — Au4u+ [u/*u=0 in M x (0,T),

1.7
uy =0 inwx(0,7T), (1.7)

where w is an open subset of M satisfies the GCC in a given time Ty > 0. For
general case, we do not clearly know how to eliminate the smallness of the initial
data. In this article, because of the complexity of the critical case, the unique
continuation property of the energy critical semilinear wave equations is difficult to
obtain. Comparing to the previous results, a stronger assumption on A(zx) is as-
sumed to obtain a unique continuation result (see Assumption and Proposition.
Therefore, the exponential stability can be achieved by developing the traditional
Morawetz estimates and the compactness-uniqueness arguments for the semilinear
equation.

1.3. Main assumptions and main result. We use the following assumption in
this article:

(A1) There exists a constant 0 < § < 1 such that

(1= 8)A(z) — gagf”))x, X)>0 for X €R® xR (1.8)

We will give an example that satisfies (|1.8) and will show the relationship between
(A1) and the Geometric Control Condition in the appendix.
Condition (|1.8) below which seems strong, is used to guarantee the classical

Morawetz mutiplier H =z = r% works in the metric g. That is, we have

DH(X,X) > §|X|2.

More precisely, such a technical assumption is helpful to obtain the the following
unique continuation result:
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u = 0 is the only solution to
ugy — div A(x)Vu + u + u? =0, (z,t) € R3 x (0,7),
u =0, (2,t) € (R*\B(Ry)) x (0,T).

Generally, the unique continuation property for the critical semilinear wave equa-
tions is still an open problem, even in compact spaces.
For the global well-posedness of (1.1]), we assume that

(A2) System (1.1)) admits a unique solution such that
u € C*(0,00; L*(R?)) N C(0, 00; H (R?)).
Remark 1.1. The global existence results for critical wave equations are complex.
Fortunately, the powerful Strichartz estimate, as a space-time estimate, offers us

an effective tool to handle the critical case. In general, for lower regularity initial
data (ug,u1) € H' x L?, we have

u(t) € C([0,+o00); HYY N LIL([0,T) x R?), for all T < 4oo0.

Here we list some more references on this topic. For Cauchy problem, global exis-
tence of C2-solutions in dimension n = 3 was first obtained by Rauch [32], assuming
the initial energy to be small. Later, the global existence results have improved in
many subsequent papers: [4, 13}, [14] 16, 2T}, 36l [37]. Now, the global well-posedness
of the energy critical defocusing wave equations are classical. We refer to [47] for the
critical wave equations with variable coefficients on R?, and to [25] for the critical
Klein-Gordon equations on 3-D compact Riemannian manifolds.

(1.9)

The main result in this article reads as follows.
Theorem 1.2. Suppose that (A1), (A2) hold. Let E(0) < Ey and
a(r) > ap, = €R*\B(Ry), (1.10)

where Fy, ag, Ry are positive constants. Then there exist positive constants Cy,Ca,
which are dependent on E(0), such that

E(t) < Cre”2'E(0), Vt > 0. (1.11)
2. MULTIPLIER IDENTITIES AND KEY LEMMAS

Here we establish several geometric multiplier identities, which are useful for the
unique continuation results.

Lemma 2.1. Let Q C R? be a bounded domain with smooth boundary ). Let
v(z) be the unit normal vector of O, pointing outside on Q. Suppose that u(zx,t)
is a solution of the equation

ugy — div A(z)Vu + a(z)u; +u+u® =0, (x,t) € Q x (0, +00). (2.1)
Let H be a C! vector field defined on R3. Then

T T
/ / (Vgu, v)H(u)dl'dt + 1/ / (u? — \Vgu|2 —u? - 1u6)7-[ -vdDdt
0 Joo 2Jo Joa g 3
T T T
- / ugH(u) dx‘ +/ DH(Vgu, Vgu)dzdt +/ / a(x)uH(u) dx dt
Q 0 o Ja 0 Ja

