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Least-energy Solutions to a Non-autonomous
Semilinear Problem with Small Diffusion
Coefficient *

Xiaofeng Ren

Abstract

Least-energy solutions of a non-autonomous semilinear problem with
a small diffusion coefficient are studied in this paper. We prove that the
solutions will develop single peaks as the diffusion coefficient approaches
0. The location of the peaks is also considered in this paper. It turns
out that the location of the peaks is determined by the non-autonomous
term of the equation and the type of the boundary condition. Our results
are based on fine estimates of the energies of the solutions and some non-
existence results for semilinear equations on half spaces with Dirichlet
boundary condition and some decay conditions at infinity.

1 Introduction

This work is devoted to the least-energy solutions of a non-autonomous semi-
linear problem with a small diffusion coefficient. Considering

2N, —0;
{eAu u+ K(z)uP =0 in Q (1.1)

B(u)=0
where
o Q is a smooth bounded domain in RV,
e K(z)>0in Qis a C* function,
e 1<p<LEIfN>3p>1if N=2,

e B(u) is the boundary operator which is either Dirichlet, i.e. B(u) = u|aq,
or Neumann, i.e. B(u) = %bg, and
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e ¢ is a small parameter,

we would like to understand the behavior of positive least-energy solutions to
(1.1) as € tends to 0.

The problem is motivated by some pattern formation problems in biology.
Keller and Siegel in [6] proposed a model to describe the chemotactic aggregation
stage of cellular slime molds. Let u;(z,t) be the population of amoebae at place
x and time ¢ and let us(x,t) be the concentration of the chemical. Then a
simplified Keller-Siegel system may be written as

% = D1Auy; — xV(u1V(uz)) in Q x [0,T)
8UQ .
e DyAus + k(z,u1,usz) in Q x [0,7T)
t (1.2)
8u1 . 811,2 .
%— Y =0 on 00 x [0,T>
ui(x,0) = ugo)(a:) >0, uz(z,0) = ug))(m) >0 on Q.

We refer to [6] for more information about this model. If we take ¢(us2) = log ug
and k(z,u1,u2) = —aug + b(x)u; with b(x) > 0 on Q, and consider steady
states of the above system, then the system for steady states is reduced to (1.1)
with the Neumann boundary condition. We refer to C. Lin, W.-M. Ni and I.
Takagi [8] for the details of the derivation. Numerical experiments indicate that
(1.2) possesses stable steady states with spiky patterns when Dj is small. On the
other hand, A. Gierer and H. Meinhardt discussed a activator-inhibitor problem
in [4], yielding the so-called Gierer-Meinhardt system. Numerical experiments
there also indicate point-condensation phenomena. Under certain conditions
the Gierer-Meinhardt system can be reduced to (1.1) too. We again refer to (8]
for the derivation. In this paper we shall show that the least-energy solutions
of (1.1) with either the Dirichlet boundary condition or the Neumann boundary
condition develop spiky pattern of single peak as € approaches 0.

The autonomous case of (1.1), i.e. K(z) = 1, with the Neumann boundary
condition has been studied by C. Lin, W.-M. Ni and I. Takagi in a series of
papers [8], [10] and [11]. They proved that the least-energy solutions possesses
a single peak on the boundary of €2 as € tends to 0. The problem of locating
these peaks is finally settled by W.-M. Ni and I. Takagi in [11] where they proved
that the peaks will approach a point on the boundary of €2 which assumes the
maximum of the mean curvature of 9. W.-M. Ni, X. Pan and I. Takagi also
considered the critical case, i.e. p = ££2, in [9] and [12] where they showed
that the least-energy solutions will blow up at the boundary as € tends to 0.

Here we shall focus on the non-autonomous term K (x) and see how it will
affect the shape of the least-energy solutions and the location of the peaks. We
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shall see that when K (x) is nontrivial the location of peaks is indeed dominated
by K(z). Therefore in most situations the effect of K (z) overrides the effect of
the geometry of Q.

