Electronic Journal of Differential Equations, Vol. 2004(2004), No. 90, pp. 1-24.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

PARTIAL COMPACTNESS FOR THE 2-D LANDAU-LIFSHITZ
FLOW

PAUL HARPES

ABSTRACT. Uniform local C°°-bounds for Ginzburg-Landau type approxi-
mations for the Landau-Lifshitz flow on planar domains are proven. They
hold outside an energy-concentration set of locally finite parabolic Hausdorff-
dimension 2, which has finite times-slices. The approximations subconverge to
a global weak solution of the Landau-Lifshitz flow, which is smooth away from
the energy concentration set. The same results hold for sequences of global
smooth solutions of the 2-d Landau-Lifshitz flow.

1. INTRODUCTION

The Ginzburg-Landau approximations u, : Q x R, — R? to the Landau-Lifshitz
flow are solutions of

1

Y10pte — Yole X Optte — Aue = ——Zf(ue) in Q xRy (1.1)
€

ue=up on (2x{0})U (82 xRy). (1.2)

where 4; > 0 and 75 € R. 7 x” denotes the usual vector product in R?. The domain
Q C R? is open, bounded and smooth. The initial and boundary data ug is always
assumed to map a.e. into the standard sphere S? C R? or an embedded manifold
N C R” (see below). For the definition of f. we distinguish two cases:

Case (I): If vo # 0, the target is S? — R? and the right hand side is given by

Fle) o=~ = s = 3 (1~ ).
For small € > 0 the maps u. then approximate the Landau-Lifshitz flow
1104 — you X Opu — Au = |Vul>u  in Q@ x Ry . (1.3)
For sufficiently regular solutions u :  x R — S? equation is equivalent to
Ou = —au X (u X Au) + fu X Au in Q x Ry, (1.4)
where a := 7%\117% >0 and f:= 7%f7§ € R. This is the usual form of the Landau-

Lifshitz equations known in physics. (Compare [22] and [15], [16], [17].)
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Case (II): If o = 0, the target is a smooth, closed, isometrically embedded man-
ifold N < R™. For small ¢ > 0, the map u. : @ x Ry — R” will then be an
approximation of a harmonic map flow (compare [36]) and is defined to be a solu-
tion of

1 d . .
Opue — Au, = —Téﬁx(dlstz(ué,N)) in Q xRy (1.5)
ue=ug on (2x{0})U (82 xRy), (1.6)

That is, for the function f(u.) in (1.1]), we choose

flue) == %%X(distz(uﬁ,N)) ,

The cut-off function x : Ry — Ry is smooth, non decreasing and satisfies x(¢) = ¢
for0 <t < (5]2\, and x(t) = 2512\, for t > 45]2\,. The parameter §y > 0 is chosen in
such a way that the nearest neighbour projection U 3 x — 7w (z) € N is defined
and smooth on a tubular neighborhood U C R™ of N with uniform radius radius
20y > 0. (Such a §n > 0 always exists if N is closed. Compare [36] and [29, Section
2.12.3 p.42].)

For fixed € > 0, smooth solutions of (1.1)-(1.2)) or (1.5)-(1.6) on 2 x Ry exist
and if ug € H“2(Q; N) N H3/22(9Q; N), they are unique in

HY2NL®(HY?) = H?(Q x Ry R™) N L2 (R ; HY2(Q;R™)).

loc loc
(Compare [3],[36).) Existence is obtained by Galerkin’s method, regularity (C'>)
follows from a standard bootstrap argument and uniqueness may be proven as for
the two dimensional harmonic map flow (see [30] or [3I] (5°) p.234 in the proof of
Theorem 6.6).
The total energy of the flow at time ¢ > 0 is defined by

Ge(ue(t)) ::/Qge(ue)(x,t)dm (1.7)

where
= Vu P+ =0 2)? if e #0
ge(ue) == §| u|” + 462( —|uel®)” if e #0,
1 9 1 . .2 .
ge(ue) := §|Vu6| + ?x(dlst (ue, N)) ify2=0.

While the total energy of the ”e-approximations” always decreases (see Lemma
below), the local energy given by

Ge(ue(t),Bg(xo)) = /B - ge(ue)(x,t) do . (1.8)

may concentrate at space-time points (zg,t) as € \, 0 either for fixed t =ty or
for variable ¢ " ty or t ™\, tg. It characterizes the local ”asymptotic regularity
behaviour” of the flow. Here asymptotic refers to the limit € \, 0.

We will show that all the derivatives of the family of maps {uc}e~o are locally
uniformly bounded on a regular set Reg({ue}c>0) consisting of all points

20 = (xo,to) S QX]O, OO[
for which there is Ry = Ry(z0) > 0, such that

limsup  sup  Ge(uc(t), B%O (z0)) < €0, (1.9)
eN0  to—RZ<t<to
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for a constant ¢y > 0 that will be determined later. The complement

S({u€}€>0) = (ﬁ X R+) ~ Reg({u€}5>0)

is referred to as the energy-concentration set. It is closed, has locally finite parabolic
Hausdorff dimension two and finite slices at fixed time. The limits of converging
subsequences {u,}; are distributional solutions of the Landau-Lifshitz flow (or

harmonic map flow if y5 = 0) on all 2x]0, oo[ in Hllof N L (H2).
Bubbling phenomena of the e-approximations as € \, 0 either for fixed ¢ = tg or
for variable t /" tg or t \ tg as described in [I6] will be presented in [I§]. Strong

subconvergence of the harmonic map flow penalty-approximations in
1,0 .
Wi oc (Reg({uc}e0): ")

to a global distributional H,2> N L (H"?)-solution of the harmonic map flow was
already proved by M. Struwe and Y. Chen in [36] for the case of a closed domain
manifold Q = M with dimM = m > 2 or M = R™. (W, refers to functions
f, whose restriction to any closed ball (in space-time) lies in L? as well as the
restriction of the space-gradient V f.)

Struwe and Chen provided uniform local L>-bounds for g.(u.) on Reg({ue}es0)-
Their result was extended to compact domains with boundary by Chen and Lin
in [7]. The energy-concentration set S({uc}eso) is known to have locally finite
m(= dim M)-dimensional Hausdorff measure in the case of the harmonic map flow
(see [36]).

X. Cheng investigates in [8] weak(*) H,2> N L (H"?)-limits u. of sequences of
smooth solutions of the harmonic map flow on the domain M = R™ and shows
that the time slice S({uy}x) N (R™ x {t}) has finite (m — 2)-dimensional Hausdorff
measure.

Weak(*)-subconvergence in H110c2 N L>®(H'?) of the Landau-Lifshitz e-approx-
imations from closed surfaces to a distributional H110c2 N L (H'2)-solution of the
Landau-Lifshitz flow was proven by B. Guo and M.C. Hong in [15].

Guo and Ding also studied partial convergence of the two dimensional Landau-
Lifshitz penalty-approximations in [9],[I0] and [I1]. Their arguments however con-
tain several gaps and inconsistencies.

