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SOLITARY WAVES FOR
MAXWELL-SCHRODINGER EQUATIONS

GIUSEPPE MARIA COCLITE, VLADIMIR GEORGIEV

ABSTRACT. In this paper we study solitary waves for the coupled system of
Schrédinger- Maxwell equations in the three-dimensional space. We prove the
existence of a sequence of radial solitary waves for these equations with a fixed
L? norm. We study the asymptotic behavior and the smoothness of these
solutions. We show also that the eigenvalues are negative and the first one is
isolated.

1. INTRODUCTION

The classical correspondence rules in quantum mechanics are
E—>ih8t, D — —ihV, V= (vl,VQ,Vg), Vj :axj, _] = 1,2,37 (1].)

where E is the energy and p = (p1, p2,ps) is the momentum (see for example [9]
Section 4, Chapter V]). Using these rules, we can derive some basic wave equations
in quantum mechanics from the corresponding laws of classical mechanics. For
example, the classical relation

2

p
E=3—+V() p® = pi +p3 + 3, (1.2)

represents the energy as a sum of kinetic energy p?/2m and a potential energy term
V(z). The well - known Schrodinger equation for the wave function (¢, ) can be
written as

2
ihdp) = —;—mmp +V(x) (1.3)

and this equation is a consequence of and the relation . Here A is the
Plank constant, m is the mass of the field ¢ and V(z) is a given external potential.
For the case of potential created by the nucleus of the some atoms (see Section 4,
Chapter V in [9] for example) we have a Coulomb potential

e*Z

el

Viz)= (1.4)

where e is the electron charge, while Z is the number of protons in the nucleus.
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The interaction between the electromagnetic field and the wave function related
to a quantistic non-relativistic charged particle (considered as classical fields) is
described by the Maxwell - Schrédinger system. More precisely, let ¢ = 9 (x,t) be
the wave function and let A = (A, A1, A2, A3) be the electromagnetic potentials of
a charged non- relativistic particle. Then the corresponding Maxwell - Schrodinger
system (in Lorentz gauge) has the form (see the next section for the derivation of
this system)

1
SOuA~AA=7,
C

h2
o 4+ 5~ At = V(z)p =0, (1.5)

3
1
0 Ao+ ) 0n, Ay =0,
k=1
where ¢ is the light velocity (in vacuum),

3
. e
Oha=0r+izAy, Ay :k;a,zw
Ok, A = Op, + i%Am J = (Jo, J1, J2, J3), (1.6)

he —
Jo = 4melp|?, T = 477% Im(p0 av)).

We choose units in which
e? 1
h=c=1 = —~ —.
R T T
Also for simplicity we take m = 1.
We consider special solitary type solutions to the system (|1.5) of the form
Y(x,t) = u(a:)eii“t/h, reR3teR,
and
Ao =p(z), Aj(x)=0, j=1,23, z€eR?

where w € R and w is real valued. Then the system (|1.5)) takes the simpler form

1
—iAu—&—e(pu—&—V(ac)u:wu, r € R3,
—Ap =4dneu?®, z € R3, (1.7)

/ u? =N,
R3

where the last equation is due to the probabilistic interpretation of the wave func-
tion. In this work we shall assume the following relation between N and Z is
satisfied

N<Z (1.8)

The equations in ([1.7)) have a variational structure, in fact they are the Euler -
Lagrange equations related to the functional:

1 e 1 1
F(u,¢) =~ Vul|?d 7/ Yde+=- | V 2d——/v2d.
(wp) = [ Vel dot§ [ ptdosg [ vntar- oo [ 194l -
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It is easy to see that this functional is well - defined, when
u € H'(R?), / |Vp|? dz < oo.
R3

This functional is strongly indefinite, which means that F' is neither bounded from
below nor from above and this indefiniteness cannot be removed by a compact
perturbation. Moreover, F' is not even. Later on (see (3.5)) we shall introduce a
functional J(u) that is bounded from below and such that the critical points of J
can be associated with the critical points of F'.
The first natural question is connected with the simplest case V' = 0 (that is
Z = 0), namely
1 3
2Au+gpeu-wu7x€R , (1.10)
—Ap = 4reu?, z € R3.
It is well-known that the similar physical model of Maxwell - Dirac system with
zero external field admits solitary solutions (see [14]), i.e. nontrivial solutions in
the Schwartz class S(R3).
Our first result is as follows.

