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POSITIVE SOLUTIONS FOR SINGULAR SEMI-POSITONE
NEUMANN BOUNDARY-VALUE PROBLEMS

YONG-PING SUN, YAN SUN

ABSTRACT. In this paper, we study the singular semi-positone Neumann bound-
ary-value problem
—u" +m?u=Af(t,u) +g(t,u), 0<t<1,
u'(0) = /(1) =0,
where m is a positive constant. Under some suitable assumptions on the
functions f and g, for sufficiently small A, we prove the existence of a positive

solution. Our approach is based on the Krasnasel’skii fixed point theorem in
cones.

1. INTRODUCTION

In this paper, we shall study the following singular semi-positone Neumann
boundary-value problem (NBVP)

—u’ +mPu = Nf(t,u) +g(t,u), 0<t<l1,

u/'(0) = /(1) =0, (1.1)

where m > 0 is a constant, A > 0 is a parameter, f : (0,1) x [0, 4+00) — [0,400)
and ¢ : [0,1] x [0, +00) — (—00, +00) are continuous.

We say problem is singular because f may be singular at t = 0 and/or ¢t = 1.
When g¢(t,u) # 0, problem is a semi-positone problem, this situation arises
naturally in chemical reaction theory [§]. In recent years, attention has been paid
to in the case of g(t,u) = 0; see, for example, [11], 12} 13] and the references
therein. Attention has been paid also to the semi-positone boundary-value problem;
see, for example, [6] [7, 9] and the references therein. As far as the authors know,
there are no existence results for the singular semi-positone NBVP. Recently, Xu [9]
studied the existence of positive solutions for the singular semi-positone boundary-
value problem

u + f(t,u)+qt) =0, 0<t<l,
u(0) =u(1) =0,
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where f:(0,1) x [0, +00) — [0, +00) and ¢ : (0,1) — (—o0, +00) are continuous.
Motivated by the papers mentioned above, we study the existence of positive
solutions for the singular semi-positone NBVP (1.1, and give an explicit interval
for A\. Our results can be regarded as an extension and improvement of the corre-
sponding results of [12] [13]. The paper is organized as follows. In Section 2, we
present some lemmas that will be used to prove the main result and Krasnasel’skii
fixed point theorem in cones. In Section 3, we prove the main result of this paper.

2. PRELIMINARIES

We consider problem in the Banach space F = C[0, 1] equipped with the norm
lull = supyepoq1y [u(t)]. Let G(t,s) be the Green’s function for the Boundary-value
problem

—u" +miPu=0, 0<t<l,
, , (2.1)
u'(0) =u'(1) =0.
Then
p(s)p(l—t), 0<s<t<l,
p)p(l—s), 0<t<s<1,

(emt+e~™t). Tt is obvious that ¢(t) is increasing

where p = fm(e™—e"™), (t) = 3

2
on [0,1], and

G(t,s) < G(s,s), 0<t,s<1.
Lemma 2.1. Let G(t,s) be the Green’s function for the NBVP (2.1)).
(1) Assume that 0 <6 < 1, then
G(t,s) > MyG(s,s), 6<t<1-0,0<s<l1.

where , ,
My = ﬁ.
e'ﬂl + e—m
(2)
G(t,s) > Cp(t)e(l —t)G(to,s), t,to,s €[0,1],
where C = 1/p2(1).
Proof. (1) Let t € [8,1 — 6]. For s <,

G(t,s)  o(1—1t) S 0(0)  em? 4 emm?

= = = M.
G(s,8)  (l—3s) ~ (1) em 4 e=m o
If t <s, then
mo —mé
Glt.s) _o(t) S o(0) _ e +em™ 40
G(s,s)  o(s) — (1) emte™
Thus

G(t,s) > MpG(s,s), 0<t<1-6,0<s<1.
(2) When t,tg < s,

G(t,s) ol —35)  pt)p(l—1)

G(to,s)  @(to)p(1—s)  o(to)p(l —1t)

> —rgyetiell— 1) = Coltpll — 1)

A}
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If t < s <t
G(t,s) _ pM)p(l=s)  wt)pd—t) »1—s)
G(to,s)  w(s)p(l—to)  @(s)p(l—1) ¢(1—to)
1
> cpQ(l)w(?ﬁ)w(l —t) =Co(t)p(l—1).
If to <s< t,
G(t,s) _ p(s)p(l—t)  o(t)p(d—t) »(s)
G(to,s)  elto)p(l—s)  @(t)p(l—s) ¢(to)
> —rgetell =) = Coltipll — 1)
For s <, ¢,
Glt,s) _ pls)p(l—1t)  o(t)p(l—1)
G(to,s)  w(s)p(l—to)  @(t)p(l—to)
1
> S02(1)«9(2?)%0(1 —t) =Co(t)p(l—1).
Therefore,
G(t,s) > Cpt)o(1 —t)G(to,s), t, to, s€[0,1].
O