2. ENERGY-ESTIMATES

In the case 72 = 0, equation (I.5)) is the L?-gradient flow of the functional
u — Ge(u). (1.1) is not known to be a gradient flow, but the total energy still

decreases along the (smooth) flow (1.1))-(1.2).
Lemma 2.1. Let u. be a solution of (L.1)-(L.2). Then

T
Ge(ue(T)) + ’yl/o /Q |0y [*dzdt = G (uc(0)) = E(ug) =: Ey, (2.1)

Ge(ue(T2), BR(wo)) < Ge(ue(Th), Byp(wo)) + % /T - Geluelt), Ba(wo)dt,
(2.2)
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for 0 < Ty < T5. Also for all m > 0, there exist Ty > 0 and Ry > 0, such that for
all g € Q and all € > 0 we have
sup G. (ue(t),BgO (z0)) < 7. (2.3)
0<t<T,
Proof. Inequality (2.1]) is obtained by multiplying (1.1) with d;u.. Inequality (2.2)
follows by multiplying (1.1]) with d;u.¢? for an adequate cut-off function ¢ and then
integrating by parts and absorbing. Note that O;u. = 0 on 92 x R,. Inequality

1' follows from ([2.2)), if we set T3 =0 and Ty = Ty = ;(111;(2; for sufficiently small

Ry > 0, such that Ge(ue(0), B (z0)) = E(uo, B, (z0)) < n/2. O

The energy estimates imply the penalty-approximations subconverge weak(*) in
HE2(Q xRy R™) NL™ (Ry; H2(Q;R™)). This was already pointed out by B.Guo
and M.C.Hong in section 4 of [15].

3. PARTIAL COMPACTNESS

In this section we show that, under the uniform smallness condition on
the local energy, all higher derivatives of w. are locally and uniformly bounded.
Here “uniform” of course always means uniform in € > 0. In Section [3.1} estimates
for linear parabolic systems that can be applied to as soon as Vu, is locally
bounded are recalled. In Section we show that Vu, is necessarily locally uni-
formly bounded, whenever holds. In Section we derive estimates that will
provide bounds for the right hand side of and allow to combine the previous
estimates into a bootstrap argument.

3.1. Some “standard” parabolic estimates. Equation (L.1) may be written as

L. (u¢) := Opue — M (ue)Au, = —G%M(ue)f(ue) = fe(ue). (3.1)

The coefficient-matrix M (u) is smooth with respect to v and also strictly elliptic:

gi! 2 T 1 2(¢2 2 2 Lo
el <€ MWE = s (G116 + o3 ) < e

for all £ € R? (See [10, p.12], [15, p.316], [9, p.37]). Note that for 7 = 0, we obtain
M(u) = %I d. The results of this section are indeed merely interesting in the case
2 # 0, where the left hand side of is non-linear. We will therefore restrict
ourselves to the case o # 0.

For fixed € > 0, the solution u. of — is smooth and in particular contin-
uous. u. has the same regularity up to the boundary as the boundary data ug. The
family of solutions {u,}eso is also uniformly bounded in € > 0, since |u(z,t)] <1
Vz,t. This follows from the Maximum Principle applied to the equation obtained
by multiplying with (1 — |uc|). L. defines a strongly parabolic system in the
sense of Petrovskii (Definition 2, p.599 in [21]) but satisfies as well all the other
(not necessarily equivalent) definitions of strong parabolicity for general linear par-
abolic systems (Definitions 3-6) in [2I]. The boundary-data operators also fullfill
the required conditions.

First we have estimates in the WZ?’l—SoboleV spaces with p > 1 (see [2I] Chapter
IV, Theorem 9.10 p.342 and (10.12) p.355 but also Chapter VII, Theorem 10.4
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p.621, for the generalization to parabolic systems). Let f. € LP(2 x [0, T]; R™) and
ug € H*P(Q;R™). Then for any § €]0,1[, p > 3/2 and for ¢ty — R? > 0 a solution of

Le(v) = fe in Qx]0,T[ and v =g on (€ x {0}) U (82x]0,TY)
satisfies
[vllwz1@xory) < Co(QTywu) (I fellr@xiom + luollaze)),  (3:2)

”U”WI?’I(P&Q (20)) < C‘p(R7 57Qawug)(”fE”LP(Pg(zo)) + ||U||La(Pg(zo))

R

(3.3)

+ 0Brno0 Huo\|H2—<1/p>,p(3gmag(zo)))7
with 1 < ¢ < p. Here
P (20) := (Bgr(xo)x]to — R%, to[) N (2x]0, 00[)
and dpnoq = 1 if BR N 0N # B and 0 otherwise. The trace theorems of course
imply
[uoll tr2-a/mw(a0) < lluoll2r(0) -

The constants C), and C~'p depend on the indicated quantities and additionally on
the uniform lower and upper bounds for the eigenvalues of M (u.), which may be
chosen independent of € > 0. Note that the constants Cp, C'p also depend on the
moduli of continuity of the coefficients of the leading term, i.e. the modulus of
continuity w,,, of u.. The equation can also be written in divergence form,

L.(v) := 0w — div (M(UG)VU) + (DM(ue)ﬁkus)akv = fe.

If we assume in addition

lim sup sup |Vu,| < oo, (3.4)
e\0 PIS??

then estimates for equations in divergence form imply v € C7(V/ 2)(P§}{;R”) for
some v €]0,1[ and any § €]0,1]. (See [2I] Chapter VII Theorem 3.1 p.582 or
Chapter V, Theorem 1.1, p.419.) Indeed if the right hand side f. € LP(Pg;R™)
with p > 2, the following estimate for the mixed Holder-norm of v on szR holds

HU||C”M/2(P§7R) <C(fe). (3.5)

(See [21] p.7 for the definition of the mixed Holder-spaces denoted there by H77/2)
The bound C(f.) depends on the parabolicity constants, on 0 < § < 1, sup pg [uel,
[ fell o (pg), bounds for the coefficients of the equations depending on suppa [Vue|
and also on ||uo||cv(Brnaq) if BrNOQ # 0.

Therefore, if holds and || fe||z»(pg) or suppg |fe| are uniformly bounded
with respect to € > 0, then estimate (3.5]) holds for u. and is uniform in € > 0. Now
the modulus of continuity of u. on Pjy is bounded from above (by an increasing
function h with lims\ o h(t) = 0) independently of € > 0. We gain uniform bounds
for the modulus of continuity of u. with respect to ¢ > 0 and estimate (3.3)) is now
uniform in € > 0.