Theorem 1.1. Let (u,p,w) be a solution of such that u, @ are radial and
u € H(R?), / |Ve|? dz < oo.
R3

Then u= ¢ =0.

The above result shows that the Schrodinger - Maxwell equations with zero
potential have only trivial solution. This fact justifies the study of the Schrodinger
- Maxwell equations with nonzero external potential.

We shall look for soliton type solutions u, i.e. very regular solutions decay-
ing rapidly at infinity. First, we establish the existence of H! radially symmetric
solutions.

Theorem 1.2. Under the assumptions and @, there exists a sequence of
real negative numbers {wi }ren so that wy, — 0 and for any wy there exists a couple

(uk, oK) of solutions of such that
uy, € HY(R?), / |Vor|? dz < .
R3

Moreover uy, oy, are radially symmetric functions.

A more precise information about the localization of the eigenvalues w is given
in the following.

Theorem 1.3. Assume and N < Z. Let (u,p,w) be a nontrivial solution of
the equations in such that u, ¢ radial and

u € HY(R?), / |Ve|? dz < oo.
R3

Then we have
w < 0. (1.11)
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On the other hand, the solutions constructed in Theorem[T.2]are only radial ones.
Therefore, it remains as an open problem the existence of non-radial solutions.

Some qualitative properties of the solutions for the case N < Z are described in
the following.

Theorem 1.4. Under the assumptions , if (u, p,w) is a solution of with
u and @ radially symmetric maps and such that

u € H'(R?), / V| dz < oo,
R3

then
(a) u(r) € C>([0,1]),(r) € C*([0,1])
(b) If N =Z then u € S(|z| > 1), with S(|x| > 1) being the Schwartz class of
rapidly decreasing functions.

Remark 1.5. Property (b) in the above theorem shows that the soliton behavior of
the solutions can be established, when the neutrality condition N = Z is satisfied.
The physical importance of the neutrality condition is discussed in [I7] (see (5.2)
page 24 in [I7]).

Finally the topological properties of the set of the solutions are stated as follows.

Theorem 1.6. Under the assumptions and @, let (u, @, w) be a solution
of such that w < 0 s the first eigenvalue, u and ¢ are radially symmetric
maps and such that

u € H(R?), / V| dz < oo.
R3

Then the solution (u,p,w) is isolated, i.e. there exists a neighborhood U C H'(R3)
of u, one W of ¢ such that

/ |Vo|?dx < 00, ¢<W,
R3

and one Q@ C R of w such that each (v,$,A) € U x W x Q with (v, ¢, \) # (u, ¢,w),
v and ¢ radially symmetric maps satisfying the following

/ |v|?dx = N,
R3
is mot a solution of .

For the sake of completeness we want to recall that the existence of solitary waves
has been studied by Benci and Fortunato (see [6]) in the case in which the charged
particle “lives” in a bounded space region 2. Moreover, the Maxwell equations
coupled with nonlinear Klein-Gordon equation, with Dirac equation, with nonlinear
Schrédinger equation and with the Schrodinger equation under the action of some
external potential have been studied respectively in [7 14} 10, 11, 12]. Also, we
recall the classical papers [4, Bl [13].