This completes the proof.
Lemma 2.2. Let y € C((0,1),[0,00)),0 < fo s)ds < co. Then the NBVP
—w’" +mPw=y(t), 0<t<l,

/ (/ ) (2.2)
w'(0) =w'(1) =0,

has a unique solution w and there exists a constant C, such that

w(t) < Cypt)p(l—t), 0<t<1. (2.3)

Cllwlle®)e(l —t) <
Proof. Tt is obvious that w(t) = fl G(t,s)y(s)ds is the unique solution of ( .
fo (to, s)y(s)ds. By Lemma

First, let tg € (0,1) such that ||w|| = w(to)

t)z/o G(t, s)y(s)ds

1
> / Copt)p(1 — 1)G(to, s)y(s)ds
0

=Cop(t) 1—t/Gt0, ds

= Co)p(1 = t)[Jw]],

have
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which is the first inequality of (2.3). On the other hand,
1
w(t) = / G(t, s)y(s)ds
0
1t

1
_1 / (sl —t>y<s>ds+% / (D)o (1~ 5)y(s)ds

p
1 ! 1 !
< 2o1-060) [ )i+ Le0p-0) [ (s)ds
P 0 P t
1
— 2o - 0p() [ u(s)ds
p 0
By setting
1 1
¢, =+ [ ws)ds
P Jo
then the second inequality of (2.3)) is proved. |

Remark 2.3. From Lemmawe know, if y(t) = M, then C, = Cpy = 4

P
We make the following assumptions
(H1) f(t,u) < p(t)g(u), where p : (0,1) — [0,400) and ¢q : [0,400) — [0,400)
are continuous.
(H2) |g(t,u)| < M, where M > 0 is a constant.
(H3) 0 < fol G(s,8)p(s)ds < +o0.
(H4) lim, oo L& =
Let

+00 uniformly on any compact subinterval of (0, 1).

CT[0,1] ={u e C0,1] :u(t) >0, 0 <t <1},

= : 10,1 i > .
K={uiueCH0,1, min u(t) 2 Mol

It is obvious that C*[0,1] and K are cones of E. Let v(t) be the solution of the
boundrary-value problem

" +mPv=M, 0<t<]1,
v'(0) ='(1) = 0.
By Lemma v(t) < Cpre(t)p(l —1t) = %go(t)g@(l —t). Set
y(t) =0
0, y(t) <0,
F(t,u) = Af(t,[u—2]")+ gt [u—v]")+ M, 0<t <1,
Consider the boundary-value problem
—u +m?u=F(t,u), 0<t<l,
v (0) = /(1) = 0.
It is no difficulty to prove that u = ug — v is a positive solution of if and only

if ug is a positive solution of (2.4)) and wuo(t) > v(t), 0 <t < 1.
Define an operator Ty : C*[0,1] — C*[0,1] by

0<t<l1,

(2.4)

(Thu)(t) = )\/O G(t,s)F(s,u(s))ds, u€ K.
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Lemma 2.4. Let (H1)-(H3) hold. Then Ty : K — K is a completely continuous
operator.

Proof. For any u € K, t € [0,1], we have

1 1
(Tau)(t) = A / G(t, 5)F (s, u(s))ds < A / (s, 5) (s, u(s))ds.
0 0
thus )
(Tl < )\/ G(s, s)F(s,u(s))ds.
0
On the other hand, by Lemma

egrtngl?fo(T)‘u)( = 0<rtn<1§1 0)\/ G(t,s)F(s,u(s))ds

> M@/\/ G(s,8)F(s,u(s))ds
0
> Mp||Thul.
Therefore, T\ (K) C K. For a natural number n > 2, define
min{F(t,z), F(y,z)}, 0<t< 1,
F.(t,z) = ¢ F(t,x), Lot<1-1,
min{F(t,z), F($,2)}, 1-1<t<1,
and

(Tou)(t) = A /O G(t, 5)Fo(t, u(s))ds, Yu € E.

