Electronic Journal of Differential Equations, Vol. 2007(2007), No. 174, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

FRICTIONLESS CONTACT PROBLEM WITH ADHESION FOR
NONLINEAR ELASTIC MATERIALS

AREZKI TOUZALINE

ABSTRACT. We consider a quasistatic frictionless contact problem for a non-
linear elastic body. The contact is modelled with Signorini’s conditions. In
this problem we take into account of the adhesion which is modelled with a
surface variable, the bonding field, whose evolution is described by a first order
differential equation. We derive a variational formulation of the mechanical
problem and we establish an existence and uniqueness result by using argu-
ments of time-dependent variational inequalities, differential equations and
Banach fixed point. Moreover, we prove that the solution of the Signorini
contact problem can be obtained as the limit of the solution of a penalized
problem as the penalization parameter converges to 0.

1. INTRODUCTION

Contact problems involving deformable bodies are quite frequent in the indus-
try as well as in daily life and play an important role in structural and mechanical
systems. Contact processes involve a complicated surface phenomena, and are mod-
elled with highly nonlinear initial boundary value problems. Taking into account
various frictional contact conditions associated with behavior laws becoming more
and more complex leads to the introduction of new and non standard models, ex-
pressed by the aid of evolution variational inequalities. A first tentative to study
frictional contact problems within the framework of variational inequalities was
made in [6]. The mathematical, mechanical and numerical state of the art can be
found in [I3]. In this paper, we study a mathematical model which describes a
quasistatic frictionless adhesive contact problem between a deformable body and
a rigid foundation. Models for dynamic or quasistatic process of frictionless ad-
hesive contact between a deformable body and a foundation have been studied in
Bl 4, [7, 17]. As in [8, @], we use the bonding field as an additional state variable
0, defined on the contact surface of the boundary. The variable is restricted to
values 0 < 8 < 1, when 8 = 0 all the bonds are severed and there are no active
bonds; when 8 = 1 all the bonds are active; when 0 < 8 < 1 it measures the
fraction of active bonds and partial adhesion takes place. We refer the reader to
the extensive bibliography on the subject in [10} [12] 14, 15 [16]. In this work, we

2000 Mathematics Subject Classification. 35J85, 49J40, 47J20, 74M15.
Key words and phrases. Nonlinear elasticity; adhesive contact; frictionless;
variational inequality; weak solution.

(©2007 Texas State University - San Marcos.

Submitted May 8, 2007. Published December 12, 2007.

1



2 A. TOUZALINE EJDE-2007/174

extend the result established in [I7] for linear elastic bodies to the nonlinear elastic
bodies where the adhesion is taken into account and the contact is modelled with
Signorini’s conditions. We derive a variational formulation of the mechanical prob-
lem which we prove the existence of a unique weak solution, and obtain a partial
regularity result for the solutions. Moreover, we study the behavior of the solution
of a penalized problem as the penalization parameter converges to 0. We also wish
to make it clear that from [IT] it follows that the model does not allow for complete
debonding field in finite time.

This paper is structured as follows. In section 2 we present some notations and
give the variational formulation. In section 3 we state and prove our main existence
and uniqueness result, Theorem Finally, in section 4, we prove a convergence
result of a penalized problem, Theorem [:2]

2. VARIATIONAL FORMULATION

Let Q@ C R?% (d = 2,3), be the domain initially occupied by an elastic body.
Q is supposed to be open, bounded, with a sufficiently regular boundary I'. T is
partitioned into three parts I' = I'; Uy U '3 where I';,T'5, '3 are disjoint open
sets and meas I'y > 0. The body is acted upon by a volume force of density
on {2 and a surface traction of density @2 on I's. On I's the body is in adhesive
frictionless contact with a rigid foundation. We use a nonlinear elastic constitutive
law to the material behavior and an ordinary differential equation to describe the
evolution of the bonding field.

Thus, the classical formulation of the mechanical problem is written as follows.