1" 1
+ 7/ /(uf — |Vgul? — u? — ~ub) divH dz dt.
(2.2)
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Moreover, if we assume that P € C?(R3), then

T
/ /(uf - |Vgu\§ —u? —u)Pdrdt
o Ja

r 1 4T T
:/Puutdx’ Jrf/ / u2<VgP,1/>dth7/ / Pu(V gu,v)dl'dt
Q o 2Jo Joo o Joo

17 1
- f/ /uz(divA(x)VP)d:vdt—i—f/ a(x)Pqux’(:)F.
2Jo Ja 2 Ja
Proof. Note that

Vou(H(u)) = Vou(Vou, H)y = DQ“(Ha Vgu) + DH(Vgu, Vgu)
= D?*u(Vyu,H) + DH(V yu, V,u)

1
= §H(|vgu|g2]) + DH(Vgu, Vgu)
1 1
= DH(Vu,Vu) + 3 div(|Vgul2H) — i\vgu@ divH.
Hence, we have
(div A(z)Vu)H(u) = div(H(u)Veu) — Vou(H(u))
1
= div(H(u)Vgeu) — DH(Vgu, Vau) — B div(\Vgu|§7-[)

1 .
+ §|Vgu\§ div H.

(2.3)

(2.5)

We multiply the wave equation ([2.1)) by H(u) and integrate over 2x (0,T") to obtain

(div A(z)Vu) (H(u))

= (ug + a(@)us +u 4+ u®)H(u)
:4mymm—%H@b+%%@%+%%@%+m@mﬂm)
= (uH(u)) — % div(u?H) + %uf divH + % div(u®*H)

- %uQ divH + é div(uSH) — %u6 divH + a(x)uH(u).

From this and (2.5)), the equality (2.2) follows from Green’s formula.

(2.6)

Similarly, we multiply the wave equation (2.1) by Pu and integrate over ) X

(0,T). Note that
0 = (uy — div A(2)Vu + a(x)us +u + u®)Pu
= (uPu); — Pui — div(PuVu) + P|Vgu|3

1
+ §V9P(U2) + Pu? 4 Pu® + Pa(z)uuy
= (uPu); — Pui — div(PuV u) + P|Vgu|£27
1 1 1
+ 5 div(u*V,P) — §u2 div A(x)VP + Pu* + Pub + §(Pa(x)u2)t .

Then equality (2.3)) follows from Green’s formula.
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Lemma 2.2. Let u(x,t) be a solution of (1.1). Then

T
B)[f = - / / a(z)u? dz dt, (2.8)
o Jrs
which implies E(t) is decreasing.

Proof. Multiply the first equation in (1.1)) by u; and integrate over R3 x (0,7T'), the
equality (2.8) holds immediately. O

3. UNIQUE CONTINUATION

In this section, we prove two unique continuation results, which are crucial for
the compactness-uniqueness arguments.

Lemma 3.1. There exists a constant C > 0 such that

w2
/ —dx < C'/ |Vwl|? dx (3.1)
R3 r R3
for all w € H'(R?).
Proof. Note that
o w? s 19y 2 1, 2
div (-gy) =whdiv (Cg0) + Jwwr = ot 4 Jwewe (32

Integrating (3.2)) over R3 yields

1 2
/ —szdx = —/ —ww,.dz, (3.3)
rR3 T rR3 T
which implies (3.1]). |
Lemma 3.2. Let Ey be a positive constant. Assume that E(0) < Ey and
flu) = u? +u* + |Vgu|3 +ub.
Then

Yy—00

lim inf/ rf(u)dl’ = 0. (3.4)
lz|=y

Proof. Suppose that (3.4)) is not true. Then there exist positive constants M and
[ such that

/|  Jr g y> M. (3.5)
z|=y

/Rgf(u)darz/ooo /zl_yf(u)dde
- (/()M+/Mw)/zlyf(u)drdy (3.6)