Further by Lemma 3.3 p.80 in Chapter II of [2I] for p > m + 2(= 4) (m being
the dimension of the spatial domain, in our case m = 2), we have

IVullexpgy < Clm,p, A, Q|vllyz1pay for A=1—(m+2)/p.
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Also if (3.4)) holds and || fe|| L+ ( p2) is uniformly bounded, then (3.3) yields e-uniform
estimates for [[Vue|oxpg )-

3.2. The main sup-estimates for the energy-density.

3.2.1. Aninterior sup-estimate for the Landau-Lifshitz-flow approximations. In this
section we derive an interior sup-estimate for the energy density in the case 2 # 0,
but the proof also works if v = 0 and the target is N. The proof of the interior
estimate is much simpler than in the boundary case and we therefore consider each
case separately. The estimate will result from a scaling argument combined to the
following higher estimates, that will be proven in the next section. Let

PR(Z()) = BR(xo)X]tO — Rz,to[ for 20 = (.CC(),t()) .
Lemma 3.1. Let u be a solution of (1.1) for each e > 0. Assume

limsup sup ge(u.) < Cy
6\0 PR(Z())

and Br(zo) C Q, 0 < R? < tg. Then for any 0 < < 1,

. . 1 ~
Hmsup [[uellor(pyp(z0) < Ck and  limsup || (1 = [ue|®)ler (pya(ze)) < Chk
N0 e\0 €

for all k > 0. The constants Cy, Cy, depend on Co,k,R,5 > 0. If Y2 = 0 and the
target is N, they also depend on the geometry of N (i.e. the metric on N and its
derivatives).

We will now prove the following “e;-regularity” result.

Theorem 3.2. There are constants C; = C1(N),e1 = €1(N) > 0, such that if, for
some 0 < Ry < min{1,/%p} and zo € Q with Br,(x¢) C Q, a solution u of (1.1
satisfies
sup / ge(ue)(z, t)dr < e,
to—Rg<t<to BRO (I(])
then o
1
sup gE(uE) < —573
P‘;RO (20) (1 - 6)2R(2)
for any ¢ €]0,1].

In the proof we would like to consider points z. = (z,t.) € Pr(zo) such that
ge(2e) = SUPp,(5,) ge- Difficulties however arise if 2 € OPg(20), since we then do
not have uniform estimates on a neighborhood of z.. This is elegantly avoided by
considering

_ 2
o225, (0 =0V sy

This trick is initially due to R. Schoen. (See [28], proof of Theorem 2.2. Schoen’s
method was extended to the parabolic context in [32], [36].)

Proof of Theorem[3.3. Without loss of generality, let (zg,t) = 0. We set Pp :=
Pg(0). Since u, is regular, there is some o, € [0, Rp[ such that

(Ro — 0e)? S;fge = Ogn;fgo((Ro —0)? S}gfge) :
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Moreover, there is some 2z, = (z,t.) € P,_, such that e, = gc(uc(z.)) = SUpp, ge-
Set pe := $(Ro — o). Since P, (z) C Py 4, C Pg,, we have

1
sup ge < (Ro — (0c + pe))® sup ge
Py, (22) (Ro — (0¢ + pe))? Prerto.
4
< — % _(Ry—o0.)%. <Ae..
SRy om0 e s e

Set re := \/ecpe and consider the rescaled map
ve(yv S) = u(xe + 6;1/2yate + 66713) for (y> 8) S S
By definition v, satisfies (L.1)) on P, with € := ,/ece instead of € and

9ece(ve)(0,0) =1, S;lpgﬁe(ve) <4.

Te

Now we claim r. < 2. This will prove the theorem, since by definition of r., we
then have (Ry — o.)%e. < 16.

Assume 7. > 2. Since Bpg,(zg) C €, all the higher derivatives of v. are then
bounded on P; independently of € > 0. Indeed if liminf.\ o y/€c€ > 0, the uniform
estimates are immediate and if liminfe\ o \/ece = 0, they follow from Lemma
In particular

|0:gz(ve)|, |Vgz(ve)| < C < oo on Py (uniformly in € > 0)
and therefore,

inf gz(ve) >

0

for ¢ := min{

E,l}.

N =

Note that C is an absolute constant in the sense that it merely depends on the
radius 2, the factor § = %, the L°°-bound 4 and the parabolicity constants and the
geometry of N. This lower bound implies

2
1= g ()(0,0) < 5 sup /B 9 e (00) (9, 5) dy
To

Ty —r2<s<0

S ge(u ), 1) da
Be:l/QT (ze)

te—ries ' <t<t.

< C, sup / ge(ue)(x,t) do .
Bro i, (20)

T% 2
—(2+02)<t<0

Set €; := min{3, %} Since re = \/ecpe > 2 > 1o, we have S+ < petoe < Ro
and (7’\/—(‘;)2 + 02 < (pe +0.)? < R3. Then the last estimate yields a contradiction,
since the right hand side is smaller than €¢; < % Therefore r. = \/ecp. < 2 and

(1—0)?R2 sup g. < 16.

Psry,
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3.2.2. A local boundary sup-estimate for the energy density. Local LP-estimates for
V3u, up to the boundary which are uniform in € > 0 cannot be expected, even if
up € C*(£; 8?). Indeed for fixed € > 0, u, is smooth up to the boundary and we
may thus evaluate at x € 0F) for any ¢t > 0. This gives Au, =0 on 902 x R,.
As we will see later, uniform estimates imply the existence of a subsequence u,,
converging to a map u,, which is a smooth solution of the Landau-Lifshitz or
harmonic map flow in Reg({u,, }) and satisfies

—Au, = |Vu,|?u,  on (092 x Ry) NReg({u,,}),
since Oyu, = 0 on 92 x Ry. However L! -estimates for V3u, would imply
0 = Au, — Au, in L _((09 x Ry) N Reg({u,,}); R?)

loc
by compactness of the “projection” H1P(Q) < LP(d). This is not possible unless
ux = const. on (02 x Ry )NReg({u, }). (Compare [I], Remark 1 p.125 for a similar
argument in the time independent case.)
The following lemma will be proven in Section [3.3]

Lemma 3.3. Let u. be a solution of (L.1])-(L.2]), with
ug € HY2(Q; 8%) N H2P(09Q; S?) and p > 2 for each € > 0. Assume

sup g < Cy
Pf(z0)

and Br(zo) N0 # 0, 0 < R?> < ty. Then for any & €]0, 1, we have

[ucllwz(pg, (z0))

1
<Ci <||63(1 - |Ue|2)||Lp(Pg(z0)) + l[uellz2 (P2 (20)) + ||u0||H2—<1/p>m(3g(z0)man))a

where the constant Cy depends on Co,p,R,§ and . Further we have for any
0 €]0,1],

1
||:2(1 - |Ue\2)||Lp(P§?R(zo)) < CW)Igellzepgy + 62/pc(”g€||LP(P]¥)apv 6, R),
1
||:2(1 - \ue|2)\|Loc(P§?R(zo)) < 8Cp + o0s(e),
where € — o5(€) is a function that depends on § €]0,1] and lim. € *os(e) = 0 for
all k € N. All the constants also depend on the parabolicity constants. If vo = 0
and the target is N, they also depend on the geometry of N.

We now prove the following result.

Theorem 3.4. Consider ug € HV2(Q;5%) N C%(98;5%). Let u. be a solution
of (L1)-(1.2) for each € > 0. There are constants Co = Co(||luo|lc2(80), Eo,2)
and €9 = €o(||luollc2(00), Eo, Q) > 0, such that if for some zy = (x0,t0) and Ry €

10, min{1, Vo }|

limsup  sup / ge(ue)dx < €,
eNO0  to—R2<t<to J Bry(x0)NQ

then o
limsup sup ge(ue) < —
eN0 pPo (20) (1 - 5)2R8

5Ro

for any § €]0,1].
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If the target is NV, the above constants Cy and €y also depend on the geometry
of N.

