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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO POROUS
MEDIUM EQUATIONS WITH BOUNDARY DEGENERACY

XUTONG ZHAO, MINGJUN ZHOU, XINXIN JING

ABSTRACT. This article concerns the asymptotic behavior of solutions to a
class of one-dimensional porous medium equations with boundary degeneracy
on bounded and unbounded intervals. It is proved that the degree of degener-
acy, the exponents of the nonlinear diffusion, and the nonlinear source affect
the asymptotic behavior of solutions. It is shown that on a bounded inter-
val, the problem admits both nontrivial global and blowing-up solutions if the
degeneracy is not strong; while any nontrivial solution must blow up if the
degeneracy is strong enough. For the problem on an unbounded interval, the
blowing-up theorems of Fujita type are established. The critical Fujita expo-
nent is finite if the degeneracy is not strong, while infinite if the degeneracy is
strong enough. Furthermore, the critical case is proved to be the blowing-up
case if it is finite.

1. INTRODUCTION

In this article, we consider the asymptotic behavior of solutions to the following
two problems

% - a%(ﬁagi:) =P, (z,t) € (0,1) x (0,T), (1.1)
(x’\%) 0,6) = u(1,t) =0, te(0,7), (1.2)
u(z,0) = up(z), z € (0,1), (1.3)
and
% - %(ﬂag%) =P, (z,t) € (0,400) x (0,T), (1.4)
(:&&%‘n) 0,6) =0, te(0,T), (1.5)
u(z,0) = up(z), € (0,+00), (1.6)

where p >m > 1, A >0and 0 < T < +c0. If)\zo,bothandare
porous medium equations, which have been studied extensively (see, e.g., Chapter
1in [27])). If m = 1, both and are semilinear equations which are
degenerate at a portion of the lateral boundary x = 0. Semilinear equations with
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such degeneracy appear in many physical or economic models, such as the Budyko-
Sellers climate model [20], a simplified Crocco-type equation coming from the study
on the velocity field of a laminar flow on a flat plate [5, [7], and the Black-Scholes
model coming from the option pricing problem [4]. For m > 1 and A > 0, both
and admit two kinds of degeneracy. That is to say, and are
degenerate not only at points where v = 0 but also at a portion of the lateral
boundary x = 0.

In recent years, semilinear equations with boundary degeneracy have attracted
many attentions, and it was shown that the boundary degeneracy causes many
essential differences. For instance, the null controllability of the system governed
by

%%-%(ﬁ%ﬂ:h@wm,(%nemnxmﬂm
and related problems were studied in [2 [5] [6], 8, 10} [T}, 19} (22 26|, 28], where h is the
control function, w is a subinterval of (0,1), and x,, is the characteristic function
of w. It was proved that A = 2 is a threshold in the sense that the system is null
controllable if 0 < A < 2, while not if A > 2. For another instance, the quenching
phenomenon of solutions to problem

%%-%(ﬁ%ﬁ:fmy(%memﬂpqmﬂ,
(JJA%)(Oﬂf) =u(a,t) =0, te(0,7),

u(z,0) =0, z€(0,a)
was studied in [29], where a > 0 and f € C?([0,¢)) with ¢ > 0 satisfies
F(0)>0, f'(0)>0, f"(s)>0for0<s<e, lim f(s)=+oo.
s—c—

It was shown that A = 2 is also a threshold in the sense that the critical length
satisfies

>0, if0<A<2,
“l=0, ifA>2

That is to say, in the case 0 < A < 2, there is a critical length a, > 0 such that the
solution exists globally in time if a < a4, while quenches in a finite time if a > a,.
As to the case A > 2, the solution must quench in a finite time for each a > 0.
In [23], it was shown that the boundary degeneracy also affects the asymptotic
behavior of solutions to the semilinear problems and 7 in the
case m = 1. More precisely, for problem 1) in the case m = 1, there
exist both nontrivial global and blowing-up solutions if A < 2, while any nontrivial
solution must blow up in a finite time if A > 2. As to problem f in the
case m = 1, the critical Fujita exponent is

3= o< A<,
Pe= ) 400, itA>2

That is to say, in the case 0 < A\ < 2, any nontrivial solution must blow up in a
finite time if 1 < p < 3 — A, while there are both nontrivial global and blowing-up
solutions if p > 3 — A\. Whereas in the case A > 2, any nontrivial solution must
blow up in a finite time for p > 1.
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The blowing-up phenomenon of solutions to nonlinear diffusion equations was
first introduced in 1966 by Fujita, who proved in [I3] that p. = 1 + 2/n, which is
called the critical Fujita exponent, is critical for the Cauchy problem of

% —Au=uP, (x,t) € R" x (0,400)

in the sense that any nontrivial solution blows up in a finite time if 1 < p < pg,
whereas there exist both nontrivial global and blowing-up solutions if p > p.. The
critical case p = p. was proved to belong to the blowing-up case in [14, [16]. Fujita
revealed an important topic of nonlinear partial differential equations. And there
have been a great number of extensions of Fujita’s results in several directions
since then, including similar results for numerous of quasilinear parabolic equations
and systems in various of geometries with nonlinear sources or nonhomogeneous
boundary conditions, see the survey papers [9, [I7] and the references therein, and

more recent works, e.g. [1I, B, 12 [15] 18 211 23| 24 25].

