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ABSTRACT. We study the blow-up of the solution to a quasilinear viscoelastic
wave system coupled by nonlinear sources. The system is of homogeneous
Dirichlet boundary condition. The nonlinear damping and source are added
to the equations. We assume that the relaxation functions are non-negative
non-increasing functions and the initial energy is negative. The competition
relations among the nonlinear principal parts are not constant functions, the
viscoelasticity terms, dampings and sources are analyzed by using perturbed
energy method. The blow-up result is proved under some conditions on the
nonlinear principal parts, viscoelasticity terms, dampings and sources by a
contradiction argument.

1. INTRODUCTION
Let Q be a bounded domain of R™(n > 1) with a smooth boundary 9. Consider
the following nonlinear viscoelastic system
t
[ug|Puge — div(py (|Vul?)Vu) + / g(t — ) Au(z, 7)dr + up + |ug] ™ uy
0
:fl(U7U), QX(())T)a

t
[ve|Pvge — div(pg(\VU|2)Vv) + / h(t — 7)Av(z, T)dT + vs + |ve|" Loy
0
= fa(u,v), Qx(0,7),
u(z,t) =v(z,t) =0, xz€dQx][0,T],
u(z,0) = up(x), wu(x,0)=wui(x), =€Q,
v(z,0) =vo(z), w(z,0)=v1(z), x€Q,

(1.1)

xT

where p > 0, m,r > 1 and p1, p2, f1, f2, g, h are functions satisfying the following
assumptions:

(A1) pi(s) = by + bes? with ¢; > 0 and by, bs > 0; p;(s) > 0, for s > 0.
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(A2) The relaxation functions g and h are of class C'! and satisfy, for s > 0,
g(s) >0, b _/ g(s)ds=1>0, g'(s) <0,
OOO
h(s) >0, b —/ h(s)ds =k >0, h'(s)<0.
0

(A3) Let F(u,v) = alu + v|P*! + 2bjuv|™s" with a,b >0, 1 <p < oo if n=1,2
and 1 <p< % if n > 3. Assume that

oOF oOF

fl(u’v):aiuv f2(uvv):%7

and that there are positive constants cg, ¢; such that
co(JulP™ + [P < Fu,v) < e (JulP* + [ofP*).

Many studies concerning existence of global solutions or their blow-up to system
(1.1)) with p; = 1 are available in the literature. Georgiev and Todorova [5] consid-
ered the single equation

g — Au+ uglug " = |ulP"u,  in Q x (0, 00), (1.2)

and the interaction between the nonlinear damping and nonlinear source term. The
authors showed that the solutions of the system with sufficient large initial data
blow up in finite time if p > m. Messaoudi [§] extended the results of [5] to the case
that the initial energy is negative. Agre and Rammaha [I] extended the results of
[5] by considering an initial-boundary value problem to the coupled wave equations.

In the presence of the viscoelastic term, Messaoudi [9] considered the nonlinear
viscoelastic equation

¢
ugy — Au + / g(t — 7)Au(r)dr + augu| ™' = blulP"ru, Qx (0,00), (1.3)
0

with initial conditions and Dirichlet boundary conditions. He proved that the
weak solution with negative initial energy blew up if p > m when ¢ satisfied some
conditions. Messaoudi [I0] considered the blow-up solution of with a = 1,
b =1 and with small positive initial energy. Song [12] extended the results of [10]
to the case that the initial energy is arbitrarily positive. For other related works
on the viscoelastic wave equation, we refer the reader to [2], 4, [16].

Problem with p > 0 has also been extensively studied. Song [13] investi-
gated the nonexistence of global solutions to the initial-boundary value problem of
the following equation with positive initial energy

t
|u|Pug — Au +/ g(t — T)Au(T)dr + uslug|™ 2 = [u|P"?u, Qx (0,00). (1.4)
0

Liu [7] studied the general decay for the global solution and blow-up of solution to
the equation

t
|ue|Pue — Au +/ g(t — 7)Au(r)dr — Augy = |[u|P2u, Q x (0,00). (1.5)

0
Cavalcanti et al. [3] studied the energy decay for the nonlinear viscoelastic problem

t
|w|Pug — Au + / g(t — T)Au(r)dT — Augy — yAu, =0, Q% (0,00). (1.6)
0
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A global existence result for v > 0 as well as an exponential decay for v > 0 was
established in [3]. When the source term b|u[P~2u appeared on the right side of
system , Messaoudi et al. [T1] proved that the viscoelastic term was enough
to ensure existence and uniform decay of global solutions provided that the initial
data were in some stable set.