Proof. Without loss of generality let (wo,t0) = 0. Since ug € C?(99) admits an
extension wy EQQ(Q) and since to — R? > 0, we may assume ug € C?*(Q). We
have u. € Cé’(@x R, ;S5?) for any 0 < a < 1 and so there are o. € [0, Ry[ and
ze = (we,te) € P, such that

Ry — o 2 e = (R —0)? e);

(Ro — o) SUp ge = max, (R — o) Slggll)g

Te

e = ge(ue(2e)) = supge -
1#3

Again for p, := %(Ro —0¢), we have suppe (20) 9e < 4ec. Consider the rescaled map
pe 7€

ve(y, 8) = ulwe + e Py te e ts).
By construction v, satisfies
1
&
with € := \/ece, Te 1= \/ecpe, Qe 1= \/ei(Q — me) and
PP = (B, NQ)x] —12,0[.

Y10tVe — Y2ve X Opve — Ave = (1 - |Ue|2)ve on Prile s (3.6)

€

Further by construction,
9:(v¢)(0,0) = 1 and sup gz(ve) < 4. (3.7
P

The boundary data are also rescaled. Set v, o(y) := uo(ze + eZl/2y). Then

Ue(y7 5) = ve,O(y) on (aQe n Bre)x] - T527O[

and
sup |Vue o] < 621/2 sup |[Vug|, sup \V2v5,0| < ee_l sup |VZug| .
P Pr, P Piq

Now we claim that for sufficiently small € > 0, we have
re < Cp := max{2,C(Q, l[wollc2@y) b

where C (-) > 0 will be specified later. Again by definition of r., this will prove the
theorem.
Assume by contradiction r. > Cy > 2 for small € > 0. Then
621/2 = pe/re < Ro/(2Cy) < 1/(2Cy),
since 0 < Ry < 1. First we claim that
liminf \/ece = liminfé(e) = 0.
11611\‘1(1)1 Vece 11611\‘1(1)1 é(e)

Indeed if liminf o \/ece > 0, the right hand side of is uniformly bounded in
€ = y/ece > 0 and together with we obtain uniform bounds in C°°(Ps*). This
however leads to a contradiction as in the proof of Theorem if € is smaller
than €;. Further if

lim sup (/€ dist(z, 02)) = limsup dist (0, 9€2) >
eN\.0 e\0

N =
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we can also use uniform interior estimates in C’°°(Pf;f4) and proceed as in the proof
of Theorem to get a contradiction, if we choose ¢y sufficiently small. So far the
required upper bound on €y is universal in the sense that it only depends on the
geometry of N and the parabolicity constants. We therefore have

lim sup dist (0, 092) < 1/2,
eN\.0

and in the sequel we consider sufficiently small € > 0, such that dist(0, 9€,) < 1/2.
Lemma combined to the embedding W2 (Py) — C'(Py) for p > 4, implies

sup [Vue|?
P
S CH’UEHWZJ(PQe)

1 2y(12 2 2
< Cp, 2N Bo) (I35 (1= e 2, o) + el poe + el oy )
Note that Q. N By has uniformly bounded curvature and so
. _ 2 5 . .
Since (1 — |v|?) <1 and Sup po. ge (ve) < 4, Lemma implies

1 -
25— P, e, < Colofeo) + (@)
where C, = C(p, Ey) and o(7) denotes a generic function that satisfies

li =0.
T{I})O(T) 0

A Poincaré inequality on PQQE leads to

||v€||iz(P29e) < 2(”115,0”%2(13295) + ||U6 - v€,0||iz(p2ﬂe))

S 2”’06,0”%2(13516) + C(Q)(HVUQOHiz(Pye) + ||vv€||2LQ(p2ﬂs)) .

Again ||Vv€\|iQ(P§ZE) < o(ep). Of course
||'Ue,0||H1,2(B§Ze) < C(p)”Us,OHHl,p(B;le)
2
< C(p)H’UG,O ‘HQ,p(B?é)

S C(p’ Q) ||v€’0||202(B§€)

and we still need to estimate ||v€70||202(396).
2
For each ¢ > 0 we may chose coordinates for the target such that v.o(0) = 0.
Then

sup |ve 0| < 4sup Vel ,
BY* By<
[ve,0ll g2 (p2ey < Ce Y2 SUp |Vuo| + et sup V2 .

2
Rg BRO
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The above estimates combined to the one for || % (1 — |’UE|2)HLW(PQ€) in Lemma
1

yield

1 < sup ge(ve)
P

(1— o)

(T\l\za‘,_k

1
< sup = |Vo|* + & sup(
pe 2 Pl

<Cy (0(60) +o(é) + 66_1||VU0||%‘1(B%0)) )

where C; = C1(Q, Ey). Now if both o(eg) < (1/4)Cy ! and o(€) < (1/4)Cy*, this
leads to
ee < 2Cl||Vu0H201(B% X
0
which is in contradiction with re > Co := max{2,2C1[lug|| 2 ()} and (/ec > 2C.
Thus r. < Cy and by definition of 7. also
LRy — 8Ro)? sup g. < C2 = C(9, By, l[uolloa ) -

4 Q
Pir,

Since tg— R? > 0, we could replace ug in the above by any wy € C?(Q) with wy = ug
on JQ N Br,. Therefore the above constants merely depend on ||uol|c2(a0)- O

3.3. Higher estimates. In this section, we prove Lemmata[3.1] and [3.3] for which
the following uniform estimates will be needed.

3.3.1. Uniform estimates in ¢ > 0. The “distance-to-the-target-function” p. :
1 — |uc|? satisfies

2 2
Y10ipe — Ape + P = 2|Vu|* + 6—2,0? ) (3.8)

Since 1 > 0, we may assume ~y; = 1 without loss of generality. We will now derive
uniform a priori estimates for this equation. Lemma [3.5| extends a comparision
argument from [I] (Lemma 2, p.130) to the time dependent case and to non-positive
solutions.

The parabolic boundary of Pr := Br(0)x] — R?,0][ is denoted as

dPp := (Br(0) x {—R*}) U (0BRr(0) x [~R?,0]).
Lemma 3.5. Let a > 0, R €]0, [, € €]0,1[ and g € C°(Pg) with € supp, |9/ < a.
Let f € C°(Pr) N C?(Pgr) be a solution of
(0f ~Af) + 5f=g in Py,
|f|<a ondPg.
Then for any § €]0,1[, we have
7%(1752)2124

1 2a
—|f| < suplg| + e on Psg .
€ Pr €

Proof. Consider w(z,t) = 2ae~ (B =|2I)(B*+1)  Thep
62(8tw — Aw) 4+w>0 in Pg,

w = 2a ongPR.
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For fi := f — €%suplg| and fo := f + e2sup|g|, we have
Pr Pr

|1l <2a and |fs] < 2a on OPg,
and hence
fi—w<0, fotw>0 ondPg.

