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APPROXIMATION OF THE LEADING SINGULAR
COEFFICIENT OF AN ELLIPTIC FOURTH-ORDER EQUATION

MOHAMED ABDELWAHED, NEJMEDDINE CHORFI, VICENTIU D. RADULESCU

Communicated by Giovanni Molica Bisci

ABSTRACT. The solution of the biharmonic equation with an homogeneous
boundary conditions is decomposed into a regular part and a singular one.
The later is written as a coefficient multiplied by the first singular function
associated to the bilaplacian operator. In this paper, we consider the dual sin-
gular method for finding the value of the leading singular coefficient, and we
use the mortar domain decomposition technique with the spectral discretiza-
tion for its approximation. The numerical analysis leads to optimal error
estimates. We present some numerical results which are in perfect coherence
with the analysis developed in this paper.

1. INTRODUCTION

In a polygonal domain and when the data are smooth, the solution of an elliptic
differential equation is irregular. For a homogeneous problem of the bilaplacian op-
erator, we define some singular functions contingent to the geometry of the domain.
The solution is the sum of two components: a regular part and singular functions
([16, 18], 19, [20]). The later are multiplied by appropriate coefficients called singular
coefficients. To approximate the leading singularity coefficients two algorithms are
deployed. We first refer to the Strang and Fix algorithm [21], permitting to add
the leading singularity function to the discrete space [I5]. Secondly, the singular
dual method algorithm [5l [4]. In physics and particularly in solid mechanics (crack
propagation), the leading singularity coefficient is very significant. The calculation
of this coefficient was obtained by use of finite elements (Amara and Moussaoui
[5L [6]). In this paper, we propose to use the mortar spectral element method com-
bined with the method based on the singular dual function. We decompose the
domain in an union of finite number of disjoint rectangles. On each rectangle, the
discrete functions are polynomials of high degree. We enforce the discrete solution
to satisfy a matching condition on the interfaces. Due to the non continuity of
the discrete functions, mortar spectral element technique is nonconforming. For
more details on the mortar spectral element method, we relate to Bernardi et al
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[10, 1T, T3], 14]. In this work, we prove that the order of the error estimation be-
tween the continuous leading singularity coefficient end the discrete one is optimal.
This order is better than that obtained by the Strang and Fix algorithm.

The paper is outlined as follows. In the section 2, we present the geometry of
the domain, the continuous problem and the dual singular method which allows us
to calculate the leading coefficient of the singularity. This later depends only on
the solution. The approximation of the leading singularity coefficient by the mortar
element spectral method and the optimality estimation of the error is described in
Section 3. Finally, the results of a numerical test are given in Section 4.

2. GEOMETRY OF THE DOMAIN AND THE CONTINUOUS PROBLEM

We denote by Q a polygonal domain in R? such that there exists a finite number
of open rectangles €2;,1 < i < I, satisfying

Q=UL_,Q, Qun=0 fori#l. (2.1)

and such that the intersection of each ;,1 < i < K, with the boundary 9 is either
empty or a corner or one or several entire edges of sub-domain €2;. We choose the
coordinate axes parallel to the edge of the Q;. We denote by I'"/, 1 < j < 4 the
edges of Q and by v»!, 1 <i # 1 < I, the open segment such that

74 = 00t NNt

The set V will be the set of all vertices of the Q¢ 1 <i<Tand S =Ul_, U;*:l reJ
the skeleton of the decomposition. We choose finite set of disjoint open segments
v*, where k belongs to a finite set K such that S = Upcg?”, each 4%, k € K is
called mortar and its being a edge I'(F)-(k)

We are interested to non-convex domains, we assume that there exists an angle
equal either to 37“ or to 27 (case of the crack). Handling the singular function is
local process, so that there is no restriction to suppose that the non-convex corner

is unique.

2.1. Notation. Let w be the value of the non-convex angle equal either to 37“ or to
27, a be the corresponding corner of  and A be the open domain in €2 such that A
is the union of the €; which contain a. We choose the origin of the coordinate axes
at the point a. We introduce a system of polar coordinates (r, ) where r stands
for the distance from a and € is such that the line § = 0 contains an edge of 9f).
For reasons which will appear later, we are lead to make the following conformity
assumption: We suppose that the decomposition of the domain A is conforming
(see ﬁgure. If a is a vertex of the mortar I'*(¥):(%) which coincides with I' a side
of a sub-domain Q', I # i(k) then Niky < Ny, such that the restriction of a function
to A is in H?(A).

