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POISSON MEASURES ON SEMI-DIRECT PRODUCTS OF
INFINITE-DIMENSIONAL HILBERT SPACES

RICHARD C. PENNEY, ROMAN URBAN

ABSTRACT. Let G = X x A where X and A are Hilbert spaces considered as
additive groups and the A-action on G is diagonal in some orthonormal basis.
We consider a particular second order left-invariant differential operator £ on
G which is analogous to the Laplacian on R™. We prove the existence of “heat
kernel” for £ and give a probabilistic formula for it. We then prove that X is
a “Poisson boundary” in a sense of Furstenberg for £ with a (not necessarily)
probabilistic measure v on X called the “Poisson measure” for the operator L.

1. INTRODUCTION

In recent years, there has been considerable interest in the study of second order
differential equations on infinite dimensional Hilbert spaces and their generaliza-
tions. See for example Da Prato [3, [7] and the references contained therein. In
this work we study a specific class of second order linear differential equations, the
“Laplacians”, on a very specific set of Hilbert spaces, the meta-abelian solvmani-
folds. (See below.)

The form of the differential operator that we are considering in this work, as well
as the form of the algebraic structure of the space on which this operator acts has its
origin in the analysis on Lie groups [I8, 2I]. In a sense, the context considered here
can be treated as a generalisation of the (finite dimensional) setting considered in
a series of papers on estimates of Poisson kernels for the second-order left-invariant
differential operators on N A Lie groups, i.e. on the semi-direct products of nilpotent
and Abelian Lie groups A = R?, D > 1 (see [4, 5, 6] [T0L [T, 12, 13} 14} [15] [16]).

All these analytical problems have their source in probabilistic considerations
(see e.g. [2, 8, [I7]) of harmonic (with respect to a probability measure) functions
on groups.

Our techniques are probabilistic and are generalizations of known results in the
finite dimensional Lie group case. The fact that these techniques are useful in
this context is in itself an interesting result. More specifically, for p > 0, and
d € NU {00}, let

o {1 d}) i d < oo,
1 4(N) if d = oo
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with respect to the counting measure. We identify ég with the subspace of £)°
of elements supported in {1,...,d}. We often omit d in our notation so that ¢,
denotes ¢4 for some fixed d. We let £} be the set of elements of £, with positive

entries and Z; the set of elements with non-negative entries.

For u € R%, d € NU{oc}, we let [u] = diagu be the corresponding d x d diagonal
matrix.

Let A = X = {5 considered as Abelian groups. The general element of A and X
are denoted respectively by

a = (a1,as,...),
x = (x1,22,...).
We define an action of A on X by
2% = Ady z = 4@ (z) = (M Wy, ... @y, ),
where \; : A — R is given by
Ai(a) = a;.
Recall that ¢ C £, so that for a € f5, both a and e¢* are bounded. Then for a
and z in f5, the 2% defined above is also in /5.
We consider the corresponding semi-direct product G = X x A which is X x A
with the product
(2,a)(y,b) = (x +y",a + D). (1.1)
For g € G we let z(g) =z € X and a(g) = a € A denote the components of g in
this product so that g = (,a).
Let ¢, € 3 N¢; and let o € Z;r. We consider the differential operators

L=Aq+ L5, (1.2)

where

LZ _ Z€2>\j(a)ﬁj8§j and Aa = Agé = Zq]agj — 2204]6%
i J g

We do not typically carry ¢ in our notation as we consider it fixed. However, when
necessary, we will indicate the dependence with a superscript q.

Following Da Prato and Zabczyk [7], we consider our operators as densely defined
operators on the respective spaces UCy(G), UC,(A), and UCy(X) of uniformly
continuous, bounded functions on the given space, depending on context. We also
let Cy(+) denote the space of bounded continuous functions on the given space.

We require some technical assumptions on the growth rates of the coefficients.
Explicitly, we assume that there is a constant ¢ > 0 such that, for all j > 1,

20&{7‘

—= > c. 1.3

3, (1.3)
We assume additionally that there is a v € ¢5 such that

[a]y = o (1.4)

Recall that [g] is a matrix whose diagonal entries are equal to q.

For d € N we let the superscript d denote the corresponding sequences obtained
by considering only elements of EZ C 4.

Our main results are in Theorem [5.1] which firstly proves the existence of a
heat semigroup PF for £, and secondly provides a probabilistic formula for the
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semigroup. This formula is based on the existence of a diffusion kernel for Egt
(04 is a continuous trajectory of the process generated by A, ) which provides the
unique solution to system below, which is our second main result.