In this paper, we study the asymptotic behavior of solutions to the quasilinear
problems 7 and 7. As mentioned above, both and
admit two kinds of degeneracy. They are degenerate not only at points where
u = 0 but also at a portion of the lateral boundary x = 0. For problem (1.1])—
(1.3) in a bounded interval, it is shown that A = 2 is a threshold in the sense that
there exist both nontrivial global and blowing-up solutions to problem f
if A < 2, while any nontrivial solution to problem f must blow up in a
finite time if A > 2. For problem f in an unbounded interval, A = 2 is also
a threshold in the sense that the critical Fujita exponent is finite if A < 2, while
infinite if A > 2. More precisely, it is proved that the critical Fujita exponent is

[m42-a f0<r<2
Pe =1 10, i > 2.

That is to say, in the case 0 < A < 2, any nontrivial solution to problem (|1.4)—
must blow up in a finite time if m < p < p. = m + 2 — A, while there are
both nontrivial global and blowing-up solutions to problem f ifp>p.=
m+2— . Furthermore, the critical case p = p. = m+2— A belongs to the blowing-
up case. Whereas in the case A > 2, any nontrivial solution to problem ({1.4)—(1.6)
must blow up in a finite time for p > m. The methods used in this paper are mainly
inspired by [23]. For the blowing-up of solutions to problem f in a bounded
interval and problem f in an unbounded interval, we apply the methods
of weighted energy estimates instead of constructing blowing-up subsolutions. The
key is to choose appropriate weights and to estimate the interaction of the nonlinear
degenerate diffusions and the sources. To prove the global existence of nontrivial
solutions, we construct suitable self-similar supersolutions. Since and
admit two kinds of degeneracy, some complicated estimates are needed.

This article is organized as follows. Comparison principles and well-posedness for
problems f and 1) are established in Section 2. The asymptotic
behavior of solutions to problem |j in a bounded interval and problem
f in an unbounded interval are studied in Section 3 and Section 4, respec-
tively.
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2. COMPARISON PRINCIPLES AND WELL-POSEDNESS

In this section, we establish comparison principles and well-posedness for prob-

lems )—(1.3) and 1- .

Slnce 1.' and (|1.4)) admit two kinds of degeneracy, we consider weak solutions
defined as follows.

Definition 2.1. Let 0 < T' < +o0. A nonnegative function v € L>((0,1) x (0,7))
is called a subsolution (supersolution, solution) to problem (1.1)—(1.3) in (0,7) if
forany 0 <7 < T, a:’VQau € L%((0,1) x (0,7)), and

/T/ —u(l‘,t)if(x,t)-i- )‘agx (z, t)gi( ,t)) da dt

//upxt xt)dacdt+/ uo(x)e(x,0) dx

holds for any 0 < ¢ € C*([0,1] x [0,7]) with (7 ‘(0 Ny = (1, ~)‘(0 =0

Definition 2.2. Let 0 < T < +00. A nonnegative function u € L ((0,+00) x
(0,7)) is called a subsolution (supersolution, solution) to problem (1.4)—(1.6) in
(0,7) if for any 0 < 7 < T, 2*/2 24" a" € L%((0,+o0) x (0,7)), and

[ (e s

<(2,= / /+°° (x,t)p xt)dxdt+/+muo(x)<p(x,0)dx

holds for any 0 < ¢ € C1([0, +00) x [0,7]) vanishing at ¢ = 7 and for large z.

If u is a solution to problem (1 7- or problem (/1.4 71.6 in (0,400), it

is said that u is a global solution in time. Otherwise, there exists T > 0 such that
u is a solution in (0,7T) and satisfies

lu(-,t)|| Lo 01) = +o00, ast— T,
(or [lu(-t)||Lee(0,400) — +00, ast—T7),

and it is said that u blows up in a finite time.
We establish the comparison principle for problem ([1.1)—(L.3]).

Proposition 2.3. Assume that w and u are a subsolution and a supersolution,
respectively, to problem (L.1)~(L.3). then u <% a.e. in (0,1) x (0,T).