The plan of the work is the following. In Section 2 we prove some preliminary
variational results, that permit to reduce to a single equation. Moreover
we show the variational structure of the problem. In Section 3 we prove some
topological properties of the energy functional associated to . In Section 4 we
prove Theorem [I.] and [[.3] In Section 5, 6 and 7 we prove Theorem [I.2] [I.4] and

[1.6] respectively.
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2. DERIVATION OF THE EQUATIONS

The relations (1.1]) have to be modified as follows (see Section 2, part I in [22]

E —ihoy,, p— —ihVy,
(2.1)

ie e
= — =V -—A
Ot =0 + hso, Vo=V ot

when an external electromagnetic potential (p, A), A = (Aq, Ag, A3) is presented.
Here ¢ > 0 is the light speed. Then the relation (1.2) leads to the following
Schrodinger equation with electromagnetic potential and external Coulomb poten-
tial

. h?
The corresponding Lagrangian density (see (6.7), Section 6.2 in [16]) is
ih — _— h? Vv
Loa() =T (0 Q) =¥ Op¥) = (= |Vathl® = S [Yf*. (2.3)
Equation (2.2) is then the Euler - Lagrange equation for the functional
Lsa,A(w)~
R1+3

We have the following charge conservation law for any solution to (2.2

[ ot =, (2.4
RS

where N has the interpretation as number of electrons.

Equation is linear in ¢ and the electromagnetic potential is assumed to
be a known real - valued function. The description of the interaction between
electromagnetic and Schrédinger fields involves quantum fields equations for an
electrodynamic non - relativistic many body system. A classical approximation of
these quantum fields equations gives a simplified nonlinear model for the following
Lagrangian density

La—s5W,0,A) = L, a(¥) + D Lar(A), (2.5)
where D > 0 is a suitable constant and
3
1 v
Ly(A) = ~1 MEV:O E,Ft (2.6)

is the Lagrangian density for the free Maxwell equation, i.e. F},, is the electromag-
netic antisymmetric tensor, such that

F,=-F,,=0,A -0,A4,, v,u=0,1,23. (2.7)
Here 0y = ¢~ 10, 9; = Or;, J = 1,2,3. The four potential A, is defined as follows
Ag=¢, Aj=-4A;, j=1,23. (2.8)
It is easy to compute all components of F),,
Foj = —c rOA; — 0jp,  Fjp = Ophj — O;Ar, j k=1,23. (2.9)

Since the Minkowski metric with respect to coordinates

xO:ct, 2 =xz;, 7j=123
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is g, = diag(1,—1,—1,—1), we find
FY% = Ry, F*=F;, jk=1,2,3, (2.10)
SO

3 3
Y FwFM =23 (Fo)*+2 ) (Fp)’=
i=1

w,v=0 1<5<k<3
= —2c719,A + Vo|? + 2|V x A%,

where a x b denotes the vector product in R3. The Lagrangian density in ([2.5] for
the Maxwell - Schrodinger system becomes now

ih — _ h2 5 Vv )
Lar-s(, 0. A) = 7 (§ Ot =9 B ¥) = = [Varl® = ||
D o (2.11)
+ Sl oA + Vol = |V x A,
where D > 0 is a dimensionless constant. Taking the variation of the functional

‘CM—S(wv P A)
R1+3

with respect to 1), we obtain the Scrédinger equation (2.2)) and this is the second
equation in (1.5). The variation with respect to ¢ gives the equation

D
—gW ~ DAp — ~0(V - A) =0, (2.12)
while the variation with respect to A implies
he ,_— —
zfmc(vww—vww—w
We shall take (for simplicity)

62

D D
A~ 0 A+DAA=DV (V-A)=—8,Vip = 0. (2.13)

1

87
and shall assume that the electromagnetic potential satisfies the following Lorentz
gauge condition

(2.14)