Moreover
EOfi—Af)+ 1 <0, E(Ofo—Af)+f2>0 in Pg.
The Maximum Principle now implies f; — w < 0 and fo +w > 0 on Pg, that is

—w —€esuplg| < f <w+ € supgl.

Pr Pr

O

The above lemma will yield interior estimates. If BR N Q # () and f = 0 on
Br N 09, we still obtain a local estimate up to the boundary, i.e. on P(;QR =
(B5R N Q)X] - ((SR)Z, 0[

Corollary 3.6. Consider a smooth domain @ C R?, a > 0, R €]0, %[, € €]0,1[ and
g € CO(PY) with € supp, |g| < a. Let f € CO(Pg)NC*(Pg) be a solution of

1 )

(Ouf =Af) + 5f=9g inPg,
lf|<a ondPrNQ,
f=0 ondQnPg.

Then for any ¢ €]0,1[, we have

A _1q_s2\2p4
26 S (1-0°)°R

1 2
—|fl <suplg| + = on Pip,.
€ P}g €

The proof of Lemma [3.5| also applies in this case. The next interior-estimate-
version of Lemma 3.5 deals with the case Bg(z0)NQ # 0 and f # 0 on 0Bg(z¢) N
The estimate then also depends on dist(x, 992). We formulate the following lemma
in such a way that it readily extends to the case 2 = M is a manifold.

Corollary 3.7. Let U C R? be an open smooth neighborhood of 0 with diam U < 1
and set Pry := Ux]—R?,0[. Considera >0, R €]0,1[, e €]0,1[ and g € C°(Pry)
with € supp, 9] < a. Let f € C°(Pry) N C*(Pry) be a solution of

1
(0uf =Af)+5f=g inPru,
2

- (3.9)
|fl<a ondPpy.

Then there is a constant C = C(U) > 0, such that for any § €]0, 1] we have

1 20 B2 1 52y 1.2
63|f($af)| < }Sjup lg| + =¢ o (1=07) dist™(@.9U) o Pspir .
R,U

Of course

OPpy = (U x {~=R*}) U (8U x [-R?,0]).
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Proof. Set d(x) := dist(z,0U), C = C(U) := max{1, [|Ad?|| Lo (v, [|Vd?|| Lo (1) }-
Note that d(z) <1 on U since diam U < 1. We claim that

(1) = 200~ @Y
is a supersolution of equation 1) if0<R< % and 0 < e < %. Indeed
€

1
——(RQ +t)2|Vd2|2}

2 . _ €2 €2 2
(0, A)w-i—w—w[l @+ (R + DA — &

C
Zw[l—e—eRZ—Rﬂ
1
> Zw>0 OHPR,U.
The claim now follows just as in the proof of Lemma O
We will also need a priori LP-estimates for the above equation.
Lemma 3.8. Consider a smooth domain Q C R?, g € LY(Qx]0,T[) and € > 0. Let
feCHQ x[0,7)) N C?*(Q2x]0,T]) be a solution of
1
(Ouf = AF) + E—Qf =g inQx]0,T],
f=0 onQx{0}UoQx]0,T].
For f >0, we only need to assume
1
(0uf = Af) + 5 <g  inQx]0,T[,
f=0 onQx{0}Uox]o,T].

Then )
||:2f||L1(Qx]o,T[) < gl @xjo,7] - (3.10)
and for any R,p > 0 and zo = (20,t9) € 2x]0,T] with R* + p? < ty,
1 C
[tz [ (ol i), (3.11)
P (z) € P2, (20) P
Proof. (i) Multiplication of the equation for f by TR leads to
2 Vf|? 2 1 2
i f1]f] + VI (17 f )Jri / _ qf +A\/W.

VIZ+2 e [P0 @8t (2402
Now integrate over 2x]0,¢[ for any ¢ €]0,7] and let § — 0 to obtain

o?f%/fx”dg”/ / |f|</ /|9|dl‘dt

(ii) We multiply the equation by f with

f

(W) (2, t)p(z)n(t) -

The cut-off function ¢ satisfies 0 < ¢ € C>°(R?) with spt¢) C Bry,(7o) and ¢ =1

on Bg(zg), whereas n € C*®°(Ry) with 0 < n(t) < 1, n(to — R? — p?) = 0 and
n(t) =1ift >ty — R?. We may assume

C 2 C

V| < i Vig| < 2 and |dn| < — .

R Q
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This leads to
oSl [V (1- f? )+ 29
VIZ+8 R+ A0 e g8
2 ) 2 2 28
- \/g% +div (Vf \/;ff(p) + 2{/?2 ;7(’52 — MPVGV/F + 02 .

Of course

/ OV A/ [2 + 02 dx = 7/ n/ f? + 62 (¢V2¢ + \V¢|2) dx
Q Q

After integrating (4.2)) and letting § — 0, we obtain

C
aw g [ girazs [ (s )
to—(R2+p2)<t<to BQ pe P

R+p

O

Lemma 3.9. Consider a smooth domain Q C R?, g € L' N LP(Q2x]0,T[) for p > 2
and € > 0. Let f € C*(Q x [0,7]) N C?*(2x]0,T]) be a solution of

1
(Of —Af) + 5T =g nQx)0,T],
f=0 onoQx]0,TT.
For f >0, we only need to assume
1
(Ouf =Af) + 5 <g  inQx]0,T[,
f=0 onoQx]0,T].
(i) For any 6 €]0,1] and 29 = (w0, t0) € 2x]0,T] with 0 < R? < ty, we have
| 2f||LP( o)) < Cullgllo(pgzo)) + /7 Ca,

where Cy = C1(p) and Cy = 02(||9||Lp(pg(z0))» £l L20=1 (P2 (20)): s 0: R).
(ii) The same bound as in (i) holds for

(1-23) (1-1/p)
”( ) fHLZp(PQ (20)) ”( ) : f” ( —R2,to);L? (B (Io)))

and )
|‘Evf||L2(P§7R(zD)) ~

Proof. We multiply the equation for f by f|f|**~2(x,t)¢?(x)n(t), where s > 1. The
cut-off functions ¢ and 7 are the same as in the proof of Lemma Then

S0 (TP @062 @n() + 2 VI PePn + |0

= —div(VffIf[*?¢%n) +gf|f\28_2¢ n+ @f\%%zm = VI~ 2Vedn,

for any s > 1. By Young’s inequality ab < 6‘1’% +6’1% for p, ¢ > 1 with %—&—% =1
and a,b,0 > 0, we have

1

25 (2s—1) &
L 4 2y

12
llgllF2 ] < 55 =5

9>
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and

17172 2V 60n| = 2/ (S171°6)(1F1*V o) |

2
<2 |V\f||¢2n+ — 111V el

This leads to
1 1
S0 ()6 @) Sl 176
< (VTP 20%) + (26)C ) Lg% (312

£ (IV81*n + ¢*|den]) -

2s —1

+ 25 —1
For notational ease we relabel the domain as 2x] — T, 0[ and assume zy = (0,0) €
QOx]—T,0[ and 0 < R% + p? < T. As always Pg := Pg(0).
(i) Set p = 2s. After multiplying 1) with (é)pil and integrating, we get, for
p=2,

1 p=10p 2
sup /B , (@ PO ds

t>—R2—p?
+ [ GV d:)
Piieo ) (3.13)
+ [ G
1.,—
<cw( [, laretet () [ 1P(Vola+ Fldai)az).

