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C H A P T E R I 

INTRODUCTION 

Biologically, many systems, if not all, have indicated the 

presence of piezoelectricity (crystalline material subjected to 

mechanical stress produces an electric current and conversely, the 

generation of ~tress in crystalline material subjected to applied 

voltage). Different forms of mechanical energy induced in wood, clams, 

bone, skin, cartilage, arteries, etc ... have produced electric 

potentials of sufficient magnitude to exert a wide range of effects in 

living systems, including theoretically, control of cell nutrition. 1 

Through past research, it is known that bone, a polycrystal­

line material, is piezoelectric. 2 In work done by C. A. L. Bassett, 

'65, deformation of bone, or bending, has shown a positive charge on 

the convex side and a negative charge on the concave side. Oddly 

enough, the piezoelectric property holds true even for bone samples 

that are no longer living. Even bone that has been dried for many 

years still exhibits this property. It is possible that collagen, 

apatite, and protein polysaccharides are all involved in the piezo­

electric response; however, the precise mechanism for the piezoelectric 

response in bone is not yet known. 

It is strongly believed that electrical stimulation influences 

growth and the alignment of macromolecules in bone. Stimulation of 

new bone formation in dog femurs and across rabbit epiphysis by 

1 



continuous direct currents has shown a definite polarity effect. The 

polarity effect has been an increase in bone formation about the 

cathode and suppression of bone formation at the anode. This implies 

accumulation of negative charge on concave regions of bone under com­

pression and accumulation of positive charge on convex regions of bone 

d . 3 un er tension. The importance of studying this effect is twofold. 

2 

First, possibly a better understanding of the electrical response will 

result. Second, a new and unique method of observation of electrically 

stressed bone will be available. This method will be compatible with 
0 

possible clinical application to whole bone. 

The nature of work done by other people in bone studies has 

been extensive and productive in understanding of the piezoelectric re­

sponse of bone. Four areas of investigation have been the piezo­

electric effects in collagen, bone, the biological significance of 

piezoelectricity, and bone remodeling. The piezoelectric effects in 

collagen have been observed in materials such as silk, wool, bone, and 

tendon of ox. 4 In the study of bone and tendon, work has been centered 

around characterization and identification of the mechanism involved in 

5 the electrical response of bone. 

A piezoelectric model for bone remodeling has compared experi­

mental and clinical observations relating to the shape of normal long 

bones, bone disuse atrophy, the shape of part of long bones during 

growth, and the growth correction of angular deformity in fractured 

6 long bones. However, most of these investigations were concerned with 

application of a force or stress to observe the electric polarization. 

Thus, the mechanism that generates the electrical signal in bone re­

mains unidentified. 



Results of studies made in tendon and bone show that the true 

signal is a square wave voltage in response to a square wave stress; 

thus, when bone or tendon are stressed, the physiological system pro-

3 

7 duces a corresponding pulse. In connection with these investigations, 

hydrostatically applied stress generates voltages that imply the 

material is pyroelectric (crystals that undergo change in dipole moment 

when heated). Observations of collagen fibers in tendon of ox and 

horse through the direct and converse piezoelectric effects has re­

sulted in an estimate of the matrix of piezoelectric constants. 8 

The converse piezoelectric effect in bone (observation of 

strain resulting from an applied electric field) was observed by Fukada 

and Yasuda in 1957, but it has received no attention since then in re­

ported work. It seems an effort should be made to observe quantita­

tively the converse piezoelectric effect. This additional information 

should provide a more complete picture of the electrical response of 

bone, which in turn will help in the establishing of a working model 

for the piezoelectric effect. Thus the purpose of this work is to 

establish a method for observing effectively the converse piezoelectric 

response of bone. The experimental technique used is holographic in­

terferometry. It will be demonstrated that the strain in electrically 

polarized bone can be measured quantitatively and the problems asso­

ciated with such measurements will be discussed. 

Some characteristics of the method (holographic interferometry) 

used are: it is a non-destructive procedure capable of measuring dis­

placement with magnitude on the order of a wavelength of light of a 

three dimensional diffusely reflecting object, it is a non-perturbing 

method whereby the object under investigation need not be handled in 



any way, and for small displacement measurements, it is a very sensi­

tive non-contact method allowing the entire surface to be investigated 

h i • d f • b • 9 at t e same t me instea o point- y-point. 

4 



C H A P T E R I I 

EXPERIMENTAL DESCRIPTION 

A. Bone Sample Preparation 

In preparing the bone sample, bovine femur, it was necessary 

to obtain as true a cut as possible according to the following dimen­

sions: .5 cmx 1 cm x 10 cm. Hence, a diamond saw was used to cut 

the desired parallel beam of bone. After the bone sample was cut, 

washed with tap water, and soaked in methyl alcohol overnight, a coat 

of silver conductive paint was painted on the parallel sides of the 

sample. At the same time, two copper electrodes (no. 32 wire) of 

twenty centimeter length each were attached to the painted surfaces. 

Then the sample was mounted rigidly on the specimen table for observa­

tion. 