Proof. Set
u(z,t) = w(z,t) —u(z,t), (z,t) € (0,1) x(0,T).
Let 0 < 7 < T. For any function 0 < » € C([0,1] x [0,7]) with ¢(7

Moy
= 0, it follows from Definition that

(1a ')|(0,T)
/ u(z, 7)e(x, ) dz

/ / z— + (u —ﬂm)aax (xA%) + (v —ﬂp)go> dedt (2.1)
[ 1A

Iy
A
. <x (9;10) + acgp) dz dt,
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where
LB TN if u(a, 1) # T, 1),
a(z,t) =< *\*
mu™ Yz, t), if w(z,t) =au(x,t),
o, 1) = e, i u(e,t) # U, 1),
’ ZumP(a,t), if u(z,t) =u(z,t)

It is clear that a, ¢ € L>((0,1) x (0, 7)) satisfying
OSCL(.’L’,t) Sa07 OSC(Z',I‘I) SCOa (ZIJ,t) € (031) X (037-)7

where ag and ¢y are two positive constants. Choosing {a,}22; and {¢,}32; in
C*>([0,1] x [0, 7]) such that

1 1
— <ap(z,t) <ag+—, 0<cp(z,t) <co, (z,t)€(0,1)x(0,7), (2.2)
n n

T 1 1 T 1 1
/ / (a—a,)?dedt < —ZT, / / (c—cp)?dedt < —5- (2.3)
0o Jo n o Jo n

For any nonnegative function h € C§°(0, 1), we consider the problem

and

aa% + "(“)ax (a:)‘aa%> + ancnpn =0, (x,t) € (0,1) x (0,7), (2.4)
@%%jymﬂ=¢MLoza te(0,7), (2.5)
on(z,7) = h(x), x€(0,1). (2.6)

The same proof as of [29, Theorem 2.2] yields that problem (2.4)—(2.6) admits a
unique solution ¢,, € C*°((0,1) x (0,7)) N C([0,1] x [0, 7]) satisfying

0 < on(@,t) < ||| Lo (0,1)- (2.7)

Multiplying (2.4 . by and then integrating over (0,1) x (0,7) by parts,
one obtains from (2.2 , ) and . ) that

2
Aa@”)‘ da dt

1 [t 8g0n
2 / O (=, 0 dx + / / 83: ox
1 )\a‘pn

. (2.8)
< 5/ Mn/ (x)?dz 4 = / / anc2p? dadt
d¢
n 22| dadt.
/ / @ ax ox )’
It follows from , and ( . that
Opn\ |2
PP <

/ / = )‘ dedt < M, (2.9)

where M; is a positive constant mdependent of n. Taking ¢ = ¢, in (2.1, one

obtains from (2.2)), (2.3), (2.7), (2.9) and the Holder inequality that
1
/ u(z, 7)h(z) dz

0
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< /T/lz a(ptn +aa%<:v’\aa(pn) —l—acgon) dxdt
/ / &C( *a‘p” da dt+/ / — apcn)pn dadt
< ull Lo ((0,1)x (0,7)) / / d dt)
/ / *a@”)‘ dxdt)1/2

81‘ or

T pl ) 1/2 T rl 9 1/2
4 1wl oo (0,1 x (0,7)) / / o, dx dt / / (ac — apcy)® dx dt)
o Jo o Jo

Tt 2 M, M.
< Mg\/ﬁ(/ / (a—an)2 dl’df) +72 73
0 0

where Ms and M3 are positive constants independent of n. Letting n — oo, one
obtains that

1
/ u(z, 7)h(z)dx <O0.
0

Thanks to the arbitrariness of 0 < h € C§°(0,1) and 7 € (0,7, it holds that u < 0
a.e.in (0,1) x (0,T). That is, u <@ a.e. in (0,1) x (0,7T). O

We turn to the local well-posedness of problem (|1.1)—(1.3).

Proposition 2.4. Assume that 0 < ug € L*°(0,1). There exists a constant T >
0 such that problem (1.1)-(1.3) admits a unique solution. Furthermore, 8;—: n
L2((0,1) x (1,T)) for any T € (0,T).

Proof. The uniqueness follows from Proposition 2:3] Let us prove the local exis-
tence. For each integer n > 1, consider the problem

ou, 0 LixOug'y

S o (@+ )" S5 ) =t (o) € (0,1) x (0,T,), (2.10)

ou 1
"(0,8) =0, un(l,t) ==, te(0,T,), (2.11)

Ox n

1
Un(x,0) = ug n(z) + — TE€ (0,1), (2.12)
where ug, € C§°(0,1) satisfies

0 < wom(®) < [luollpe(o,1), = €[0,1], (2.13)
nll_}H(;lo H’LL(),n — uo”LOQ(O’l) =0. (2.14)

w, (x,t) =0, Tp(z,t) = (2My— (p— D))V (z,t) €[0,1] x [0,7],

Moy

p—1

It is clear that w, and %, are a subsolution and a supersolution, respectively,
to problem (2.10)-(2.12) for T, = T. Thanks to the classical theory on par-
abolic equations, problem ([2.10)—(2.12) with 7,, = T" admits a unique solution