FIGURE 1. Domain Q
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The following biharmonic problem with homogenous boundary conditions is the
model under consideration,

A2u=f inQ
u=0 on Jf) (2.2)
g—z =0 on 9.

This problem admits the following variational formulation: Find v € HZ(2) such
that

Vv € H3 () / Au.Avdxdy = / fodxdy (2.3)
Q Q

where f is in L%(2).
Formulation (2.3 can be written in the equivalent form: Find u € HZ({) such
that

I I
voe H3(@ Y [ (Aula) @l dzdy =3 [ flacvlo drdy. (24)
i=1 "> i=1 v

The function v is in HZ() if and only if v|g, € H?(;), 1 <i < I, v and v
vanishes on 99, v|g, = v|q, and 9,v|q, = Opv|q, on ¥, 1 <i A1 <.

Using Lax-Milgram theorem we show that the problem is well posed. However,
in a polygonal domain the global regularity of the solution depends on the angle
w. For a non negative real s, if f in H*~2(Q) then the solution u of problem
belongs to H*72(Q)) and there exists a positive constant C such that

[ull gov2() < Ol fllms—2(0)-

If w= 3, s <0.544844, and if w = 27, s < 0.5.

To enhance the regularity we decompose the solution as follows:
u=ug+p7 such that up € H*T2(Q) (2.5)
where p is the leading singular coefficient, 7 is the first singular function and there
exists a positive constant C' such that
lurllmsr2) + 1] < Cllf [ #-2(0)-

e When w = 3Z: 5 < 1.544 and 71 (r, 0) = x(r, 0)r*-5*4(6),

¥(6) =4.302( c0s(0.0920) — cos(1.9086))

. : (2.6)
— 1.1815(10.869 5in(0.0926) — 0.524 sin(1.9086)).
e In the case where w = 2m: s < 1.5 and 71 (r,0) = x(r,0)r'-59(0),
¥(6) = (sin(1.50) — 3sin(0.56) + cos(1.56) — cos(0.50)). (2.7)

where x is the C* cut off function with support in A which is equal to 1 in the
neighborhood of a.

To compute the leading singularity coefficient p, we use the dual singularity
functions [5l, [I7]. We consider the characteristic equation of the bilaplacian

F(z,w) = sin?(wz) — 22 sin(w?) = 0. (2.8)

The function F is even with respect to z, then if zy = £ 4 in is the solution of (2.8))
then it is the same for —zg = —€ — in.
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The singular functions depend on the positive parameter £ = Re(z) where z is
solution of the equation (12.8)). These singular functions are solutions of the following
homogeneous problem:

AQTg =0 inQ

TgZO on I (29)
0

6771-15 =0 onT.

To each 7¢ corresponds a function 7_¢ solution of problem (2.9)).

Remark 2.1. We remark that the function 7¢ is at least in H?(Q) while 7_¢ is
in L?(Q) in the neighborhood of a. Let 77 (r,0) = x(r,0)7_¢ be the dual singular
function and 77 (r,6) = r'=%¢(#) in the neighborhood of a, where 1) is defined in

and (9

Since A2(1f) € H2(Q), let ¢* the solution of the variational problem: find
©* € HZ(Q) such that

/QAw*Av dx = (A%*(17),v), Yo € HF(Q). (2.10)
Then the singularity coefficient is
W= C/Q flrf —¢")dx dy. (2.11)
where ¢ is given by [16, [17]
=86 + 1) [ expl-(:+ D006 a9 (2.12)

where £(w) = sup { Re(z) : z solution of (2.8), z # il}, 1 is defined in (2.6) and
(2}

3. DISCRETE PROBLEM

The discretization is based on the Galerkin method. The goal is to construct the
discrete space which is not included in the continuous one because the method is
not conform. Since our problem is of order 4, we have to deal with two boundary
conditions. Then we need two mortar functions; one for the trace and the other
for the normal derivative. Let 6 = (N;)i1<i<s the discretization parameter where
N; are the degrees of the approximation polynomials in each sub-domain Q;, 1 <
i < I (Pn(Q) is the space of polynomial functions of degree less or equal to N).
We introduce the space My called the space of mortar functions made of couples
(¢0, 1) such that their restriction to each T**)7(¥) is a polynomial of degree less
than N;(k) and such that the following properties hold: at each vertex e of a sub-
domain, each couple (©g, 1) defines a unique value ¢¢, a unique derivative ¢ with
respect to z, a unique derivative ¢y with respect to y and a unique mixed 7, with
respect to x and y.