In particular we have

/Pg(elz)pflpdzg C’(P)(/PSZ lg|P dz + €2 —/ |f|pdz) (3.14)

R+

Let p = % + 1 for k € N. Holder’s inequality for ¢ = (2p — 1)/(2p — 2) and
g2 = 2p — 1 implies

1
/ (D7 1fld= < g 7125
PR
Now ({3.13]) leads to

| 2f||Lp rey < CO 9L g, 2|| 2f||Lp ampg, W lerpg, ) -
( R+ ( ) R+p

An iteration combined either to ) from Lemma after the k-th step yields
an estimate of the form
yo [ 1l 21 (2

5oy < C oo o PR (319)

If we set p:= m and insert 3.15 into 3.14 , we obtain for any § > 0

PRy eryp

1
H:szip(Pg) = C(p)HgHip(ng)R) + €0y, (3.16)
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where

Co = Ca(llgllzocpg, , o 1 l2-1(p2, )02 6 R) -
Claim (i) follows by setting Ryew = (1 + 0)R and e =
(ii) By applying the estimate

1
(/ / |u|4alacdt)2 < C(max/ |u\2dxdt+/ / |Vu|2dxdt)
[a,b] /Br te€fa,bl Jpy la,b] /Br

(see Theorem 6.9 p.110 in [23]) to u := fp/zz,zb\/ﬁ, we find that the expression

1 p—1 3 1 »
= (Lg|f2p¢4”2dz) +/Pg(eg) |f1P$*nd= (3.17)

€2

1 .
55, i€, Gnew Ruew = R.

admits the same bound as (3.13) with a different constant C'(p) > 0. By combining
(3.17) with (3.13]), we see that the same bounds as in (3.16)) also holds for
1, p-
G (s [ Pendes [ VR )
B2 P2

2
€ —R2<t<0

G (] 1erae)”

R

and

O

3.3.2. Higher estimates. By considering the flow equation and equation
for p. := 1 — |u|? as a coupled system, the uniform estimates from the previ-
ous paragraph and parabolic estimates for can be combined in a standard
bootstrap argument to prove Lemma [3.1] and [3.3] .

In the case of the harmonic map flow d. := dist(ue, N) replaces p.. The corre-
sponding equation is then

1
Orde — Ad, + |V 2 d. + ?X’(df)dg = Av. v, < O|Vu|?, (3.18)
whenever u. € U. Here we decomposed u. = v + deve, where ve := mn(uc)
and v, := v(u.) is the unit normal in (TWN(ue)N)L, whereas d. := dist(ue, N).

Remember that 7y : U — N denotes the nearest neighbour projection from a
tubular neighbourhood U C R™ of N onto N.

4. TOWARDS CHARACTERIZING THE LIMITS

We start with alternative characterisations of the “regular set” Reg({ue}g). Re-
member that by Lemma[2.I] we have for any 0 < s <t
C(t — S)Eo

Ge(ue(t), BR(20)) < Ge(ue(s), B (x0)) + R

Set dg = 275%’ , where ¢q is the constant from Theorem . After increasing C' if
necessary, we may assume 0 < §p < 1.

Lemma 4.1. Let u, be a solution of (L.I)-(1.2) with ug € H“2(; S*)NC%(0%; S?)
for each € > 0. Then the following assertions are equivalent:

(i) 2o = (x0,1t0) € Reg({u6}6>0),

(ii) J0,R>0: lim sup~ o SUPy, —s<t<t, Ge ( (1), B%(xo)) < 60
(i46) 36 > 0:limp\ o lim Supe\ o SUPy,_s<t<t, G, (us( ), %(mo )

(4.1)
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(iv) 3R> 0:limsup. o7 [o pe S5 (2g) 9 (uc) dev dt < oo

(v) 36, R>0:Lmsup. osup;, sci<sois Ge(ue(t), BE(20)) < eo.

Proof. “(i) < (i1)” is obvious.

“(i1) = (i13)” follows from Theorem in Section

“(413) = (iv)” is obvious.

“(iv) = (i1)”: Assume (iv) holds. By (4.1) and the above choice of dy, we have for
sufficiently small € > 0,

sup Ge (Ue(t%Bg/z)R(mO))
to—(1/2)6o R2<t<to

CoyR%E,

< inf G.(uc(s), B
- t0760R2<5g;07(1/2)60R2 (u (5); R(xo)) + v1R2

2 t07(1/2)5032 9 1
< Ge(uc(t),B dt + =
~ Gok? /t060R2 (ue(t), By (o)) dt + 2
< 2 16 + ! <

50 4 0€0 260 €0 -

“(v) = (4)” is obvious.
“(411) = (v)”: Assume (iii) holds. Then there are R,§ > 0, such that

limsup sup / ge(ue(x,t))dr < €0/2.
eN0 to—0<t<tp BR(wo)ﬂQ

On the other hand by 1) we have for dpey = Nk’ _ doR?,

2CEy
6newCE
sup / ge(ue(x, t))de < / ge(ue(x,t0))dx + 720 .
to<t<to+dnew J By p(w0)n02 Br(z0)NQ 7R
Now (v) holds for $R and min{4, énew }- O

Corollary 4.2. Let u. be a solution of (LI)-(L.2) with uo in H“?(Q;5%) N
C?(0%2; S?) for each € > 0. Let {€;}; be a sequence with €; \, 0 as i — oo. Then
the following holds:

(i) Reg({uc}e) and Reg({uc,}i) are open in Q x R,.

(ii) There is some Ty > 0, such that Q x [0, Ty[C Reg({uc}.).

Proof. (i) follows from Lemma (v).
(ii) The existence of Ty immediately follows from Lemma (2.3). (|

Set
Qr(z) := Br(z)x]t — R*,t + R*| for z = (=,t).
and let $2 denote the 2-dimensional parabolic Hausdorff measure.

Proposition 4.3. Let uc be a solution of (LI)-(1.2) with ug € H“?(Q;5%) N
C?(082; S?) for each € > 0. Then the following holds:
(i) S{uc}e) has locally finite two dimensional parabolic Hausdorff-measure. More
precisely there is a constant K1 = Ki(Ep,e9) > 0, such that for any compact
intervall I C Ry

92 (S{uete) N (Q x 1)) < Ky|I].
(ii) There is a constant Ko = Ka(Fo,€9) > 0, such that for any t > 0 the set
St({uc}e) := SHuc}e) N (Q x {t}) consists of at most Ko points.
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Proof. (i) By (iv) of Lemma we have for any zg = (zo,t0) € S({uc}e), any
R > 0 and sufficiently small 0 < € < €(zp)

1 [t 1
—2/ / ge(ue)dzdt > =dpeg . (4.2)
R® Jiy—r2 JB2(20) 4

Fix a compact intervall I C Ry and § > 0. By compactness and Vitali’s Covering
Theorem any covering of S({uc}¢) N (€ x I) by parabolic cylinders Q%(z) with
0 < R* < dand z € S({uc}e) N (Q x I) contains a finite covering U; Q?Rj (z;) D

S({uc}e) N (2 x I), such that the cylinders Q%j (z;) are pairewise disjoint. By 1'
and the energy estimate, we obtain for 0 < ¢ < min;{e(z;)}

4
ng (5R;) 2< 25 w2 Z / / (ue)dadt <
R2 BQ (£])

By lettmg 0\, 0, we find

000.)2
I\ +
e 11+

9 (S(fud) 1) < gy
0€o

(ii) Pick any (z1,7),...,(zx,T) € S({uc}). By assumption we have for
VR, §,v > 0,3e €]0,7[: sup / ge(ue(x, t))de > Dfor1<i<k.
T—6<t<T JBL(x;) 2

We may choose R > 0, such that the BE(z;)(1 < [ < k) are pairewise disjoint.