1 _
Moz §(||U’O||L°°(0,1)+1)1 p’ T:
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u, € C*°([0,1] x [0,T]), and
0=, (2,t) < up(2,t) <Up(x,t) < My (2,6) €[0,1] x [0,T].  (2.15)
Multiplying (2.10]) by «* and then integrating over (0,1) x (0,7") by parts, one

obtains
1 a m
7/ "H'ledx—l—/ / x—i— Un
m+1 ox

= / +1dx—|—/ / uermdxdt
m—|—1 0

It follows from and - ) that
/ / —a“ | dwat <, (2.17)
Ox

where M, is a positive constant depending only on ||ug|| e (0,1), ™ and p.
Thanks to (2.17), for 7 € (0,T), there exists 7 € (0, 7) such that

1 m
/0 (z+ l)k‘ag; (m,%)rdx <M (2.18)

n T

ddt

(2.16)

Multiplying (2.10) by 3;? and then integrating over (0,1) x (7,T) by parts, one
obtains from the Hélder inequality that

/ / ‘a WHW’ da dt
(m+1

A Ouyt |2 1t 1\ x| Oup? 2
_5/0 (:13—}——) ‘ax (3?,7')) dx—§/0 (x4 =) ‘395 (m,T)‘ da

n n

1)/2
+ — / / up+(m= 1)/28“" i dx dt (2.19)
m+1 ot

1 [t Al Ou™
< = - n ~ d e 2p+m71d
_2/0 (a:Jrn) o (:v,T) T+ 2/% /0 us) T
2m ol 8u§,m+l)/2 2
—_— — | dzdt.
+(m—|—1)2/; /0‘ 5|

It follows from (2.15)), (2.18)) and (2.19)) that

T 1 4 (m+1)/2 4
/ / ‘L‘ dzdt < My,
7 Jo ot

which, together with (2.15]), leads to

T p1 m (m+1)/2

ou |2 8

P " qedt = ’ddt<M, 9.2
L/O’at‘ . +1 // v 3 (220)

where M, and M3 are positive constants depending only on ||uo|| £ (0,1), ™, p, and

T.
Thanks to (2.15)), (2.17) and (2.20]), there exists a subsequence of {u,}> ;, de-

noted by itself for convenience, and three functions u, £, ¢ € L>((0,1) x (0,7")) such
that

0 <u(a,t) <MY (2,1) € (0,1) x (0,T), (2.21)
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T 1

/ / ’ ‘ dedt < M3, 7€(0,7T), (2.23)

2
dz dt < M, (2.22)

and
Up — u, upt — & and uP — ¢ weakly x in L*((0,1) x (0,7)) as n — oo, (2.24)
u™ — € in L*((g,1) x (¢,T)) as n — oo for any 0 < € < min{1, T}, (2.25)

(z+ l))\/ﬁ)aﬁ — x>‘/2% weakly in L2((0,1) x (0,7)) as n — oo,  (2.26)
n x x

8;: — % weakly in L2((0 1) x (e,T)) asm — oo forany 0 < e <T. (2.27)

It follows from (2.24]) and (2.25]) that
3¢ t)= (33 t), C(w t) =uP(z,t), (x,t)€(0,1) x(0,T). (2.28)
Owing to -, one can prove that u is a solution to problem (|1.1| .,

and 24" € LZ((O 1) x (7,T)) for any 7 € (0,T).

For problem f in an unbounded interval, the comparison principle can
be proved similarly to Proposition and one needs some estimates in an un-
bounded interval (see, e.g., [23]). As to the local existence of solutions to problem
f, one can use the problems in bounded intervals to approximate the
problem in an unbounded interval (see, e.g., [23]). We state these results without
proof.

Proposition 2.5. Assume that u and U are a subsolution and a supersolution,
respectively, to problem (L.4)—(1.6). then u < a.e. in (0,400) x (0,T).

Proposition 2.6. Assume that 0 < ug € L>°(0,+00) N L*(0,+00). There ezists a
constant T>0 such that problem (L.4)—(1.6)) admits a unique solution. Further-
more, 24— € L?((0,4+o0) x (7,T)) for any 7 € (0,T).

3. PROBLEMS IN A BOUNDED INTERVAL

In this section, we investigate the asymptotic behavior of solutions to problem

(1.1)—(1.3) in a bounded interval.

Theorem 3.1. Let A > 2. For any nontrivial 0 < uy € L*°(0,1), the solution to
problem (L.1)—(1.3) must blow up in a finite time.

Proof. For 0 < § < 1, we set
AdgA=l=0,=0 _ A=l=09A-1 _1 if z € (0,1/2),
=r 1, if z €[1/2,1).

It follows from the proof of [23, Theorem 2.2] that 0 < ns € C11(]0,1]), and there
exists two constants My, Ms > 0 depending only on A but independent of ¢ such
that

ns(z) = N

(ns(x)) > —Mions(z), 0<x <1, (3.1)

1
| otz < bt (3.2)
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Assume that u is a global solution of problem (|1.1)—(1.3), and denote

ws(t) :/0 u(x, t)ns(x)dz, t>0.