The system components for investigation of the bone sample 

were: a 15 milliwatt helium neon laser, the term deriving its name 

from the description "light amplification by stimulated emission and 

radiation," mounting bars (for laser), beam deflector which has two 

front surface mirrors mounted on a vertical rod allowing the user to 

direct the beam where needed, a variable beam splitter for varying the 

beam ratios, three front surface mirrors, two spatial filters which 

clean the laser beams by eliminating scatter caused by dirt, dust, or 

minor optical imperfections of components in the system, rotational 

polaroids for variable attenuators, and a rectangular flat table with 

5 



air suspension for vibration isolation. (Note that each of the com­

ponents was mounted on a magnetic base.) To clarify the arrangement, 

see Fig. 1 on the next page. 

B. Experimental Arrangement 

6 

One of the main differences between holography and photography 

is that the object wave itself is recorded instead of the optically 

formed image of the object. Once the hologram is developed, the object 

wave is stored. Illumination of this record will reconstruct the 

original object wave. However, to clarify holography even more, 

reference must be made to the object beam and reference beam. The ob­

ject beam is a monochromatic coherent beam of light which illuminates 

the object. The reference beam is a beam of monochromatic coherent 

light that illuminates the film. Both beams are obtained from the same 

laser beam. Some of the scattered light from the object strikes the 

film and interferes with the reference beam, since both beams were 

initially derived from the same coherent source. The result of the 

interference is a spatial modulation of the optical density of the 

film. This forms the hologram. Hence, illumination of the hologram 

with the original reference beam gives a reconstructed wavefront as 

if it came from the original object without the presence of the object 

itself. Due to this fact, the biggest advantage of holography is the 

ability to store enough information about the object in the hologram 

to produce a true three dimensional image, complete with parallax 

10 and depth of focus. 

In making a hologram, the following must be considered: 

arranging the components of the system, loading, exposing, and 

developing the film. The laser beam is kept parallel and at the 
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Figure 1. The following illustration is for clarification of the 

basic arrangement used for the proposed experiment. Components 

involved are: helium neon laser, a vibration isolation table 

(3' x 4'), 2 spatial filters, one beam splitter, 3 front surface 

mirrors to direct the beam where desired, specimen table, and 

hologram plate. Note that the arrangement is such that the beam 

is 911 from the surface of the vibration isolation table, the 

optical path lengths are kept equal, and mirror 3 and mirror 1 

are placed at positions which allow the laser beam being reflected 

from their surfaces to be as near parallel as possible. 



M 

----- OBJECT BEAM 

- - - - REFERENCE BEAM 

M-MIRROR 

BEAM 
SPLITTER 

LASER 

HOLOGRAM 

Figure 1. Arrangement of laser and components. 
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desired distance from the surface of the table. It is advantageous to 

maintain optical path lengths equal; however, it is not a necessary 

condition as long as the difference is less than or equal to the co­

herence length which is 1.2 meters. Separation distance between holo­

gram plate and object should be small due to the nature of the planned 

experiment. Position of the object with respect to the photographic 

film depends on what the observer wants to see. Once the components 

have been positioned and locked on the vibration isolation table, the 

intensity measurements of the object and reference beam are taken. A 

beam ratio (average irradiance at the hologram plane due to the object 

and the irradiance of the reference beam at the hologram plane) of 6:1 

is used. Film loading is done in the dark, once the time of exposure 

is determined from the overall intensity measurements. Then, the film 

is exposed for the desired increment of time, sealed tight from light, 

and developed. Development for Agfa 8E75 high resolution film re­

quired 5 minutes in the developer (Kodak D-19), 20 seconds in the stop 

bath, and 5 minutes in Kodak Rapid Fixer. Then the film was washed 

with tap water for five more minutes and dried. 

9 

Actual holographic arrangements used differed only in two 

aspects: the separation distance between holographic plate and sub­

ject, and the interchange of the reference and object beam directions 

with respect to the beam splitter. With the first arrangement in mind, 

i.e., Fig. 1 from preceding page, the beam of bone was supported 

rigidly on a specimen table at one end, while the opposite end was 

free to move. The distance between the film plate and specimen was 

5.4 centimeters, the specimen was oriented normal to the film plate, 

and the particular spot of observation on the bone surface was at 
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22.7 centimeters from the rectangular flat table. 

C. Holographic Analysis 

Since information on the displacement of bone due to an applied 

electric field is sought, double-exposed holograms are used for such 

observations. A double-exposed hologram records a permanent record of 

the change in object between exposures due to various factors such as 

strain, stress, electric fields, thermal change, air resistance, and 

moisture content. Changes in the optical paths give rise to inter­

ference patterns which are seen whenever the hologram is viewed by the 

observer with a reconstructed wave identical to the original reference 

wave. Fringes are dependent upon subject deformation. Therefore, ob­

servation of these fringe patterns along with the mathematical manipu­

lations will determine the displacement in bone caused by an applied 

electric field. 11 

The approach used for interpretation of the doubly-exposed 

holograms is that developed by Aleksandrov and Bonch-Bruevich. 12 Geo­

metrically, the surface being displaced can be represented as shown in 

Fig. 2. Figure 2 illustrates a relation between displacement and 

associated fringe patterns. A diffusely reflecting surface, ABC, is 

displaced to the position A'B'C'. Since pure translation is being il­

lustrated, segments AA', BB', and CC' have the equivalent displacement 
... 

vector ~r. The observer considers the interference of light from the 

corresponding points such as A and A' and relates this to the dis-

~ 13 
placement vector ~r. 