Let H be the Hilbert space Wy %(Q) if B(u) = ulgq takes the Dirichlet
boundary condition, or W12(Q) if B(u) = 2%|sq takes the Neumann boundary
condition. Define energy

J.: H> R
by

1 1
J.(v) == [ [E|Vv]? +v?|de — —— | K(z)vt dx 1.3
©) =5 [ 1@ +eldo - —= [ K@t (13)
where vy () = max(v(x),0). Choose e € H, e > 0, e # 0, such that J.(e) = 0.
Then the well known mountain-pass lemma asserts that there is a nontrivial
positive critical point, i.e. a solution of (1.1), u. of J. with positive critical
value ¢, such that

Ce 1= }1Lr61£ tren[(e)t,)li] Je(h(t)) = Je(ue) (1.4)
where T' is the class of all paths h(t) in H connecting 0 and e, i.e. h(0) = 0
and h(1) = e. We refer to [1] for the mountain-pass lemma. It turns out in
Proposition 2.1 that u. does not depend on the choice of e and u. achieves the
least energy among all nontrivial critical points of J, so we call these mountain-
pass solutions least-energy solutions.

To investigate the asymptotic behavior of u., we start with the energy of wu..
Once we obtain the asymptotic behavior of the energy of u. in Proposition 3.1
and 3.2 with the aid a so-called ground state profile (see (2.3)), we shall prove
for the Dirichlet problem

Theorem 1.1 Letting u. be a least-energy solution of (1.1) with the Dirichlet
boundary condition, we have

1. There exist positive constants C1 and Cy independent of € such that

C1 < |uell Lo () < Ca.

2. For € small enough ue has only one local mazimum point P. with

lim e !dist(P., 9Q) = oco.
e—0

3. If P is a limit point of {P.} as € — 0, then

K(P)= I;leaé( K(x).
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The story for the Neumann problem seems more complicated. Depending
on

max K (z) > 2" max K(z)

z€Q z€0N
or )
pP_-
max K(z) < 277 max K(x),
zeQ z€0N
we have

Theorem 1.2 Let u. be a least-energy solution of (1.1) with the Neumann
boundary condition. Assuming

max K (z) > 2" max K(z),
z€Q €00

we have the following:

1. There exist positive constants C; and Co independent of € such that

C1 < |Juellze () < Ca.

2. For € small enough u. possesses only one local mazimum point P. which
stays away from the boundary of 2 as e — 0.

3. Every limit point of {P.} as € = 0 must be a mazimum point of K(z) in
the interior of €.

Theorem 1.3 Let u. be a least-energy solution of (1.1) with the Neumann
boundary condition. Assuming

max K (z) < 2% max K(z),
z€Q €00

we have the following:
1. There exist positive constants C7 and Cy independent of € such that

C1 < ue|lp= ) < Co.

2. For € small enough u. possesses only one local mazimum point on the
boundary of €,

3. Every limit point of {P.} as € — 0 must be a mazimum point of K(x)
restricted on OS).

We shall also see the shape of u. in the proofs of these theorems. I would like
to mention that in the works [13] [14] of J. Wei and myself spiky patterns have
also appeared in some different problems with the parameters in the exponents.

This article is organized as follows: After some preliminaries in section 2,
we shall describe the energy of u. in section 3. Then we shall prove Theorem
1.1 in section 4 and Theorem 1.2 and 1.3 in section 5.
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2 Preliminaries

We first give an alternative description of the least energy solutions to (1.1)
which implies that the mountain-pass solutions have the least energy among all
nontrivial critical points of J.. The proof of the equivalence is identical with
the proof of Lemma 3.1 in [10]. We include it here for completeness.

Lemma 2.1 Letting ue be a mountain-pass solution of (1.1) with either the
Dirichlet boundary condition or the Neumann boundary condition, then we have
that Je(u.) does not depend on the choice of e where e > 0 with e Z 0 and
Je(e) = 0 is the base point in the mountain-pass lemma. Furthermore, Jc(u¢) is
the least positive critical value of J. and characterized by

Je(ue) = inf{Mv] :v € Hv#0and v >0 in Q} (2.1)

where

M{v] = sup J(tv) = max J(tv).
t>0 120

Proof. Let v € H be non-negative with |[{z : v(z) > 0}| > 0. Putting
he(t) := Je(tv)

for t > 0. We note that h.(t) has a unique positive critical point.