For 0 < € < 1/2, choose & € C*([0,1]) to satisfy
0, ifxel0,e],
§elz) = {1, if x € [2¢,1],
and
4
’ |§g($>| S ?7

Thanks to Definition [2.1] and Proposition [2.4] one obtains

0<&(x) <1, 0<&(x) < 0<z<l.

[ON

1
| v @
1 1
— [ @ nE @)+ [ e og@seds
0 0
1
— [ w0 @)@ @) da (33)
0
2e
[ e D@ e e) + A (o)
625 1
[ wrane @@+ [ e 06 @ns@ds, ¢ 0
€ 0
Letting € — 07 in (3.3)), it follows from A > 2 and (3.1)) that
a4
wi(t) = 5 [ ule ()
&t J,
1 1
- / u™(x,t) (2 (x)) dz +/ uP (z,t)ns(x)dx (3.4)
0 0
1 1
> —M15/ um(x,t)ng(x)dx+/ uP(z, t)ns(x)de, t>0.
0 0
Since p > m > 1, it follows from the Holder inequality and that

/01 u™ (z, t)ns(x)de < (/01 ng(x)dm) (p_m)/p(/ol up(x,t)na(x)dx> e

: i (3.5)
< a0 ([ ons@n)™ o,
0

and

uP(z, t)ng(x)dx) v

[ st timwar < ([ wtan)”( [

_ ! 1/p
< Mz(p 1)/p(/0 up(x,t)ng(x)dx) , t>0,

(3.6)
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Substituting (3.5)) and (3.6) into (3.4) we obtain

ws(t)

> —M1§</01 ng(x)d:c) (p_m)/p(/ol up(x,t)n(;(x)dx) e

+ /01 uP(z, t)ns(x)dx
> (/01 uP (z, t)ng(sc)dx) m/p( - MlMép_m)/pé 7

+ (/01 up(x,t)n(;(x)dx) (pim)/p)

> M;m(pfl)/pwm(t)(_ MIMQ(p*m)/p(;_i_ M;(pfl)(p*m)/pwp—m(t))

)

for ¢ > 0. Owing to the nontriviality of wg, it holds that
1
r= ogslf<1w5(0) - oi%f<1 0 uo(@)rs(w)dz > 0.
We take
5= %min{NP*melM;(P‘m), 1}.
Then
MM < % My D= /ey p=m )

Hence one obtains from ([3.7) that
1. (e
w(t) = 5 M, P=DyuPt), t>o0.

Since p > 1, there exists T, > 0 such that

1
ws(t) = / u(z, t)ns(x)de — 400 ast — T,
0

which leads to

lim [Ju(-, )| Lo (0,1) = +o0.
t—T,

That is to say, u blows up in a finite time. ([l

Theorem 3.2. Let 0 < A < 2. There exist both nontrivial global and blowing-up

solutions to problem (L.1)—(L.3]).

Proof. First, we prove the existence of the global solution for sufficiently small
0 <wupe L>*(0,1). We set

Tz, t) = (t+7)"°U((t+71)"Pz), 0<z<1,t>0, (3.8)
where
o= 1 B= _p—m
p—1 2-Np-1)’

and 7 > 1 will be determined later. One can verify that if 0 < U € C%1(0,777)
with U™ € CH1(0,777) satisfies

(N U™ (r)) +aU(r) + BrU'(r) + UP(r) <0, 0<r <715,
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then @ given by (3.8)) is a supersolution to (L.1)). We take

_ 1 1 2\ !/™ -8
U0 = g (T@—m)/(p—l) —r ) L 0<r<t8. (3.9

A direct calculation shows that

(U™ (1) +aU(r) + pru’(r) + U (r)

1+ al(r) — Lty 1 07 (r)
< —1+aU(r)+ UP(r)

IN

1 o 1

Therefore, @ is a supersolution to (1.1)) for 7 > 7y, where

To = Qm_l((Qaj)\) + @ —1)\)1’) + 1.

It is noted that lim,_,q+ 7*(U™)"(r) = 0. Hence @ is a supersolution to problem

@) @ i

uo(x) <u(z,0), 0<z<1 (3.10)
for some 7 > 79. It follows from Proposition that problem (|1.1)—(1.3) admits a

global solution if 0 < ug € L®°(0, 1) satisfies (3.10)) for some 7 > 7.
Below we prove that the solution to problem (|1.1)—(1.3) must blow up if 0 <
ug € L*(0,1) is sufficiently large. We set

2, 0<z<1/2,
n(x) =
1+cos(2x — 1)m, 1/2<z<1.

