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POSITIVE SOLUTIONS FOR A CLASS OF SINGULAR
BOUNDARY-VALUE PROBLEMS

LI XIA, ZHENGAN YAO

ABSTRACT. Using regularization and the sub-super solutions method, this note
shows the existence of positive solutions for singular differential equation sub-
ject to four-point boundary conditions.

1. INTRODUCTION

This note concerns the existence of positive solutions to the boundary-value
problem (BVP)

v =5+ LyP - sy, o<t<1, (11)
y(0) = y(1) =0, (1.2
y'(0)=y'(1) =0, (1.3)

where 5 > 0,7 > 0+ 1 are constants, and f satisfies

(H1) f(t,y) € C1([0,1] x [0,00),[co,00)) for sufficiently small ¢y > 0, and f is

non-increasing with respect to y.

Equation with the nonlinear right-hand side independent of ¥’ has been dis-
cussed extensively in the literature; see for example [I} [7] and the references therein.
Because of its background in applied mathematics and physics, problem with
right-hand side depending on 3’ has attracted the attention of many authors; see
for instance [0} [§] and their references.

Guo et al. [6] studied the existence of positive solutions for the singular boundary-
value problem with nonlinear boundary conditions

y' +q)f(ty,y) =0, 0<t<l,
y(0) =0, 0(y'(1))+y(1)=0,

where f(t,y,y’) > 0 is singular at y = 0. They use a nonlinear alternative of
Leray-Schauder type and Urysohn’s lemma.
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This work is motivated by [4] where the authors studied the problem
N -1
'y Ly Pr1=0, 0<t<l1,
Y

t
y(1) =0, y'(0)=0.
There N is a positive integer, and the problem corresponds to 8 = N — 1, f =
1 in . Applying ordinary differential equation techniques, they obtained a
decreasing positive solution which, subsequently, was used in [5] to study some
properties of solutions for a class of degenerate parabolic equations (see [3] for
further information).

In this note, we study problem under boundary conditions that are mote
complicated than those in [4]. By using a regularization method and constructing
sub- and supersolutions, we obtain an existence result.

A function y € C%(0,1) N C[0, 1] is called a solution for if it is positive in
(0,1) and satisfies pointwise.

The main result of this note is as follows.

Theorem 1.1. Under assumption (H1), the boundary-value problem (1.1)—(1.3)
admits at least one solution.

Since we need to calculate the derivatives of f, we assume that f € C1([0,1] x
[0,00), [co, 0)). However, if f € C([0,1] x [0,00), [co, 0)), Theorem [L.1] remains
valid.

2. PROOF OF THEOREM [L.1]

Since problem (|1.1)) is singular at point ¢ = 0, or y(t) = 0, we need to regularize
it. Precisely, we discuss positive solutions of the regularized problem

p W '
t+e ly| + €

subject to the boundary conditions (1.2)), where € € (0, 1].
Denote Ay = —y” and

Y= f(t,y) =0, 0<t<1, (2.1)

_ B R 2

Note that b.(-,&,n) € C*[0, 1] uniformly for (£,7n) in bounded subsets of R x R for
some u € (0,1], Ob. /&, Db, /On exist and are continuous on [0,1] x R%. Moreover,
there exists some positive constant C' dependent of =1, ¢ such that
b= (t, &, m)| < C(1+ [nf?)
for every o > 0 and (t,£,m) € [0,1] X [—0,0] x R.
A function y is called a subsolution for BVP (2.1) (1.2) if y € C?**#[0,1] and
Ay < be('7yay,) in [03 l]a
y(0) <0, y(1)<0.

Supersolutions are defined by reversing the above inequality signs. We call y a

solution for (2.1)) (1.2)), if y is a subsolution and a supersolution of (2.1)) (1.2).

Let v(t) = 5t 2, it is easy to see that v is a nonnegative solution for problem

T2
=1, 0<t<1,
v(0) =v(1) =0.
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Lemma 2.1. Let y = C1v?, yic = Co(t + €)%, yae = Co(l + e — )2, y. =

min{yic,yoc }, then 2.1) (T.2) admits at least one solution y. € ly,7.]. Here Cy
and Cy > 1 are some positive constants.

Proof. By [2, Theorem 1.1], it suffices to prove y(7) is a subsolution (supersolution)
for (2.1) (L.2). Hence we need to prove Ay < b.(t,y,vy'), Ayic > be(t,vic,yi.)
(i=1,2).