Now fix a non-negative function e # 0 in H with J.(e) = 0 and apply the
mountain-pass lemma to obtain the critical value c.. Let u. be a critical point
of Je with Je(ue) = ce. Since u > 0 and J.(u¢) = 0, it is clear that M[uc] = c.
and hence

ce > inf{Mv]:ve Hyv#£0 andv >0 in Q}. (2.2)

Suppose that the strict inequality holds in (2.2). Then there is a non-negative
function v, # 0in H such that

M. < ce.

(From the above observation we know that there is T, > 0 such that e, := T, v,
satisfies Je(e.) = 0. Consider the set V1 := {de + pe, : A, u > 0} and the
two dimensional subspace V of H spanned by e and e,. Let S be a circle with
radius R so large that for R > max(|le|, ||e«]|) and J. < 0 on SNVT. Let v
be the path consisting of the line segment with endpoints 0 and Re./|/e.]|, the
circular arc SNV and the line segment with endpoints Re/| e and e. Clearly
~ belongs to I' defined in (1.4). It is also easy to see that, along v, J. is positive
only on the line segment joining 0 and e,. Hence by the definition of M|[v.] one
finds that

max J(v) = M[v.] < ce
vey
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which is inconsistent with (1.4). Thus the inequality in (2.2) becomes equality.
Since any nontrivial critical point of J. must be positive by the Hopf lemma,
the characterization (2.1) shows that ¢, is the least positive critical value of J,
and the proof is now complete. O

It will be shown later that for most K(x) the unique solution w to the
following ground state equation

{ Au—u+u? =0in RN

u >0, lim)y 00 u(z) = 0 and Vu(0) = 0 (2.3)

serves as an asymptotic profile for u.. We collect some well-known facts about
w. The proofs of these facts can be found in M. Kwong [7].

Proposition 2.2 1. (2.3) has a unique solution in W12(RYN).
2. w is spherical symmetric: w(z) = w(r) with r = |z| and %2 < 0 for r > 0.

3. w and its derivatives decay exponentially at infinity, i.e. there exit positive
constants C and p such that |Dw| < Ce "%l for all z € RN with |a| < 1.

We also adapt a non-existence result of M. Esteban, and P. Lions [2] for
some unbounded domains with a sketch of their proof for completeness.

Proposition 2.3 Let Q be a unbounded smooth domain in RN so that there
ezits X € RN |X| =1, such that (v(z), X) > 0 and (v(z), X) # 0 where v(z) is
the outward unit normal vector at x € 0Q. (Notice: Half space (RN)T satisfies
the condition about Q). Suppose u satisfies

Au+ f(u) =0

inQ,uec C*Q), u=0 ondQ where f is a locally Lipschitz function on RN with
f(0) = 0. If, in addition, Vu € L?(Q2), F(u) € L*(Q) where F(t) = fot f(s)ds,
then we have necessarily uw =0 in Q.

Proof. Multiplying the equation by 37“ and integrating it by parts over QN Bg

where Bp, is the ball centered at origin with radius R, we obtain

ou
0=A;BJAu+fWM&W

oOF 0 Oou 0
onBr  OTi Ox; a@nBy) 0T OV
where v denotes the outer normal of the domain.
Let v(z) = (v1(x),va2(z),...,vn(z)). Integrating by parts and Vu = % on

01 yield
[ [ raue = [ R
onBr 0% 8(QNBr) QNoBx ||
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0 1
[ v =5 [ VuPu)
QNBr Ozi" 2 Jo@nnng)

Ou Ou Ou Ou 9
= — + |Vul?v;(z).
a@nBr) 0% OV Jappna 0%i OV Jognp,
1/ 2 / zi 1 om Oudu
—— Vul“v;(z) = Fu)— — =|Vul*— + —].
2 amBR| i) QmaBR[ ( )96 2| | x Oz 8y]

We then obtain

| WWMMg/

OQNBRr OBRN

Hence

1P ()| + S (9up]

Since Vu € L?(Q), F(u) € L*(Q),

/ / |Vul?v;(z)dsdR < / / [F(u)+ §|Vu|2]
o Joansg o JoBrno 2

= [P+ 517uP] < .

So there exists { R;}32, such that as j — oo, R; — oo and
/ |Vu|?v;(x) — 0.
8QQBRJ

lim (v(x), X)|Vul* = 0.

j—oo (?QOBRJ.