Illumination of the diffusely reflecting surface is in the 
.a 

direction of the unit vector ni. Observation of the scattering light 
~ ~ ~ 

rays is in the direction of the unit vector ns, where ni and ns are in 
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Figure 2. The following illustration shows a surface ABC and its 

corresponding translation A'B'C'. Since double exposure inter­

ferometry is used in the experiment, the illustration of surface 

ABC corresponds to the first exposure of the hologram and surface 

A'B'C' corresponds to the second exposure of the hologram. Note 

that for each incident angle, there is a corresponding scattering 

angle from surfaces ABC and A'B'C'. The line segment connecting 
~ 

points A and A' is the vector displacement, ~r, that is sought in 

the experiment resulting from an electrically induced strain. 



12 

z 
..a n-
' 

Figure 2. Pure translation of a surface. 
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the yz plane. The direction of propagation is important in determining 

the difference in phase, o, of light traveling from source to observer. 

There are two distinct optical paths, illuminating and scattering. The 

change in phase of the illuminating beam due to the surface displace-
.... .... ... 

ment, 6r., is (2TI/A)6ri•n. and the change in phase for the scattered 
l. l. ..... 

beam due to surface displacement is (2TI/A)6r.•n. Hence, a general 
l. s 

statement of the phase difference is: 

(1) 

0 

To relate fringe observation to surface displacement, the sub-

ject is focused through a small aperture, such as the iris of the eye. 

The observer considers the interference of light rays scattered from 

pairs of corresponding points on the original and deformed surfaces. 

Fringe patterns may develop on the surface, near the surface, or at a 

great distance from the surface (distance here being in terms of wave­

length of light). The increased depth of field resulting from the 

small aperture allows the surface and fringes to be in focus simultane­

ously. Once the original and deformed surface as well as the fringe 

patterns are in focus, a series of observations are made to determine 

the displacement of a small area on the surface. For a particular 
~ 

direction of observation, n , the phase difference, o , between rays 
S 0 

0 

scattered from the spot in its displaced and original positions is: 

(2) 

~ 

Next, the spot is sighted from a new viewing position n , remembering 
sk 

to count the number of fringes that pass the spot in question. The 

phase difference for this direction of observation corresponding to 
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(3) 

Hence, the difference is: 

(4) 

The passage of one complete fringe corresponds to a change of phase of 

2n; thus, rewriting eq. (4) in terms of the number of fringes that pass 

the observed point, we have: 

(5) 

where 2nK is the number of radians corresponding to the passage of K 

fringes through the spot in question and the± sign indicates the 

direction of fringe movement (left or right of point of observation). 

Thus eq. (5) becomes 

(6) 

~ ~ ~ 

where 6n represents the difference in the unit vector n 
sk 

and n 
s 

0 

Equation (6) represents a linear system of equations in three unknowns, 

... 
the three components of hr. The change in direction of each observa-

tion is only possible within limits of the "window" through which the 

14 object is viewed; i.e., through the hologram. In order for the ob-

servations of the fringe shifts to yield the best estimate of the 

surface displacement, the method of least squares is used. In this 

method, four separate sets of observations are used yielding four 

equations with three unknowns. Hence, the use of matrices is to 

represent four sets of observations in matrix form. The observations 
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• .lll, 

will be a ,i vector (components of ,i are the ±KA) for i = 1,2,3, ... ,n; 

hence, 

, 
n 

and X will be the matrix of n observations on xij' yij' and zij vari­

ables, for i = 1,2,3, ... ,n and j = 1,2,3; therefore, 

X = 

.lll, ~ 

where the x, y, and z's are the components of ~n. If e is the vector of 

components e., i = 1,2,3, ... ,n, that represent the deviation of the ob-
i 

served ~i from their expected values, then we have the following: 

(7) 

for i = 1,2,3, ... ,n. Having defined the X matrix and the two vectors 
... ... 
, and e as above, the following statement can now be made: 

(8) 

... 
where r is the displacement vector to be estimated; 
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Thus the method of least squares involves minimizing the sum of the 

~ 

squares of the elements of the vector e in eq. (8). (Note that 

minimizing the square of deviation with respect tor yields eq. (8); 

see reference 15.) The fortran program listed in Appendix I makes use 

of eq. (8) to give a computed value for the components of the vector 

displacement. 



C H A P T E R I I I 

EXPERIMENTAL DISCUSSION 

A. Electrical Response of Bone 

Since the theoretical aspect for mathematical computation has 

been presented, the experimental data is now centered around a piece of 

plastic materipl that has been displaced by the rotation of the barrel 

of a micrometer fixed rigidly on a specimen table. Obtaining a direct 

reading with the micrometer of the plastic's movement and computing 

the same movement with the given mathematics gives a check on the pre­

scribed procedure. 