Choose § €]0, 7415;“ [, where C' is the constant from Lemma (2.1) and € €]0,7]

as above. Since t — fBQ(zl) ge(ue(z,t))dz is continuous, we may find t§ €]T — 6, T
R

such that

/ ge(ue(x,tg))dz > %0 for1<i<k.
(z1)

The energy estimate and the local energy inequality, Lemma [2.1}(2.1) and (2.2)

now imply

Ey > Z/B“(rl) ge(ue(x, T = 9)) dx

E

k

> (/ Je (uE x,t )dac / / [Vue(x,t dmdt)
=1 "/ BR (=) ( 6) 1R2 T-6J B (a1) (1)1
Thus Eo > k(% — SE26). Now since § < f5£ this implies k < 32 = K.
(Compare [32] and [31] (1°) of the proof of Theorem 6.6 p.229 for a similar argument
in the case of the harmonic map flow.) O

Theorem 4.4. Let u. be a solution of (1.1)-(1.2) with ug in H“2(;S2%) N
H3/22(98); 52) for each € > 0. Then the following holds:
There is at least one sequence {¢€;};, with ¢, — 0 as i — oo and

€ HZ(Q x Ry; S%) N L™ (Ry; HY2(9;5%),

loc

such that ue, — u, weakly in H-2(Q xRy ;R?) and weak* in L (R, ; HY2(; R3)).

loc
In addition: (i) For any such sequence {u.,};, we have

lim we, = w, in C*(Reg({uc,}s) N (2 x Ry); R?)

71— 00
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and (1 —Jucl?) — [Vu|* in Cm(Reg({ue,}) (2 xRy)).
(i) u* is a smooth solution of (1.3]) in Reg({ue, }:) N (2 xRy) and a distributional
solution in
H22(Q x Ry) N L®(Ry; HY2 (O, R™))
on all Q x Ry. Further limp o us (., t) = ug in H?(Q;R3) and
Us(-5 1) 9o = Uojon @S @ H*2(Q;R?)-trace for a.e. t>0.

(ii3) If u. is regular at z9 = (z0,t0) € Q x Ry in the sense that
lim  sup / |V, |[*dz = 0
BNO ¢ —R2<t<ty J Br(z0)
and if zo is parabolically isolated for {u,};, i-e.
Br, (o) x]to — R2, to[C Reg({uc,}) for some Ry >0,

then zo € Reg({ue, }). (In particular u. cannot (backwards) concentrate energy and
(backwards) bubble at zo as t \, to. Compare [I7], [18])

Proof. (i) The convergence statements follow from the energy estimate (Lemma

2.1), Theorem 3.2 and Lemma

(ii) For the case 72 = 0 and f(uc) = 5L x(dist*(uc, N)), this is proven in [36] III

p.95. We will prove it in the case v # 0. If we apply “u., x .” from the left to
(1.1) and pass to the limit €, — 0 on Reg({ue, }) N (2 x Ry ), we obtain

Y1Us X Opttse — YoUs X (Us X Oplhs) — Uy X Auy = 0. (4.3)
Since (1 — |ue,|?) — 0 smoothly, we also have
(e )] =1 in Res({ue}) N (2 x Ry ).

Now we use a X (b x ¢) = (ac)b — (ab)c and |u.| = 1 while applying “u. X.
the left to (4.3)), to obtain

Y10¢Us — Yoy X Optly — Ay = |Vu*|2u* in QxR.. (4.4)
In particular, since the left side of (1.1]) converges to the left side of (4.4)), we have

” from

(1= [ue ) = [Fu? in C=(Reg({ue ) N (2 X R).
K3

We now prove that u, is a distributional H1 2 e (H1 2)-solution of on all
) x R;. Note that the sequence {uc, }; converges weakly in H12(Q x R+, S ) and
smoothly on Reg({uc, }) N (2 x R). Further since S*({ue, }) := S({ue, }) N (Q x {t})
is finite for all ¢ > 0, we have both u., — u. pointwise a.e. in Q x Ry and
Ue, (-, t) — u. (-, ) pointwise a.e. in Q for all t € Ry. Since [ [, |0rue, |*dadt < Ey,
by Fatou’s Lemma the complement of

A:={t > 0|lim inf/ |Oyue, |* (2, t)da < oo}
67;\0 (9]

has measure 0. Pick ¢ty € A. Then there is a subsequence still denoted by u,, such
that dyue, (-,t0) — Oyux(-,t9) weakly in L%(Q;R3). By the local energy estimate,
we may assume that, for the same subsequence, we also have u,, (-, tg) — u«(+,to)
weakly in H2(Q; S2). By pointwise a.e. uniqueness of the limit, the whole sequence
converges. Also

Ui (-, to) € HY2(Q;8%) and  dus(-,to) € L2(Q;R3) forall tg € A.
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Now
—Au(to) = (|Vuul*us) (- t0) + f
where
= =710y (-, t0) + Yoty X Oyus(-,to) € L2 (4 R?)

and by a regularity result of T.Riviere (see [27] Lemma p.3), we have
U (- o) € H22(Q;8%) if wo € H¥?2(80; 8%) n HY2(; 5%).

This in particular implies u.(.,t) 50 = uojan as a H?2(Q)-trace for any t € A.
Further since S* ({u,, };) consists of finitely many points, it has vanishing 2-capacity
in R?, i.e.

