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ASYMPTOTIC FORMULAS FOR ¢-REGULARLY VARYING
SOLUTIONS OF HALF-LINEAR ¢-DIFFERENCE EQUATIONS

KATARINA S. DJORDJEVIC

Communicated by Pavel Drabek

ABSTRACT. This article studies the asymptotic behavior of positive solutions
of the g-difference half-linear equation
Dy(p(t)®(Dq(x(1)))) + r()®(a(qt)) =0, t€q"° :={q" :n € No},

where ¢ > 1, ®(z) = |z|*sgnz, a > 0, p: ¢"0 — (0,00), r : ¢N0 — R, in the
framework of g-regular variation. In particular, if r is eventually of one sign,
p and |r| are g-regularly varying functions such that t*+1r(¢)/p(t) — 0, as
t — 0o, we obtain asymptotic formulas for the g-regularly varying solutions.
Moreover, when p(t) = 1 and r is an eventually positive or eventually negative
function, we obtain an asymptotic formula of a g-slowly varying solution. Using
generalized regularly varying sequences, we apply these results to the half-
linear difference equation case. At the end, we illustrate the obtained results
with examples.

1. INTRODUCTION

This article studies the asymptotic behavior of g-regularly varying solutions of
the half-linear g-difference equation

Dq(p(t)®(Dq(z(t)))) + r(t)®(z(qt)) = 0, (1.1)
on the lattice ¢ = {¢" : n € Ny}, where ¢ > 1, ®(x) = |z|*sgnz, and o >
0. To this end we use Karamata’s theory which is a powerful tool in the study
of regularly varying functions and the asymptotic properties of differential and
difference equations.

The study of half-linear differential equations in the framework of regular vari-
ation started with papers [4] B]. Namely determining necessary and sufficient con-
ditions for the existence of regularly varying solutions in the case p(t) = 1, and
generalized regularly varying functions in the case p is positive, continuous func-
tion on [a, o), for some a € R, with r : [a,00) — R being continuous function, of
the equation

(PO (1)) +r(OB(a(t)) =0, € [a,). (1.2)
For recent papers investigating asymptotic behavior of positive solutions of
see [I3] 14, 15]. Once the existence of regularly varying solutions is proved, main

2010 Mathematics Subject Classification. 26A12, 39A13, 39A22.

Key words and phrases. g-difference equation; non-oscillatory solution; asymptotic behavior;
regular variation; g-regular variation; half-linear equation.

(©2021 Texas State University.

Submitted February 28, 2021. Published June 8, 2021.

1



2 K. S. DJORDJEVIC EJDE-2021/50

investigation becomes the asymptotic behavior of these solutions. Results con-
cerning asymptotic behavior of regularly varying solutions of half-linear differential
equation can be found in [} [9] [13].

The results obtained in both the continuous and discrete case suggested investi-
gating g-difference equations in the framework of g-regular variation. The theory
of g-regularly varying functions has been applied in the asymptotic analysis of ¢-
difference linear equations (see [I11, 17, [19]), half-linear equations with p(t) = 1 (see
[16], [18]) and nonlinear equations (see [7]). Results concerning asymptotic formulas
of g-regularly varying solutions, as far as we know, exist only for a linear equation
(see [I1).

In [3], necessary and sufficient conditions for the existence of g-regularly varying
solutions of the half-linear g-difference equation , with p being a positive, g-
regularly varying function and with no sign condition on r, have been given. We
state here the theorem proved in [3], which will be very useful throughout the
paper, since it provides the existence of g-regularly varying solutions of certain
indices, whose asymptotic behavior will be examined. This result was proved by
using the Karamata’s theory of regular variation and Banach fixed point theorem.
Note that RV,(p) denotes the set of all g-regularly varying function of index p
and the symbol [a], = qqa_—_ll, a € R will be used throughout the paper. In Section
2 we recall the definition and some basic properties of ¢g-Karamata functions and
introduce notation that will be used through this paper.

Theorem 1.1 (|3, Theorems 3.1, 3.2]). Let p € RVy(N), A # a. Then (L.1) has
eventually positive solutions

z € RV4(p1) and y € RVy(p2),

where p1 and py are such that A1 = ®([p1]4) and A2 = ®([p2],) are real and different
roots of the equation

hq(x)—a:—&—ﬁ =0, (1.3)
if and only if
A A () a— A7 o+l
B S R (o lla=5] ) (14)
where hy : (@(l—iq),oo) — R is defined by
hy(x) = $ (1-a(+@- D27 @) ™").

To continue in this direction, our next goal is to establish asymptotic formu-
las for g-regularly varying solutions. Throughout this paper we will consider two
approaches for establishing asymptotic formulas of g-regularly varying solutions of
in the case ¢ = 0. First, in Section 3, we will consider equation under the
assumptions that coefficient p is a ¢-regularly varying function, i.e., p € RV, (),
A # a and 7 is a function of eventually one sign such that |r| € RV,(A—a—1). Un-
der those assumptions, using the Karamata’s integration theorem and reciprocity
principle, asymptotic formulas for the existing g-regularly varying solutions of
will be established. Later, in Section 4, we will consider the special case of equation

with p(t) = 1,
Dy(®(Dy(x(t))) +r(t)@(a(qt)) =0, teq™, (1.5)
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but without assumption that |r| is g-regularly varying function. Namely, under
the assumption that r is eventually positive or eventually negative function, using
the Riccati technique and Banach fixed point theorem, an asymptotic formula of a
g-slowly varying solution will be given.

Results considering asymptotic behavior of positive solutions of the half-linear
g-difference equation, will also give results about asymptotic behavior of some of
the positive solutions of the half-linear difference equation, in the framework of
generalized regularly varying sequences with respect to 7 : Ng — ¢V°o, 7(k) = ¢¥,
defined in [I2]. These results, presented in Section 5, are also new for the half-linear
difference equation

A(a(n)®(A(z(n)))) + b(n)@(z(n+1)) =0, n € Ny, (1.6)

since, as far as we know, the only type of equation (1.6 that was studied in the
framework of regular variation, was with a(n) = 1 (see [10]). In Section 6, the
obtained results will be illustrated through the examples.

2. PRELIMINARIES AND CLASSIFICATION

For the sake of completeness, we recall the definition and some of the basic
properties of g-regularly varying functions. For some of the basic concepts of ¢-
calculus, see [I9]. First of all, let us state the notation that will be used through
this paper. Asusual, the symbol ~ denotes asymptotic equivalence of two functions:

fit) ~g(t), ast — o0 & lim @:1.

t=o0 g(t)
The interval [to, 00), represents [to, 00) N ¢"°. Moreover, let
R ={0:[to,00)g > R:t(qg—1)6(t) +1>0,¢t> 1o}
and for § € Rf let us introduce the g-exponential function

Hue[&t)q((q - ]_)U(S(U) + 1)7 s < t7
65(t,8) = 1a 5:t7
1/Hu€[t,s)q((q - 1)U6(u) + 1)a s> ta

where 5,1 € qto.
Rehék and Vitovec [19], defined g-regularly varying functions as follows.