Development of three basic holograms is the source of informa­

tion for bending in the bone. Each hologram considered varied only in 

the particular surface being observed. Because the bone was cut 

purposely in rectangular shape, the variation of bone surface holo­

graunned was due to consecutive 90° rotations. 

Hence, the following are computations of displacement of the 

plastic material and of the sides of the bone; however, the inner 

surface (surface adjacent to bone marrow) was not hologrammed. Once 
~ 

all the components are evaluated and a value for ~r is computed, then 

the information is written in succeeding tables, depending on the 

surface of observation. 

Although experimental error does exist, the direct measure­

ment of the movement of the plastic was the actual rotation of the 

17 
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Figure 3. The following illustration points out a sequence of 

four observations in the plane of the hologram plate. Each ob­

servation, from P1 + P2 , passes through the origin, O, and the 

length of the line segment P1P2 depends on the dimensions of the 

film inside the hologram plate. 
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P2 HOLOGRAM 

(~. \ --~ 

Pa..,_ ___ ·*-'------7f----------~Pe 

Pa 

Pa Pa 

Figure 3. Points of observation where observer is normal to 

hologram plate. 
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Figure 4. The origin O' is located at the point of interest on 

the image of the particular surface. The origin 0 is located in 

the plane of the hologram by the intersection x' with that plane. 

The point O' is observed from the direction O'P 
1 to O'Pz with the 

number of fringe shifts counted while going from the direction 

O'P1 to O'P2 . The unit vectors n1 and n2 are to be resolved into 

their components along the x, y, and z directions in terms of the 

angles e1 , e2 , a1 , and a2 . 



HOLOGRAM 
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Figure 4. Geometrical lay-out for observations 
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barrel of a micrometer with an accuracy of .0001 of an inch. Calcula­

tion of the movement with a system of four equations gave a computed 

value of displacement within 5% of the measured value. Thus, the same 

procedure was followed using the bone. The only deviation from the 

procedure was the application of an electric field for deformation of 

the bone surface in question. 

Surface: Plastic material. 

Ratio of reference to object beam: 1:1. 

Optical path lengths: 126 centimeters. 

Beam splitter was set on no. 5 and one variable attenuator was used on 

reference beam. 
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Table I. Data for calculated displacement of plastic. The four 

observations, P1 + P2 , are listed with the corresponding direc­

tion and number of fringes passing the particular point of ob­

servation on the object's surface. 



Direction of Fringe 
Movement 

p2 to Pl 

p2 to Pl 

p2 to Pl 

p2 to Pl 

Table I 

Data for Calculated 
Displacement of Plastic 

Observation 
Pl-+ P2 

horizontal 

45° angle 

vertical 

60° angle 

24 

Number of Fringes 

4 

5 

3 

3 



For the horizontal observation: 

nlx = 

= 

= 

= 

n cos a1 

5.4 cm 
5.7 cm 

0.947, 

2 cm 
5.7 cm 

= -0.350, 

and n1z = zero. 

n2x = n cos a2 

5.4 cm 
= 5.9 cm 

= 0.915, 

n2y = n sin 02 

2.5 cm 
= 5.9 cm 

= 0.423, 

and n2z = zero. 

25 
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For the 45° angle observation: 

nlx = n cos e1 

5.40 cm 
= 5.49 cm 

= 0.983, 

= -0.128, 

= -0.128. 

n2x = n cos e2 

5.4 cm 
= 6.1 cm 

= 0.885, 

n2y = n sin 02 COS a. 2 

= ( 3 cm ) (. 707) 6.1 cm 

= 0.347, 

and n2z = n sin e2 sin a. 2 

= ( 3 cm ) (• 707) 6.1 cm 

= 0.347. 



For the vertical observation: 

nlx = n cos e1 

5.40 cm 
= 5.49 cm 

= 0.983, 

n1y = zero, 

and n = n sin a1 lz 

n2x 

= -
1 cm 

5.49 cm 

= -0.182. 

= n cos e2 

5.40 cm 
= 5.90 cm 

= 0.915, 

n2y = zero, 

and n2z = n sin 82 

2.5 cm = 5.9 cm 

= 0.423. 

27 
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For the 60° angle observation: 

nlx = n cos 8 l 

5.40 cm = 
5.49 cm 

= 0.983, 

= 0.091, 

= -0.157. 

n2x = n cos e 2 

5.4 cm 
= 6.1 cm 

= 0.885, 

= ( 3 cm ) (-.soo) 6.1 cm 

= -0.245, 

= 0.425. 

..lo, 

Hence, the components of the vector displacement, ~r, are evaluated. 
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Table II. Calculated components for displacement of plastic. 