From 0 < v(t) <t and y = 2C v, y” = 2C1|v'|* — 2C1v, we have

,6 C1’02
Ay — b (t " =2C[v — ! POoy—=———1)] - f(t
y 6( 5%7%) 1[1} t—|—gvv +|U| ( 7011}24—82 )} f( ,y)
< 2C1[v + B + 2y + DW'P] = f(t,y).
Since f(t,£) > ¢o > 0, we can choose
. €o
C1 < min ,1/2h
i oo AT @+ D
hence
Ay <be(t,y,y), 0<t<l
Since Cy(t + €)% > €2, it is easy to calculate that
205 (t +¢€)?
Ayre = b (tgesi) = 2052 1 e,

Ca(t + €)% 4 &2
>20(y =B —1) = f(t,41¢)-
Choosing

1
Cs > max{m %ﬁ)]{f(t»y(t)% 1},

we see that y1. > y in [0,1]. It follows from (HI) that
Ayls Z bs(taylsvylls)a 0 <t< 13
as asserted. The other inequality can be proved similarly. The proof is complete.

O

Lemma 2.2. For any 7 € (0,1), there exists a positive constant C independent
of € such that

| <C., |W|<Cr 7<t<1-1. (2.2)

Proof. From Lemma 2.1} BVP (2.1) (1.2) admits a solution y. € C?>*#(0,1] which
satisfies (2.1]) (1.2) pointwise, hence it is also a solution of

B
¢+ = R — (2 0,00

Since v > 0, from (H1) and Lemma we obtain

[(t+2)Pyl) > —(t+e)’ f(t,ye) > —2° rgéaﬁcf(t,g(t)) = —M.

Therefore,
[(t+e)’y. + Mt) >0, 0<t<]l,
which implies that the function ¢(t) := (t + ¢)?y. + Mt is non-decreasing on [0, 1].
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Since y. > 0 for all ¢ € [0,1] and y.(0) = y(1) = 0, we have

/ . yf(t)
= >
Ye(0) = lim == >0,
t)
1) = 1i Ye ( <0.
ye(1) 1

From which, it follows that
0<9(0) <) <p(l) <M, tel01],
which implies
|(t+ )7yl (1) < M. (2.3)
Hence for any 7 € (0,1) there exists a positive constant C, independent of ¢ such

that
i < Cr, 7<t<1.
Multiplying (2.1)) by (t +¢)2°*1, from (2.3) (H1) and Lemma [2.1|it follows
£+
o (t+e) 8.112 28+1 B 8 8.1
=l el = ()P (1 ye) — 28+ (e +€) () )|
€

t
SC(1+ +62
y+e

+ /()
where C' is independent of €. The second conclusion follows easily from the above
inequality. [

Now we complete the proof of Theorem Differentiating formally (2.1) with
respect to ¢, from (H1) and Lemma [2.1| we obtain

B,y 2(ye +*)ylyt — yLlyLl
v = |t+5(ﬁrE —y!)+v (e 1 2 — [t ye) = £yt ye)yl(t)]
Byl PIAIA Ak
< (= + W)+l ot
t+et+e y+e2  (y+e?)
+  max ‘(t,y)| +|yi] - max ' (t, )],
t6[071],ye[a7b]‘ft( y)| + [y te[O,l],ye[a,b]|fy( )l

where a = minycjo,1)y(t), b = maxc(o,1) Je(t)[c=1. From (2.2)) one infers that for
any 7 € (0,1) there exists a positive constant C. independent of ¢ such that

W' <Cr, T<t<1-—T.
This implies that
||yEHC2’1[T,177] < CT'

Using Arzeld-Ascoli theorem and diagonal sequential process, we obtain that there
exists a subsequence {y., } of {y.} and a function y € C?(0, 1) such that

Y., — vy, uniformly in C%[r,1 — 7],
as €, — 0. By Lemma we obtain
Cit?(1—t)? < y(t) < Cot?, te0,1],
Cit? (1 —1)? < y(t) < Cy(1—t)?%, te€]o,1].

From this, it is not difficult to show that ¢’ (0) = y'(1) = 0 and y € C0, 1]. Clearly,
y solves BVP (|1.1)-(1.3), hence Theorem is proved.
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Example. Consider boundary-value problem
N-1 N+1
y - * Y2+t +e v +1=0, 0<t<l,
t Yy (2.4)
y(0) =y(1) =¢'(0) =y'(1) = 0.
Let N>1,3=N-1,v=N+1, f(t,y) =t>+ e ¥ +1, cg = 1. Clearly, all
assumptions of Theorem are satisfied. Hence the problem ([2.4)) has at least one

positive solution y € C?(0,1)NC[0, 1]. But the theorems in [6] 8] are not applicable
to this example.

y/l +
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