For p;(s) = b1+b2s? with ¢; > 0 and by, ba > 0, Wu et al. [14] and [15] considered
the blow-up of the initial boundary value problem (spatial dimension n = 1,2,3)
for the system

Ut — d1v(p1(|Vu|2)Vu) + ue + ‘ut|m71ut = f(u,v), Qx (O7T)a

. ) . (1.7)
v — div(p2(|VU|*) V) + o + |vg|" " o = g(u,v), Q% (0,T).

For a single wave equation with p;(s) > by + bas®, g; > 0, by, b > 0, Hao et al. [0]
studied the global existence and blow up of the solutions.

We note that, in the literature mentioned above, only viscoelastic term was
included in the equation or only nonlinear principal part (i.e. p;,7 = 1,2, are
not constant functions) was included. To the best of our knowledge, there are
no papers considering the blow-up of the equation with both viscoelastic term
and nonlinear principal part. The main goal of our paper is to prove that for
pi(8) = by + be2s? the nonlinear coupled source terms still leads to blow-up of the
solutions though there are viscoelastic terms in the equations. To be more precise,
we prove that when p > max{2q1 +1,2¢g2 + 1} and the relaxation functions satisfy
that max{ [~ g(s)ds, [;° h(s)ds} < b1, the solutions of the system will blow up.
Our method is borrowed partly from [7}[14], but we must overcome some additional
difficulty caused by the complex interaction among the nonlinear viscoelastic terms,
the nonlinear principal parts, the coupled source terms and the nonlinear damping.

2. PRELIMINARIES
In this section, we present some other assumptions and existence result of local
solution. We use the following assumptions:
(A4) p>01fn:1,2and0<p<£ifn23.
(A5) m<p,r<pand p+2<p.
Define the energy function of the system by

1 +2 +2) 1 ' 2
B(t) = = (lallg 3 + Il 3) + 5(1)1 = [ os)as )7l

1 t 1
+*(b1 —/ h(s )dS)HWII2 (goVu)() 5(ho Vo)) (2.1)
0
2(q1+1) 2(ga+1)
+ (q —|— 1) || ||2(31+1) + ( ) || ||2(Z2+1 AF(U,U) dx
Combining the arguments in [5] and [3], and making some slight modification,

we have the following existence of local weak solutions.

Theorem 2.1. Let (A1)~(A4) hold. Then for any initial data ug € W, > 2(Q) N
LPTY(Q), vo € Wy 2T2(Q) N LPHY(Q), there exists a unique local weak solution
(u,v) to the system (1.1)) defined on [0,T) for some T >0, and

u € L=([0,T); Wy 2(Q) n L (),
v e L=([0,T); Wy *212(Q) n LPYH(Q)),
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up € L([0,T); Wy 2 +2(Q) n LPH(Q)),
vy € L([0, T); Wy 222(Q) N LPH1(Q))
wn € L¥(0,T); 12(2)), vy € L(0,T); L3(Q))
Combining the arguments of [5, [I0], the following lemma can be proved easily.

Lemma 2.2. Let (A1)—(A4) hold. And let (u,v) be a solution of (1.1). Then E(t)
satisfies the inequality

m K ]'
E' () = —llwnll® = el = el = ol + 50" 0 Fu)()
. . - 2 (2.2)
+ 5 (0 0 Vo)(t) = 59| Vul — Sh)IVol? <.

Lemma 2.3 ([8]). Suppose p satisfies (A3). Then there exists a positive constant
C(|Q,p) such that

s 1
s < CORLp) (IVull? + ulp D), Vo e HYQ),
where 2 < s <p+1.

In this article, we use ||-|| and ||-||, denote the usual L?(£2) norm and L?(£2) norm,
respectively. Bj is the optimal constant of the Sobolev embedding H{ () — L?(Q).
3. BLOW-UP RESULTS

In this section, we state and prove our main result.
Theorem 3.1. Let (A1)—(A5) hold. ¢ = max{q,q2}. Assume the initial energy
E(0) < 0 and

o0 o0 q
2 1.2 1}.
max {/0 g(s)ds,/o h(s)ds} < p 1b1, p > max{2q; +1,2¢q2 + 1}

Then the solution of (1.1) blows up at finite time.