Listings in the table give the corresponding values of the 

components, x, y, and z, for each observation. The values of 

KA are the result of the product of the number of fringes 

passing the point in question and the wavelength of the laser 

(632.8 nm). 



horizontal 

45° angle 

vertical 

60° angle 

Table II 

Calculated Components 
for 

Displacement of Plastic 

K>..(cm) X 

-2.53 X 10-4 -.032 

-3.16 X 10-4 -.098 

-1.89 X 10-4 -.068 

-1.89 X 10-4 -.098 

Computed value of displacement in plastic: 

30 

y z 

. 773 0 

.475 .475 

0 .605 

-.336 .582 

16.16 X 10-4 cm. 
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Figure 5. The following figure is a photograph of an illumi­

nated hologram. The image in the hologram is a horizontal beam 

of bone with an applied electric field of 400 volts. Dark lines 

on the bone surface are the fringe pattern resulting from the 

electrically induced strain. Note, the movement of these dark 
~ 

bands is used for calculating the vector displacement, 6r, of a 

point on the surface. 
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Figure 5. Photograph of an illuminated hologram. 
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Table III. Calculated values of bone displacement. Listings in 

the table are the corresponding components, x, y, and z, for each 

observation of three different sides of the beam of bone. Note, 
~ 

for each bone surface, there is a computed displacement, ~r. 
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Table III 

Calculated Values of Bone Displacement 

Bone Surface 1 (A = 632.8 nm) 

±K K>.. (cm) X y z 

6 3.796 X 10 -4 -0.079 0.758 0 

0.5 0.316 X 10 -4 -0.178 0.550 0.550 

-5 -3.164 X 10-4 -0.098 0 0.673 

-7 -4.429 X 10-4 -0.098 -0.336 0.582 
..l. 

Computed 8r = 7.04 microns. 

Bone Surface 2 

-8 -5.062 X 10-4 -0.062 0.841 0 

-5 -3.164 X 10-4 -0.098 0.475 0.475 

-2 -1.265 X 10-4 -0.036 0 0.532 

-3 -1.898 X 10-4 -0.098 -0.336 0.582 
.... 

Computed 8r = 20.08 microns. 

:aone Surface 3 

7 4.429 X 10-4 -0.077 0.746 0 

2 1.265 X 10-4 -0.096 0.468 0.468 

-6 -3. 796 X 10-4 -0.035 0 0.522 

-7 -4.429 X 10-4 0.073 -0.295 0.512 

..l. 

Computed 8r = 8.80 microns. 
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Table IV 

Calculated Values for Displacement 

* According to Voltage Variation· 

Observation ±KA (cm) X y z Voltage 
pl+ p2 

I. horizontal 3.796 X 10-4 -0.079 0.758 0 400 

45° angle 0.316 X 10-4 -0.178 0.550 0.550 

vertical -3.164 X 10-4 -0.098 0 0.673 

60° angle -4.429 X 10-4 -0.098 -0.336 0.582 
.... 

Computed !:ir = 7.04 microns. 

II. horizontal -1.265 X 10-4 -0.097 0.674 0 600 

45° angle -2.531 X 10-4 -0.021 0.381 0.381 

vertical -3.796 X 10-4 -0.004 0 0.454 

60° angle -3.164 X 10-4 -0.004 -0.227 0.394 
.... 

Computed !:ir = 16.64 microns. 

III. horizontal -1.582 X 10-4 Note: x,y,z components 800 

45° angle -1.898 X 10-4 same as preceding 

vertical -3.164 X 10-4 set. 

60° angle -2.214 X 10-4 

~ 

Computed l:i.r = 24 .16 microns. 

*Note, the x, y, and z components of II, III, and IV are identical, 
... 

but the computed displacement, !:ir, increases due to the application 

of a greater electrical strain. 
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Table IV, continued 

IV. horizontal -4.429 X 10-4 x,y,z components 1100 

45° angle -1.898 X 10-4 same as preceding 

vertical -1.898 X 10-4 set. 

60° angle -2.531 X 10-4 

.lo 

Computed /J.r = 65.15 microns. 

v. horizontal -1.582 X 10-4 -0.008 0.228 0 1400 

45° angle 0.316 X 10-4 -0.019 0.213 0.213 

vertical 1.582 X 10-4 -0.019 0 0.301 

60° angle 1.582 X 10-4 -0.008 -0.114 0.197 
~ 

Computed /J.r = 290.11 microns. 

VI. horizontal -3.164 X 10-4 -0.013 0.295 0 2000 

45° angle -5.062 X 10-4 -0.034 0.273 0.273 

vertical -4.429 X 10-4 -0.034 0 0.387 

60° angle -3.796 X 10-4 -0.013 -0.147 0.256 
.... 

Computed /J.r = 499.44 microns. 
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Table V 

Calculated Displacements for Voltage Variations 
and 

Corresponding Logarithms* 

Displacement Log Voltage Log 
of of 
Displacement Voltage 

7 X 10-4 cm .084 400 2.602 

16 X 10-4 cm 1.204 600 2. 778 

24 X 10-4 cm 1.380 800 2.903 

65 X 10-4 cm 1.812 1100 3.041 

290 X 10-4 cm 2.462 1400 3.146 

499 X 10-4 cm 2.698 2000 3.301 

*Listings in the table for displacements at varied voltages are taken 

from Table IV. 
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Figure 6. Plot of logarithms of the displacement versus the 

magnitude of the applied voltage. The straight line is at least 

square fit to the data of Table V and has a slope of 3.9. 
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One direct application using the technique established in this 

work is to measure the dependence of displacement on applied voltage. 