Finally, we prove that X is a “Poisson boundary” for £ in the sense that there
is a “Poisson measure” v on X for L. That is to say, there exists a probability
measure ¥ on X such that

pExv=u,
where £ is a semi-group of probability measures generated by £ and the convolu-
tion is defined by the action of A on X, i.e. if A is a probability measure on G and
p is a probability measure on X, then

[ t@0span) = [ [ s+ ymaydapas).

To prove existence of the “Poisson measure” v we give its construction. The
outline of the paper is as follows. In Section [2] we recall the basic properties of
Gaussian measure in the Hilbert space ¢ which is the basic component in our
results. In Section [3] we define a vertical component, i.e. a stochastic process on
A generated by A,. The vertical component is one of the two components of
the skew-product formula (proved in Section [5)) for the heat semigroup PF. The
second component, called a horizontal component, is a diffusion on X generated by
a time-dependent operator ﬁgt. The horizontal component is considered in Section
[ Finally, in Section [§] we construct the Poisson measure v on X for L.

2. GAUSSIAN MEASURES ON /o

The concept of Gaussian measures is fundamental to our results. A detailed and
extensive discussion of Gaussian measures in the infinite-dimensional Hilbert and
Banach spaces can be found e.g. in [3] [7, [I].

We restrict to the mean 0 case since this is what we require. For A > 0, the
corresponding Gaussian measure on R is then

Na(dz) = (27r)\)_1/26_%dx, A>0,
A 5o(da), A=0.

Let A € R? with Aj >0, where 1 < d < oco. Let [A] denote the corresponding d x d
diagonal matrix. The corresponding Gaussian measure on R? is by definition

d
Niny(dz) = [ Na, (daj). (2.1)
j=1

The product measure exists as a measure on (R?, B(R?)) since each of the compo-
nents is a probability measure [9, p. 157, Theorem B]. Let | A| denote the cardinality
of a set A, and let

R™ = H R, where m = |[{j: \; # 0}/,
{5:x;7#0}

RE= J[ R, where k=|{j:); =0}
{7:A;=0}

Then we may write R? = R™®R*. For € R? let = 2™+2" in this decomposition.
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Lemma 2.1. Let notation be as above. Then

[ s@Nodn) = [ @ 0N (da™)
:/ Flgom (@) Npym) (daz™)

-
= [ 7@z (@) Ny o)

where dz™ = [[}L, da;.

Proof. By definition
[T Natdzy)x J[ Na(day)
{7:A;#0} {5:x;=0}
which is equivalent to the statement in the lemma. ([
We say that two sequences A! and A\? in R? are disjoint if A2 = 0 for all i.

Equivalently, A and A? are disjoint if the sets {i : A} # 0} and {z 2 A2 #£ 0} are
disjoint. The following lemma is clear.

Lemma 2.2. Assume that A € R? where \; > 0 for all j. Suppose that \* and \?
are disjoint elements of R* and A = X' + A\2. Then
R? = R4 x R%,
N[)\] = N[)\l] ® N[)\z]7
where Njyi) are measures on R% and d; = |{j : /\§ # 0}.

The statement in [7, Theorem 1.2.1] implies that if [A] is trace class, i.e. A € 1,
then Npj(dx) restricts uniquely to a measure on 3. In our case, trace class will
always be assumed, so we consider Nyj(dz) as a measure on f3. The following
lemma is simple and it is left to the reader to prove it.

Lemma 2.3. Let P be a bounded, symmetric, positive operator on {o which is
diagonal in the standard basis {e;} of ¢y with eigenvalues p;. Then

f( )Npp(dr) = j f(Pl/zx)N[A]da:.

3. VERTICAL COMPONENT

By definition, the vertical component is the diffusion on A generated by A,. This
is the Markov process with transition kernel Pf(a,db) which gives the solution to
the following initial problem on A:

atf(tva) = Aaf(tva)a t>s Z 07

3.1
(5,0) = Jo(a). oy

In the a = 0 case, from [7, (3.1.9)], the solution for f, € UCy(A) is
f(t,x) /fo T+ Y)N—s)[q (dy) = /fo —2)Nt—s)[q) (dY), (3.2)

PP (x,dy) = R(—x)N(—g)[q (dy).
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Furthermore as an operator on UCy(A), t — P, defines a continuous semi-group.

In the a # 0 case, by hypothesis there is a v € {5 such that [g]y = a. Note
also that from [7l Proposition 1.2.5], the measure in the second equation in
below is finite.