Definition 2.1. A function f : [a,00); — (0, 00) is said to be g-regularly varying
of index p, p € R, if there exists a function « : [a,00), — (0,00) satisfying

0 _ ¢ and lim tDy0 () = [plq (2.1)

with ¢ being a positive constant. If p = 0, then f is said to be g-slowly varying.

t—oo (t) t—oo  at)

The totality of g-regularly varying functions of index p is denoted by RV,(p),
while the totality of g-slowly varying functions is denoted by SV,. For g-regularly
varying functions defined as above, most of the properties of regular variation in
the continuous and discrete case are preserved, but because of the structure of ¢,
there are much simpler characterizations than in the continuous or discrete case.
Rehdk and Vitovec established in [I9] several characterizations of such functions,
we are presenting here a few of them. See [19] for more details.
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Theorem 2.2. (i) (Simple characterization) For a positive function f, f €
RVqy(p) if and only if f satisfies
flat)

)
Moreover, f € RV4(p) if and only if [ satisfies just the later condition in

&1).
(ii) (Representation I) f € RV4(p) if and only if f has the representation

f(t> = @(t)65<t7 1),

where ¢ : ¢\ — (0,00) tends to a positive constant, § : Vo = R satisfies
limy o0 t0(t) = [plq and § € Ri. Without loss of generality, in particular
in the only if part, the function @ can be replaced by a constant.

Further, g-regularly varying functions have the following properties, proved in
[11L 19]. Let us emphasize that the Karamata’s integration theorem will play a
central role in establishing the main results of this paper.

Proposition 2.3. (1) f € RVq4(p),p € R if and only if f(t) = tPL(t), where
teSY,.
(ii) Let f € RVq(p),p € R and v € R. Then f¥ € RVq(vp).
i

)
(iii) Let f € RVq(p1) and g € RVy(p2), p1,p2 € R. Then fg € RVy(p1 + p2).
(iv) If f € RV4(p), with p € R, p # 0, then |Dyf| € RVy(p —1). For p=0 the
statement may fail, even for monotone f.

v) If f € SV, then D,1n f(t ~ DfD oy 0.
a a f(@®)

Theorem 2.4 (Karamata’s integration theorem, direct half). Let £ € SV, and
a € qNO.
+1

(i) if a > —1, then [ t*0(t) dgt ~ Ll]qé(x) as T — 00;

T
i) if o < —1, then [C°t%4(t) dyt ~ — = 0(x) as x — 00;
x q la+1]4
(iii) of [° Z(t—t) dqt = oo, then L(z) = [ @ dgt for x € [a,00)q is a SVq func-
L(z) _

tion and lim,_, o) = 05

(iv) if [° @ dgt < oo, then L(z) = [~ @ dgt for x € [a,00), is a SVq
function and lim,_, o % = 0.

Before we start establishing asymptotic formulas, let us consider a classification
of the non-oscillatory solutions of (1.1]). Since z is a solution of (1.1 if and only if
—x is a solution of this equation, we restrict our attention only to eventually positive
solutions of ([1.1). Since the coefficient r is an eventually positive or eventually
negative function, all of the eventually positive solutions can be divided into two
classes:

M™ = {z € M: Dyz(t) <0 for t large enough},
M+ = {2z € M: D,z(t) > 0 for t large enough},
where M is the set of all eventually positive solutions of (1.1)). Furthermore, these

classes will be divided into subclasses which will give more precise information
about the asymptotic behavior at infinity of positive solutions. The asymptotic
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behavior of positive solutions of (|1.1)) depends on the divergence of the integrals

oo 1 oo
L= ——ds I — dys.
o=t = [ o

We list the subclasses of positive solutions of (|1.1)), which will be used throughout
this paper:

M} . ={zeM": hm x(t) = oo,tliglo aU(t) = oo},
M =1z € M* : hm x(t) = w,tlir?ox[l](t) =ce (0,00)},
ME ={zeM": hm z(t)=ce (Opo),tlirrolo 2U(t) = oo},

M 0=1T € IMIJr lim z(¢t) = oo,tliﬁrgO (1) = 0},

t—o00

ME 0= {CL' c Mt - hm x(t) =ccE (0700)7tli>m x[l] (t) = 0},
- . _ : ) =
M, = {reM: tli)IEO z(t)=ce€ (O,oo),tliglox (t) = 0},
Mgpg={reM : tlim x(t) =0, lim ] (t) =c€ (~00,0)},

I — 00

Mg = {o € M : lim (t) =0, lim 2l(t) = —oc},

— 00 t—o0

Mg ={reM™ :tlim z(t)=ce (O,oo), hm (1) = —o0},
J —00
Ma,oz{xeM_:tli}mx()—O hm m[l()—O}

where z1(t) = p(t)®(D,x(t)),t € ¢"°o. In the case of positive solutions of a differ-
ence equation, we will use the same notation, with MZ instead of M. Moreover,
let us introduce notations Mgy (p) = M N RV, (p), Mgy = M N SV, and when
we consider solutions of difference equations, the notation MZsy; = MZ N SV7,
MZry;z (p) = MZNRVZ(p) will be used.

(I) r is eventually negative. In this case, any nontrivial solution of is non-
oscillatory, eventually strictly monotone and both classes M™ and M~ of solutions
of are nonempty. To prove this, let us transform equation to difference

equation , where

p(7(n))
((g=1D7(n))*
An application of [2, Lemma 1] provides that all nontrivial solutions of are
non-oscillatory and eventually strictly monotone. Also, Cecchi et al. [2] proved that
the classes MZ" and MZ™~ of are nonempty. Since x is a solution of
if and only if y = x o 77! is a solution of , we conclude that all nontrivial
solutions of are non-oscillatory, eventually strictly monotone and the classes
M™ and M~ of are nonempty.

If we assume the integral I,, diverges, it can be easily shown that

M* =ML UMY ; and M~ =Mj,UMg,

a(n) = and b(n) = (¢ — D)7(n)r(7(n)), n € Ny. (2.3)

Indeed, if x is a positive and increasing solution of (1.1} on [tg, ), for some
to € ¢"o, then z[! is positive, increasing function thus 2z (t) > c1 > 0,t > to.
This further implies z(t) > x(to) + cl/a

ft p(s)l/o" t > to and since I, diverges, we
conclude z(t) — oo, t — co. Similarly, if = is a decreasing solution of -, then
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zM(t) = —c < 0 as t — oo. If we assume z!(t) = —c¢ < 0, t = 0o, analogously to
the previous consideration, we obtain x(t) > —co ftto p(‘z)%/a, t > to for some ty € ¢V
and cg > 0, which bearing in mind the divergence of I, implies z(t) — —o0, t — o0,
so we obtain a contradiction. Hence, it must be z['/(t) — 0 as t — oco.

Let us discuss what happens with the asymptotic behavior of positive solutions
of (1.1)) in the case of divergence of the integral I,.. Then

M* =Mj  UMEL  and M~ =Mj ; UMg,.