Caps (St"({uei})) =0
(see [12]). Therefore, there is a sequence {ny }x = {Mkq}x C C°(R?) with

)

k—oo
nk(l‘) =1Vx € Sto({uei}i) and ||7]k||H1‘2(R2) ( — 0

(see [12] 4.7.1). For ¢ € C2°(Q), we may test equation (4.3) with the cut-off function
(1 —nx)¢, which has support in Reg({u,, }+). After passing to the limit k¥ — oo, we
find that for any t € A,

/Q%(“)tu*(ac, Do(x) — ya(us X Opus)(x, t)d(x) + Vus(x, ) Vo(z) da

- / (VP (@, () dr.
Q

This equation holds for a.e. ¢t > 0. On the other hand, we have u, € H»?(Q x
[0,T7]; S?) for any T > 0 and so both sides of the above equation are locally inte-
grable on R. Therefore we may multiply the equation with ¢ € C2°(]0, oo[) and in-
tegrate over R;. Moreover linear combinations ), ax¢r(x)¢i(t) with ¢ € C°(2)
and ¥y, € C°([0,00() are dense in C°(Q x [0, 00[) and so

/00/ Y10y (2, ) Pp(x, 1) — Yo (s X Opus)(z, )P, t) + Vus(x,t)Vo(z,t)dx dt
0o Jo

_/Ooo/Q(|Vu*|2u*)(a:,t)gb(x,t)dxdt,

for any ¢ € C2°(Q2x [0, oo[). Finally lims o (., t) = ug in H»?(£2; 5?) immediately
follows from E(u.(to)) < E(ug), since we have weak convergence as ¢\ 0.
(iii): By assumption there is R > 0, such that

1
sup / ~ |V (z,t)2de < o
to—R2§t§t0 BR(xO)ﬂQ 4

2
Set ¢ := min{R?, %EZO} and sg := to — 36. We may assume we have for the same

R > 0 P$h(20) \ {20} C Reg({ue,}). Then Theorem and and Lemma
and [3.3] imply

1
lim 9e; (ue, (2, 80))dx = / ~|Vu(z, s0)|%dr < .
oo BR(:E())OQ BR(Z‘O)OQ 2 4
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Now by Lemma [2.1] (2.2), we have

0CE,
sup / ge,; (te, (x,1)) dz S/ ge,; (e, (x, 80)) dx + R20
s0StSs0+8 J By p (20)N9) Br(z0)NS2 gt
€0 €0
< _ i
2 + 2’

for ¢ sufficiently large. Since by construction ¢o €]sg, sp + d], the claim follows. O

By Theorem Corollary (ii) and uniqueness of smooth solutions, we obtain
the following.

Remark 4.5. There is Ty > 0, such that
lim ue = u, in C*(2x]0, Ty[; S?),

N0
where wu, is the unique smooth solution of (|1.3|) with initial and boundary data ug.
(Compare [17].)

If the energy of a (sub-)limit u, was everywhere decreasing, A.Freire’s uniqueness
result [I3] would imply that wu, is (globally) the Struwe-solution. However all we
can say about the energy of sublimits u, is the following Lemma[£.6] In particular
extension wu, after the maximal smooth existence time Ty with backward bubbling
cannot be excluded. (See [1§].)

Lemma 4.6. Let u. be a solution of (L1.1)-(1.2) for fixred e > 0 and assume u, =
weak-H"2-lim; o ue, for a sequence 0 < ¢ \, 0. If s <t and S*({uc,})
(@ x {5}) NS({ue,}i) = 0 and S ({u.,}) # 0, then

1 1
/ 7|Vu*|2(x,s)dx2/ —|Vu,|*(z,7)dx Y7 > s,
02 02
and
1 2 1 2
—|Vu,|“(z,s)dx > [ =|Vu.|*(z,t)dx + €,
0?2 0?2
where ey > 0 is the constant from Theorem [37)

Proof. Set T := (x1,...,xx) if S"({ue, }) = {z1,...,2x} and
Bg(@) = U;, Br(;). Then

E(u.(s), Q) ::A%\Vu*\Z(x,s)dm

= lim Ge; (u€i>($7 S) dx
Q

> lim sup/ e, (ue,) (@, 7)dx V1 >s (by Lemma[2.1)
71— 00 O

1
> / §|Vu*|2(:£, T)dx V7 >s (by weak lower semi-continuity)
Q
Also
E(u.(s),§) > limsup (/ 9e; (ue, )(x, 7) dx +/
Q\Br(T)

i—00 B ()

Ge,; (ue,)(z,7) dx) ,
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for all 7 €]s,t]. Now for any ¢ €]0,1[ and R > 0, there are sequences s < t; /' t
and 0 < d; \, 0, such that

/ ge, (ue, ) (x,t;)dx = sup / 9e; (ue, ) (x, 7)dx > deg
Br(7) 8; <7<t J Br(%)

and so

E(u.(s)) > lim sup/ Je; (ue, ) (x, t;)dr + deg
Q\BR(T)

1— 00

1
Z/ —|Vu,|[*(z,t)dx +d¢g YR >0, 6 €]0,1].
Q- Bgr(z) 2

Since the last inequality holds for any R > 0 and § €]0, 1, the claim follows. O

Theorem [£.4] provides an alternative version of the construction of the “Struwe-
solution” (see [I7]).

Corollary 4.7. Let ug € H%2(Q; S%). Then there is a global distributional solution
u € Hj2(90x]0,00[;.5%) N L®(]0, 00[; H2(Q; 8?)) with dyu € L*(2x]0,00[; R?) of
(1.3) with initial and boundary data ug, which is smooth on Qx]0,00] except at
finitely many points and has decreasing and right continuous energy. If in addition
uy € H3/2’2(8Q;5’2), then w is unique among the solutions of with initial
and boundary data ug which are smooth except for isolated singular points and with
limpy s E(u(t)) < E(u(s)) + € for all s > 0. (It is also unique among the Hllo’CZ—
solutions with decreasing energy by Freire’s result.)

Proof. By Theorem the e-approximation scheme provides a smooth short time
solution
u € C*(2x]0,Ty[; 5%)
to (1.3) with boundary data ug and limg o u(-,t) = ug in HY?(Q;R?). Also there
are {x1,...,xx} C €, such that
li 1) =u(-,Tp) in C(Q R3
t}rgOU(7 ) u(a 0) m ( \{xla ,JTK}, )
and
T2 200y < lim inf )22 < 2E0 .
Vu(, To) 720y < im in [Vu(, )72 < 2Eo

In particular u(-, Tp) € HY?(Q). If we now set ag := u(-,Tp) and repeat the same
procedure with g instead of ug, we obtain step by step a global solution with point
singularities. To see that d;u € L?(2 x Ry ;R3), we sum up the energy inequalities
of each time intervall |tg,¢x+1[ on which u is regular and use that the energy is
right continuous, whereas

limsup E(u(t)) > E(u(trt1)) + €o

t g
by Lemma This yields

/ / |0pu|?dxdt < Ey — Zeo
0o Ja .

and also shows that there can only be finitely many “singular times” tj.

Now assume we have two solutions u; and ug of with initial and bound-
ary data uo and both with finitely many point singularities and lims\ s E(u(t)) <
E(u(s)) + €o for all s > 0. By Remark we have u; = ug on Q x [0,7;[, where
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T; is the maximal commun smooth existence time, i.e. either u; or us has point
singularities at 77. However by Corollary 4 on the existence of smooth extensions
n [I7], if u; admits a smooth extension up to 77, then so does us and conversely.
Moreover, since the criterion for the existence of a smooth extension is local, both
solutions have the same singularities x1, ...,k at time T} and uy (-, T1) = ua(-, 71)
on O\ {x1,...,2x}. By Theorem 6 in [I7], and the assumption on the energy, the
extension of u; and wuy after T3 is again unique “for a short time” and an iteration
of the previous argument leads to the claimed uniqueness. (I
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