=/ N /m_y F(u)dTdy + /Moo Sy = o

/ (uf +u® + |Vgu\3 +u8)dx < 6Fy < +oc. (3.7
R3

Note that

which contradicts
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Proposition 3.3. Let (A1), (A2) hold and let Ry > 0 be the constant given in
Theorem |1.4. Then there exists a constant Ty > 0 such that for any T > Ty, the
only solution (u,u;) € C([0,T], H'(R3) x L?(R?)) to the system

uy — divA(2)Vu +u+u® =0, (2,t) e R®x (0,T),

uy =0, (z,t) € (R*\B(Ro)) x (0,T), (38)
15 u = 0.
Proof. Letting a(z) = 0, it follows from that
E(t)=FE(0), Vt¢>0. (3.9)
Let ¢ € C°°(R?®) be a nonnegative cut-off function such that
p=1, zcR\B(Ry+1) and ¢=0, z¢€ B(Ry). (3.10)

Let Q = B(y) with a radius y > 0, H = z, and P € C?(R3) N W>°(R3). Notice
that x = r%, it follows from ([3.4) that

1 1
Jim inf /aB( (7o) + 50 = (9l = ) (3 )T

y—00 3
(3.11)
< liminf/ r(ui + |Vgul? + v +u®)dl = 0,
v700 Jla|=y
and
lim inf [§u2<VgP, v) — Pu(Vgu,v)]dl’
y=ree JoB(y)
(3.12)

1
< —_— imi 24 (2w 47| Vul? =0.
< ||P||w. (Rg)hymlnf/ [u +(ru +7|Vguly)]dl' =0

|z|=y

Let P = ¢, a(z) =0 and Q = B(y) in (2.3). Let y — +oo, it follows from

and (3.12)) that

T T
/ / (|vgu\§+u2+u6)dedtgOE(0)+C/ / W2dzdt. (3.13)
0o Jrs 0 JB(Ro+1)

From (3.1, we have

/ / u? dz dt < C(Ry) / / |V gul? da dt. (3.14)
B(Ro+1)

Thus, we have

T
/ / u? dr dt < CE(0)+ C( RO/ / |V gul? dz dt. (3.15)
0 R3
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Let H =z, a(z) =0 and Q = B(y) in (2.2). Let y — +o0, it follows from (2.2),

. and - that
T T
07/"WH() k‘ﬁ/ D%ﬂ7uvltmwr+/ /‘ 2VuH () de dt
0 R3

/ / — Vg u|2 u? — }u 6) dx dt
s 3
T T
2/ ut’H(u)dx +5/ / |Vgu\§d:cdt+/ / a(x)uH(uw) dx dt
R 0 o JRs 0o JRs

3
3 T T
—i—f/ / (uf—|Vgu|§—u2—u6)dscdt+/ / uS da dt.
2Jo Jrs o Jrs
(3.16)

Again let Q@ = B(y) and a(x) = 0 in (2.3). Combining (2.3)) with (3.16]) and letting

Yy — 400, we obtain

/T/[éPW?HP3+®WWE+@3W2HP;WﬂMﬁ
RS

(3.17)
< —/ [Puus + uH(u / / u? div(A(x)VP) dx dt.
R3 R3
We denote
é
e = ———— <1, 3.18
1+ C(Ry) (3.18)

where C'(Ry) is given by ([3.15).
Taking P = 3_250, a(x) =0 in (3.17)), we have

T
1 1
/ / [§5cuf + 51|Vgu|,2] - §5cu2 + 6oul] da dt < CE(0), (3.19)
R3 ’
_ 0(14+2C(Ro) _ 2(14+C(Rp))—9
where 61 = - *6 ﬁ and (52 == - *6 Z(IT(%)O))) > 0. On the

other hand, by -, for dp > 0, we have

§(1+6o) 0(1+3d0)C(Ro) / / 2
< CE(0
0+ C(Ro) / /RBu dzdt < CE(0) + SO0 |Vgul dz dt.