Problem P;. Find u: Q x [0,T] — R%, 3: T3 x [0,T] — [0, 1] such that

dive+¢1 =0 inQx(0,7), (2.1)
o= Fe(u) inQx(0,T), (2.2)
u=0 onTy x(0,7), (2.3)
ov =y onlyx(0,7T), (2.4)

u, < 0,0, +c,R(u,)p* <0
) } on I's x (0,7), (2.5)

(o) + v R(u,)B%)u, =0

—or =pr(B)R*(ur) on T3 x (0,7), (2.6)
B =—c,fe(R(u,))? onTgx(0,T), (2.7)
B(0) = By on . (2.8)

Equation represents the equilibrium equation. Equation represents the
elastic constitutive law of the material in which F is a given function and e(u)
denotes the small strain tensor; and are the displacement and traction
boundary conditions, respectively, in which v denotes the unit outward normal
vector on I and ov represents the Cauchy stress vector. Conditions represent
the Signorini conditions with adhesion in which ¢, is a given adhesion coefficient
which may dependent on = € I's and R : R — R is a truncation operator defined as

L ifs<—IL,
R(s)=1s if |s| < L,
L if s> L.
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Here L > 0 is the characteristic lengh of the bond, beyond which it does not offer
any additional traction (see [I4]). By choosing L very large, we can assume that
R(u,) = u, and therefore we recover the contact condition

u, < 0,0, + ¢, R(u,) 5%,
(0, + e R(u,)3*)u, =0 on I's x (0,T).

These conditions were already used in [2 B 12]. Next, equation represents
the adhesive contact. We assume that the resistance to tangential motion is gener-
ated by the glue, in comparison to which the frictional traction can be neglected.
Therefore, the tangential contact traction depends only on the bonding field and
the tangential displacement, thus,

—0r = p‘r(ﬁ)R*(uT)'
Where the truncation operator R* is defined by

R (0) v if [Jv|| < L,
v) =
Lo/|lv| if ||v|| > L,

and p, is a prescribed, nonnegative tangential stiffness function. Equation
represents the ordinary differential equation which describes the evolution of the
bonding field, in which 7, = max{r, 0}, and it was already used in [4]. Since 5 <0
on I'3 x (0,T), once debonding occurs bonding cannot be reestablished and, indeed,
the adhesive process is irreversible. Finally, (2.8)) is the initial condition, in which
Bo denotes the initial bonding field. In dot above a variable represents
its derivative with respect to time. We denote by Sy the space of second order
symmetric tensors on R? (d = 2,3); and | - || represents the Euclidian norm on
R¢ and S,;. Thus, for every u,v € R, w.w = ugw;, ||v|| = (v.v)'/2, and for every
0,7 € Sq, 0.7 = 0475, |7 = (7.7)1/2. Here and below, the indices i and j run
between 1 and d and the summation convention over repeated indices is adopted.
Now, to proceed with the variational formulation, we need the following function
spaces:

H =10 H, =H Q)Y
Q= {r = (mj); 7 = 75 € L*(Q)},
H(div;Q) = {0 € Q;dive € H}.

Note that H and @) are real Hilbert spaces endowed with the respective canonical
inner products

(u,v)H:/uividL (UvT)Q:/UijTijdx'
Q Q

The small strain tensor is
1 ..
e(u) = (eij(w) = 5(uig +uja), 4,5 =A{L,....d}

where dive = (0y; ;) is the divergence of 0. For every v € H; we denote by v,
and v, the normal and tangential components of v on the boundary I' given by
v, = V.V, vy = v — v, . Similary, for a regular tensor field o : Q@ — Sy, we define
the normal and tangential components of o by

oy, = (ov)w, o;=0v—o0,V
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and we recall that the following Green’s formula holds:
(0,e(0))g + (diveo,v)g = / ov.vda Vv € Hy,
r

where da is the surface measure element. Let V be the closed subspace of Hj
defined by

V={veH :v=00nT4},
and let the convex subset of admissible displacements given by

K={veV:v, <0onTls}.
Since measI'; > 0, the following Korn’s inequality holds [6],

le()llq = callvllm, VveV, (2.9)
where the constant cq depends only on Q and I';. We equip V' with the inner
product

(u,v)v = (e(u),e(v))q

and || - ||y is the associated norm. It follows from Korn’s inequality (2.9) that the
norms || || g, and || -||v are equivalent on V. Then (V, || ||v) is a real Hilbert space.