Proof. We use the contradiction method. Suppose that the solution (u,v) of (1.1)
is global. Then

+2 +1 +2 +1
575 + IVull® + lullbTy + o575 + V0l + ollbiy <€, ve>0.  (3.1)

Set My = maxye (o7 |ulllf1, Mo = maxyejo ) lv]|211, M = My + My. Let H(t) =
—FE(t). Then by Lemma the function H(t) is increasing. Moreover, from
E(0) < 0 and (A3), we obtain

O<H(O)§H(t)§/F(u,v)dz

Q
c1 Pt + Pt de .
< /Qm oy d (3.2)

< ¢; max / |u|PT + |v|PT dx = ¢ M.
te[0,T] Jo
Let us introduce the auxiliary function

L{t) = H' (¢t L/ Pugud / Powda ), 3.3
(0 )+ g (] fulownda + | pulevw d) (33)
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where 0 < e < 1 and

L 1 p=zm por } (3.4)

O<J<min{ - -, ,
p+t2 p mp+1) rip+1)

By differentiating L(t), we obtain
L'(t)
R CEOR e PRy AT
—l—s(/ |ut|puttudx+/ |vt|”vttvdm)
Q Q
- €
= (1= ) H B () + - (23 + )
—= [Vl Val? + pa(| T To?) o
Q
¢ ¢
+ 5/ / g(t — s)Vu(s) - Vu(t)ds dx + s/ / h(t — s)Vu(s) - Vu(t)ds dz
o Jo o Jo
—€ / (uug + vvp + || ™ tugu + |vg| " o) doe + e(p + 1) / F(u,v)dx
Q Q
= (1= B OH() + = (Il 3 + lonl3) = b IVl + [V]?)

+1

2(g1+1 2 —+1
= eba (IVuls 1) + I 9ol3 )

+ E/Q /Otg(t —s)Vu(s) - Vu(t)ds dz + E/Q/ot h(t — s)Vu(s) - Vo(t)ds dz

—€ / (g 4 vvg + || ™ tugu + |vg|" " o) do + e(p + 1)/ F(u,v)dz.
Q Q

(3.5)
Now, we estimate the fourth term on the right hand of (3.5). Let p = min{l, k}.
From the the definition of H(t), it follows that

- bguwuéiql*” b Vol

a+l) q2+1)

1 (q+1 o

Dy - vt

:(Q+1)(2H(t)_2/ F(u,v) dx—|—7 /|ut|p+2dx—|—/ |vt\p+2dx
Q
t
+ (= [ gto)ds) IVulP + (b - / h(s)ds) I 7o]?
X ’ (3.6)

+ (g0 Vu)(t) + (ho Vo)1)

2((]+ 1) 2 2
o (luellg 3 + loells3)

>2(qg+ 1)H(t) + ————=
g+ 1) /Q F(w) dz + (g + (| Vul + Vo)

+(g+D)((goVu)(®) + (ho V0)(1)).
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By Holder’s and Young’s inequalities, we estimate the fifth term on the right

of (3.5)). It yields

/Q /Ot g(t — 5)Vu(s) - Vu(t)ds da

= / / g(t — s)Vu(t) - (Vu(s) — Vu(t))ds dz —|—/ gt — s)||Vu(t)||2
aJo 0
~goVu)0) +5 [ alt=9Ivu)®

Similarly, we obtain
t 3 [t
/ / h(t — s)Vu(s) - Vu(t)dsdr > —(h o Vu)(t) + Z/ h(t — s)||Vo(t)|?.
aJo 0
Therefore, based on (3.6]), (3.7) and (3.8]), we conclude that

L'(t)
- £
> (1= o) HO(OH' (@) + -~ (a3 + lnl13)

—ebi (| Vull® + [|Vol|*) + 2e(q + 1) H(t) + ——— p+2

+ ela + D(IVul? + [ Vo]2) + g+ 1)((g o Vu><t> + (ho Vo)1)

+e(p—2¢—1) /Q F(u,v)dz —e(g o Vu)(t)

+ZE/O g(s)ds||Vu(t)|2 —E(hon)(t)—i—%a/O h(s)ds|| Vo (#)|?