Indeed, if z is an increasing solution on [tg, 00)q, then x(t) > xz(to), t > to. Since
¢

t
() = 2l (tg) —/ r(s)x(gs)“dys > —x(to)o‘/ r(8)dys — 00, t— 00,
to to

it follows that lim,_,.c z[1(t) = co. Similarly, if z is a decreasing solution of (L3),
assumption lim; o, z(t) = ¢ > 0 leads to lim;_, z (t) = oo, which is a contradic-
tion since z['(t) < 0, for t large enough. Therefore, lim;_, . 2(t) = 0.

(IT) r is eventually positive. First, let us consider the asymptotic behavior of
positive solutions under the assumption I, = oo. Under this assumption, all of
the positive solutions of are increasing. Indeed, if we suppose the existence
of a decreasing solution x, then, since z[! is negative and decreasing function, it
satisfies x1(t) < —c < 0, t > tg, for some to € ¢™0. This further implies z(t) <
z(to) — /@ ftz p(‘j)% — —00, t = 00, so we obtain a contradiction. Furthermore,
it can be easily checked that increasing solutions can be divided into three classes:

+ + +
M* =MZ o UML UMY .

It is left to consider the case I, = oco. Under this assumption, the set M7 is
empty, while the set of decreasing solutions can be divided into three classes,

M~ = Mg, UM 5 UM ..

This can be checked by standard techniques used in previous paragraphs.

3. ASYMPTOTIC FORMULAS FOR SOME CLASSES OF ¢-REGULARLY VARYING

SOLUTIONS OF (|1.1)

In what follows, we suppose that the coefficients in ([L.1)) satisfy the following
conditions: p € RVy(A), X # «, r is eventually of one sign such that |r| € RV4(A —
« — 1) and use expressions

p(t) = t,(t), r(t) =sen(r(t)t (1), teq, (3.1)

where [,,l, € SV,. We will consider separately cases A < o and A > a which
provide the divergence of I, and I, respectively. The case A = o will be excluded
from our consideration. In this case, in general, convergence or divergence of the
integrals I, and I, cannot be determined.

In this section we establish asymptotic formulas for SV, and RV, (1— %) solutions
of . Notice that under the above-mentioned assumptions for the coefficient p,
Theoremstates that these solutions exist if and only if condition is satisfied
for ¢ = 0. Regarding (3.1)), condition is then equivalent to

1-(¢)
=50 1, (1)

= 0. (3.2)
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Moreover, under these assumptions, in the case r is eventually negative, it is proved
in [3] that all of the eventually positive solutions of are g-regularly varying by
using the theory of g-regular variation and reciprocity principle. In that manner,
by establishing asymptotic formulas of ¢g-regularly varying solutions, in this case,
we are establishing asymptotic formulas of all of the eventually positive solutions
of (L.1). Here we state mentioned result.

Theorem 3.1 ([3, Theorem 4.1]). Let p € RV4(A), A # a, r is eventually negative,
such that |r| € RV4(A —a —1) and (3.2)) is satisfied.

(i) If A < a, then MT = Mpy (1 — 2) and M~ = Mgy.

(ii) If X >, then M~ = Mgy (1 — 2) and M+ = Mgy .

o
In what follows, we will use the notation

_ 1 _q/tr(t)
5:@1@——f) mw:@lQ—ﬁ,teﬁm (3.3)
(A —alq p(t)
Next auxiliary lemma will be very useful in determining the asymptotic formula of
a g-slowly varying solution of (|1.1)).

Lemma 3.2. Let p € RV4(A), A # a, 1 is eventually of one sign such that |r| €
RV, (A —a—1). If x is a g-slowly varying solution of (1.1)), then

Dylnz(t) = —(1+ o(1))8G(t), t— oo. (3.4)

Proof. Suppose that x is a SV, solution of defined on [a, 00),, for some a € ¢™o.
Then, condition is satisfied. Without loss of generality, suppose 7 is of one
sign on [a, 00),.

(i) Let us first consider the case r(t) < 0, ¢ > a and A < «. Application
of Theorem [3.1] implies that = is a decreasing solution, while assumption A < «
implies I, = oo, hence, it must be lim; ., 2[!/(t) = 0. After integrating on
the interval [t, 00),, we obtain

2 (t) = /too r(s)xz(gs)* dgs = — /too s (s)z(gs) dys, > a, (3.5)

using expression (3.1]) for . Application of the Karamata’s integration theorem in

(3.5) leads to
—tr(t)z(t)

, t— o0,
A —aly

2 (t) ~

which gives

Dyx(t —tr(t
) _ger(_ 0y
x(t) p(t)[A —alq
Since z € SV, using Proposition (v), we obtain
—tr(t)
p(t)[A —aq
which leads to the desired asymptotic formula (3.4)).

If we suppose A > «, an application of Theorem implies x € M™. Since,
in this case, the integral I, diverges, lim;_, s (t) = oo holds for the solution z.

Integration of (L.1)) on [a,t], gives

21(t) = 2l(a) - / r(s)z(gs)¥dys = z11(a) —|—/ 277 (s)a(gs)¥dys, t> a.

a

Dqlnx(t)rv@_l( ), t — oo,
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Proceeding exactly as in the previous part, application of Proposition (v) and
Theorem imply that in this case, x also satisfies ([3.4]).

(ii) Next, we assume 7(t) > 0, t > a. Let us consider the case A < a. Since in
this case M~ = (J,  must be an increasing solution satisfying lim,_,., z[1(¢) = 0.
So, after integrating on the interval [t,00), and applying the Karamata’s
integration theorem we have

21 () :/ r(s)z(gs)™ dgs :/ AT (s)x(gs) ¥ dys ~
t t
as t — 0o. The above asymptotic relation leads to
Dyx(t —tr(t)x(t)”
DyIna(t) ~ f“)N@*(gﬁﬁiL):—&mL t — oo,
x(t) (A —alq
so we come to the desired conclusion. It is left to verify if (3.4) holds in the case

A > a. Then, z € M~ and limy_,, z[!}(t) = o0, so we integrate (I.1]) on the interval
[a,t], to obtain

t
—tr(t)x(t)”
A(0) = ) — [P sy ~ R
a [)‘ - Odq
Proceeding exactly as in the previous part, when r is eventually negative and A\ < «,

we obtain ((3.4)). O

Next two theorems give asymptotic formulas for g-slowly varying solutions of
(1.1). We consider separately the cases when r is eventually negative and eventually
positive function.

—tr(t)z(t)
A —aly

t — 0.

Theorem 3.3. Assume that p € RV4(X), A # o, 1 is eventually negative such that
Ir] € RVy(A—a—1) and is satisfied. Every q-slowly varying solution x of
(1.1) satisfies:

(1) If [T G(t)d,t = oo, then

r(t) = exp ( - (1—1—0(1))5/: G(s)dgs). 1 o, (3.6)

for some a € ¢"o. Moreover, if X\ < a, then M~ = Mg = Mgy, while if
A > a, then MT = MZ, = Mgy.
(ii) If [7 G(t)dyt < oo, then

2(t) = N exp ((1 n 0(1))5/;0 G(s)dqs), t = oo, (3.7)

where N = lim; o z(t) € (0,00). Moreover, if A < a, then M~ =My ; =
Mgy, while if A > «, then Mt = ME’OO = Mgy . In addition,

lr(t)l/a
() (N — x(t))

Proof. Without loss of generality, suppose r(t) < 0 on [a, 00),, for some a € ¢™° and
x is a g-slowly varying solution of defined on [a, 00),. Condition (3.2)) ensures
the existence of such solution. Also, conditions of Lemma [3.2] are satisfied, so this
solution satisfies asymptotic formula . Moreover, conditions of Theorem (3.1
are also satisfied, so in the case A < « this implies M~ = Mgy, while in the case
A > a, MT = Mgy .