Moreover by Sobolev’s trace theorem, there exists do > 0 which only depends on
the domain 2, I'y and I's such that

[0l 22 < dallolly Vo€ V. (2.10)
For p € [1,00] , we use the standard norm of L?(0,7T; V). We also use the Sobolev
space W1°°(0,T; V) equipped with the norm
[ollwr.eo,m3v) = 0]l 0,75v) + [0l Lo (0,15v)-

For every real Banach space (X, |.||x) and T > 0 we use the notation C([0,T]; X)
for the space of continuous functions from [0, 7] to X; recall that C([0,T]; X) is a
real Banach space with the norm

oy = )l x.
zlleo,11:x) o, llz(t)] x

We suppose that the body forces and surface tractions have the regularity

01 € WH(0,T; H), @y € WH(0,T; L*(T'9)?) (2.11)
and we denote by f(¢) the element of V' defined by
(F(),0)y = / o1 (1) vdz +/ os(t)vda Vo eV, te[0,T]. (2.12)
Q Ty

Using (2.11) and (2.12) yield f € W1>°(0,T; V).
In the study of the mechanical problem P; we assume that F' : Q x S; — Sy,
satisfies

(a) there exists M > 0 such that ||F(z,e1) — F(z,e2)| <
Mlley — eg|| for all €1,e9 in Sy a.e. x in
(b) there exists m > 0 such that (F(z,e1) — F(x,e2)).(e1 —
62) > m||€1 — EQHQ, for all €1,€2 in Sd, a.e. x in Q; (2.13)
(¢) the mapping x — F(x,¢) is Lebesgue measurable on 2
for any € in Sy
(d) F(z,0) =0 for all z in Q.
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Remark 2.1. F(z,7(x)) € Q, for all 7 € @ and thus it is possible to consider F
as an operator defined from () into Q).
The adhesion coefficient satisfies

¢, € L*(T3) and ¢, >0 ae. on ;. (2.14)

Also we assume that the initial bonding field satisfies
Bo € L2(T'3); 0< By <1ae. onls. (2.15)

As in [4] we assume that the tangential contact function satisfies

(a) pr: T3 xR — Ry

(b) there exists L; > 0 such that |p-(x,(1) — pr(z,02)] <
L.|B1 — Ba| for all 81,32 € R, a.e. x € T's;

(c) there exists M, > 0 such that |p.(x,3)| < M, for all (2.16)
B eR, ae zels;

(d) for any 8 € R, x — p,(x,3) is measurable on I's;

(e) the mapping x — p,(z,0) belongs to L*(T3).

Next, we define the adhesion functional jp : L®(I's) x V x V — R by

jr(B,u,v) = /1‘ pr(B)R* (ur).vrda VB € L°(T3),Yu,v € V.

We note that jp satisfies the property.

jT(ﬂa u, 71}) = 7jT(ﬂ7 u, ’U).
On the other hand we have

Jr (B, w1, ug — ur) + jr (B2, uz, u1 — uz)

- / Pe(B0) (R (u1r) — R (uz,))- (27 — usr)da

4 [ 0B~ pr ()R 2 (12r — s
I's
and since (R*(u1,) — R*(u2;)).(u2r — u1-) < 0 a.e. on I's, we obtain
Jr(Br, w1, ug — u1) + jr (B2, uz, u1 — ug)
< / (pr(B1) — pr(B2)) R* (uzr).(u2r — u17)da.
I's