— 5/ (g + vvg + || ™ g + vy " togw) da.
Q

Now we use Young’s inequality and (2.2)) to obtain the inequality
5131 1

2
5 1
do < ZLul]? + = |jw|? < Vull> 4+ = H'(t
/Q|u||ut| e < SHl? + gl < SRR + o H),
2
3 1 3 Bl 1
/Q ollodde < S0l + gl < ST + ),
m+1 57m+1
/ i L [ e
Q m—+1
6m+1 6_m+1
<% m41 , Moy " H(t
7‘+1
B 57-}-1 5*
[t o de < ol Sl
T+1
5T+1 5
< 2ol + C2 )

r+1

2e q+ 1
2D (13 + l13)

hand

(3.7)

(3.8)

p+2

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

where €1, 1, d2 are constants dependlng on the time ¢ and are specified later.



EJDE-2017/78 BLOW-UP OF SOLUTIONS

Since g and h are positive, we have, for any t >ty > 0,

t to t to
/ g(s)ds > / g(s)ds =: go > 0, / h(s)ds > / h(s)ds =: hg > 0.
0 0 0 0

Let x = min {%go, %ho}. Then x > 0. By (3.10)—(3.13)), we obtain

_m41 r41

emd; ™ erdy " EN .,
IR
m+1 r+1 €7

L) = (1= a)H7 () -

1 2(g+1) +2 +2
P V) H(t ( )( , p )
4200+ DI + 27 + ZLED) (g3 + ol 3

Blgl
5 +

(g + 1)~ by - x)(\\wuz +190lP)

H |m+1
m+1

+5(p—2q—1)/QF(u,v)dx—€(

+ea((g0 Vu)(®) + (ho Vo)(1)).

r+1
r4+1

(3.14)

m+1 41
Lete;? =K H 6, ™ =KyH %6, = =KsH 7, where K;, K, K3 > 0 will

be chosen later. Then by (3.2)), we obtaln

Ot = Ky MHO () < Ky e (lullpiy + Il i)™

p+1 p+1 ’
— 1 1
05t = Ky H(t) < Ky e (fullyty + ol

Hence,

emKoH™% erKsH™°
m+1 r+1

L= ((1-o)H(t) -

1 2(q+1) o+2 2
+2eg+ DHE + ey + =07 ) (lllf o+ el 3)

X) (IVul® + [ 7o)

- sKlH*U)H'(t)

+e(plg+1) — by -

+elp—2q— 1)/ F(u,v)dz — E(M(HUHP-H
0 ’ m + 1 ptl
pH1\om ) mtl Ks 01 pH1yor ), ||r+1
+lvllprn) "l + (lallpis + ol ol

+eq((go Vu)(t) + (ho w><t>).
y (A5) and the Sobolev embedding theorem, we have

lullimts < Ballullpyy" < Ba(llullpa + [ollp1)™*,

lollviy < Bsllvllpiy < Bs(llullpa + [ollp1)™

(3.17)
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Using the inequality (a + b)* < By(a* + b*), we have
emKoH™ % erKsH™

L'(t) > ((1 — o) HC(t) - sKlH_")H’(t)

m+1 r+1
1 2(q+1) o -
+2e(q+ V) H(t) + s(pﬁ + ﬁ) (leelZ23 + lrell2)
Blg% 9 )
+E(M(q+1)_b1 - +X)(IIWJII + Vo2
telp—2¢—1) / F(u,v) de -
Q
K_mB5CJm . i
B 5(%<HUIIP+1 + [0l pgr )T PHDHmAL
KﬁTBGC‘”“ . )
%(H“szﬂ + [vllp+1) 7(P+1)+7+1)

+24((g0 V) (&) + (ho V0)(1))

where B5 = BQB4, BG = BgB4.
If we set s = om(p+1) +m+1 and or(p+1) +r+ 1, then by Lemma[2.3] there
exist two positive constants Bz, Bs depending on ||, m, r such that

o 1 1
) 77 EEDF < B (V) + [lulBEY), (3.21)
or 1 r+1
Lol g7 E I+ < By(|Vl|? + [lv]l25).- (3.22)
Thus
L'(t)

emKoH™% erKsH™°
m—+1 r+1

> (L= o)H7 (1) — K H ) H (1)

1 2(¢+1
t2e(q 4 DE) + 2+ XD (o2 4 o)

p+1 p+2
Bié? K;™BsBre{™ K3 BgBgcl" (3.23)
1) — by — - - )
+E(M(Q+ ) ! + m+1 r+1
K5 ™ BsBrc§™
2 2 2 5D7C1
— 929 —1)¢p — —2—o7 0L
x ([Vull® + [Vl )+€((p q—1)co e

K_TBngc‘””
- =2l + o) + ea((g 0 Vu)(®) + (ho Vo)(®).
Using the condition of Theorem [3.1} we obtain u(q + 1) — by > 0. Now, we can
choose K1, Ko, K3 large enough so that the following inequalities hold:

g+ 1) — by 4y DL K" BsBref™ | Ky BoBcf!