It is easy to prove that T, is completely continuous. Let D C E be a bounded
set, then there is a constant L > 0 such that ||u|| < L for all u € D, hence
[u(s) — z(s)]* <wu(s) < |lu|| < L. We have

|(Ta)(t) — (Taw)()|

1/n

<A G(t,s)‘F(&u(s)) - F(%,u(s))’ds
+A 1 Gts‘Fsu s)) — F(l—%,u(s))‘ds
1/n 1
< 2>\( G patuls)) + Mlds+ | Gl s)lp(s)a(u(s) + M]ds)

0<z<L

<2\ max ¢z )(/01/” G(s,s)p(s)ds+/1 G(s,s)p(s)ds)

1/n

1
+ QM( G(s,s)ds + / G(s, s)ds)
0 1-1

— 0(n — o0).

Therefore, T, converge uniformly to T on any bounded subset of E. This implies
that T) is a completely continuous operator. ([l

The following Krasnosel’skii fixed point theorem in a cone plays an important
role in proving the main result [10].
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Theorem 2.5. Let E' be Banach space and K C E be a cone in E. Suppose {1
and Qo are open subset of E with 0 € Q1 and Q1 C Qo. Let T : KN \Q) —» K
be a completely continuous operator such that

(A) |ITul| < ||lu|| for allu € KN oQy and | Tu| > |ju|| for allu € K NNy or
(B) ITu| < |Ju|| for all w € KN IQ2 and ||[Tul|| > ||u|| for all u € K N OQYy.

Then T has a fized point in K N (Q2\ Q1).

3. MAIN RESULT

In this section, we present and prove our main result.

Theorem 3.1. Suppose (H1)-(H4)hold, then (1.1) has at least one positive solution
u € C(0,1)NC?0,1] if

1
0</\< max ¢ /Gss ds)} ,

0 t<’r
1
where r = max {14 2M [ G(s, s)ds, p%}
Proof. By Lemma we know that T} is a completely continuous operator. Let
Q1 ={ueC0,1] : |lul]| <r}.
For all u € K N9y, t € [0,1], we have

(Thu)(t _)\/ G(t, s)F(t, uls))ds
/ Gt 5)Af (s, [uls) — 2(5)]) + (s, [u(s) — 2(s)]") + M)ds
s/o G(t, 5 p(s)alluls) — o(s)]" >ds+2M/ (t,5)ds

< A max ¢(7 /Gss ds+2M/Gss

0<r<r
< 1—|—2M/ G(s,s)ds <r = |ul.
0

This implies
ITaull < |lul|, forue K Noy. (3.1)
On the other hand, choose N large enough such that

1 1-0
5/\M9N0<p2(9) G(s,s)ds > 1.
0

By (H4), there exists a constant B > 0 such that
fs,u)

" N, for (s,u) €[0,1—0] x [B,o0).

Set

2M 2B
Qy = {ueCl0,1] : |u] < R}, Rzmax{? }

"0 C(0)
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For any v € K N0, s € [0,1],

u(s) —v(s) > u(s) = Cup(s)p(l = 5) = u(s) —

M 1 1
= u(s) — ﬂCI\UIlw(S)w(l —8) > u(s) — §u(8) = §u(8) >0
Thus
. 1
gggrg{l_e(u(s) —v(s)) > g §U(8)
> 9<m<1 , §IIUH<P( s)p(l—s)
> %w%) > B.

Therefore, for ¢t € [6,1 — 0],
(Thu)(t )\/ G(t,s)F(s,u(s))
- / G(t, 5) (M (5. [u(s) — v(8)]) + g(s, [u(s) — v(s)]*) + M)ds

> [ Gt )M (s, [u(s) — v(s)])ds

1-6
> AMy ; G(s,8)N(u(s) —v(s))ds
> AMy o G(s, S)Nu(;) ds

0

1-6
oMy [ Gl NG Jullp(s)e( - s)ds
6
1-6
AMyNCp?(0) G(s, s)ds||u|| > ||ul-
6
Thus
I Taul > Hu|| for u € K N0, (3.2)

Applying (B) of Theorem 2.5 to (3.1)) and (3.2) yields that T) has a fixed point ug
with 7 < |lug|| < R. By Lemma 1t follows that

ug(t) > Clluolle(t)e(1 —t)
= Cro(t)p(1 —1t)

_ ¢ M _
=, e =)
M

> ?so(t)so(l —t) = v(t).

Set u(t) = ug(t) — v(t), then u(t) is a C[0,1] N C?%(0,1) positive solution to (1.1
This completes the proof. (I
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