Using now the inequality |R*(uz2,)| < L valid a.e. on I's and the property (2.16)
(b) of the function p, we deduce that

Jr(B1,u1, ue — wr) + jr(Ba, ug, ur —u2) < C | |81 — Bal|ur — uzlda,
s

where C' > 0. Next, we combine the previous inequality with (2.10]) to obtain

Jr(Bi,ur, uz — uy) + jr (B2, ug, ur — uz) < C||B1 — BallL2(ry) llur — uz|lv.
By choosing 5; = 82 = (8 in the previous inequality we find

Jr(B,ur, uz —ur) + jr(B,u2, uy —uz) <0.
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Using the Lipschitz continuity of the truncation operators R and R* and the bound-
ness of the function p,, we find
Jr(B,u1,v) = jr(B, u2,v) < Cllur — uzllv|[v]lv,

and also we have jr(8,v,v) > 0.
As in [I7] we define the adhesion functional jy : L>(I3) x V x V — R by

iw(,u0) = = [ e f(~R(w,))suda VB € L*(Ta) Vuv e V.
s

and we recall that the functional jy satisfies the same properties satisfied by the
functional jr. Next, we define the adhesion functional j : L>®(I's) x V x V — R by

J=Jn +Jr;
where
[ @R vdat [ p DR (u)0da
I's T's

for all G € L>=(T'3), for all u,v € V. Then from the properties satisfied by the func-
tionals jy and jr we deduce that the adhesion functional j satisfies the following
properties

J(Br,ur, ug —u1) + §(B2, uz, ur — uz) < C||f1 — Ballr2(ryy Jur — u2lly,  (2.17)
J(B,ur,ug —uq) + §(8, u2, ur —ug) <0, (2.18)

J(Bu1,v) = j(B, uz,v) < Cllur — uzlv[lv]lv, (2.19)

Jj(B,v,v) > 0. (2.20)

Now by assuming the solution to be sufficiently regular, we obtain by using Green’s
formula and techniques similar to those exposed in [6] that the problem P; has the
following variational formulation.

Problem P,. Find (u,3) € W1°(0,T; V) x W°(0,T; L>(I'3)) such that u(t) €
K for all t € [0,T], and

(Fe(u(t), e(v) — e(u(t))q + 3 (B(1), u(t),v — u(t))

> (f(t),v—u(t)y YveK,tel0,T], (2.21)
B(t) = —e(B(0))+ (RGw ()? aue. t€ (0,T), (2.22)
p(0) =Bo onTs. (2.23)

Our main result of this section is stated as theorem and will be established in the
next section.

Theorem 2.2. Let (2.11)), (2.13), (2.14), (2.15), (2.16)) hold. Then problem Ps has
a unique solution.

3. EXISTENCE AND UNIQUENESS RESULT

The proof of Theorem [2.2] is carried out in several steps. In the first step, for
a given § € L*°(T'3) such that 0 < § < 1 a.e. on I's, we consider the following
variational problem.
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Problem P;3. Find ug € C([0,T7; V) such that for all ¢ € [0,T], ug(t) € K and

(Fe(up(t)),e(v —up(t)))q +7(B(1), up(t),v — us(t)) (3.1)

> (f(t);0 —us(t))v, VvelkK.

We obtain the following result.

Lemma 3.1. Problem Pig has a unique solution.

Proof. For all t € [0,T], we consider the operator T; : V' — V defined by
(Thu, v)v = (Fe(u(t),e(v))q +3(B(1), ult), ).

It suffices to see from the assumptions (2.13) (a)-(b) are satisfied by F' and the prop-
erties satisfied by j, that T} is strongly monotone and Lipschitz continuous; since
K is a closed convex subset of V', it follows from the theory of elliptic variational
inequalities [I] that there exists a unique element ug(t) which solves (8.1). Thus, T}
is invertible and its inverse Tt_1 : V' — V has the same properties as T;. Therefore,
using the regularity of f, ug = T, ' f satisfies ug € C([0,T]; V). O

In the second step we consider the following problem.
Problem Ps. Find 8, € W1°(0,T; L*(T'3)) such that
Ba(t) = —cu(Ba(t)+ (Rlug,n(1)))* ae. t € (0,T), (3-2)
Ba(0) = Bo. 3.3
We can prove the following lemma.
Lemma 3.2. Problem Py has a unique solution.