The range of voltage was from 400 to 2000 volts, each time computing a 

corresponding displacement. The data is plotted on a log-log scale 

yielding a straight line. 15 ,16 , 17 A least squares fit to the data 

yields a line of slope 3.9. Thus, the relation between displacement 

and voltage is 

(9) 

where a, they-intercept, is -10, and b, the slope, is 3.9. Note, in 

the above equation, 

M M 2 
M M 

E d. E V. - E V.d. E V. 
i=l l. i=l l. i=l 1. 1. i=l 

l. 

a = M 
2 

M M 
m E V. - E V. E V. 

i=l l. i=l l. i=l l. 

M M M 
m E V.d. - E d. E V. 

·11.1. i=l l. i=l l. 

and b 1.= = M 
2 

M M 
m E V. - E V. E Vi 

i=l 
l. 

i=l l. i=l 

where mis the number of measurements and Mis any positive integer. 



C H A P T E R I V 

CONCLUSION 

The purpose of this work was to establish the techniques of 

holographic interferometry as applied to the study of the piezoelectric 

response of bone. To this end, the holographic procedures and methods 

of analysis have been accomplished. 

The double exposure holographic interferogram has been applied 

to the observation of small displacements of bone that has been elec­

trically stressed. As a check, the same procedure was applied to the 

known displacement of a piece of plastic material being displaced with 

a micrometer. The agreement between known displacement and calculated 

value for the plastic material was within 5%. 

As an application of the holographic techniques as applied to 

the electrical response of bone, the displacement was measured as a 

f • f 1· d • 1 h • ld v3 •9 d unction o app ie potentia. Te measurements yie a power e-

pendence of the displacement on the potential. This information should 

prove useful to others interested in the electrical response of bone. 

The establishment of this technique as applied to bone lays the 

ground work for additional work in the study of how bone responds to 

electrical stimulation. Two direct applications will be the examina­

tion of the dependence of the displacement amplitudes on the frequency 

of the applied potential and the mapping of the displacement over whole 

bone surfaces due to different electrode arrangements. 
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A P P E N D I X I 

Progrannned Solution for a Set 

of 

Linearly Independent Nonhomogeneous Equations 



DIMENSION A(ll,ll),B(ll,2o),C(2o,2o),D(ll,ll) 

DIMENSION E(ll,11),F(ll) 

LAL=ll 

LBL=ll 

MBL=2o 

ICK=o 

C ..... READING IN THE VALUES OF THE SIDES OF THE MATRIX AND THE LETTER 

C ..... SO YOU CAN TELL WHICH SUBROUTINE TO GO TO. 

READ(8,2) LA, LB, MB, IDEC 

2 FORMAT(3Ilo, 49X, Al) 

C ..... READING IN THE MATRIX. 

READ(8,5) ((B(I,J), J=l, lo), I=l, LB) 

5 ..... FORMAT(5El6.6/5El6.6) 

C ..... WRITING OUT THE INPUT MATRIX. 

WRITE(5,2o3) 

2o3 FORMAT(lHl, lox, THE INPUT MATRIX IS ,//) 

DO 2ol NF=l,LA 

WRITE(5,2oo) (B(NF,NG), NG=l, MB) 

200 FORMAT(lX,loE13.6) 

2ol WRITE(5,2o2) 

2o2 FORMAT(/// ) 

LBJ=MB+l 

C ..... DECIDING WHICH SUBROUTINE TO GO TO. 

IF(lHI. EQ. IDEC) GO TO looo 

IF(MB. NE. lo) GO TO 75 

C ..... IF YOUR MATRIX IS A TEN BY TEN, THEN READ IN THE CONSTANTS 

C ..... OF THE EQUATIONS 
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READ(8,5) (B(MO,11), MO=l, LB) 

C ..... GO TO SUBROUTINE EQU. 

75 WRITE(5,2o4) 

44 

2o4 FORMAT(lHl, 42X, THE CONSTANTS TO THE EQUATIONS IN THE MATRIX ARE) 

WRITE(5,2o5) (B(NH,LBJ), NH=l, LB) 

2o5 FORMAT(53X, E16.6, ///) 

IF(LB .EQ. MB) GO TO 400 

CALL NSQ(A,B,C,LA,LB,MB,LAL,LBL,MBL,D,E,F) 

GO TO loool 

400 CALL EQU(A,B,C,LA,LB,MB,LAL,LBL,MBL, ) 

GO TO loool 

C ..... MAKE THE WIDTH TWICE AS WIDE BECAUSE YOU ARE ABOUT TO USE 

C ..... SUBROUTINE INV. 

loooo MB=MB*2 

C ..... GO TO SUBROUTINE INV. 

CALL INV(A,B,C,LA,LB,MB,LAL,LBL,MBL,D ) 

loool CALL EXIT 

END 



SUBROUTINE INV(A,B,C,LA,LB,MB,LAL,LBL,MBL,D ) 

DIMENSION A(LAL,LBL),B(LBL,MBL),C(LAL,MBL),D(LAL,LBL) 

LBJ=LB+l 

MH=MB/2 

C ..... PUTTING MATRIX B INTO MATRIX D. 