Corollary 3.1. In the case o € {y (arbitrary case), the solution to (3.1)) for f, €

fla,t) = e 0 [ fo(z+y)e” VNG g (dy),
12 (33)

Pgy(x,dy) = e "I R(—z) (e VN1 (dy)).
Furthermore as an operator on UCy(A), t — P, defines a continuous semi-group.
Proof. A simple computation shows that
Al = e(%"”)Age*(%“’) + (o, 7).
This suggests that as operators on UC,(A)
Py, =P = e(t—S)(aﬁ)e(’v,z)pso’%qe—(%r)
which is equivalent with the stated identity. A rigorous proof can be constructed

either using finite rank approximations as in [7] or using the stated formula for A%.
We omit the details. O

4. HORIZONTAL COMPONENT

Let 0 € C([0,00)), X) and f, € UC,(X). For k € N, let UCF(X) denote the set
of elements of UC,(X), all of whose derivatives up to order k belong to UCy(X).
Consider the initial value problem on Rt x X,

D.f(8,b) = LG f(1,b), t> s,

(4.1)
f(s,b) = fo(b).
For s < t, let
t t ¢ T

A%(s,t) = / 2y, = (/ e2Wigy, .. ,/ eQU(u)ddu) € RY,

that is we consider A?(s,t) as a column vector, and
t
o o 20 (u);
Aj(s,t)f/S e (Wi dy,
Note that for a € A,
t
(Adg A7 (s,t)); = €A (s,t) = / 2o (Witas gy = AT+/2(5 1) (4.2)

Theorem below is one of our main results. We prove it in a series of propo-
sitions. Assume first that d < co. Under the Fourier transform in z, (4.1) implies

SH

0f(,6) = (=D e gE8) fe. ),
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This ODE is easily solved,

f(t,€) = exp (-~ E}Mst@,)n@

= e—%(2[A”(s7t)] BIEO £ (6.

If d < oo, the next follows immediately from [7, Theorem 1.2.1]. The general
case is Proposition [£.3] below.

Theorem 4.1. Assume that [3] is trace class. Let
PIP(dy) = Nagyae (s, (dy). (4.3)
Then for f, € Cp(X) (UCy(X), resp.) the unique solution to (4.1) in Cu(X)
(UCy(X), resp.) is
U’ (s,t) fo(x / folx + ) Pftﬂ (dy) = / folx +[A% (s, t)} y)Nojg (dy). (4.4)

In the finite dimensional case, the following properties follow from Theorem
and are well known (see [10, 19, [20]). The process corresponding to the transition
kernel (4.3) is called the horizontal component.

Corollary 4.2. Assume d < co. Then
(O Ul r)o(rt) = Ul 0<a<r <t
(i) QU (s,)f = U (t,5)L°D,
(iii) 8 U (s,t)f = —LOOU(s,1)f,
(iv) U%(s,t) : C3(RY) — CZ(RY), s < t.
Assume now that d = co. For m € N and 3 as in ([1.2]) let

B™ = (B, Bm,0,0,...) €ER™,  PI™(dy) = Nojgm)ac.m (s, (dy),
where
AT (s, 1) = (A% (s,1),..., A (s,1),0,0,...)7T.
Then m — PJ}™(dy) is referred to as the finite rank approzimation to PJ,(dy).
We apply Lemma with A = 28, Al = 28™, A2 = 28 — 23™. Then in this
lemma d; = m and ds = co. Restricting to o, this lemma implies that

fz =R™ x 62,
Nl ac(s,t) = Najgmiac (s,t) ® Niazjaes,b)-

For x € /5, let 2™ and x* be the components of x with respect to the above
decomposition. Let

up, (s,t) = , fo(z +y)xrm (y)N2[B]A<’(s,t)(dy)
2

=/ fo(@™ +y™ x —a™ + 4> )xem (y™, y™)
R™ x £y
X NQ[Bm]AH(S, t) (dym)N[)\z]AU(s,t) (dyoo)

= / f (3’} + ym .’L'm + O)NQ[ﬁm]A"(S,t) (dym)
R™ x £y
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_ / Fol@ + 5™ Nigmiae (o y2(dy™)
R™ X £o

= folx +y™) P (dy™).
an

Recall that for a set B, xp is the indicator function of B, i.e. xg(x) =1if z € B
and xp(z) =0 if © ¢ B. From the dominated convergence theorem it follows that

lim PT(f,) = PIY(fo)-
In particular from Corollary [4.2] for 0 < s <r <,
PoPPT = PIL. (4.5)
Theorem (for d = 00) now follows from the next proposition.