Proof. For k > 0 we introduce the space
X ={Be€C([0,T;: L*(T3)); sup [exp(—kt)[|B(t)r2(ry)] < +o00}.

t€[0,T]

which is a Banach space for the norm

18lx = sup [exp(—=kt)[|B(t)[|L2(rs)]-
t€[0,T]

Consider the mapping ® : X — X given by
B3(0) = o = [ eu(B(5))+ (Rl (s)) .
Then we get
[©51(t) — ©B2(t) | L2(rs)
< C/O 1(81(5)+ (R(upy (5)))? = (B2())+ (R(up,u (5)))? ]| 2 (rs ds.

Using the definition of R, and writing
(Bi(8))+ = (B1(s))+ — (B2(s))+ + (B2(5))+,

since

[(B1(8))+ = (B2(s))+] < |B1(s) = Ba(s)],
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we obtain

[®@51(t) — PB2(t)[| 2 (rs)
< C/ 181(s) — B2(s)]| 12 r3)d8+0/ s, () = wpyu(8)||L2(rs)ds.

Now using (2.10), we have
@61 (t) — PB2(t)]|L2(rs)
<c / 181(5) — Ba(8) ey ds + C / lus, (5) — gy (s)llvds.

On the other hand using the inequality (3.1)), the assumption (2.13))(b) on F and
the property (2.19) of j, we get

[ug, (8) — g, (W) lv < CllB2(E) = B2 ()]l L2(ra)- (3-4)

Whence, we obtain

t
[@61(t) — @B2(t)[|L2(ry) < C/O 181(s) — B2(8)[| L2 (r5)ds,

/ [1B1(s (s)l] 2 m)—/o exp(ks)lexp(—ks)[|51(s) — B2(s)]| 2 (ry)ds.

Since
t

/ exp(ks)exp(—ks)[161 () — Ba(s) ] z2qes))ds < 161 — Ballx / exp(ks)ds,
0 0

and
¢ exp(kt) — 1 e t
180~ Bl [ explis)ds = 191 — fallx Z2ED= < 5y — g 22,

0

we deduce
e t

951(6) — BB() 121, < 81— Ballx T2,

which implies
C
exp(—kt)[|F1(t) — 2(t) | L2(rg) < L M1BL = Pellx -
So we obtain
C
@61 — PBalx < EHﬁl — Ballx- (3.5)

This inequality shows that for k sufficiently large ® is a contraction. Then we
deduce, by using the fixed point theorem that ® has a unique fixed point 3, which

satisfies (3.2) and (3.3). Moreover from (2.15)) and (3.2), see [I7] for details, we

deduce that
0<pB(t)<1Vte[0,T], a.e. on ;.
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Now, to prove the existence and uniqueness of the solution for Theorem [2.2] let
Ba be the fixed point of T" and let u, be the solution of problem P;g for 8 = f,,
ie., u, = ug,. Using the same arguments used in the proof of (3.4), we get

[ua(tr) = wa(to)v < ¢l Ba(tt) = Balt)llL2rs) Vi, t2 €[0,T]. (3.6

Since T3, = B, we deduce from lemmathat Ba € Wo(0,T; L3(T'3)) and then
(3.6) implies that u, € W>°(0,T; V). Moreover, we conclude by 7 and
(3.3) that (ug,0,) is a solution to problem P,. To prove the uniqueness of the
solution, suppose that (u, 3) is a solution of problem P, which satisfies and
[2.29)). Tt follows from that v is a solution to problem P;g, and from lemma
3.1 that u = ug. Take u = ug in and use the initial condition (2.23)), we
deduce that 3 is a solution to problem P,3. Therefore, we get from lemma
B = B, and we conclude that (uq,S,) is a unique solution to problem P;.