3
1
EatAO + I; 9y AF = 0. (2.15)
Then a combination between (2.12]) and this Lorentz gauge condition implies
1
—Ap + g@fgo = 4me|y|?, (2.16)
In a similar way from (2.13]) we get (using the gauge condition)
he — 1
—1 — S OPAL +AAL =0, k=1,2,3. 2.17
Ime m(vk,Aw ,(/J) 62 t A0k + k 3 ) 4y ( )
Equations (2.16) and ([2.17)) can be rewritten as
1
S0nA-AA=T, (2.18)
where
he -
\7: (J07J17J27J3)7 JO :4W6‘¢‘2a Jk :471-% Im(wak,A¢) (219)

and this coincides with the first equation in (1.5).
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3. THE VARIATIONAL SETTING

In this section we shall prove a variational principle that permits to reduce
to the study of the critical points of an even functional, which is not strongly
indefinite. To this end we need some technical preliminaries.

We define the space D"?(R?) as the closure of C§°(R?) with respect to the norm

1/2
[l pr.e ;:(/ |Vu|2d:c) .
RS

The Sobolev - Hardy inequality (see [2I]) implies the following lemma.
Lemma 3.1. For all p € L5/5(R3) there ewists only one ¢ € DV?(R3) such that

Ay = p. Moreover there results
lellpre < ellpllzess (3.1)
and the map
p e I (RS) o = A7 (p) € DV(RY)
18 continuous.
Moreover, the classical Sobolev embedding and a duality argument guarantee
the properties , ,
H' (R} CLYR3) for2<q<6
, 6 (3.2)
L7 (R%) C (HY(R?))' fors <¢' <2
Denoting by H}!(R3) the set of all H! radial functions. Then the classical Strauss
Lemma shows that (see [23] or [8, Theorem A.T’])
H}(R3) is compactly embedded into LI(R?®),2 < ¢ < 6. (3.3)
By Lemma[3.1]and by using the Sobolev inequalities, for any given u € H*(R?) the
second equation of (|1.7) has the unique solution
¢ = —dreA™"u?( € D2 (RY)).
For this reason we can reduce the system (|1.7)) to the equations

f%Au —Are? (A P+ V(z)u = wu, /
R

Observe that (3.4) is the Euler-Lagrange equation of the functional

1 1
J(u) = 1 /R3 |Vu|? da + 7 €2 /]R3 VAT 2 da + /R3 V(x)|u|? d, (3.5)

. |u|? dx = N. (3.4)

2
constrained on the manifold
B:={ue H'(R?|||ul}. = N}.

Note that the functional J(u) can be defined for complex valued u, while its critical
points are only real-valued.
Given any integer k > 1 we set

HFR?) := {u € H*(R?) : u(z) = u(|z|), € R?}.
Lemma 3.2. There results:
(i) J is even

(i) J is C' on HY(R3) and its critical points constrained on B are the solutions

of (3.4
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(iii) any critical point of J|h,11 (®9) is also a critical point of J|B.

NnB

Proof. The proof of (i) is trivial. Since
d ~1 22 _ —1
a(/ﬂg3 VAT u+ M| dw)‘/\zo =—4 /]Rg(A ulv) dz,

(ii) holds true. Now we prove (iii). Consider the O(3) group action T, on H'(R?)
defined by

Tyu(z) = u(g(x)),
where g € O(3) and u € H*(R?). Then the conclusion follows by well known
arguments (see for example [23]) because J is invariant under the Ty action, namely

‘](Tgu) = J(u)a
where g € O(3) and u € HY(R?). So, by [19] or [25, Theorem 1.28], iii) is proved. [

4. ToPOLOGICAL RESULTS
In this section we shall prove some topological properties of the functional J.

Lemma 4.1. The functional J is weakly lower semicontinuous on H(R3). In
particular, the operator
T:ue H(R?) — (A 'u?)u € (HL(R?))'

is compact and the functionals

Jiiu€ HYR?) — / VA~ u?|? da,
R3

Jo:u e HY(R?) — V(z)u? dx
R3

are weakly continuous.