Now we have

This implies that Vu = 0 on a open subset of 92 by our assumption on ).
Applying the standard theory of unique continuation, we conclude u = 0 on €.
O

3 On the Energy of u,

We start to investigate the energy of u.. For the Dirichlet problem we have

Proposition 3.1 Let u. be a least-energy solution of (1.1) with the Dirichlet
boundary condition. Then

lim eV J. (ue) = [max K(m)]_%f(w)

e—0 z€Q
where . )
I _ 2 2 dr — P+1d
(w) 2/RN[|Vw| + w|dx o1 RNw x

and w is the ground state solution defined in (2.3).
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Proof. Fix a point O € Q to be determined later. Let r1, 72 > 0 such that
B, = B,,(0) C Q C By = B,,(0). Define

Jo: Wo(By) — R

by
1 1 . 1
Je(v) = 3 /B1 (€| Vv]? + v?]dx — iy [xlélgrll K (z)]oh da.
Also define o
J.: Wy%(B2) = R
by
— 1 1
T (v) = —/ [€2|Vu|]> +v?]de — —— [ [max K(m)]vﬁ“dm.
2 /B, p+1JB, zend

Through trivial extension, we may write
Wo*(Br) € Wy (90) € Wy (Ba).

Therefore with the aid of Lemma 2.1 we conclude

Je(@e) < Je(ue) < Je(u,) (3.1)

where u, is a least-energy critical point of Je and 7. is a least-energy critical
point of J.. Therefore u, solves

Au — u+ [mingep, K(z)uP =0
u|331 = 0

and u, solves

{ Au — u+ [max, g K (z)u? =0

u|332 = 0.

Now we can focus on J.(u,.) and Je(U.). Let w, = u (ex + O), We = Ue(ex +
0). Observe that w, solves

Ay —u + [mingep,, K(z)u? =0in B.-1,,
_ ! (3.2)
u|8Be_l7‘1 = 0
and w, solves
Au—u —l—[_maxmeﬁ K(z)u? =0 in B.-1,, (3.3)
u|336717.2 = 0.

It is well known that any positive solution to each of the above two equations
is radially symmetric, (see [3]).
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Claim: )

— [min K(z)]" 7 Tw;

w
EGBrl

€

W, — [max K(x)]fp_ilw
€N

in WH2(RN) and C%(RN).
We shall only prove the convergence for w,; the other part follows in the
same way. From the characterization in Lemma 2.1 we conclude that

1 2 2 1 : p+1
Lw,) =3 /B L vupalee- o [ g Kol

is non-increasing in ¢ as € tends to 0. Since w, is a solution of (3.2), we have,
by multiplying (3.2) by w, and integrating by parts,

/ [|Vwe|2+wz]dm:/ [ min K (z)Jw?™dz.

Be_lrl Be_lrl xEBTl

Hence ) )
I =(z-—— 2+ w?]da. 4
w) = G- [ 7w (3.4)

(From the fact that I.(w,) is decreasing in ¢ and (3.4) we conclude that
{w,} is bounded in W12(RN). A standard boot-strapping argument shows
that {w,} is bounded in C’l2 CY(RN). For the sake of completeness we include the
boot-strapping argument here.

Since {w,} is bounded in W12(RY), also in L?"(B,) for all > 0 where 2*
denotes the Sobolev conjugate of 2, therefore {w_} is bounded in W?2?1(B,_;)
with p; = 2*/p > 1 by the interior elliptic L? regularity theory (see, for example,
[5]). Sobolev embedding theorem implies that {w.} is bounded in LPi(B,_1).
If we use the above argument successively, we can show that after k = k(N p)
times, {w,} is bounded in WPk (B,._;) with py > N/2. By the Sobolev embed-
ding theorem {w_} is bounded in C*(B,_y) for some o > 0. Now applying the
interior Schauder estimate, we conclude that {w.} is bounded in C%%(B,_y),
hence bounded in C2*(RYN).

loc
Passing to a subsequence if necessary, we have

w, —w

. 2, N /
in C),7(R"Y) where w' solves

Au —u + [mingep, K(z)juP =0
u >0, limj, e u(z) =0, Vu(0) = 0.