=o(1), t— oo. (3.8)
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(i) Assume [ G(t)d,t = co. Integrating (3.4) on [a,t], we have
Inz(t) = Inz(a 5/ (1+0(1))G(s)dgs, t— . (3.9)

Using the ¢-L’Hopital rule (see [I, Theorem 1.119]) it can be easily verified that

Inz(a —5/ 1+o0 )ds~—5/G )dgs, t— o0,

which further, using , leads to asymptotic formula (3.6 for a solution . In the
case A < a, condition foo G(t)dgt = oo implies lim;_, oo x(t) = 0. Moreover, since
in this case I, = oo, it must be lim;_, zH (t) = 0, thus we obtain z € M - Since
r was an arbitrary SV, solution, it follows Mgy C M. According to Theorem
i), we have M~ = Mg, = Msy.

Similarly, if we consider the case A > «, the divergence of integral I,. implies
lim; o0 2ll(t) = oo, while condition [ G(t)d,t = oo implies lim;_,o 2(t) = oo,
thus x € M;’oo. Again, since Theorem ii) implies that in this case all of the
increasing solutions are g-slowly varying, it follows M = M;“O’oo = Mgy .

(ii) Assume [~ G(t)d,t < co. Integrating on [t,00), we have

Inz(t) —InN = 5/00(1 +0(1))G(s)dgs, t— oo, (3.10)

where N = lim;_, o, 2(t). Using the ¢-IL’Hospital rule it can be easily verified that

(5/ (14 0(1))G(s)dgs ~ 5/ G(s)dgs, t— o0,
t

which, using (3 , gives
o0
Inz(t) =InN +6(1+ 0(1))/ G(s)dgs, t— o0,
t

which is equivalent to . In the case A < a, for every decreasing solution x
lim;_, o z!¥(#) = 0 holds, thus we have Mgy C Mp - Application of Theorem
i) gives M~ = My ; = Mgy

To prove , we notice that for a SV, solution z, we have

g [TH

L(t) = —td~ ! (pi) /too r(u)x(qu)adqu), t>a,

(t
is a g-slowly varying function, according to Theorem The Karamata’s integra-

tion theorem also implies that lim; . z(il)%)]\’ = 0. Considering

t > a,

where

L(t) ~ StG (B (t) ~ —N&(Z%)l/a, F o oo,

we obtain (3.8). In the case A > «, similarly it can be verified that every SV,
solution x belongs to the class ME oo+ Moreover, for a solution x, we have

N —z(t) = /too (ﬁfﬁ_l (mm (a) — /as r(u)x(qu)“dqu>>dqs
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N/tm <I)—1(p(18)<—/:r(u)x(qu)o‘dqu))dqs, t— o0

Proceeding exactly as in the previous case, we prove that (3.8)) also holds. (I

Theorem 3.4. Assume that p € RV4(X), X # «, r is eventually positive such that
r € RVA—a—1) and is satisfied. Then every gq-slowly varying solution x
of satisfies:
(i) If [* G(t)dst = oo, then x satisfies [B-6). Moreover, if X < a, then Mgy C
M:o,o’ while if X > a, then Mgy C M .
(ii) If [T G(t)dgt < oo, then x satisfies [3.7), where N = limy o x(t) €
(0,00). Moreover, if A\ < «, then Mgy = MEO, while if A > «a, then

Msy =Mp . In addition, (3.8) is satisfied.

Proof. Without loss of generality, suppose r(t) > 0 on [a,00),, for some a € ¢
and x is a g¢-slowly varying solution of defined on [a,00),. Condition
ensures the existence of such solution. Also, Lemma, claims that such solution
 satisfies (3.4)).

(i) Assume [~ G(t)d,t = co. Integrating from a to t, we obtain which
leads to the desired asymptotic formula for the solution x. Further, let us first
consider the case A < a. In this case, since I, = oo, the solution z is an incre-
asing function satisfying lim;_,. z!1(t) = 0. Moreover, condition [* G(t)d,t = oo
implies that lim;_, . 2(t) = 00, so we obtain Mgy C Mjo)o. Similarly, if A > «,
every SV, solution z is decreasing and satisfies lim;_,oo z (t) = oo. In this case,
J7° G(t)dgt = oo implies limy o z(t) = 0, so we obtain Mgy C My .

(ii) Assume [~ G(t)d,t < co. Integrating on [t,00), we have which
is equivalent to (3.7). This implies that lim; . 2(t) = N € (0,00). Thus, in
the case A < «, since every SV, solution x is an increasing function satisfying
limy_, o 2! () = 0, we have conclusion Mgy = ME’O, while in the case A > « it can
be noticed that Mgy = Mp . Proceeding similarly as in the proof of Theorem

we obtain . O

In following two theorems we will establish asymptotic formulas for RV, (1 — %)
solutions of under certain conditions. To provide this we will use reciprocity
principle, which is based on following. Let p(t) # 0,7(t) # 0, ¢ € [a,00),. Then, x
is a solution of defined on [a, 00), if and only if u(t) = x[1(¢) is a solution of
the equation

1 1

D ((I)‘l<—><1>‘1 Dyu(t ) +q¢>_1(7)¢)_1 u(gt)) = 0. 3.11
(07 ()2 (Date) ) lat) (3.11)
Since we have stronger assumptions for the coefficients p and r of ([L.1)) throughout
this section, let us check which conditions will be satisfied by the coefficients in
(3-11)), under those assumptions. Assume that p € RV,(A), A # a, r is of one sign

on [a, 00), such that |r| € RV,(A —a —1) and (3.2)) holds. Denote by
A1 1 q No

G=— A=1-Z4-, PO = e TO =Sl ehre, teg

Then equation (3.11)) is equivalent to the equation
Dq (p(t)Pa(Dqu(t))) + #(t)Pa(u(qt)) = 0, (3.12)
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where ®4(x) = sgn(z)|z|%, = € R. Notice that, p € RV,(N), A # & and || €
RV4(A—&—1). Moreover, if I; and I denote g-slowly varying parts of the functions
p and 7, we have

lf(t) lr(t)l/a lr(t) Ve
ORNCORG ““q(zp@)) e

Thus, condition (3.2]) implies hm,gﬁOO I (t) = 0. We will use the notation
P

A ter(t)

Gt) =~y and 5_@([211](1).

Notice that 6G(t) ~ ®(~L—)® MY as t — co. Moreover, the notation for the
[A-a] p(t)
—al,

classes of positive solutions of (3.12) will be analogue to the one in (2.2) with M
instead of M.