Taking 6o = 1, we have

otdo) 1, 1 014 8)C(R) _ 1
m—iéc—i(sc and 61 2(1+C(R0)) —2(56 (320)

Thus, with (3.17)-(3.20), we conclude that
T
/)E@ﬁgCﬂm, (3.21)
0

which implies (7' — C)E(0) < 0. Therefore, the assertion (3.8) holds and the proof
is complete. (Il

The following proposition has a similar proof the one above.
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Proposition 3.4. Let (Al), (A2) hold and let Ry > 0 be the constant given in
Theorem |1.4. Then there exists a constant Ty > 0 such that for any T > Ty, the
only solution (u,u;) € C([0,T], H'(R3) x L?(R?)) to the system

uy —divA(z)Vu+u =0, (z,t) € R®x (0,T),

s (3.22)
u =0, (z,t) € (RN\B(Ro)) x (0,T),

s u=0.

4. PROOFS OF THE MAIN THEOREM
Lemma 4.1. Let (Al), (A2) hold, and u(x,t) solve system (1.1). then

T T
0) < C/ / a(x)u? dz dt + C’/ / u? dx dt (4.1)
o Jrs 0 JB(Ro)

holds for sufficiently large T .

Proof. Recall that a(z) > ag for € R*\ B(Ry), then there exists a small constant
€o > 0 such that

a(z) > % z € R3\B(Ry — 20). (4.2)
Let b(z) be a smooth nonnegative function on [0, +00) satisfying
b(z)=1, 0<z<Ry—eg, blz)=0, z2>Ry. (4.3)
Let H(z) be a vector field on B(Ry) satisfying
H(z) =b(r)z, x € B(Rp).
It follows from that
DH(X,X) > 4|X|2 for X € R}, z € B(Ry — o),

. (4.4)

divH =3 for z € B(Ry — o).

Let # = H and Q = B(R,) in (2.2). Then
0>/utH dxyo +5/ / |V gul? da dt
B(Ro—¢0)
—C’/ / [Vgul? dxdt—l—/ / z)u H (u) dz dt
B(Ro)\B Ro— Eo RO
f/ / (u? — |Vgu\2 —u? - 1uG) div H dx dt
B(Fo) ! 3

(4.5)

/utH( )dm +5/ / Vg4 u|gdxdt
Ro 80
—C/ / IV gul? dxdt—i—/ / x)ugH (u) dz dt
B(Ro)\B(Ro—¢0) B(Ro)

—I—/ / [7u6 + f(uf - |Vgu|3 —u? — %)) div H dz dt.
o JBry 3 2
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Let P = (divH — b(r)d)/2 and Q = B(Ry) in (2.3). Substituting (2.3) into (4.5),

we obtain

T T
/ ut(H (u) + Pu) dx’ 1 / / u?(div A(x)VP) dx dt
B(Ro) o 2Jo JB(Ro
1 T T
+ = / a(x) Pu? dx‘ + / / a(x)usH (u) do dt
2 JB(Ro) 0 0 JB(Ro)
) T
+ - / / (uf + |Vgu|3 +u? 4+ u®)dz (4.6)
2 Jo JB(Ro—20)

T
< C’/ / (W + |Vgul} + u®) da dt
0 JB(Ro)\B(Ro—z0) '

T T
+ C’/ / u? dx dt + C’/ / a(x)u? dz dt.
0 B(R()f&‘o) 0 B(Rg)

Therefore,
r 1
/ / (ut2 + | Vgul? 4+ u® + fuc’) dx dt
0 Ro &‘0 3

< C(E(0) / / z)(Ceu? + €|V, u\ ) dz dt
B(Ro)

+ C/ / (u? + |Vguls + u®) da dt
0 JB(Ro)\B(Ro—¢o)