10 Least-energy Solutions EJDE-1993/05

Notice that here we say w’ > 0 because

202 (i K]

by the maximum principle. From the uniqueness result in [7], we have

N — 5
w' = [Jé%?l K(2)] 7 Tw;
hence
1
w, — [ min K(z)]"?Tw in C’lQO’?(RN).
T€Br
To show
1
w, — [min K(z)]" 71w in WH?(RY),

TEBr

we need only to show
— . __1
lim flw, w2 vy < ”[Jé%?l K ()] 7 Twllwiz gy

Using Lemma 2.1 again with the test function

1 1
in K(z)]"7Tw — [min K(z)] 7 Tw(e?
[min K (2)]" 77w — [min K(z)]" 7= w(e™ ),

we have

L(w.) < M[min K (2)]"7 Tw — [min K(2)]" 7 Tw(e 'n)] =

2 1 1

Z in K — =T qp|2 in K — =1

max{ /B_l [Vnin K ()] 7= w|" + [[min K (z)]" 77w
€ 1

~[min K (2)] 7T w(e'r)[*)da

i !
- in K in K (z)] 7
" / 1 Lmin K(@)][min K(z)]">Tw

1

e

~[min K (a)] "7 Tw(e )P de).

It is easy to see that the maximum is obtained at

_ Jos IV it

1/(p—1)
T o wetmpa
e~ ry

t =1
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By Proposition 2.2 (3), we see

2 2
limt, = [fRNva| tw ]]1/(17*1) 1.
e—0 fRN U)p+1

Using Proposition 2.2 (3) again, we have
2

lim M ([min K (2)] 77w~ [min K (2)] "7 Tw(e ') = [min K ()] 7T I (w);

hence

. 2
: i s
lim /e (w,) < [Jé%?l K(z)]" 71 1(w),

and by (3.4)

T . __1_
lim [, [[w.2(rv) < ”[Jé%?l K(z)]" 7 wlwrzry).

So we have proved the claim.
It follows from the claim that

2

ti e~ () = [min K(@)] 7T1(w); (3.5)
liII(l) e NJ.(u.) = [max K(a;)]_ﬁ I(w). (3.6)
€e— e

Therefore (3.1) implies

[max K(x)]fﬁl(w) < liminfe NJ. (ue)

€ e—0
< limsup e Y J (uc) < [ min K(a;)]_ﬁf(w). (3.7
e—0 z€Br,

Now if we choose O = O,, €  such that
0, >PeQ

where max g K (z) = K(P) and choose 11 = r1, = 1dist(Oy, Q) — 0, then
as n — 00, (3.7) implies

lim e NV J. (u.) = [max K(m)]_%l(w)

e—0 zeQ

O
Next we turn our attention to the Neumann problem. We prove

Proposition 3.2 Letting u. be a least-energy solution of (1.1) with the Neu-
mann boundary condition, then we have the following:
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1. If
p—1
max K(z) > 277 max K(x),
z€Q €00
then L ,
lime N J, (ue) < [max K (z)]” 71 I(w).
e—0 zeQ
2. If
p—1
max K(z) < 277 max K(x),
zeQ z€0N
then

_ 1 2
ime~ <= 1
lime™ " Je(ue) < 5[max K ()] 77 I(w).

Proof of Part 1. Let P € () such that K(P) = max, g
this case maximum of K must be achieved in 2. Define

K(X). Notice that in

we = ue(ex + P)

forx € Q. ={z € RN : ex + P € Q}. Notice that (2, is expanding toward RY
as € = 0. Let w.(x) = [K(P)]_P_ilw. Define

1 1
L(v) = 5/9 [|Vv|2+v2]—m/9 K(ex + Pyor+.

€

Hence
M (w,) == max I (twy)

— et [ (Vw2402 - T [ K(er + Put)
_1?33{ 9 o Wy W, p+1 o ET Wy, .

Observe that the maximum for ¢ is obtained at

. fge Vw.* +w?

te = =1 — 1
[fQ K(ex + P)wa]

by Proposition 2.2 (3). Using Proposition 2.2 (3) again, we have, with the aid
of the Lebesgue domination convergence theorem,

1
lim M, (w,) = —/ [[Vws|* + w?] — K(P)wf™!
e—0 2 RN

p+1 RN

2

= [K(P)] 7T I(w).
But by Lemma 2.1, we have

e N (ue) = I (uc(ex + P))
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2

< M.(w.) - [K(P)] 57 I(w),

so we have
limsup e N J (ue) < [K(P)] 71 I(w) = [max K (z)]" 71 I(w).
e—0 €N

Proof of Part 2. 1In this case we shall construct a test function on the boundary
of Q. Let P € 0 such that K(P) = maxgzepq K (). Without the loss of gener-
ality, we can assume P = (0. Then we introduce a map ® from a neighborhood
of P = 0 to a neighborhood of 0 flattening the boundary of Q around 0. We
may suppose

®: U~ (RN)T
where U is a neighborhood of 0 in @ and (D®);;(0) = d;;. Then we let n

be a smooth cut-off function in (R™)* which is 0 outside ®(I/) and 1 in a
neighborhood of the origin in (RY)*. Let

u*<x>={ [max con K (2)] 7T w(c n(e®(x))2(2)), if v € U
‘ 0 in Q\U.