It is clear that n € C11([0,1]) satisfies (1) = 0, ’(0) = 0, and
(2 n(x)) > —4r’n(z), 1/2<z<1.
Assume that w is a global solution to problem ([1.1)—(1.3)). We denote

1
w(t) :/ u(z, t)n(z)de, ¢>0.
0
It follows from the Holder inequality that

/ (e < ( / ) /

m/p

< 2(/01 up(x,t)n(x)dx) , t>0,

1 m/p
up(x,t)n(x)dx> /
(3.11)

and

(3.12)

IN

w(t) < (/01 n(x)dx) (pl)/p(/ol up(x,t)n(x)da:> v
2(/01 uP(z,t)

1/p
n(x)dx) , t>0.
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It follows from Definition 2.1} (3.11]) and (3.12) that
w'(t)

1 1
— [ e @)t [ e s
0 0

> —47r2/ um(x,t)n(m)dx—i—/ uP (x, t)n(x)dx
0 0 (3.13)

m/p

> —87r2</01 up(x,t)n(x)dx) + /01 uP (z, t)n(z)de

> (/01 up(x,t)n(:c)dx)m/p( — 81 + (/1 up(x,t)n(m)da:> (p7M)/p)

0
> 2_mwm(t)< — 8% + 2_(p_m)wp_m(t)), t>0.
If ug is sufficiently large so that
1 p—m
w0 = ([ wotataas)" 2 Gy
0
from (3.13) one obtains

w'(t) > 27 PP (t), > 0.
Since p > 1, there exists T, > 0 such that

1
w(t) = [ ulwn(e)ds - +00 st T
0

which leads to
lim [Ju(-, )| Lo (0,1) — +00.

t—T,

That is to say, u blows up in a finite time. (Il

4. PROBLEMS IN AN UNBOUNDED INTERVAL

In this section, we investigate the asymptotic behavior of solutions to problem
(1.4)—(L.6) in an unbounded interval. As a corollary of Theorem 3.1]and Proposition
[2.3] one obtains the following result.

Theorem 4.1. Let A > 2. For any nontrivial 0 < ug € L>(0,+00) N L'(0, +00),
the solution to problem (L1.4)—(1.6) must blow up in a finite time.

Below we deal with the case that 0 < A < 2.

Theorem 4.2. Let 0 < A <2 and m < p < p. = m+ 2 — \. For any nontrivial
0 < ug € L>®(0,+00) N LY(0,+00), the solution to problem (1.4)—(1.6) must blow
up in a finite time.

Proof. For R > 0, set

0<ax<R,
(1—i—cos@)7 R <z < 2R,
x> 2R.

nr(z) =

1
1
2
0,
It follows from the proof of [23, Lemma 2.1 | that nr € C11([0, +00) satisfies
=

(@ nr(2)) > =227 R* Pnp(z), = >0.
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Assume that w is a global solution to problem ([1.4)—(1.6). We denote

+oo
wr(t) = /0 u(z, t)np(z)de, t>0. (4.1)

Thanks to Definition 2.2 and Proposition [2.6] one obtains that u satisfies

+00 Foo
Wh(t) = / W (2, 1) (g () + / uP (2, s ()da

—+o0 —+o0o
> 2w [ e+ [ wne(o)d
0 0

for ¢t > 0. It follows from the Holder inequality that
“+o0
| e (s
0
+oo (p—m)/p +oo m/p
< (/ nR(x)dx) (/ u”(m,t)nR(gc)dx) (4.3)
0 0

+oo m/p
< (2R)(p7m)/p</ up(x,t)nR(x)dx) , t>0,
0
and

[ wte g
<( /O+Oo ma(zaz) /O (e, tna(o)de) (4.4)

teo 1/p
< 2R(p_1)/p</ up(x,t)nR(x)dcv) , t>0.

0
We substitute (4.3)) and (4.4]) into (4.2)) to obtain

oo (p—m)/ oo m/
wi(t) >~ R / nr(oydz) / W (z, na(e)dz)
0 0

+oo
+ [ e
0
+oo m/
> (/ up(x,t)nR(a:)dx) p(—2>‘ﬂ'2R}‘_1_m/p
0

+ (/OJFOO up(:c,t)nR(:L’)dx) (p_m)/p)

> 27mem(p*1)/ng(t)( — g2 RA /e
+ 2—(p—m)‘R—(p—l)(p—m)/Pw%_m(t))7 t> 0.

It is noted that p < m+2— A, wg(0) is nondecreasing with respect to R € (0, +00),
and supp~owgr(0) > 0. Therefore, there exists R > 0 suitably large such that

1
gp—m-+A 2 pp—(m+2-2) < 5u}}’{m(o). (4.6)

It follows from that (4.4)—(4.6]) that

wh(t) > 27 PRV (1), t > 0.
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Since p > 1, there exists T, > 0 such that
“+oo
wg(t) = / u(z, t)nr(z)de - +oo ast — T, ,
0

which leads to
lu(, )| oo mny — +00 ast —T, .

That is to say, u blows up in a finite time. (I

Theorem 4.3. Assume that 0 < A < 2 and p > p. = m + 2 — \. There exist both
nontrivial global and blowing-up solutions to problem (1.4)—(1.6]).