DO 120 MF=l, LB 

DO 120 MG=l, MH 

120 D(MF,MG)=B(MF,MG) 

C ..... GO TO SUBROUTINE ZERO. 

CALL ZERO(A,LB,LA,LB,MB,LAL,LBL,MBL) 

C ..... PUT MATRIX A IN MATRIX B. PUT IT IN THE LOCATIONS TO THE RIGHT 

C ..... OF WHAT IS ALREADY IN MATRIX B. 

DO 52 I=l, LB 

K=o 

DO 52 J=LBJ, MB 

K=K+l 

52 B(I,J) = A(I,K) 

DO 54 JA=l, LB 

C ..... FINDING THE TRANSFORMATION MATRIX FOR EACH COLUMN. 

IF(I .EQ. JA) GO TO 53 

DO 53 I=l, LA 

A(I,JA)=-(B(I,JA)/B(JA,JA) 

53 CONTINUE 

CALL MULT(A,B,C,LA,MB,LB,LAL,LBL,MBL) 

C ..... PUT MATRIX A INTO MATRIX B. 

59 DO 57 IC=l, LA 

DO 57 JC=l, MB 
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57 B(IC,JC)=C(IC,JC) 

C ..... GO TO SUBROUTINE ZERO. 

CALL ZERO(A,LB,LA,LB,MB,LAL,LBL,MBL) 

54 CONTINUE 

C ..... GO TO SUBROUTINE ZERO. 

CALL ZERO(A,LB,LA,LB,MB,LAL,LBL,MBL) 

58 DO 60 IA=l,LB 

60 A(IA,IA)=(l/B(IA,IA)) 

C ..... GO TO SUBROUTINE MULT. 

CALL MULT(A,B,C,LA,MB,LB,LAL,LBL,MBL) 

MA=O 

C ..... CHECKING IF ONE OF THE NUMBERS IN THE DIAGONAL OF A IS ZERO 

C ..... AFTER MULTIPLICATION. 

DO 81 KE=LBJ,MB 

MA=MA+l 

IF(C(MA,KE) .NE. 0.) GO TO 81 

C ..... IF ONE OF THE NUMBERS IN THE DIAGONAL IN BIS ZERO, THEN WRITE 

C ..... OUT AN ERROR MESSAGE. 

WRITE(5,83) 

83 FORMAT(5X, SORRY CHARLEY, YOU CAN NOT FIND THE MATRIX INVERSION 

1, BY THE GAUSS REDUCTION TECHNIQUE) 

GO TO 82 

81 CONTINUE 

C ..... WRITING OUT THE INVERTED MATRIX. 

WRITE(5,102) LB 

102 FORMAT(lHl,lOX, THE MATRIX INVERSION BY THE GAUSS REDUCTION 

TECHNIQUE IS BELOW, 14, ROWS AND COLUMNS , //) 
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DO 79 LC=l,LA 

WRITE(S,78) (C(LC,LD), LD=LBJ,MB) 

78 FORMAT(1X,10El3.6) 

79 WRITE(S,140) 

140 FORMAT(/// ) 

DO 141 NE=l,LB 

ND=O 

DO 141 NC=LBJ,MB 

ND=ND+l 

141 B(NE,ND)=C(NE,NC) 

CALL MULT(D,B,C,LA,MH,LB,LAL,LBL,MBL ) 

WRITE(S,121) 

121 FORMAT(lHl,lOX, WHEN ONE MULTIPLIES BAND B INVERSE TOGETHER 

1, THE RESULTS ARE , // ) 

DO 122 LC=l,LA 

WRITE(S,78) (C(LC,LD), LD=l, MH) 

122 WRITE(S,140) 

82 RETURN 

END 
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SUBROUTINE EQU(A,B,C,LA,LB,MB,LAL,LBL,MBL) 

DIMENSION A(LAL,LBL), B(LBL,MBL), C(LAL,MBL) 

LBJ=LB+l 

AV=O 

IB=MB+l 

C ..... MAXIMIZING THE MATRIX. 

DO 10 JD=l, MB 

IF=O 

DO 11 II=JD, LB 

IF(B(JD,JD) .GE. B(II,JD)) GO TO 11 

IF=II 

11 CONTINUE 

IF(IF .EQ. 0) GO TO 1090 

DO 14 IS=l,IB 

EXCH=B(JD,IS) 

B(IF,IS)=B(IF,IS) 

14 B(IF,IS)=EXCH 

C ..... GO TO SUBROUTINE ZERO. 

1090 DO 50 IO=l,LB 

DO 50 JO=l,LB 

IF(IO .EQ. JO) GO TO 51 

A(IO,JO)=O. 

GO TO 50 

51 A(IO,JO)=l. 

50 CONTINUE 

C ..... CHECKING IF THERE IS A ZERO IN THE DIAGONAL. 

IF(ABS(B(JD,JD)) .GT .. 00001) GO TO 90 
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IF(ABS(B(JD,IB)) .GT .. 00001) GO TO 91 

GO TO 92 

C ..... FINDING THE TRANSFORMATION MATRIX FOR EACH COLUMN. 