‘We now define the test function

w () = ug(ex)

in . where Q. = {z € RV : ex € Q}. Then as in the proof of part 1, define

1 1
I.(v) = 5/Q [[Vv|* 4 v?] — pal A K(eac + P)oPTt,

Hence
M (w}) —max]( ")

t2 * |2 tp+1
= max{ E[IVweI W)= 0T

/ K(ex 4 P)(w*)P}.

A careful analysis, like the formula (3.10) in the proof of Proposition 3.3 [10],
of w} shows that
Jo VUil + @
fQ K(ex + P)(w¥)rt!
1 1

Sy IK(P)] 7TVl + ([K(P)] 7 Tw)?

— (EY) 71 =1
Jipnyr K(PY(K(P)] 7T w)r+!

as € — 0 where t. assumes the maximum of I (tw}). Then we conclude with
the aid of the analysis of w} that

te=|

lim M. (w})
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/ (K (P 7Vl + (K(P)] 7T w)?]
(RN)*+

1
p+1Jrvy+

1
2

[K(P)] "7 1wt

But by Lemma 2.1, we have
e N (ue) = I (uc(ex + P))

< M(w?) = S[K(P)|" 77 I(w),

so we have

[K(P)) 77 I(w) = < [max K (2)] 71 I(w).

1
li TN Je(ue) < =
P ) = 5

O

Remark 3.3 The inequalities in the conclusions of Proposition 3.2 are indeed
equalities. See Remark 5.1 after the proof of Theorem 1.3.

4 Proof of Theorem 1.1

Proof of Part 1. Let P. be a local maximum of v, Then the maximum principle
implies
ue(Pe) = [max K ()] 777,
zeQ
;From Proposition 3.1 we know w,(x) = uc(ex + P.) is bounded in W12(RY).
Then the standard boot-strapping argument plus the elliptic regularity implies
that w, is uniformly bounded in R; hence u. is uniformly bounded in Q. This

proves part 1. O

Proof of Part 2. Suppose ¢, dist(P.,,0Q) < R for a sequence €, with €, — 0
and R > 0 independent of €,. We denote P, by P, for simplicity. Let @, € 02
such that dist(P,,Q,) = dist(P,,9Q). Take ®, to be a map flattening 9N
around @,. So ®, maps a neighborhood of @, to a neighborhood of 0 in
(RNt := {z: zy > 0}. We may further assume Q,, — Q. Then v/, (z) =

un (@, ) solves
e (n) 1yig (n) ryi 1 -
5 ij DYu+b;"D'u —u+ K(® " (z))u? =0

in a neighborhood of 0 in (R™)* where al(;) and bgn) depend on n but their C*
norm can be bounded uniformly from both below and above and the ellipticity
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of a;; are also bounded from below and above. Indeed we make ®,, appropriate
so that aE;L)(O) = 0;; and bgn)(O) = 0. See [10] section 4 for details.
Then wy,(z) = ul,(ex) solves
agl)(ea;)Diju + bgn)(ex)Diu —u+ K(® Hz))u? =0
in an expanding domain of (RM)*. Letting n — oo, we see w, — w' in

CE(RN)T) where w' solves

Au—u+ K(Q)uP =0 in (RV)*
u=0on {z=(z1,..,2n5) € RN : zx =0}.