T T
+ C/ / u? dx dt + C/ / a(x)u? dx dt.
0 B(Ro—e¢0) 0 B(Ro)

Taking e sufficiently small, we have
r 1
/ / (ut2 + |Vgu\3 +u? + qu) dx dt
B(Ro—<0) 3
< C(E(0)+ E(T +C/ / utda:dt—FC'/ / u?dedt (4.8)
Ro B(RO 50)

+ C/ / (u? + [Vgul? + u®) d dt.
0 B(Ro)\B(Rofa(])

Therefore,

T
1
/ / (uf + |Vgu|3 +u? + qu) dx dt

< C(E(0)+ E(T))+ C/T /3 a(x)u? dz dt

T T
JrC'/ / (u2+ \Vgu|§+u6) dzdtJrC'/ / u? dzx dt.
0 RS\B(R()fS()) 0 B(R()*E[))
(4.9)

(4.7)

Let w(z) be a smooth nonnegative function on [0, +00) satisfying

w(z)=0, 0<z<Ry—29 and w(z)=1, z2>Ry—ep.
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Let P = w(r) and Q@ = B(y) in (2.3). Let y — +o0, it follows from (2.3) and
Lemma [3.2] that

T
/ / (u? — |Vgu|3 —u? —uS)Pdzdt
0o Jrs

| ) . (10
= (ut,uP)}T - 7/ / u? div A(z) VP dz dt + f/ a(x) Pu? d:c’ .
B 2 0 R3 2 R3 0
From (4.2)), we obtain
T
/ / (IVgul? 4+ u* + u®) P dx dt
0o Jm3
T
< C(E(0)+ E(T)) + C/ / a(x)u? dx dt (4.11)
o Jrs
T
+ C’/ / u? dx dt.
0 JB(Ro—eo0)\B(Ro—2¢0)
Substituting (4.11)) into (4.9) yields
T
1
/ / (u? +u? + \Vgu@ + —u®) dx dt
o Jms 3
T T (4.12)
< C(E0)+ E(D) +C/ / a(z)u? dwdt—i—C/ / u? dx dt.
0 JR3 0 JB(Ro—¢o0)
With , we deduce that
T
CE(T) = CE(0) — C/ / a(x)u? dz dt, (4.13)
o Jms
and
ac ac
4CE(0) = E(t)dt —/ (E(t) — E(0))dt
0 0 (4.14)

ac 4ac
< E(t)dt + 40/ / a(x)u? dz dt.
0 0 Jm3

Inserting (4.13]) and (4.14) into (4.12)), taking T' > 4C, we have

T T
E(0) < C’/ / a(x)u? dx dt + C/ / u? da dt. (4.15)
0 R3 0 B(R(]*E())

The proof is complete. O
Lemma 4.2 (Observability inequality). Let (Al), (A2) hold. Let u(x,t) solve
system (1.1). Then for any E(0) < Ey < oo,
T
E(0) < C(EO,T)/ / a(x)u? dz dt, (4.16)
o Jr3
for sufficiently large T .

Proof. We apply the compactness-uniqueness arguments to prove the conclusion.
It follows from (4.1) that

T T
E0) < C’/ / a(x)u? dx dt + C'/ / u? da dt. (4.17)
o Jrs 0 JB(Ro)
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By contradiction. Suppose that estimate (4.16]) does not hold, then there exists a
sequence {ug}>, such that
E(0) < Eo, (4.18)

where

1 1
But) = 5 [ (hor o+ 1Vpul)do+ 5 [ afde,

T T
/ / u? dx dt > k/ / a(x)ui, dz dt. (4.19)
0 JB(Ro) 0o Jrs
From (2.8)), we have

and

and

T
/ Ek(t)dt <TE,.
0

Therefore, there exists @ and a subset of {ug}%2,, still denoted by {ug}32,, such
that

up — @ weakly in H*(R* x (0,7)), (4.21)
up — @ strongly in L?(B(Ro) x (0,T)), (4.22)
Case a:
T
/ / @* dx dt > 0. (4.23)
0 JB(Ro)