Theorem 3.5. Assume that p € RV¢(N), A # «, r is eventually negative such
that |r] € RVq(A —a—1) and (3.2) holds. Every solution x of (L.1)), such that

€ RV,(1— ) satisfies
i) If [* G(t)dyt = oo, then

t
x(t) oo exp ( + o( / G(s)d, s t — 00, (3.13)

for some a € ¢Yo. Moreover, if A < a, then M+ = M;ro’oo = Mgy (1 — %)}
while if X > a, then M~ = M g = Mgy (1 — %)
(it) If [* G(t)dyt < oo, then in the case \ < a,

= A+ / N 1/aexp((H /G du)ds t o0, (3.14)

for some a € ¢, A € (0,00) and M+ = M;’;’B = Mgy (1 — %), while in
the case A > «a,

a:(t)z/too(p](z))l/aexp (14 o0(1 / Gu du dgs t— 00, (3.15)

and M~ =M, p = Mgy (1 - 2)7 where N = limy_, o [11(¢)]. In addition,

L (t)
L () (N — [zl1(£)])

Proof. Let x be an arbitrary RVy(1 — 2) solution of (L.1]), deﬁned on [a,00), and
let r be negative on [a, 00),, for some a € ¢"°. Condition (3.2) ensures the existence
of such solution. Then, u = |x[1]\ is a ¢-slowly varying solution of . Moreover,
note that u € Mi & 2 eME,, for u,v € {0, B, 00}

(i) Assume [~ G(t)d,t = oo. From the above observations, we can see that

conditions of Theorem i) are satisfied, so it can be applied to the SV, solution
u of (3.12) and this leads to the asymptotic formula

=o(l), t— oo. (3.16)

ul(t) = exp ( —(1+ 0(1))5/: G’(s)dq8>7 t — oo.
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Consequently, the solution x of (L.1)) is satisfies

1D,z (t)] p(t)ll/aexp<(1+o(1))i/ é(s)dqs), t - oo. (3.17)

Let us consider the case A < a, that is A > a. In this case, Theorem i) also
implies that the solution v of belongs to the class M;m of positive solutions
of (3.12). For equation (3 2) M+ = M* = Mgy holds, as well. This further
implies that solution = of (| . 1.1]) belongs to the class M __ and the classes of this

equation satisfy Mt = Mjom Mgy (1 — %) Integrating asymptotic relation
(3.17) from a to ¢t we obtain

:L‘(t)Z.T(a)_i_/atp(s;l/aexp( (I+o(1 /G du

t 1
waexp( (1+o0(1 /G ds

_ t

_Wexp(_(1+o(1))a/a Gls)dys), oo,

by applying the Karamata’s integration theorem, since u is a SV, function. This
further implies that x satisfies formula (3.13)). Similarly, we obtain that in the case
A > a for equation (LI), M~ = Mg, = Mgy (1 — 2) holds. Integration of the
asymptotic relation (3.17) on [t, 00), leads to the desired asymptotic formula
for x.

(ii) Assume [~ Gt )dgqt < co. Then, an application of Theorem . 11 to the
SV, solution u of (| - leads to the asymptotic formula

00,00

u(t) = N exp ((1 +o(1))5/ G(s)dqs), t— oo,
¢
where lim;_,o u(t) = N. This implies that for the solution = of (I.1)) satisfies

N 1/«

|Dgx(t)| = (ﬁ) exp 1+0 / G(s)d, s t — oo. (3.18)
p

Moreover, Theorem 3 11 implies W = o(1) as t — oo; hence (3.16)

satisfied.

To obtain the asymptotic formula for z, let us first consider the case A < «,
that is A > &. Under this assumption, for the positive solutions of | - Mt =
M;g,m = MSV holds This implies that for 7 Mt = M+ B = = Mgy (1 — %)
Integrating (3 on [a,t]; we obtain that x Satlsﬁes asymptotic formula (3.14)).
Similarly, if )\ > a, we obtain M~ = Mg 5 = Mpy (1 - a) while integrating (3.18))
on [t,00), implies the asymptotic formula (3.15]) for the solution z. O

Theorem 3.6. Assume that p € RV,(N\), X # «, r is eventually positive such
that 1 € RV4¢(A —a — 1) and (3.2) holds. FEvery solution = of (L.1) such that
T € qu(l — 2) satisfies

) If foo G' )dgt = 00, then (3.13) holds. Moreover, if A < «, then

Mpy (1 — 7) - M, while if A> o, then Mgy (1 — 2) C M ..

00,07
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(i) If [~ G(t)d,t < oo, then in the case A < « (3.14) holds and M;B =
Mpy (1—2), while in the case A > o (3.15) holds and My 5 = Mgy (1—2).
In addition, (3.16) is satisfied.

Proof. Applying Theorem to the SV, solution u = lz!Y] of ([3.12), as in the
previous theorem, leads to desired results. Moreover, u € Miv & o e MF ) where

v,u?

u,v € {0, B,00}. O

Remark 3.7. When taking formally the limit as ¢ — 1+ in Theorems and
the obtained results coincide with the corresponding results in the continuous case
(see [14, Theorems 4.1, 5.1]). Under the analogue assumptions of Theorems [3.4]and
[3:6) in the continuous case, the asymptotic formulas of regularly varying solutions
of 7 with r being eventually positive, as far as we know, were not considered
in the existing literature. So, letting ¢ — 1+ in Theorems and predicts
corresponding results in the continuous case.

4. ASYMPTOTIC FORMULA OF A ¢-SLOWLY VARYING SOLUTION OF (1.5

In this section, we consider equation and assume that r is eventually
positive or eventually negative function. Moreover, a condition stronger than
lim; 0 t*T1r(t) = 0, which ensures the existence of a SV, solution, will be as-
sumed for the coeflicient ». We will use the notation

Qt) =t /too r(s)dys, t € ¢'. (4.1)

Let us recall that the condition lim;_, o, t*T1r(t) = 0 is equivalent to lim;_,, Q(t) =
0 as t = oo. As shown in [I8] Lemma 6], this is the consequence of the fact, specific
just for g-calculus, that the existence of the finite limit lim; .., t* ftoo f(s)dgs is
equivalent to the existence of the finite limit lim; o t**1f(¢), where f : ¢™o —
R and a > 0. More precisely, lim;_,, t ftoo f(s)dgs = A € R if and only if
lim; o0 t9T1f () = —[—a],A € R.

The next theorem shows the existence of a g-slowly varying solution affected
with the decaying property of the function (), while the second theorem establishes
the asymptotic formula of the such solution.

Theorem 4.1. Let r be eventually of one sign. Suppose that there exists a decre-
asing function ¢ : ¢"° — (0, 400) which tends to 0 ast — co and satisfies |Q(t)| <
o(t) for t large enough. Then, possesses a q-slowly varying solution x on
[to,o0)y, for some to € ¢, expressed in the form

Jf(t) = eﬂ(t7t0)7 t Z t07 (42)
where n(t) = &1 (71’“);@@)), t >ty and v(t) = O(d)(t)Hi), t — oo.