90 DO 70 IG=l,LB 

IF(JD .EQ. IG) GO TO 70 

A(IG,JD)=-(B(IG,JD)/B(JD,JD)) 

70 CONTINUE 

C ..... GO TO SUBROUTINE MULT. 

CALL MULT(A,B,C,LA,IB,LB,LAL,LBL,MBL ) 

C ..... PUTTING THE RESULTS OF SUBROUTINE MULT C, INTO MATRIX B. 

DO 77 KA=l ,LA 

DO 77 KB=l, IB 

77 B(KA,KB)=C(KA,KB) 

10 CONTINUE 

GO TO 108 

C ..... TELLING THE PROGRAMMER THAT THERE ARE NO SOLUTIONS FOR THIS 

C ..... MATRIX 

91 WRITE(S,103) 

103 FORMAT(7X, THERE ARE NO SOLUTIONS FOR THIS MATRIX ) 

GO TO 109 

C ..... TELLING THE PROGRAMMER THAT THERE ARE AN INFINITE NUMBER OF 

C ..... SOLUTIONS. 

92 WRITE(S,104) 

104 FORMAT(8X, THERE ARE AN INFINITE NUMBER OF SOLUTIONS FOR THIS 

1 MATRIX ) 

GO TO 109 

108 DO 105 MC=l,LB 
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50 

105 A(l,MC)=B(MC,IB)/B(MC,MC) 

WRITE(5,lll) 

111 FORMAT(1Hl,42X, THE SOLUTIONS TO THE SYSTEMS OF EQUATIONS ARE ) 

C ..... WRITING OUT THE SOLUTIONS TO THE SYSTEM OF EQUATIONS. 

200 DO 107 MD=l,LB 

107 WRITE(5,106) MD, A(l,MD) 

106 FORMAT(58X, lHY, 12, 1H=.El6.6 ) 

109 RETURN 

END 



SUBROUTINE MULT(A,B,C,LA,MB,LB,LAL,LBL,MBL ) 

C ..... THIS SUBROUTINE MULTIPLIES THE TWO MATRICES, A AND B. 

DIMENSION A(LAL,LBL), B(LBL,MBL), C(LAL,MBL) 

DO 1 J=l,LB 

C ..... THIS LINE ZEROES OUT THIS PRESENT LOCATION. 

C(K,J)=O. 

DO 1 I=l,LB 

1 C(K,J)=C(K,J) + A(K,I) * B(I,J) 

RETURN 

END 
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SUBROUTINE ZERO(A,LB,LA,LB,MB,LAL,LBL,MBL ) 

DIMENSION A(LAL,LBL) 

C ..... THIS SUBROUTINE PUTS THE MATRIX A 

C ..... IN THE ARRANGEMENT THAT IS SHOWN 

C ..... ON THE SIDE OF THESE COMMENTS. 

55 DO 50 IO=l,LB 

DO 50 JO=l,LB 

IF(IO .EQ. JO) GO TO 51 

A(IO,JO)=O. 

GO TO 50 

51 A(IO,JO)=l. 

50 CONTINUE 

RETURN 

END 

1 0 0 

0 1 0 

0 0 1 
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SUBROUTINE NSQ(A,B,C,LA,LB,MB,LAL,LBL,MBL,D,E,F ) 

DIMENSION A(LAL,LBL), B(LBL,MBL), C(LAL,MBL), D(LAL,LBL) 

DIMENSION E(LAL,LBL), F(LAL) 

AV=O. 

DO 950 JR=l,LB 

950 F(JR)=B(JR,MB+l) 

DO 902 IQ=l,MB 

DO 902 IR=l,LB 

902 E(IQ,IR)=B(IR,IQ) 

CALL MULT(E,B,C,LA,MB,LB,LAL,LBL,MBL ) 

DO 951 JS=l,MB 

DO 951 JT=l,MB 

951 B(JS,JT)=C(JS,JT) 

IV=MB 2 

CALL INV (A,B,C,MB,MB,IV,LAL,LBL,MBL,D ) 

DO 914 JO=l,MB 

DO 914 JP=l,MB 

914 A(JO,JP)=B(JO,JP) 

DO 956 JU=l,LB 

956 B(JU,l)=F(JU) 

LZ=LB+l 

CALL MULT(E,B,C,MB,l,LZ,LAL,LBL,MBL ) 

DO 960 JV=l,MB 

960 B(JV,l)=C(JV,1) 

CALL MULT(A,B,C,MB,1,MB,LAL,LBL,MBL ) 

WRITE(5,111) 
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111 FORMAT(1Hl,42X, THE SOLUTIONS TO THE SYSTEMS OF EQUATIONS ARE ) 



C ..... WRITING OUT THE SOLUTIONS TO THE SYSTEM OF EQUATIONS. 

Zoo DO 107 MD=l,MB 

AV=AV+(C(MD,1)) 2 

107 WRITE(5,106) MD, C(MD,l) 

106 FORMAT(58X, lHY, 12, 1H=.El6.) 

AV=(AV) .5 

WRITE(5,260) AV 

260 FORMAT(////, 4X, 21H THE VECTOR IS. R=.El6.6, /////) 

RETURN 

END 
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