Note that H*(R3) — LS(R?) and LS(R?) is the dual space of L6/%(R?). It follows
from (4.20) that

{u}} is bounded in L*([0,T], L%°(R%)). (4.24)
Then
{u}} is bounded in LS/5(R® x (0,T)), (4.25)
which implies
ul = 4° weakly in LY°(R® x (0,T)). (4.26)

It follows from (4.19) that
a(z)i; =0, (x,t) € R®x (0,T).

Therefore, with (4.21) and (4.26)), we obtain
Gy —divA@)Va+a+a° =0, (z,t) € R* x (0,T),

. 3 (4.27)

=0, (z,t) € (R°\B(Rp)) x (0,T).
It follows from Proposition [3.3] that

i(z,t) =0, (z,t) € R*x (0,7), (4.28)

which contradicts (4.23)).
Case b:

w(x,t) =0 (x,t) € B(Ry) x (0,T). (4.29)
We denote

v = uk/ver for k> 1, (4.30)
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where .
ck = / / uf d dt. (4.31)
0 JB(Ro)
Then v, satisfies
Vet — div A(z)Vog + a()vge + v +upvr =0, (z,t) € R® x (0,T),  (4.32)
/ / vidrdt = 1. (4.33)
B(Ro)

It follows from (4.19)) that

T
1> k/ / a(x)vi, de dt. (4.34)
0o Jms
From this and (4.17)), we have

~

EL(0) <1+ <2 (4.35)

T =

where ) )
Eu(t) = 7/ (vi, + v3 + \ngk\g)dx + f/ upvide.
2 R3 6 R3

Hence, there exists a ¥ and a subsequence of {vy}%°, still denoted by {vx}2,,
such that
v, — 0 weakly in H'(R?® x (0,7)),

vp, — © strongly in L?(B(Rg) x (0,7T)).
Collecting (2.8]), (4.30), and (4.35)), we obtain
Eu(t) < ER(0) <2, YO<t<T. (4.37)

Notice that H'(R3) < L®(R3). Therefore {v} are bounded in L*([0, T], L5(R?)).
Hence, we have

(4.36)

T
/ / lutve|*° da dt = 12/5/ / oS drdt < ¢2/°C(T). (4.38)
o Jrs R3
We combine (4.29)) with (4.31)) to obtain
T
lim / / |uivk|6/5 dx dt = 0. (4.39)
k—+4o00 0 R3

By (4.34) and (4.36]), we have

a(x)oy =0, (x,t) €R3 x (0,T).

Therefore, from (4.32)) and (4.39)) it follows that
O — div A(z)Vo+0 =0, (2,t) € R*x(0,7T),

A ; (4.40)
b =0, (2,t) € (RO\B(Ro)) x (0,T).
The following holds by Proposition [3.4]
=0, (x,t)€R>x(0,7). (4.41)
Then it follows from (4.33)) that
T
/ / % drdt =1, (4.42)
0 JB(Ro)

which contradicts (4.41). The proof is complete. O
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Proof of Theorem[I.3. From and , we obtain
E(0 ) < C(Em )(E(O) — E(T)).

Then ( )
C(Eo,T) — 1
E(T)< —————F(0
(1) < S EO)
which implies E(t) is of exponential decay. O

5. APPENDIX: COMMENTS ON ASSUMPTION (A1)

As an example, (A1) is satisfied by the function A(z) = diag{ay (), az(z), as(x)},
where a;(x) are all smooth positive functions on R3, for 1 < i < 3. Assume that,
for 1 <i <3,

0<my <ai(x) <mg < 400, x€R? (5.1)
(1 - 8)a(z) — @6“57{“’) >0, zcRS (5.2)
Then
mi| X2 < (A(@) X, X) <mo|X|?, X eRE zeR3 (5.3)
(((1=06)A(z) (2 z) 8’;( ))X X)>0, XeR: zeR® (5.4)

It is easy to see that the standard unit matrix, I3 = (d;;)1<s <3, satisfies .
Another example satisfying is a;(x) = e

In the following, let Q C R® be a bounded domain with a smooth boundary 952,
we will show the relationship between (A1) and the geometric control condition
(GCCQ). The proof is similar to the one for [31].