We define the discrete space X as the space of functions vs such that:

(i) for each i, 1 < ¢ < I, the restriction of vs to €; belongs to Py, (£2;);
(ii) vs and its normal derivative vanish on 0€;
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(iii) there exists a mortar couple (pg, 1) in Mg such that for 1 <i <1,

VeeV, ws

0
Q'i(e) = 906’ %(Uﬁ; Qi)(e) = @;a

0 . 0? .
%(U§|Qi)(€) = @ya a?ay(v(ﬂﬂi)(e) = @xy’

Vo €Poa), [ (ool = o)) dy =0, (3.1)

/ (%
Tij 8n

The choice of Py, 4(I'"7) is justified by the fact that four conditions are enforced
on the vertices of I'"/, one on the function and one on its normal derivative at each
vertex.

In the case of the problem of order four and to take into account the boundary
conditions, it is more appropriate to use a quadrature formula which uses the func-
tion values on the extremities as well as the values of its normal derivative. The
following lemma defines this quadrature formula (see [12 [22] for the proof)

o, —e)m(m)dyp=0, 1<j<4 (3.2)

Lemma 3.1. Let N > 2 an integer, there exists a unique set of points &, 1 < j <
N — 1, a unique set of positif reals pj, 1 < j < N —1, py, p— such that for all
polynomials ¢ in Pan_1(] — 1,1[)

2

1 —1
/ p@)de = 3 0(E)p; + o~ + o1y (3.3)

I
A

Remark 3.2. The nodes §;; 1 < j < N — 1, are the zeros of the derivative
of the Legendre polynomial Ly. We refer to [12] for the calculus of &; and p;,
1<j<N-1

Given two functions u, v continuous on Q = [~1, 1] x [~1, 1] and vanishes on its

boundary, we define the following discrete scalar product

N—-1N-1

(w)y =Y Y ul, &), &)pior-

=1 1=1
If T* is the bijection from ] — 1,1[% in Q;, we define

1| N;—1N;—1
4

DD (o) (&, &) (0o T, &)pipr

j=1 1=1

[

(uv U)N'L =

Hence, for each value of §, the discrete problem is written: Find us in X4 such that

for all vs € X5,
I I

> (Ausla,, Avslo,)n, = Y (fvsla) ;- (3.4)
i=1 i=1
See [§] for the numerical analysis and the implementation of problem using
the mortar spectral element method.
We present in this work a method based on dual singular function which will allow
us to approximate the leading singularity coefficient of the bilaplacian operator.
This method has high precision compared to the Strang and Fix algorithm [21].
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Let X5 = X5 + R7; be the augmented discrete space, which is a Banach space
by the following discrete norm, for all uy = us + um € Xj,

! 1/2
izl = Y- (s /a3y + 02T /0 e,

=1

We ask the following two discrete problems:
(1) find the function u} = us + pm € X such that for all v§ = vs +&m € X}
we have

I
m@mzzéﬂwmmw; (3.5)
=1 i

(2) find ¢} in XJ such that for all ¢} € Xj,

a3(0h ) = /Anm%mmw. (3.6)

The bilinear form aj is defined by

1
5(us,vs) Z ( Ausla,, Avs|a,) N, —&—u/Q ATy, Avs|q, dr dy
i=1 i

(3.7)
+§/ ATy |, Auslq, dxdy—&—uﬁ/ (A71|Qi)2dxdy).
Q; Q;

We refer to [I] for the numerical analysis of this problem and to [3] for its imple-
mentation. The following proposition gives us the expression of the discrete leading
singularity coefficient.