Proof. We will seek for a solution x of (1.5)) expressed in the form (4.2), for some
to € ¢"°. Function x expressed in the form (4.2 is a ¢g-slowly varying function on
[to, 00)4 if and only if

Jim &1 (u(t) + Q(1)) = 0 (4.3)

and n € Rzg, according to Theorem (ii). Moreover, such x is the positive solution
of ([L.5) defined on [ty, 00), if and only if w(t) = %, t > tg is a solution of
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the Riccati g-difference equation on [t, 00),,

w(t) B 1 B
Dyul®) +7(8) + 15, (1 RO 1)a) =0.  (4.4)

Let us note that ®~!(w(t))(¢— 1)t +1 = Z((qtt)), t > to. Furthermore, w is a solution

of (4.4) on [tg,00), if and only if v is a solution of the equation

v(t)y | o) + Q) 1
D (—) n (1 - a) —0, (45

) e U eem emie - v+ -
defined on [tg,00)q. Condition (4.3), since Q(t) — 0,t — oo is equivalent to
v(t) — 0 as t — oo, hence integrating (4.5)) on [t, 00), gives the integral equation

e [T +Q6) ¢ ! s
”@—t/t a1t ( (q>fl<v<s>+cz<s>><q—1>+1)a)dq’

for t > to. Finally, finding a g-slowly varying solution z of ([1.5)) in the form is
equivalent to finding a solution v of the integral equation satisfying v(t) — 0
ast — oo and 7 € Rzz . To show the existence of such a solution, we will use the
Banach fixed point theorem.

Let us choose ty € ¢ such that the following 3 conditions

(4.6)

o1 (QM)(g—1) +1>0, (47)
(- Dt DTlQW) _ 1,
@1 @) 1) F 1)+t = gl (48)
e q2Ve [Lalpimemt [Laf2-iment
¢<t>/Smm{qi1,— ~ 7—(%1)(%1)} (4.9)

are satisfied on [tg,00), and @ is of a constant sign on [tg,00),. This is possible,
since ¢ and @ tend to zero as t — oo.

Consider the Banach space X" of bounded functions f : [tg,0); — R converging
to zero at infinity, endowed with the supremum norm and let us denote by

Q={veXx:0<v(t) <o), t >t}
The operator F : Q — X, defined as

e [To(s) Q) 1 s
Fo0 = |G (- e D)

for v € Q, has following properties:
(i) Operator F maps € into itself. Let v € Q. One can see that

1
sen (u(t) + Q(1)) = sgn (1 - RO IO ED e
which implies (Fv)(t) > 0 for ¢ > t5. On the other hand,
o [T 20(5) 1
Fo0=e [ G (- e

o [ (ot ) ) 2

t2t07
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Using the Lagrange mean value theorem and (4.9), we obtain

(@7 1(20()) (g — 1) + 1) — 1 = a (0271 (2p(s)) (g — 1) + 1) @1 (26(s)) (g — 1)
a(@71(20(s)) (g — 1) + 1) 271 (26(s)) (g — 1)
<a2°®71(20(s)) (g — 1), Vs > to,
for some 0 < 6 < 1. Therefore, using the monotonicity of the function ¢, we obtain
1., [T d —a2¢ 1
(Fo)(t) < oz (2ofe) e [ Lo - o) E, ez

Using (4.9)), we finally obtain (Fv)(t) < ¢(t), for ¢ > to, which provides that F
maps € into itself.
(ii) Operator F is a contraction mapping. Let v, w €  and observe that

(Fo)(t) — (Fu)(t)
(e} > 1
_y / (e (H(() + Q) = H(w(s) +Q(s)) ) dys

for ¢t > to, where H(z) = z(1 —
mean value theorem, we obtain

H(v(s) + Q(s)) — H(w(s) + Q(s)) = H'(£(s))(v(s) — w(s)),

for some min{u(s)+Q(s), w(s) +Q(s)} < &(s) < max{v(s) +Q(s), w(s)+Q(s)}, 5 >
to. Note that Q(s) < &(s) < 2¢(s) for s > to. So, if @ is positive on [tg, 00)4, & is
also positive on this interval, while in the case when @ is negative on [tg,0),, §
can take both, positive and negative values on this interval. We will prove that

(4.10)

W) for x € R. Using the Lagrange

[H'(£(s))] < —%[—a}q,s > to. (4.11)

Indeed, in the case £(s) > 0, for some s > tp, using the Lagrange mean value

theorem and (4.9)), we obtain

(e = (el = EEDE D LD 1

(@ (€())(q— 1) + 1)@“ 1
(

IN

= (a+1)(027 1 (&(s))(g — 1) + 1)* @ (E(s)) (g — 1)
< (a+1)2%(26(s) /(g — 1)
1
< _5[_04117

for some 0 < # < 1. On the other hand, if £(s) < 0, for some s > tg, similarly to
the previous case, using (4.8)), we obtain

, (oo = <s<s>><q—1>+1>a+1
1@ 1<@<s>><q - 1> 1)t
=T QE) - D+ 1)
(o + DB (Q(s))(g — 1) + 1) (Q(s)) (g — 1)
@ 1(Q()(g — 1) + Dot

I /\
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_ @+ 127 1(QE) g~
—(@HQ(s)(g = 1)+ 1)t
< _5[_a]qa

for some 0 < 6 < 1, so (4.11)) is satisfied. According to (4.10]) and (4.11)),

(Fo)(0) = (Fu)O)] < ~5l-alut® [ s lole) — wlo)ldes

A

N

1
5””*70”7 t > to,

which leads to the conclusion that F is a contraction mapping.

Thus, all the hypotheses of the Banach fixed point theorem are fulfilled, implying
the existence of a fixed point v € Q of F satisfying . Moreover, x defined
by , with such v, satisfying v(t) = O(gf)(t)”i) as t — oo, is the desired
solution. (]

Theorem 4.2. Let r be eventually of one sign. Suppose that there exists a decre-
asing function ¢ : ¢V — (0, 400) which tends to 0 as t — oo and satisfies

Q)| ~ o(t), t— oc. (4.12)
(i) If foo 27HQ() dqt = oo, then (1.5)) possesses a g-slowly varying solution x

t
defined on [tg, 00),, for some to € ¢"°, such that

z(t) = exp ((1 +0(1)) /t 27(Q()

dqs), t = oo (4.13)
to s

Moreover, if r is eventually negative, then x € M o, while if r is eventually
+

00,0

(ii) If foo w dqt < 00, then (1.5)) possesses a g-slowly varying solution
defined on [tg,00)q, for some to € ¢"°, such that
e} q)—l
(t) = Nexp(— (1+o(1))/ Q)
t

S

positive, x € M

dqs), t — o0, (4.14)

where N = lim;_, o 2(t). Moreover, if v is eventually negative, then x €
My o, while if v is eventually positive, x € ME 0