We observe that since ¢, !dist(P.,,0Q) < R, €, ®(P,) stays in Bg(0). But w,
gets a local maximum at €, 1®(P,), so
wn (e B(Py)) > [max K ()] 77
e}

hence w’ # 0. However since w’ has finite WH2((RN)*) norm, w' = 0 by
Proposition 2.3. We reached a contradiction, so we have proved

lim e~ !dist(P., 9Q) = oo. (4.1)
e—0

Assume u,, has two local maximum points P,, and P), for a sequence €,, — 0.
We first claim
lim e, 'dist(P,, P)) = oc. (4.2)

n—00

Again passing to a subsequence if necessary we suppose that there exist {P,},
{P!} and R independent of n such that

€, tdist(P,, P.) < R. (4.3)
As before we set wy, (z) = ue, (ex + P,). Because w,,(z) solves

{ Au—u+ K(epz + Py)u? =0in Q,
U

o, =0

where
Q, — RN

in the obvious sense, we conclude with the aid of part 1 and Proposition 3.1
that )

wy, — [K(P)]" 7 Tw (4.4)
in C%(RN) where P is a limit point of {P,}. Since [K(P)]fﬁw has only one
critical point at 0 which is non-degenerate, w,, can not have any other critical
point except 0 in Bg. This contradicts (4.3), so we have proved (4.2).
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Now consider the energy of w,. Defining energy I,, for w,, by

1 1
In(’U) = 5/{; [|V'U|2 + 'UQ]dJ} — m/ﬁ ’Uf—‘rldl',

we have 1 1
In(wn) = (5 - m)”wnﬂng(gn)
1 1 9 9
2 (5 - m)(”wnnww(&) + [lwnllir2(p,))

where By = B, ((P,), Bs = B,,(P)) and r, = dist(Po.P) gince Ty — 00,

n\L'n e

repeating the construction leading to (4.4) for both P, and P/, we have
1
wn (e, @ + Po)ls, — [K(P)]" 77w

wn (e 'z + PL)|p, — [K(P')] 7w

in C’i)’?(RN) where P’ is a limit point of P). Hence

. . 1
timinf [ |32 2 20K ()] 77wl

Therefore
liminf e, ™ J,, (uc,) = liminf I,, (wy,)
n—oo n—oo
1 1 9 2
> 2(5 — S)llwlliyre = 2[max K (z)] " 72 I(w)
2 p zEN

which contradicts Proposition 3.1. The proof of part 2 is now complete. O

Proof of Part 8. Suppose that there is a sequence {P., } of {P.} with
P,:=P. P

where K (P) < max__g K (z). Consider

z€Q
wn () 1= ue, (enx + Pp)
in Q, ={z € RY: e,z + P, € Q}. ;From part (2) of this theorem, we know
0, — RV.
Then a boot-strapping argument again shows that
wy, = w'
in Cfo’co‘(RN) and w’ is a positive solution of

Au—u+ K(P)u? =0



EJDE-1993/05 Xiaofeng Ren 17

which decays at infinity. Therefore the uniqueness result in [7] implies that
w = [K(P)]_ﬁw. Hence

wy, — [K(P)] 71w
weakly in W12(RY) by the Fatou’s lemma, so

1

. -N IR TI 2
liminfe ™ Je, (ue,) = liminf(5 — m)”wn”WLZ(RN)
1 1 1 9 2
> (5 - m)H[K(P)] P2 gy = [K(P)] 711 (w)

> [max K(m)]fﬁ I(w).
ze
But this is inconsistent with Proposition 3.1, so we have proved part 3. O

Remark 4.1 If function K(z) has only one local mazimum point P on the
boundary of ), then the peaks of least-energy solutions have to converge to P
by Theorem 1.1 (8). But from Theorem 1.1 (2), we also know that those peaks
converge to P slowly.

5 Proof of Theorem 1.2 and 1.3

Proof of Theorem 1.2.

The proof of Part 1 is identical with the proof of part 1 of Theorem 1.1.
One applies the maximum principle to get a lower bound for u. and the boot-
strapping argument to get an upper bound for u.. We leave the details to
reader.

To prove part 2, we first prove that P, stays away from the boundary of (2.
Suppose P., — P € 01 for a sequence €,. We consider two cases. First assume
lim e, 'dist(P., , P) = oo.