4. THE PENALIZED PROBLEM

Let us consider the following strong formulation of the penalized problem with
frictionless contact and adhesion, for > 0, which can be seen as a frictionless
contact and adhesion with a normal compliance.

Problem Pj;5. Find us : Q x [0,T] — R, 35 : T'3 x [0,7] — [0, 1] such that

dive+¢; =0 inQx (0,7), (4.1)

o= Fe(us) in Qx(0,7), (4.2)

us =0 onTy x (0,7), (4.3)

ov =y onlyx(0,7T), (4.4)

-0y, = % —¢,*(=R(us,))+ on T3 x(0,7T), (4.5)
—o, = p-(Bs5)R* (us,) on I's x (0,7T), (4.6)

Bs = —cu(Bs)4 (R(usy))* on Ts x (0,T), (4.7)
B5(0) = o on I's. (4.8)

The problem Pjs has the following variational formulation.

Problem Ps;s. Find (us, 35) € Wh(0,T;V) x W12 (0, T; L>°(T'3))) such that
(Pe(us(t).2(0))a + § (s D)+ )isry + 5B s0)0) o
= (f(t),v)y YveV,tel0,T],

Bs(t) = —eu (Bs(1)+ (R(us (1)))* on Iy x (0,T), (4.10)
Bs(0) = Bo on T's. (4.11)

We can prove the following result.
Theorem 4.1. Problem Pa5 has a unique solution.

The proof of the above theorem is similar to that of Theorem [2:2} however we
omit some of the details. Here are the main steps of the proof.
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(i) For any 3 € L?(I'3) such that 0 < 3(¢) < 1 for all t € [0, 7], a.e. on I'3, we prove
that there exists a unique us € C([0,T]; V') such that

(Fe(us(t),e(v))q + %((Uéu(t))%vu)m(rg) +7(B(t), us(t),v)
= (f(t),v)v YveV,tel0,T]

(4.12)

To prove this step, for ¢t € [0,7] and u,v € V, we define the operator T; : V — V
by

(Thw, v)y = (Fe(u(t)), £(v))q + %((uu(t))+,vu)L2<r3) +(B(1),u(t),v)

In the study of the operator T; we need to recall that for a,b € R, we have
(a4 —by)(a—b) > (ag — by )2,
lag = by| < la—b].

Using (2.13))(a), (2.13)(b), the properties (2.17)—(2.20) are satisfied by the func-

tional j and the property (4.13)) to see that the operator T} is strongly monotone
and Lipschitz continuous, and therefore invertible.
(ii) There exists a unique (s such that

(4.13)

Bs € WHe(0,T; L*(T'3)), (4.14)
Bs(t) = —c, (B5(t) 4 (R(usy, ())?  ace. t € (0,T), (4.15)
B5(0) = fBo. (4.16)

(iil) Let Bs defined in ii) and denote again by wu;s the function obtained in step i) for

8 = B5. Then, by using (£.13)-(4.16) it is easy to see that (us, 85) is the unique solu-
tion to problem Pss and it satisfies (us, 3s) € W1°°(0,T; V) x W (0, T; L*(T3)),
such that

0<p3s(t) <1Vtel0,T], ae. onTls.
Now, in the theorem below we prove the convergence of the solution (us,3s) as
0 — 0 to the solution (u,3) of Problem P» as follows.

Theorem 4.2. Assume that (2.13)), (2.14), (2.15) hold. Then we have the following
convergence:

%11% ||’ZL5 - UHC([O,T];V = Oa (417)
lim |85 = Bllcqoryr2ry)) = 0. (4.18)

The proof is carried out in several steps. In the first step, we show the following
lemma.