Proposition 4.3. For f, € UCE(X), u(s,t) = U°(s,t)f, is the unique solution to
the initial value problem (4.1)).

Proof. We use the second formula in (4.4). Let
B:2[ﬂ]a C= [Ag(s,t)]l/zv S:CQ(szoxI)

From the mean value theorem for integrals applied in each variable

C? = [(/t eQa(u)ldu,/t e (W2 gy, . )T}

S

_ (t _ s)[(GQU(ul)’ e2(r(uz)7 o )T]
= (t—s)e? ™ u e RY,

where u; € (s,t) for all i.
From Taylor’s Theorem applied to the function ¢t — f,(z +ty) at t =1,

1
fo(x +y) = folx) + (Dfo(x),y) + 5 (D2f0($ + 51/).%3/)
where differentiation is with respect to x and £ = £(z,y) € [0,1]. Then

ol + Cy) = fola) + (Dfo(@), Cy) + 5 (C*D* (o + ECy)uy). (47)
From [7, Proposition 1.2.4],

[tGuta).comatan) = o
/SijyiyjNB(dy) = 25,845,
/(Sy Y NB dy 22‘5’1]61]

- 2(t =) Te([B)(** ) D?)(f,)
=2(t =)y Bic* 0} fo(w).

We integrate (.7) with & = 0 against Nyjg(dy) using (4.6) and rearrange to find
that

U7 (5,0)(@) = fola) = (£ = ) 3 Bie® )92 ()
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= 550 [ (021l + (0= 926> ley) — Do) ) N ().
Hence, as t — s,
U (s, t)(z) — folz)
t—s

> 8270} fo(w) = 0,

that is,

U (s, t)|t:S+ = L3 fo(x).
This proposition now follows as in the proof of [7, Theorem 3.2.3] using Corollary
(i). The uniqueness follows from the uniqueness in the finite dimensional case. [

4.1. Ad-invariance. For f a C'* function on either G or X and a € A let
ad, f = foad,.
For X in the Lie algebra G of G we have
ad_, oX oad, = Ad.(X).

Consequently, as an operator on X,

3 =3 Mg = Ad,, (Z ,Bjxf),
j=1 j=1
LGTY = Ada (L) = Ad 4 0o(LF) 0 Ad, .
Corollary 4.4. As operators on Cp(X), for a € A,
Ut%(s,t) = Ad_, oU(s,t) 0 Ad, .

Proof. From Corollary integration against the quantity on the right solves the
initial value problem (4.1]) with o replaced by o + a. |

Corollary 4.5. For f, € Cy(X),
U (s, t) fo(x) = /X Nogjaeta (s, fo(z 4+ y)dy.
Proof. From and (2.3),
U7 (AL () @) = [ (0 Adu))PE4(a. )

_ /X Nogsyae (o) folAda( + 1)) (dy)

Hence,

Ad_a OUG(S,t) o Ada(fo)(m) = / NQ[B]A“(s,t)fO(x —|—Ada y)dy
X
=/XNz[g]AdiAa(s,t)fo(x+Z/)dy

:/XNQ[Q]AH(;(S’t)fo(x—|—y)dy.
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5. A SKEW-PRODUCT FORMULA

Here we present our second main result. Let P¢, be the measure defined in .
We refer to the formula given by the next theorem as to a skew-product formula.
It gives both the existence of and a disintegration of the heat semigroup T* of £
into a “horizontal” diffusion 7(¢) defined on X = ¢3 and a “vertical” one on A = {5
generated by A,. In finite dimensions, this is a special case of [0, Theorem 3.1],
see also [12].

Theorem 5.1. For f € UCZ(G) and t > 0 we have

thf(x,a) =E, / (@ +y,00)Nogae 0. (dy) = v(t, z,a), (5.1)

where the expectation is taken with respect to the distribution of the process o in £
generated by Ay, and starting from a, i.e., o9 = a.