Proof. Condition implies |Q(¢)] < (k + 1)¢(¢) for t large enough and k > 0,
so the conditions of Theorem are satisfied for ¢(t) replaced with (k 4+ 1)¢(¢).
Therefore, there exists g-slowly varying solution x of in the form , defined
on [tg,00),, for some ty € ¢, where v(t) = O(¢(t)**=), t — oo. This solution
satisfies
Dy(t) _ 8700 +QW)
- ’ = L0-
x(t) t
Since @ satisfies condition (4.12)), we obtain

Dya(t)  ®HO(M) %)+ Q)  2-1(Q(1)

- ~ .t 00 4.15
(1) ¢ ¢ > (4.15)
An application of Proposition v) then yields
d1(Q(t
Dylnz(t) ~ 27 QW) t — oo. (4.16)

t )
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(i) Suppose [~ w dqt = oo. Integrating (4.16)) from ¢ to ¢, we obtain
t @71
Inz(t) — Inx(ty) ~ / 2T Q)

dqs, t— oo. (4.17)
to S

The divergence of the integral on the right-hand side of the above asymptotic re-
lation, when ¢ — oo, implies that the function on the left-hand side of also
tends to oo when t — co. If r is eventually negative, implies z(t) — 0, t — oo,
while (4.15) implies x € M. According to the classification, we conclude x € M .
Similarly, if 7 is eventually positive, implies x(t) — oo as t — oo and

implies x € M*, so it must be x € M;,o Asymptotic relation (4.17) further implies
t &—1
P
Inz(t) ~ / Q) dgs, t— o0,
t

o S

which leads to the conclusion

ma(t) = (1 +0(1))/

to

Fe(Q(s))

S dgs, t— 00

and hence we obtain the desired asymptotic expression (4.13) for the nontrivial
g-slowly varying solution x.

(ii) Suppose foo w d,t < co. Integrating (4.16)) from ¢ to oo, we obtain

InN —Inz(t) ~ /OO w dgs, t— o0, (4.18)

where N = lim; o x(t), which further yields asymptotic formula for the
solution z. Similarly to the previous case, we come to the conclusion that in the
case when r is eventually negative x belongs to Mpy o, while if r is eventually
positive, z € MEO. (I

Remark 4.3. Let us compare the obtained asymptotic formulas for a g¢-slowly

varying solution of (1.5]), where r is eventually of one sign such that |r| € RV, (—a—

a+1
1). Then the Karamata’s integration theorem implies Q(t) ~ t_[_ggt), as t — 0o,
q

which further implies w ~ —0G(t), as t — o0, according to the notation

in (3.3) and (4.1). Thus, in this case, asymptotic formulas (4.13) and (4.14]) are
equivalent to the asymptotic formulas (3.6) and (3.7]), respectively, as expected.

Remark 4.4. When taking formally the limit as ¢ — 1+ in Theorem [4.2{i), the
obtained results agree with the corresponding results in the continuous case (see [9,
Theorem 3.1]). To be more precise, [9, Theorem 3.1] requires stronger conditions
on the functions @) and ¢, but it gives a more precise asymptotic formula. On the
other hand, since the case [~ w dt < oo is not considered in [9], letting
q — 1+ in Theorem ii) predicts corresponding results in the continuous case.

5. HALF-LINEAR DIFFERENCE EQUATIONS IN THE FRAMEWORK OF DISCRETE
REGULAR VARIATION WITH RESPECT TO T

Rehdk [12] introduced a new class of regularly varying sequences with respect to
7, where 7 : Ng — ¢"°, ¢ > 1, 7(k) = ¢*.

Definition 5.1. Let x be a positive sequence. It is said that x is a regularly varying
sequence with respect to 7 and written € RV (p), if and only if zor=! € RV, (p).
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The following 4 statements are equivalent (see [12]):

(i) = € RVE(p):
(i) 1ims oo 7002y = [la;

(iii) limy oo m;k(;g)l) = q*;

(iv) z(k) = Ogkr exp{Z?;ll U5}, ¥(j) = 0,5 = oo and C € (0, +00).

Since a half-linear ¢-difference equation can be transformed into a half-linear
difference equation, our main results can be applied to obtain some new results in
the discrete case. Indeed, if 7 : Ny — ¢, 7(k) = ¢, it can be easily shown that
2 : Ny — R is a solution of difference equation , which coefficients satisfy ,
if and only if y = z o 77! is a solution of ¢-difference equation .

Therefore, with the assumption that the sequences a = {a(n)}nen, and |b] =
{|6(n)|}nen, are regularly varying sequences with respect to 7 of a certain regularity
index and b is eventually of one sign, obtained results can be applied to the half-
linear difference equation , giving the asymptotic formulas of SV7 and RV7(1—
%) solutions of this equation. To prove the following results it is enough to conclude
that the assumptions a € RVz(p) and p € RV4(p + «) are equivalent, as well as
the assumptions |b| € RVz(p) and |r| € RVy(p — 1). Let us use expressions

a(n) =nly(n), |b(n)] =n’ly(n), n € Ny,
where 1,1, € SV7. Next we present corollaries of Theorems [3.3

Corollary 5.2. Assume a € RVy(p), p # 0, b is eventually negative such that
|b] € RV7(p) and

im 20 g, (5.1)
Every solution © € SVy, of (1.6]) satisfies:
(1) Ify o ot (%) = o0, then

n—1

2(n) = exp ((1 +0(1))m 3 <1>1(ZEZ)))), n — o, (5.2)

k:no
for some ng € N. Moreover, if p <0, then MZ~ = MZ, , = MZsy;, while
if p> 0, then MZ" = MZ, ,, = MZsy; .
(ii) If 307, @fl(b(")) < o, then

a(n)

z(n) = N exp ((1 + 0(1))% glq)—l (([Z((]Z:)))), n — 00, (5.3)

where N = lim,_,o xz(n) € (0,00). Moreover, if p < 0, then MZ~ =
MZg o = MZsy;, while if p > 0, then MZ" = MZf; = MZsy;. In
addition,
lb(n)l/a
la(n)'/*(N — x(n))

Corollary 5.3. Assume a € RVy(p), p # 0, b is eventually positive such that

|b] € RV7(p) and (5.1) is satisfied. Every solution x € SV of (1.6) satisfies:
1) If >0, @fl(zgz))) = o0, then x satisfies (5.2)). Moreover, if p < 0, then
MZsy; C MZZ, ,, while if p > 0, then MZsy; € MZ; .

00,07

=o(l), n— 0. (5.4)
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(i) >0, @‘1(223) < oo, then x satisfies (5.3)), where N = lim,_,o z(n) €
(0,00). Moreover, if p < 0, then MZsy; = MZEO, while if p > 0, then
MZsy; = MZg .. In addition, (5.4) holds.