Proposition 3.3. Let u, ©*, uj and ¢} be respectively the solutions of (2.2)),

(2.10), (3.5) and (3.6), we have (i)
1
s = [ pridwdy+ [ wipiridedy= [ foi = giydeay  (39)

(i)
()~ )
I
=§;/Aw—%) (¢~ ¢) (39)
s 5 [P, - wilo) - 20 wila, ~ uila)]

1<iAI<I

where c is defined in (2.12))

Proof. We consider D the intersection of the domain {2 and the ball of center a and
radius R. We consider that the cut-off function X is equal 1 in D then we choose
R such that A?my = A% = 0 then from and (| we have

/ fridxdy = / —A%usti da dy —|—/ —A%uiT) dx dy.
Q D Q\D
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By double integration by parts we conclude
/ fridedy + / uf A7 da dy
Q D

-/ " On (A — us))r — (4 — w5, (ATD)) (R, O)r dB

Since uj — us = psT1, we have

c(/ i dmder/ uf ATy dzdy) = us.
Q Q

To obtain the second equality we replace v by w in problem ([2.10)).
To show ({3.9) we use (2.11) and (3.6). We obtain

(Du=1w0) = [ f0- dxdy—Z/Aum(ga — ¢)la, dudy.  (3.10)

By double integration by parts we have

()~ )

_Z Aqu —gp)drdy+ Y /Fl o (<P*—<P§)d7 (3.11)

1<i<I<I
0
- Y [ A -
1<i<i<r/T"
Let ¢5 = @5 + &1 and u§ = us + p71 in Xj. Since

I
a5(03u3) = 3 (Agsla,, Augla, ), + s / Ar Aug de dy

i=1

+ f/ Aps AT dx dy + uf/ ATE dx dy,
Q; Q;

and if us € X5 = {vs € X5 : v5/0, € Pn,—1(%), 1 <i < I}, we obtain

I I
> (Apsla,, Aus|)n, = / Apsla, Auslq, do dy.
=1 i

i=1

Then using (2.10) we have
as(p3,uy) = / ApsAus dedy = / ATl da dy. (3.12)

Following we deduce that A2p* = A27'1* in the sense of distribution and that
p* = = () on 0f) then

I
aj(hup) =Y / A2 03, de dy.
i=1 i
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Then by double integration by parts,
aE(@E,UE)

*

519 — u§|Qz) dr

1<i<I<I (3.13)
A *
Ty g a(a““w i
1<ici<y /T OMi
Following (3.12)) and (3.13) we conclude that
I
> [ A - elnAuslo, do
i=1 7
AN .
= Z , W( . —uslo,)dr
1<i<i<r /T g
OAu} .
- Y [ S il eladr
1<ici<p /T O
By adding this equality with -, we obtain the desired result. Il

We interested in the following the error estimate between p and ps.

Theorem 3.4. Assume that f belongs to H*~2(Q) with s > 0. The error between
w and pg satisfies the following estimate, for e > 0,

= nsl <ON2( 30 N7 Il 0.

1<i<I
N = inflgig[ Nz and
s—2 if Q; does not contain any vertices of €2,
o; = inf(s — 2,29 (5) —¢) if Q; contains one vertex of 0 other than a,

inf(s — 2,2m (w) —e) if Q contains a,
where 11 (w) is the second real solution of equation (2.8)) in the band 0 < Re(z) < s
Proof. Following (3.9) we have
"w— ug—c/f dxdy—c/A2 — " )dzx dy.

By double integration by parts we obtain

8Au - .
f—ps=c Z/AuIQAw po)dedy + Y /ll T (Pilas = ¢l dr
1<iAI<I
- > [ oS,
1<izi<r /T i
Otherwise taking vy € X such that vs € X; we obtain
as (3, v5) = (A%, v5)
8A
_Z/ ApAvy dx dy + Z ° , —Vsla,)dr

1<izi<r /T
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D DR X

1<izi<r /T

v;‘ﬂz)dT

Then by adding and subtracting the same quantity, we write

= ps = 2,)A(p5 ;) dzdy
O0Au
- Z / L @il — @l dr
1<iAI<T ’
6 * *
- Z ) (Au)ai(@ékh - ‘Qi)dT
1<igl<r 7T
oA )
+ Z / <P —v |Ql)d7—
1<il<I
-y (Ag™) v5|sz *|szl)d7)-
1<izi<r /T
Proceeding as in [7, Chapter 4.2] we obtain
3Au
o )dr — C—vrla,)d
Z /1"” 8nl T Z / slo: = ¢la.) dr