Lemma 4.3. There exists a function a(t) € V such that after passing to a subse-
quence still denoted (us(t)) we have

us(t) — a(t) weakly in'V for allt € [0,T]. (4.19)
Proof. Take in v =ug(t), we get
(Fe(us(t)),e(us(t))q + %((U5u(t))+7 (us(t)))r2(rs) + J(Bs(t), us(t), us(t))
= (f(1),us(t))v -

(4.20)
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Using (4.12)), we have
((usw (0) 45 (usw (£))) L2(ra) = ((ow (8))+, (s (8))+) L2 (rs) = 0
and using (2.20), we have j(B5(t), us(t), us(t)) > 0, then from we have
(Fe(us(t), e(us(t))q < (f(), us(t))v

and keeping, in mind (2.13))(b), we deduce that there exists a constant C' > 0 such
that

lus@llv < ClFDIlv-

The sequence (ug(t)) is bounded in V', then there exists a function @(t) € V and a
subsequence again denoted (us(t)) such that (4.19) holds. O

Now, let us consider the following auxiliary problem.
Problem P,. Find 8 € Wh*(0,T; L*(T3)), such that
B(t) = —c(B) 1 (R(@, (1)) ae. te(0,T),
$(0) = Bo.
Using the same proof as in the lemma [3.2] we have the following result.
Lemma 4.4. Problem P, has a unique solution 3. Moreover
0<B(t)<1 Vtel0,T], a.e. onTs.
Now, we show the following convergence result.
Lemma 4.5. Let 3 be the solution to problem P,, then we have
Lim 185 — Bllco.ry;z2(rs)) = 0 (4.21)

Proof. As in the proof of lemma[3.2] we have

185(8) = B 2(rs) < C/O [usy (s) = @ ()]l 2(ry)ds- (4.22)

From (4.19) we deduce that us,(t) — u,(t) strongly in L?(I'3), as § — 0. On the
other hand we have
[[usy () = @y (D)2 (ra) < Cllus(t) — u@)llv < CAf OV + [lu®)]lv),
which implies that there exists a constant C' > 0 such that
sy () — @ (E) ]| 2 (rs) < C.
Then it follows from Lebesgue convergence theorem that
t

lim / s (5) — @ () 2y ds = 0. (4.23)

—0.Jo
So we deduce that

Hﬁg(t) — 6(t>”L2(F3) — 0 forallte [O,T},

and as
W20, T; L(T'3)) — C([0,T]; L*(T's)),

it results that (4.21)) is a consequence of (4.22)) and (4.23]). O
Lemma 4.6. We have u(t) = u(t) for all t € [0,T].
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Proof. From (4.19)), we deduce that

((usu ()4, (usu (1)) 2(ry) < 6C,
and then
((usw (t)+, (uaw (£))4) L2(rg) < 0C. (4.24)
From and , we deduce that
(usy ()3 — (@, (t))y strongly in L?(T'3) as § — 0. (4.25)
Then we deduce from and that

() L) < Tinind [uso (8)) 4 e, = 0. (4.26)

It follows from (4.26]) that (@, (t))+ = 0; i.e., 4, (t) < 0 a.e. on I's which shows that
u(t) € K. Testing with v — us(t) in (4.9) and keeping in mind that for all v € K,

((usw ()15 v0 — sy (t)) L2(ry) = ((Usy (t)) 1+ — Vo, Vo — us (1)) L2(1y),

we obtain
(Fe(us(t)),e(v —us(t))q + 7 (Bs(t), us(t),v — us(t))
> (f(t),v—us(t))vy YveK.