Corollary 5.4. Assume a € RVy(p), p # 0, b is eventually negative such that
bl € RVZ(p) and (5.1] . is satisfied. Every solution x € ’RVZ(—f) of . satisfies:

1) IfF >0, 7 a(n) = 00, then

1 1 bk
z(n) = ORE exp ((1 + 0(1))a<1>(qp/a ==y Z a((k:;)’ n — 0o, (5.5)

=ng

for some ng € Ng. Moreover, if p < 0, then MZ* = MZ;,OO = MZry; ( -
2, while ifp >0, then MZ™ = MZg , = MZry; (— £).
(i) If 307, qna(n) < 00, then in the case p <0,

=A+ Z ( N )1/aexp ((1+o(1))aq)(1iqp/a)iz(é,;), (5.6)

asn — 0o, for some A € Ny, and MZ* = MZ;,B = MZgry; ( — g) While
in the case p > 0,

2(n) = i (CLJ(Z))I/Q exp ((1 + dl))W i M) (5.7)
k=n

asn — oo, and MZ~ = MZ, p = MZry; (f ) where N = limy_, o |zt (n)].
In addition,

lb (n)
la(t)(N — zl'(n))

Corollary 5.5. Assume a € RVy(p), p # 0, b is eventually posz’ti’ue such that
|b] € RV7(p) and ( . is satisfied. Every solution x € RVT(—f) of (1.6)) satisfies:

1) If>2, ) — oo, then ) holds. Moreover, if p < 0, then MZR%(—

qn a(n

2) C MZZ, o; while if p > 0, then MZry; (— £) € MZ .
(i) If S22 bn) < 0o, then in the case p < 0, (5.6) holds and MZOO B =

n=1 q™a(n)

MZry; ( — f) while in the case p >0, . holds and MZg p =
MZrv; ( . 7) In addition, is satisfied.

The next corollary of Theorem gives the asymptotic formula of a slowly

varying solution with respect to 7 of equation (1.6]), with a(n) = W, n € Ny

and b being an arbitrary sequence eventually positive or eventually negative.

=o(1), t— oo. (5.8)

Corollary 5.6. Leta = {W}nem and b be eventually of one sign. Suppose

that there exists a decreasing sequence {@(n)}tnen, which tends to 0 as n — oo and
satisfies

g™ Z b(k)| ~ p(n), n— .
k=n
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(1) If Yopr q" @ (>0, b(k)) = oo, then (L.6) possesses a slowly varying
solution {x(n)}n>n, with respect to T, for some ng € N, such that

8

o) =exp (14 o)a—1) Y a4o

k=ng J

b(j))), n — oo.
k

Moreover, if b is eventually negative, then x € MZg o, while if b is eventually
positive, T € MZ;O.

(i) If Yo7 q" @ (Xop,, b(k)) < oo, then (L.6) possesses a slowly varying
solution {x(n)}n>n, with respect to T, for some ng € N, such that

#(n) = Nexp (= (14 o(1)(g— 1) i qk@*l(ib(j))), n — oo,
k=n j=k

where N = lim, o, 2(n). Moreover, if b is eventually negative, then x €
MZyg o, while if b is eventually positive, x € MZE,()-

6. EXAMPLES

The first example illustrates Theorems and [.2] simultaneously, while the
second example illustrates Theorems [3.3

Example 6.1. Consider the half-linear g-difference equation (|L.5)) with
t
r(t) o(t)

T tatl (11’1 t)a@ ’
on [g, 00)q, for some o > 0, 8 > 0,0 # 1 and ¢ being an arbitrary function such that
o(t) = c € R\ {0}, t — oo. First of all, let us remark that this equation possesses a
g-slowly varying solution, since assumptions imply t**1r(t) — 0, t — co. Further,
let us verify if the conditions of Theorem [3.3] for eventually negative ¢ and the
conditions of Theorem [3.4] for eventually positive ¢, are satisfied. Note that

c

T(t)N Wa t — 00,

so we conclude r is eventually of one sign and r € RV,(—« — 1). Definition of the
g-integral for § and G defined in (3.3), a = ¢"°, t = ¢™, ng,n € Ny, in the case
0 € (0,1) implies

— C qfl 1
- 1<[_aq})(1—9>lnq(lnt)9—1Hooa t — oo.

Theorem [3.3(i) can be applied to any SV, solution of (L.5) if ¢ is eventually neg-
ative, or Theorem Ml) if o is eventually positive, which leads to the asymptotic



EJDE-2021/50 ASYMPTOTIC FORMULAS FOR ¢-REGULARLY VARYING SOLUTIONS 21

formula of the such solution

x<t)=exp((1+o(1>>q>—1([;q])(eqz)lmq(lntl)“), t oo (6.1)

Furthermore, if # > 1, then

> i ¢ qg—1 1
(5/t G(s)dgs ~ @ ([—a,ﬂ)(@—l)lnq(lnt)@*l_>O’ t — oo.

An application of Theorem ii) for eventually negative r, or Theorem (ii) for
eventually positive r implies that every SV, solution of (1.5) satisfies

2(t) = N exp ((1+0(1))¢)1([—Cozq])(031)llnq(lnt1)91)’ oo, (6.2)

where N = lim;_, o x(t).
To verify that the conditions of Theorem are satisfied, let

BT
) = o, e

Using the Karamata’s integration theorem, we obtain

t € [g,00)q.

I c c 1
Q(t) ~ 1 /t qus ~ EW ~ Sgn(0)¢(t)7 t— o,

which implies that condition (4.12)) is satisfied. Thus, Theorem [4.2(i) shows the
existence of a g-slowly varying solution with the same asymptotic formula (6.1)), in
the case § € (0,1), while in the case § > 1, Theorem ii) claims the existence

of a g-slowly varying solution with asymptotic formula (6.2f), as we have already
noticed in Remark [£3]

Example 6.2. Consider the ¢-difference half-linear equation
Dy(t*(Int)" 1 ()@ (Dya(t))) + 2 (Int) " (1) @ (x(qt)) = 0, (6.3)

on [g,00),, where @ > 0, A # a, 01,60 € R, 61 > 02, v1(t) = ¢1 > 0 and
a(t) = c2 # 0, as t — co. Such equation possesses SV, and RV, (1 — %) solutions.

Indeed, since
totlp(t) . (Int)P2p(t) B

lim = lim =
t=oo  p(t) t=oo (Int)%101(t)

Theorem leads to the such conclusion. To obtain the asymptotic formulas for

these solutions, notice that

cj) (Int)f2—0
C1 t

For the sake of simplicity, we use the notation

C2 (ln t)92 —0

and  G(t) ~ -~
1

G(t)~<1>—1( , t— 00,

t

I(a,t,—6,G) = exp ( — 51+ 0(1))/ G(s)dqs)).

Similarly as in Example 6.1 we obtain that above defined I in formulas (3.6) and
(3.7) satisfies

ot -5.0) e (- 0ot (2) 45050

=1I(t,00,0,G), t— o0,
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where the left-hand relation holds if #; — 6, > —«, while the second relation holds
if 6 — 01 < —a. Analogously, above defined I in formulas (3.13) and (3.14) i.e.
(3.15)) satisfies

I(avtv_ 7é)

[oRINSEN

(q — 1)502 (lnt)02*91+1>

xp ( - (1 * 0(1))0461(92 — 91 + 1) lnq

O | o

:I(t,OO, aé)a t-)OO,

where the first relation holds for 8, —6; > —1 and the second one for 5 — 0; < —1.
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