€n—0
Then with the aid of a boot-strapping argument as in the proof of Proposition

3.1, we know
1

U, (enz + Pe,) = [K(P)]” —Tw
in C2*(RN). Hence

loc

liminf e, NV J., (ue,) > [K(P)]_%I(w) > [maxK(a:)]_%I(w)

€n,—0 " z€Q
which contradicts Proposition 3.2. Here the last strict inequality follows from
the assumption

max K (z) > 2" max K(x).
z€Q z€dQ
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Next we assume
e, dist(P.,,P) < R

for some R > 0 independent of €,. Again by the boot-strapping technique, we

know )

e, (enx + P.,)) — [K(P)] 71w
in 02’a((RN)+). Hence

loc

1
liminf e, N J., (ue,) > = [K(P)] 77 I(w) > [max K (z)]” 711 (w)
en_}() n n 2 ajeﬁ
which again contradicts Proposition 3.2. The last strict inequality is exactly the
assumption

max K(z) > 2" max K(x).
z€Q z€0N
Therefore all local maximum of u. stays away from the boundary of €.

Now we show that u. has only one local maximum for € small enough. Sup-
pose P., and P! are two local maximum for a subsequence {e,}. As in (4.2),
we know

egglo e, 'dist(P.,, P! ) = cc.
If
Jim, e dist(P,, PY,) = oo,

we can proceed as in the proof of Theorem 1.1 part 2. Consider the energy of
ue,, and conclude

liminf Je, (ue,) > 2[max K(m)]_% I(w)

€n—0 zeQ

which contradicts Proposition 3.2. So we proved part 2.
Finally we let P € Q be a limit point of {P.,}. Then since

1

e, (enx + P.,) — [K(P)] 7 Tw

in C2*((RN)1), we have by the Fatou lemma

loc

liminf J., (uc,) > [K(P)]” 71 I(w). (5.1)

€n—0

It follows from Proposition 3.2 that

K(P)= r;leaé( K(x).

O

Proof of Theorem 1.3.
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The proof of this theorem is similar to the proof of Theorem 2.1 [10], so we
shall be very sketchy. The proof of part 1 is again identical with the proof of
part 1 of Theorem 1.1. We omit it.

To prove part 2, we first show that for a local maximum P. of u,

e dist(P.,00) < R

for some R independent of e. If this is not the case, we can prove that

1

ue, (enz + P.,) = [K(P)]” 1w

for a sequence {uc, } in C’fo’ca (RY) as in the proof of Theorem 1.1 part 2 where
P is a limit point of {P._ }. Therefore as in the proof of Theorem 1.1 part 2 we
have
liminf e, V., (ue,) 2 [K(P)] 71 I(w)

which contradicts Proposition 3.2.

Now we need to know that any local maximum point P. must be on the
boundary of € if € is small enough. We can follow Step 2 of the proof of
Theorem 2.1 [10]. The basic idea to prove this fact is to show that after a

diffeomorphism
1
uc(ex + PF) = [K(P)]” 1w

in C’i)’ca((RN)"’) where P € 99 such that dist(P., P) = dist(P, 99Q). Therefore

since 0 is the only critical point of [K (P)]fﬁw which is non-degenerate, P

has to be the only critical point of . if € is small. So we conclude P* = P, i.e.
P, € 09.

Next we show that u has only one local maximum if € is small enough.
Assume that P, and P! are two local maximum of u., with €, — 0. Then as

in the proof of Theorem 2.1 [10] we can show that

liminf €N . (u.,) > zé[K(p)r%I(w) — (K (P)]" 7 I(w)

€n—0
which again contradicts Proposition 3.2. Finally let P be a limit point of {P,}.

Assume
P, — PeoQ

as n — 0o. Then after a diffeomorphism

1

U, (enz + Pe,) = [K(P)]” —Tw

in C2%((RN)T). Therefore by the Fatou’s lemma

loc

liminf e, NJ. (ue,) >

1 2
minf e " J, S (P) 7 I w). (5:2)
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Then Proposition 3.2 implies

K(P)= max K(x).

O
Remark 5.1 (5.1) and (5.2) show that in the Neumann problem when

max K (z) > 2" max K(z),
z€Q €00

lim inf e N J (uc) > [max K(m)]fﬁ I(w),
e—0 zeQ
and when

p—1
max K(z) < 277 max K(x),
zeQ z€0N

1 2
. _N > = -2 )
111611_3(I)lf6 Je(ue) > 5 [arzlé%}fil K(z)] I(w)
So the inequalities in Proposition 3.2 are actually equalities with lim replaced by
lim.

Remark 5.2 The border line case max, g K(x) = 257 maxgeon K (x) for the
Neumann problem seems quite interesting to me. I don’t know if the geometry
of Q will come out and affect the location of the peaks in this case.
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