Proof. We prove that T is compact. Let {ux} C H}(R?) be bounded. Passing to
a subsequence, there exists u € H}'(R?) such that ux, — u weakly in H!(R3). By
(3-1) and Sobolev inequalities we see that {A~1u?} is bounded in DV2(R3).
Passing to a subsequence, there exists h € D*2(R3) such that

A7 — h weakly in DY (R?). (4.1)
We have to prove that
(A ) uy — hu in (HH(R3)). (4.2)
Denote
12 12 g 7T, «a 7
e A A e )

Clear1y2<q<6,g<r<2, o/:g. We have
(AT g )up — hull- < (AT ug)uk — (A up)ull e + (A7 ug)u — hullpe, (4.3)
by Holder inequality (note that 1/r =1/6 4+ 1/q)
(AT i )u — (A7 @)l e < AT R o luw — ul] Lo,

then, using the compactness of the embedding (3.3, we see that uj, — u in LI(R3)
and {A~'u2} is bounded in D}?(R3)(— LO(R?)), we have:

(A" ud)ug — (A7 i Yul| - —0. (4.4)
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From the fact that uy — u in LY(R?), we see that
up —u? in L5 (R3).
Applying Lemma [3.1] we find
A7 — A2 in DVE(R?).
Now the Sobolev embedding guarantees that
A7 — A2 in LS(R3).
Comparing this result with , we conclude that h = A~1u? and via
HA~ ) — bl < A7 4 = Al v ] 2o,
we get
(A~ u2)u — hul| - — 0. (4.5)
So we have, by , and 7 that
(A u2)uy, — hu in L7(R3).
From the properties we arrive at .

We prove that J; is weakly continuous. Here it suffices to observe that the
operator
Q:uec HYR?) — u? e LY°(R3)
is compact, indeed, by the compact embeddings of H!(R?), the operator:

HY(R?) e LR} L L5 (RY)
is compact and, by Lemma the following one A~' : L6/5(R?) — DL2(R3) is
continuous.

We prove that Jy is weakly continuous. Let {ux} C H'(R?) and v € H*(R3)
such that
up —u weakly in H'(R?).

Since uy — u weakly in L?*(R3), there exists C' > 0 such that

lugllz < C, lufle <€, keN.

Fix € > 0, there results
/ V(2)u? dr < Ce, / V(z)u*dr < Ce, keN. (4.6)
{lz|>z/<} {lz|>z/<}

By the Sobolev inequality, u? — u? weakly in L?(R3), since V € L3/2({|z| < z/¢}),
there results
V(z)ui dz — V(z)u? de.
{lz|<z/e} {lz|<2/e}
Then, by the previous one and (4.6), we can conclude

/ V(x)uj dx H/ V (x)u? d.
R3 R3
Since, by well known arguments, the functional

u € HY(R?) — |Vul? dz

R3
is weakly lower semicontinuous. The proof is complete. (I
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Lemma 4.2. The functional J is coercive in H}(R3), i. e. for all sequence {uy} C
HY(R3) such that ||ug|| g2 — +oo there results limy J(u) = +oo.

Proof. Denote
By = {u € Hy (R%)|||ull g2 = 1}.
Let {uyx} C H}(R3) be a sequence, such that ||ug||z1 — +o00. Take

- Uf
A = Jug||lgr  and @y = Ve
k

Then obviously, uy, = Aty with A; € R tending to +oo and uy € Bgi. We have
J(ug) = axAi + bt — ci Az,
with

1 . 1
=- d 0,-
ag 4/RB|VU1€| xE[,ZJ,
by, = 71'62/ VA~ @2 |? dx > 0,
R3

1

k= 7/ V(z)ai dr > 0.
2 Jos

Observe that by Sobolev inequality there results

2¢y, :/ V(z)as dx—i—/ V(z)ui dx
{lel<1} {lz[>1}

~ 112 ~ 112

< (cIvi + sup V(@)) a3

o] >1

+ sup V(x)),

|| =1

L3 ({|a]<1})

= (cvi

L3 ({l2l<1})

where C' > 0 is the Sobolev embedding constant. Since, by Lemma {4.1} u €
H}(R3) — [5o [VAT'u?|? dz is weakly continuous and By is bounded in H}'(R?),
there exists a > 0 such that b, > « > 0. Then we can conclude that

liin J(ug) = oo,
and so the proof is complete. 0

The two previous lemma guarantee that J is bounded from below. Alternatively,
we can give a direct proof of this fact.