Next, using (2.17) and (4.21]), we get

17 (Bs(8), us (), v —us(t)) — j(B(), us(t), v — us(t))|
< ClIBs(t) = BB 2y llv — us(®)llv-

On the other hand, using the properties of R, we get
J(B(E), us(t),v —us(t)) — j(B(t), a(t),v —u(t)) asd— 0,

for all v € V. Therefore, passing to the limit in (4.27) as § — 0, we obtain that
u(t) € K and

(Fe(u(t),e(v—u(t)))+i(B(), ut),v—u(t)) = (f(t),v—u(t))y Vve K. (4.28)
Now, setting v = u(t) in (4.28) and v = @(t) in (2.21]) and add them up, we get b
g J @21 p, we get by

using the assumption (2.13])(b) on F' that
mlla(t) —u()[} < j(8(), at), u(t) — a(t)) + j(B(t), u(t), a(t) — u(t)).
Using ([2.18)), we have
j(ﬁ(t), ﬁ(t)7 u(t) - ﬂ(t)) + ](ﬂ(t)v u(t)7 ﬂ(t) - u(t)) <0,

(4.27)

and thus
a(t) = u(t). (4.29)
Now, we have all the ingredients to prove Theorem Indeed, from (4.29)), we
deduce immediately (4.18). To prove (4.17), take v = wu(t) in (4.27), we get by
using the assumption (2.13])(b) on F' that
mllus(t) = u(t)[} < j(Bs(t), us(t), ult) — us(t)) = F(B(t), us(t), u(t) — us(t))
+ 5 (B(), us(t), ult) — us(t))
+ (Fe(u(t)), e(u(t) —us(t))q + (f(), us(t) — u(t))v-.
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Passing to the limit as § — 0 in the previous inequality and using the convergence

J3(Bs(t), us (t), u(t) — us(t)) = j(B(t), us(t), u(t) —us(t)) — 0,
3(B(E), us(t), u(t) — us(t)) — 0,
(Fe(u(t),e(u(t) —us(t))q + (f(t), us(t) — u(t))y — 0,
we obtain that ||us(t) — u(t)||y — 0 for all ¢ € [0,T], and so as
Whe(0,T;V) = C([0, T}; V),
we deduce (4.17)). [l
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ADDENDUM POSTED ON DECEMBER 22, 2011.

The author wants to make the following corrections:

(1) On page 6, line -2: Replace 8 € L>=(I'3),0< <1 ae. '3
by 3 € X; where X; is the nonempty closed subset of the space C([0,T]; L?(T'3))
defined as

Xy = {0 € C([0,T); LA(Ts)) : 6(0) = fo, 0 < 0(t) < 1% € [0,T], ae. on Iy},
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and the Banach space C([0,T]; L?(I'3)) is endowed with the norm
10k = sup [exp(=kt)[|0(t)]r2ry)]) WO € C((0,T); L*(T3)), k> 0.
t€[0,T]
(2) In Lemma 3.1: Replace

(Thu,v)y = (Fe(u(t)),e(v)g + 3 (B(t), u(t),v)
by
(Ttua U)V = (FE(U), 6(1]))@ + J(ﬁ(t)’ u, U) Vu,v eV
To prove that ug € C([0,T]; V), let ¢1, t2 € [0,T]. In inequality (3.1), take t = ¢;
and v = ug(t2); then ¢ = t5 and v = ug(t1), by adding the resulting inequalities we
obtain

lug(ty) —up(t2)llv < c(|lf(t) = f(t2)llv + [1B(t1) — B(t2)llL2(rs))  VEi, t2 € [0,T],
and conclude by using f € C([0,T]; V) and 8 € C([0,T]; L*(T3)).

(3) In Lemma 3.2: Replace the space X by X;.

(4) Page 7, line -3: Add
We have (81(s))+ < (B1(s) — B2(s))+ + (B2(s))+-

(5) On page 9: Replace the inequality (3.6) by

[wa(ts) —ua(t2)llv < e(llf(t1) = FE)lv +[18a(t1) = Ba(t)lL2(ra)) Vi1, t2 € [0,T1,

and conclude by using f € W (0,T; V) and 3, € W1>°(0,T; L(T'3)).
(6) On page 10, line 1, in (i): Replace

B e L*T3),0<B(t) <1 foraltel0,T], ae I3

by b€ X;.
End of addendum.
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