2 m+1 r+1

BlMU K_mB5B7C({m K_TBﬁBSCJT
> D—b _ _ _ A3 1 3.24
Zulg 1) =bt x-S m+1 Tt 1 324
S g+ —b
- 2

and
K, ™BsBrc™ K. " BgBsgcd” —2¢9—1
(b -2 1)co — B2 BoBrel™ Ky BB’ (=20 =)o (g o)

m+1 r+1 - 2
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Furthermore, for fixed K1, Ko, K3, Ty > tg, we choose € small enough such that
(l-0)— —— - ——=—¢cK; >0, (3.26)

L(Ty) = H'7(Ty) + ﬁ(/ﬁ e (To)|Pus(To yu(To) da

(3.27)
+/ 0 () P (T0)o (L) dr) > 0.
Q
From the condition of Theorem for t > Ty, we have
L'(t) > ey [H(t) + w535 + IVl + [lullbts (3.28)
+lvell555 + IVoll* + lolbts |,
L(t) > L(Ty) > 0, (3.29)

where

. 1 2(g+1)\ plg+1)—bi (p—2¢—1)c
7=m1n{2(q+1),(p+1+ T2 )7 3 L 5 0}. (3.30)

We now estimate L(t)ﬁ. By Holder’s inequality and the condition (A5), we
obtain

1 +1
| Jo luelPugu d| < fludllp iz llullpra < Bolluellp Do llullps1- (3.31)
Therefore,
= gL =0 %

‘/Q uePugwda) < Bollugl| )45 lull )47 < Bro(lluell, 32 + llull,37),  (3.32)

where i + % = 1. Choosing u = (1_‘;)++2) > 1, we have

0 2

2 < - Pt <p+1l (3.33)

-0 (1-0)(p+2)—(p+1)
. _ 0 .
By Lemma [2.3] taking s = ——, it follows that
l1—0o

6

s < Bu(IVul® + [ulf1). (3.34)
Hence
| /Q P do| 7 < Buo[llwellf 3 + 19l + ulf]. (3.35)
Similarly,

| / [velPvrv de| ™7 < Ballurllf 13 + Vol + wliZH] - (3.36)
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Hence, combining (3.2)), (3.35) and (3.36]), we easily get

1

1
—oc — 1-0o L P P 1—0o
L(t)T (H () + p+1</g|ut| umdm—i—/ﬂ\vﬂ vtvdx))

<277 (H(t) + — (y/ Jue g de| + |/ ol dal) 7
p+1\Jg Q
1 3.37
<22 B [H) + a3+ [Vul? + ull2f] (337
2 1
+ loellg 3 + IV oll? + ol ]
< Cllludllgs + 19l + NulBE + el g3 + 1Vl + 23],
where C depends on ¢y, Bo—DBi4.
Combining ([3.28) and (3.37)), we have
L'(t) > %Lﬁ(t), for t > T. (3.38)
The inequality above implies that L(t) blows up at a finite time T and
C(1—
T < (1=0) (3.39)

eyLo/(=o)(Ty)"
Furthermore, from (3.37) we obtain

. 2 1 2 1
i [uellf 8+ 1Vl + a3+ o223 + 190l + o] = +oo. (3.40)

C(1—o0)

If we choose the T > = TeE obviously, (3.40) contradicts (3.1). Thus, the
solution of problem (1.1]) blows up in finite time. O

Concluding remarks. In this paper, we considered the blow-up of solutions to
a coupled quasilinear system with the nonlinear viscoelastic terms, the nonlinear
principal parts, the coupled source terms and the nonlinear dampings. A sufficient
condition under which the solutions of the system will blow up at finite time is
given. We show that the coupled sources are enough to lead to the blow-up when
the relaxation functions and the nonlinear principle parts satisfy some conditions.
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