Proof. Owing to Theorem and Proposition problem ([1.4)—(1.6) admits

blowing-up solutions. Below we prove the existence of nontrivial global solutions

to problem (|1.4)—(1.6). We set

a(z,t) = (t+1)"U((t+1)"Pz), =>0,t>0, (4.7)
where
oo 1 g=__P"M
p—1 2-Np-1)

It follows from p > m+2—\ that a < 3. One can verify that if 0 < U € C%1(0, +o0)
with U™ € C11(0, +00) satisfies

(M U™) (r)) +aU(r) + BrU’(r) + UP(r) <0, 7> 0,
then @ given by (4.7) is a supersolution to (L.4)). We take

U(r) = (1&V/2 — gp2=2l/m=b) s ) (4.8)
where
(m -1« (m—1)p
— <A< ——, 0O<iI<l
m(2—\) m(2—\) 0
with [y satisfying
1)/ (2 2 - \)A
[2=Np-1)/m—2) _ M o 19
0 p— « (4.9)

For 0 < r < A=Y/2=M] one has
(U™ () +al(r) + Br () + U7(1)
~ m(2— X)?A? m(2—-N)A

2—A772—m o
moz " U -

U(r) +aU(r)
(2 — )\)Aﬁ 2 2—m P

ST U URGe)

O (T o)) (410

m(2 )‘)A (2=XN)/2 2=\ (p—1)/(m—
U (7) (Cv m + (l Ar ) )

< U (a - m(2 - )i)A n l(2—)\)(p—1)/(2m—2))’ 0 <1< A-1/C@N]
m_



EJDE-2021/96 POROUS MEDIUM EQUATIONS 15

Thanks to (4.9) and (4.10]), @ is a supersolution to (1.4]) if 0 < I < ly. It is noted
that lim,_,o+ 7*(U™)'(r) = 0. Hence 7 is a supersolution to problem ([.4)—(1.6) if

UO(x) SE(SU,O), z>0
for some 0 < I < lyp. Thanks to Proposition problem (|1.4)—(1.6)) admits non-
trivial global solutions. O

Below we investigate the critical case p = p. = m + 2 — A.

Lemma 4.4. Assume that 0 <A <2, p=p.=m+2—X\ and0<¢9<1;_f”f. Let

u be a nontrivial global solution to problem (1.4)—(1.6). Then for any R > 0,

wp(t) < 23/C=Np2/C=N " ¢ 5 0, (4.11)
wf%(t) > _2>\—m—§-2m/(2—>\)7_‘,2+2m/(2—)\)R>\—m—17 t>0, (4.12)
2R 9
wht) = Bt ) (< 20w ([ ut iate)ds)
R (4.13)
+ 2A*m*2wi{“9(t)), t>0,
where wr(t) is the function defined by (4.1)).
Proof. Since p = p. = m + 2 — A, one obtains from (4.5)) that
wh(t) > 2_mR_m(Pc_1)/pcwg(t)( _ 9Ap2pA-1-m/pc

+ 2—(pc—m)R—(pc—l)(pc—m)/pcwléc*m(t» (4.14)

= ATmpZ RATm Ly () 4 2ATm T2 RAT MLy A2 ¢ > Q.
If is not true, there exists ty > 0 such that
A=mAL 2 o 2)\7m72w?%—)\(t0).
Then, it follows from that
Wh(t) > 2ATM TS RATM =Ly mA2=A ) -t > ¢,

which leads to that w blows up in a finite time as the discussion at the end of the

proof of Theorem Therefore, (4.11)) holds.
1)

It follows from (| and the Holder inequality that
wh(t) 2 272 R (= arPw (1) + wip ()

> gA-m—2 pA-m—1 ( - — +n; - Aw%“”‘(t)
2— A\

- (47r2)(m+27)\)/(27)\) + w}?{l—&-?—)\(t))

> _2)\—m+2m/(2—)\)7r2+2m/(2—)\)R)\—m—1’ t>0,

which is (4.12)).

Below we prove (4.13)). For ¢ > 0, it follows from the Holder inequality that

2R
/ u (z, t)nr(x)de

R

B (/2RnR(x)dx>(pc—m—ﬂ(pc—l))/l’c(/2Ru(x,t)77R(:E)dx)0

R R
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2R (m—@)/ c
X (/ upc(x,t)nR(x)dx) ’

R

2R 0 oo (m—0)/pe
< Rlpemm=0e=1)/pe ( / ul(e, na(e)dz ) ( / w (2, t)np()de ,
R 0

which, together with (4.2]), yield

wi(t) > (A+“k”*x¢ﬁm0@d@fm®”°

2R
y (_ 2>\7T2R>\—2+(pc—m—9(Pc—1))/Pc(/
R

(pcfm+9)/pc)

0
u(x, t)nR(x)dx> (4.15)

+ (/0+0° upc(x,t)ng(x)dw)

Since p. = m + 2 — A, it follows that
e —m—0(p.—1) (m+1-XN)2-X+0)

p
A2 -
* De m+2—A

Then from (4.4) and (4.15) it follows that

w;{(t) > 297mRf(m+17)\)(m70)/(m+27)\),wg—0

2R
% ( _ 932 R=(mH+1-0)(2=2+6)/(m+2-)) (/
R

+ 2/\—2—9R—(m+1—/\)(2—)\+0)/(m+2—)\)w?{)\+6)

u(z, t)nR(x)dgc>9

2R
> R)\—m—lwgfeu)( _ 2>\—m+9ﬂ_2 (/

)
; u(z, t)nR(a?)dx)

+ 2*‘”“%?{”9(15)), t>0.