Proposition 5.1. Let H(x) = . Then
0G
DH(X,X) = {(G(z) + @ afnx))X,X% X cR3, zcR®, (5.5)
Proof. Let z € R3, X =% | Xia%i € R3. Note that

3
0

Then
2 g, 9
DH(X,X) = Mzk::l (D (xka—mk), a—%> X, X;
9
- S 3 a0 ) v
3
o 9
X1 j}k;lxk@@fk AR TR
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Proposition 5.2. Let (A1) hold and let H(x) = x. Then
DH(X,X)>0|X|2, XeR} zeR% (5.6)
Proof. Let # € R?, X, Y € R? and Y = G(2)X. We deduce that
o 3A(x))
2 Or

— (C)((1 - ) A(x) — - 2A)

2 Or
= <((1 —-0)G(z)+ Ca(G(x)))X,X>.
Inequality follows from . O

2  Or
Proposition 5.3. Let (Al) hold. Then, for any x € Q and any unit-speed geodesic
() starting from x, if v(t) € Q for 0 <t < tg, then

0<Y"((1-96)A(z)

)G(z)X, X) (5.7)

9 _
to < gsup{|H|g(a:) cx € Q).

Proof. Note that |y/(t)|g = 1 and D.(4)7/(t) = 0. From (5.6), we deduce that

to to
(H,~ ()], = / Y (6)(H, () gdt =/ DH(Y'(t),7'(t))dt = oto.  (5.8)
0 0
The proof is complete. O

Let S(r) be the sphere in R3 with a radius 7. Then
<K5y=& for X € S(r),, © € R*\O,
where S(r); is the tangential space of S(r) at x. The following lemma shows that

GCC may not hold if A(x) satisfies (5.9)) and (5.10]) below.

Proposition 5.4. Assume that
0 0
(95)5 = o

)X,X> =0 forXe S(Rl)x, ‘$| = R;. (510)

r € R3, (5.9)

((Alw) — £ 22

where Ry is a positive constant. Then, for any x € S(R;) and any unit-speed
geodesic y(t) starting from x with v/ (0) € S(R1)., we have

~(t) € S(R1), Y t>0.

Proof. Note that
G(r)z ==, zeR3
Therefore,
D(r%) = D(rDr) = Dr ® Dr +rD?r.
By a proof similar to the one of Proposition [5.2] we obtain
D(rDr)(X,X)=0, X € S(Ri)s, |z|=Rs.

Then
D*r(X,X) =0, X €S(R1)s |z|=Ry.
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Let § be a Riemannian metric induced by ¢ in S(R;) and D be the associated
Levi-Civita connection. Let 7(f) be a unit-speed geodesic of (S(R1),9g) starting
from = € S(Ry), then

~ 0 ~
#' (1), a>g =0, Dz (t)=0, Vt>0.
Therefore,
~ ~ ~ g, 0
D5 7' (t) = Dyry7' (1) + (D37 (t)s 5 )9 5
or'”or (5.11)

I D
= Dy 7' (t) = D*r(7' (1), 7' (£) 5. = 0,

which implies 5(t) is also a geodesic of (R?,g). Then
V() =7(t) € S(Ry), Vvt =0,

for unit-speed geodesic v(t) of (R3, g) satisfying v(0) = 5(0) and 4/(0) = 5’(0). The
proof is complete. U
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