Proof. We claim first that for f € UCZ(G), v(t,x,a) defined in(5.1)) is a solution of
the integral equation

¢
v(t,x,a) = Eqf(z,04) + Ea/ Egt_s LV(sz,00-5)d s (5.2)
0

We claim first that the only question is the second term. Let f € UCZ(G). Then
from (4.1) for 0 < s < ¢,

¢ ¢
/Eaﬁgt’sv(s,x,at,s):Ea/o E;t’SU"(O,s)f(x,at,s)

0

t oo
:/ Ea/ Zez’\j(gt’s)ﬁjag%j”(x+y)N2[,6]Av(s,o)(dy)d3-
0

Lo j=1

Since

t t
|Ea/ ezxj(atfs)ds| — |Ea/ eQAj(ou)du|
0

Y

0
= |Ea/ 273 du|
0
t
= |Ea/ 62(bu)j7ajt du|
0
t
< ‘Ea/ 2w qy| = ¢,
0

we obtain (since 8 € £;) that

[Lhv(s,z,a)| <

S t
HU”ZOZﬂanA 62/\]'(0}75) ds
j=1

< ||”U||§oct| Zﬂj}

j=1
< Cil[vlloollBlle -

Let dW,(b) be a “Wiener measure”, i.e. probability measure one C([0, c0), A) such
that, for every a € A, W (b:b(0) =a) = 1.
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We calculate
Eaﬁlg‘_sv(s, x,bi—s)

:/ﬁgﬁisv(s,xabt—s)dwa(b)
— [ ey [U7 095 @0)d Wi (2)dW,0) (53
:/ / L5 U(0,9)f (2,0.)d Wi, (0)d Wo(b)

- /ﬁl/’;*sU”(t—s,t)f(x,bt)dWa(b),

where in the last equality we have used the Markov property of the process.
We apply Fubini’s theorem to obtain

t t
/O E.L) "u(s,z,b—)ds = //0 LY Ut 5,t) f(x,b)d sdW o (b),
but .
/ ‘Cgt_sUbtis(t - S,t)f(.%, bt)ds = Ub(oat)f(xa bt) - f(xa bt)
0

Indeed by property (iii) of U® we obtain

d d
EUb(t - 8,t>f((11‘, bt) = _dSUb(Wt)f(xabt)

=— (_c’;;*Ub(t =5, 1)f(z, bt))
= LUt — s,8) f(w,by).

Therefore,
t

/0 Eaﬁgt’su(s, x,bi_s)ds

- [U'0.05@00a W0 - [ 1.0)dw. 0

=u(t,z,a) — Eq f(z,b).
Thus

7 f(0,0) = Ba [ 1o+ .00 Napgao00) (@) (5.4)
as claimed. O

6. CONSTRUCTION OF THE POISSON MEASURE

Let operators be defined as in (1.2) and T/ be defined by (5.1). For b € A we

let Tf’b be defined by replacing o, with o, + b in the initial value problem (4.1J).
For a measure p on G we define

fi(p) = /Gw(g‘l)u(dg)

We fix t > 0 and consider a Markov chain R,, with the starting point Ry = e = (0, 0)
and the transition kernel p(-,-) = p:(-,-). We have

Ry, = (0,0)(X1, A1) ... (Xn, Ap)
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:(X1+X541—|—---—|—X;?I+M+A"_1,A1+"'+An).

The distribution of R,, is equal to p(”)(e, dg) - the n-folded composition of kernel
p.
For:=1,2, let

7Ti:X><1A:£2><1€2—>€2
be the projection on the i-th variable, i.e.

m(x,a) =z, ma(x,a)=a.
Then

T (Rn) = X1 + X3 4o Xph A,

For i =1,2,..., we denote

Xi=(X;1,Xi2,...) €, A= (A41,Ai2,...) €l

Theorem 6.1. The limit
lim m(R,) =2 (6.1)

n—oo
exists a.e., and the distribution v(0,dy) of the random variable Z is the Poisson
kernel for L.

Proof. The proof is based on ideas from [I7,[8]. First we prove the existence of (6.1])
and then we show the claim about the Poisson measure. To show the existence of
(6.1) it is sufficient to show that

lim sup ||XT?1+"'+A”—1||Z’Z <1l ae.

n—oo
We have,
| Xt Antly, = [|(eM A A X, A A X o ) e,
= ||[(eAra A X, et T A X o ),
= [|Ada, 4+t 4,1 Xnlle,
S NAdA 4t a, 0 lea—eo [ Xnlle,-
Thus it suffices to show that
lim [ Adatsa, /", <1 ae. (6.2)
and
li;rbr;solip HXn_HHZ" <1 ae (6.3)