This is (4.13)). O

Theorem 4.5. Assume that 0 < A < 2 and p = p. = m+2—\. For any nontrivial
0 < ug € L>=(0,+00) N LY(0,+00), the solution to problem (1.4)—(1.6) must blow
up in a finite time.

Proof. Assumed that u is a global solution to problem (1.4)—(1.6). We denote
+oo
A= sup wg(t)= sup/ u(z, t)dz. (4.16)
R>0,t>0 >0 Jo

The nontriviality of v and (4.11)) yield 0 < A < 4o00. Fix ¢ € (0,4) and My > 0
such that

204372 (0 4+ Mp)? < (A — go)Pe™™ Y, (4.17)
where 0 < 0 < ’;;fq’ is a constant. By (4.16)), there exist tg > 0 and Ry > 0 such
that

WR, (to) Z A— £0- (418)
For any t > tg, it follows from (4.12)) with R = Ry and (4.18) that
wr, (t) > Wr, (tO) _ 2)\—m+2m/(2—)\)ﬂ_2+2m/(2—>\)R())\—m—l(t _ tO)

> A— €0 — 2)\7m+2m/(27)\)7T2+2m/(27)\)R())\7m71(t o tO), t > to,
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which, together with (4.16), leads to

4Rg
/ u(x, t)n2r, (z)dz
2Ry

< /0+00 u(z, t)de — wg, (t) (4.19)

<eo+ 2)\—m+2m/(2—)\)7T2+2m/(2—>\)R3\7m71(t _ t0)7 t> 1.
Choosing R = 2Ry in (4.13) yields
U’I2Ro (t) > (QRO))\fmflwzvr;%—OG(t)( o 2/\7m+0ﬂ_2 (/2
+ 2>‘_m_2w§1§5\+9(t)), t>to,

which together with (4.16)—(4.19)) implies

Whp, (t) > 22O RITITL (N — gy TR gy <t <y, (4.20)

4Ro

4
. u(z, t)nR(:L')dx)

where
tl — tO + 2m7)\72m/(27}\)7_(_7272711/(27)\)MORé-‘rm—)\.

It follows from (4.18]) and(4.20)) that
war (1) = war, (to) + 22X DRI (A = o)A (81 — 1) (4.21)
> A— €0 + 00, .
where
o0 = 2>\—m—4—2m/(2—>\)7T—2—2m/(2—)\)MO(A _ Eo)m+2_)‘.
Applying (4.12) with R = 2Ry and (4.21)), one obtains
WwaR, (t) > War, (tl) _ 2A—m+2m/(2—A)ﬂ_2+2m/(2—)\) (QRO))\—m—l(t _ tl)

>A— €0 — 2>‘7m+2m/(27/\)71'2+2m/(27)\)(2R0))\7m71(t o tl), t>ty,

which, together with (4.16]) with R = 2Ry, leads to

8Ro
/ u(z, t)nar, (z)dz
4Ry

oo 4.22
< / u(z, t)dr — wapg, (1) (4.22)
0
<eo+ 2)\—m+2m/(2—)\)ﬂ_2+2m/(2—>\)(2RO)>\—m—1(t _ tl); t> 1.
Taking R = 4Ry in (4.13)), one obtains
8Ro 0
W ()= (AR N 0) (= 20 ([ e, ()
4R, (4.23)
+ 2**m*2w§§j+9(t)), >t
Thanks to (4.12)—(4.23)), one obtains
Whp, (1) > 223D QRO)ATTHA — g) T2 4y <t < 1o, (4.24)

where
to =t + 2m7)\72m/(27/\),n_7272m/(27)\)MO(2R0)1+m7/\.
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It follows from (4.12)) and (4.24)) that
W4R, (t2) > war,(t1) + 00 > wag, (t1) + 00 > A — o + 200.
Repeating the procedure in turn, one obtains that for any positive integer i,

Woi R, (ti) > Woi R, (ti—l) + o009 > 'LUQi—lRO(ti_l) + 09 > A —¢gq +iog,

where
ti+1 — t’L 4 2m7/\72m/(27)\)71,727277’1/(27}\)M0(2’L'71R0)1+m7)\.
Therefore,
“+o0
sup/ u(z, t)de = +oo,
t>0 Jo
which contradicts (4.16)). O
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