1<i£l<I 1<i£I<I

4
8AuR c
< i - a K i3\]/
>~ C(;;w7jepll\ilf4(r\”) | 8n QZ} ||[H3/2(F )]

inf Aup — y ) -
+wenﬂ=zlvr:,4(r'w)| ur — Y g2y ) le* — @5llaz9)-

On the other hand, by construction, A%7} is in L?(€2), therefore * is the sum of
71 and a function ¢ in H*(Q) N HZ(Q) see [1]

3A<p "
> [ - vitadr— 5 [ @05 (la, ~ vila)dr

1<i#1<I 1<i#£1<I

I

(ZZ( (T H—
LGP [F3/2 (1))

i=1 j=1

el o 187 = 6 ey )l = v3 ..
Having ¢*, respectively 5 the solution of the continuous, respectively discrete,
problem with second member in L?(Q), then we conclude from [I, Theorem 5.7]. O

Remark 3.5. We notice that the convergence order is N4 and N =% in the case
of the crack and in the case of w = 3—” respectively. This proves the high accuracy

of the method.

4. IMPLEMENTATION AND NUMERICAL RESULTS

To write the matrix system associated to the discrete problem (3.5) we have to
choose a basis for the space X;. Let h; be the Hermite interpolating polynomials
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on the interval [—1,1] defined by
hj(&) =d 0<j <N,
hi(-1)=h;(1)=0 2<I<N -2,
hj(=1) = hj(1) =
It follows that any polynomial vs of X5 is written as

ZZW By ()R (),

7=0 1=0

where v% = s (f;vi, §lNi), f;vi and h;vj are deduced respectively form &; and h; by
translation and dilation. Therefore for v in Xj there exists vs € X5 and p € R
such that v5 = vs + p7 then

vi(a,

o =SS Y e ()

=0 1=0

The two integral matching conditions (3.1)) and (3.2]) can be written in the matrix
form

U§I|Qi 'U;l|Q,L
’Ujl |edges _ @6|edges
(%Ln )jl |edges 01 |edges
s us
where
I 0 0 O
{0 Q 0 0
Q=10 0 0 o
0 O 0 1

The couple [Qg, Q1] is called “rectangular transformation matrix”. This matrix
ensures the descendance of the mortar to the elements. While its transpose QT
purges the unknown vectors from the false degree of freedom. It is clear that
we evaluate vs/q, without explicitly forming the global matrix projection. The
calculation of this matrix is local for each edge-mortar. We observe that the discrete
problem is written equivalently in the form

AU = F (4.1)

where A takes the form

(A(hjhi); A(hphg))n, O . . 0 f91 AT1A(hphg)
0 .

fQNA AT1A(hphg)

0 4 . 0 (Alhihy); Alhphe))n,, 0
le ATIA(hjhl) . fQNA ATlA(hJ‘hl) 0 . fQ(ATl)2

The i-th block (A(hjh;); A(hphg))n, for 1 < j,I < N;—1land 1 <p,qg <N; —1,
represents the Bilaplacian operator on the sub-domain €;, and F' is the second
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member given by
(hphqv f)Nl

(hphqa f)N1
Jo fridxdy
The vector Uy is constituted by the values of the solution both at the interior nodes
of each sub-domains and on the boundary interfaces.

Note that we do not solve the system because it has false degrees of freedom.
However, the global system that we solve is the following

QTAQU = QT F (4.2)

F =

where U is the vector composed from the unknown on the internal nodes and the
value of the mortar functions (¢g, ¢1) on the skeleton S. The matrix A = QT AQ is
symmetric and positive defined. Then, we will use the gradient conjugate method
for solving the problem (4.2]).
For this, let Uy be arbitrary, Ry = QT F — AUy, Ty = Ry and
R,, R,
Ap = ((Tn,AT,n))v Uny1 =Un + T, Rop1 = Ry — AT,

6 _ (Rn+17Rn+1)

" (Rn, Rn) 7

The calculation is processed locally, Even though the resolution by the gradient
algorithm is processed globally. We notice that the product matrix-vector is the
most expensive. The local matrices (A(hjhi); A(hphg))n, are full, consequently,
the calculation cost is high. It is as O(N%) operations and O(N*) memory space.
This cost of operations is reduced to O(N?) and the memory space to O(N?) by
sub-domain by the tensorisation.