First we prove (6.2)). Clearly,
I Ada e, < sup e @ |z]le,.
j=1

Therefore
H Ad, ||Z2H52 < sup eAj(a) = sup e
Jj=21 Jj=21
and consequently

1/n (A1 ++An )
Gty S SUPETT e
J=z

[Ada, 4. ta,

Thus to prove (6.2]) we have to show that

. 1, . 1
0 < sup lim enti(Aittan) sup lim en

(A1 j++An ;) < 1’
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Equivalently we have to show that
1
—oo <sup lim —(Ay;+---+ A, ) <0.
j>1n—=oon
Let
ma,j(x,a) = aj.
Then 75 j; is a gaussian semigroup of measures with the generator
2a;
q;0%, — 2004, = 4 (@i - 7]5(1]»);
45
that is,

1 (aj — 2aq,t/q;)*
. da- = — e (— J 72 J )da'.
7T2,J/‘l‘t( ]) \/Zqut Xp 4q]t J

Thus by the assumption (|1.3), there is a constant ¢ > 0 such that

200
/ / 772,j(957a>li(d95da) = / aj772,jﬂt(da> - % < —c.
Lo J o R i

4;
Notice that for every j > 1, Ay j, A j,... is a sequence of i.i.d. random variables
with values in R and with gaussian distribution 72 ju.(da;). By the strong law of
large numbers

1 200
lim 7(A1_’j + -4+ Am]‘) = / aj7r27j,ut(daj) =" < —c¢, a.e.
R )

n—o00 N q;

Hence we obtain (6.2)).
To prove (6.3]) we proceed as follows. Let

f(@,a) =log(1 + ||[]).
We will prove that T}F f is finite. By the skew-product formula (5.1]),

Tf f(z,a) = Eo(/log(l + |z + yl) Naota(o,r (dy)),

o is involved in the Gaussian measure N 4o g4 (dy)). Clearly there is C' > 0 suc
is involved in the G i Npo(o,0)(d Clearly there is C' > 0 such
that

Eq / log(1 + [l + yll) Nac+e (0.0 ()
< E, / (log(1 + [|z])) + log(1 + [[4]1)) Nawsa (o) (dy)

< Eglog(1 + [|z]) + CEq /(1 +[YlI*) N ac+ao,n (dy) < +oo.

Hence from [7, Proposition 1.2.4],

/ log(1+ [|71(9)le)p(e, dg)
Lo Xlo

- / log(1 + [|zlles)p(e, dg) < +o0, g = (x,a).
ZQNZQ

Notice that the real random variable Y is integrable if and only if

ip(m > n) < +oo.

n=1
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It follows from (6.4]), that for every r > 0 the random variable

1 1
- = 2| X,
~Im(9)lles = -1 Xalle

is integrable. Therefore,

> p(efg € G ilog(l+ [ Xnlle,) > nr})

n=1

M

p(e,{g € G :log(1+ || X1]le,) = nr}) < 400 Vr > 0.

n=1

Let

Ap = {log(1 + [ Xulle,) = nr}.
By Borel-Cantelli lemma

limsup 4,, :== N2, ( Use_, Am) =0 ae.
n>1
Thus,
limsup(1 + || Xnlle,)" < e ae.
n>1

and consequently

lim sup |\Xn||é2/" <e', ae.
n>1

Now taking r — 0 inequality is proved.

Now we prove that the object we have defined is the Poisson kernel. The argu-
ment is standard and is taken from [I7), [, [§]. The operator £ generates semigroup
of probability measures ;. Consider probability measure v, (dy) = v,,(0,dy). That
is vy, is the distribution of R, with Ry = (0,0). Recall that the transition kernel
for R,, was defined as p; for some fixed t. Therefore, for the random walk R,, we
have

Wk Uy = Upiq.

Obviously for every bounded continuous function f defined on X we have
nlgngo(fv Vn) - (fa V)'
Consequently u * v = v and the proof is complete. O

Remark 6.2. Using methods of [}, 5] it is possible to prove that in fact v, (z, dy)
and v(z, dy) do not depend on z.

Now we recall a version of Doob’s theorem [5l p. 17].

Theorem 6.3. Let X; be an almost surely continuous stochastic process. Suppose
that for every sequence 0 < t,, — oo such that

t
lim =2 =1
n—oo N

there exists a limit
lim Xy, =2 a.e

tp—00

which does not depend on {t,}. Then

lim X; =2 a.ec.
t—o00
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By Doob’s theorem we obtain the following corollary from Theorem [6.1]

Corollary 6.4. Let u; = PF(dy) be the semigroup of probability measures on
G =X x A =1 x{y generated by L. Then for f € Cp(X),

lim (71 (f2e), ) = (v (°), f)s

t—o0

where (ji,h) = (1, h), h(g) = h(g™").
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