Below, we present some numerical results to approximate the solution of problem
and the singularity coefficient by applying the dual method. In the following,
we vary the parameter of discretization NV and the data function of the biharminic
problem.

The test cases are implemented in a neighborhood of the singular corner a, i.e.
four sub-domains in the case of the crack and three sub-domains in the case of
w = 3m/2 (see figure [2).

Tn+1 = RnJrl + ﬂnTn .

3

FIGURE 2. Spectral mesh of domain when w = 27 and w = <.
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Below some numerical results are presented related to the calculation of the
discrete solution of the problem and the leading singularity coefficient by the
dual method. In the following examples, ps denotes the discrete leading singularity
coeflicient.

2 2

Example 4.1. u(z,y) = sin® 722 sin® 7y? and w = 3T

7.
N 7 15 22 30 37
ps | 401072 12463106 | —0.95110~ "2 | —3.04110~ ™ | 1.38210~ ™

Example 4.2. u(r,0) = r’>(sin(1.50) — 3sin(0.50) + cos(1.50) — cos(0.50)), and

w = 2m.

N 5 15 20 30 40
s | 0.8995. 1 0.9599. | 0.9993 | 0.9999 | 1.

Example 4.3. u(r, ) = r1-44(4.302(cos(0.0920)—cos(1.9086) ) —1.1815(10.869 sin(0.0926) —

0.524sin(1.908))), and w = 37,

N 5 10 15 20 35
s | 0.9017. | 0.9896. | 0.9991. | 0.9998 | 1.

Error singularity coefficient

— Enror solution

lagfermor)
log(errar)
=)

10 10 10 10 10 10
log(M) log (M)

FI1GURE 3. Error on the solution and the leading singularity coefficient.

Figure |3 shows the error curves on the solution of problem (curves in blue)
and the curves of error on the leading singularity coefficient (curves in red) in both
w =21 and w = %” The continuous solutions are equal to the first singular func-
tion which corresponds to a singularity coefficient equal to 1 (Examples and
. Error curves are calculated in logarithmic scale permitting the computing of
the convergence order corresponding to the slope of the curve. We notice that the
convergence order on the leading singularity coefficient is better than the conver-
gence order of the solution. It is equal to 3.9986 for the crack and to 4.6519 for the
L-domain. However in the case of the solution, this order is equal to 1.9997 for the
crack and to 2.4131 for the L-domain.

Let I’y = {(r,0) such that § =0 and § = w}. Figure {4 shows the iso-values of
the discrete solution in the case of w = 37” for the below biharmonic problem

~A’u=0 inQ
u=mxy ondQ/T
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0.8

..‘. 20 06
: L 018 0B
0.4
i 0.16 -
0.14 02
02
0.12
o 0
0.1
02 -02
0.08
E = -0.4
] - 0.4
: y 0.04 08 -0

08 -06 04 02 0 02 04 06 08 08 06 04 02 0 02 04 06 08

FIGURE 4. Discrete solution w = 27 and w = 2F.

ou

%:0 on 9Q/Ty
u=0 only
ou
n =0 only

and in the case when w = 27 the discrete solution corresponding to the problem:

~A’y=1 inQ
u=0 on9dN
%:0 on 0N).

The next example is related to the calculation of the leading singularity coeffi-
cient in the case of the crack for the biharmonic problem

~A’u=f inQ
u=0 on dQ/T
ou

=9 on 00/Ty

u=0 onl)
ou

%20 on I'y.

Example 4.4. f=0, g =2 and w = 27.

N 10 15 20 30 40
s | 0.1580. | 0.1559. | 0.1561. | 0.1562. | 0.1562.

4.1. Conclusion. In this paper, we studied the approximation of the leading sin-
gularity coefficient by mortar spectral element method. This coefficient has a great
importance in the solid mechanics domain. It informs on the crack propagation.
The dual method permitted to improve the results. Indeed, the obtained results are
better than those obtained by Strang and Fix algorithm (see [I]). Our conclusion
is twofold: first, the theory is confirmed since the dual method gives us an optimal
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error estimate. Second, using the spectral discretization for such type of problem
is more efficient.
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