Lemma 4.3. The functional J is bounded from below on B.

Proof. For each u € B there results
1 1
J(u) > f/ |Vul|? do — 7/ V(x)|ul? dz. (4.7
4 Jgs 2 Jrs

By Kato’s Inequality (see (7.13) page 35 in [17]) and since u € B

2
/ V(@) ul? do = Z/ [ e < CZ w2 [Vull e = CNZ| V] o,
R3 s |Z]
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for some constant C' > 0. So, by (4.7)),
CNZ

1
J(w) = 71 Val2: = =2 Val (18)
Since the map
1 NCZ
r€ER— 112 — %x
is bounded from below, by (4.8]), the claim is done. ([l

5. SPECTRAL RESULTS

The main result of this section is as follows.

Proposition 5.1. Let (u,w) € H}(R?) x R be solution of the equation in (3.4). If

O</ u?dx < N, (5.1)
R3
Ze?
||
then
w <0 provided Z > N, (5.3)
w<0 provided Z=N. (5.4)

This proposition implies that Theorem is valid. However, to prove the above
proposition some Lemmas are needed.

Lemma 5.2. Let u € C?({|z| > R}) be a solution of

Au+p(z)u=0, |z]>R, (5.5)
for some R > 0, if p € C(R®) and there exist a, Ry > R such that
p(lz]) =20, |z[ = Ro, (5.6)
op 2(1-a)
—_ N Ty > > .
or + ‘-/Ifl b=z Oa |SC| = ROa (5 7)
then
1
lim inf —a/ p(x)u*(x) dr > 0. (5.8)
R—too {Ro<|z|<R}

The proof of the above lemma is a direct consequence of [2, Theorem 3].

Lemma 5.3. Let u € H}(R?),v € L'(R?) N L5/5(R3) radial, w > 0 or w =0 and
v >0, / vdr < Z. (5.9)
R3
If u,v satisfy the equation
1
—iAu — 4 (A ) u + V(x)u = wu, (5.10)

then u = 0.
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Proof. Assume, by absurd, that there exist u Z 0 and w > 0 satisfying (5.9 and
(5.10). Denote

p(z) == 8me* (A ) (z) — 2V (z) + 2w, = € R,

clearly u is solution of lb We shall apply Lemma for this take a, 0 < a < %
By [18] or Lemma in the Appendix,

4r(A~ m:—/ %d, z € R3, 5.11
(A== L el T} 10
SO
1 1 Z — N
p(|x :262/ — — —)u(y) dy + 2w + 2 e? > 0. 5.12
D=2 ol ~ 0 g 12
For r = |z|, there results
0 21 — « (A~ 2(1 — «
o) + 2 pta) = e (MG )+ 2 (A )
(5.13)
ov 2(1 — ) 4(1 — a)w
—2( 5 (z) + 2] V(z)) + 7]
Moreover, by (1.4),
ov 2(1 - a) Z 2l-a)Z  (1-20)Z
o (z) 7] Viz) = 2 + 2 = 2 . (5.14)
So using this relation and Lemma from the Appendix, we find
oA~y 201 —a) , 4
4r( 5 (x) + 7] A~ v(z))

), 20-a) o(y)
- /|| Er / max{ ), 1} %
[ ), 20-a) o(y)
B /|y|<r |1‘|2 dy r /{|y|<r} max{|x|, |y|} dy
21— o(y)
- /HM max{ [z, Jo]} Y

v(y) 2(1 - a) /
= dy — v(y) dy
/{|y|<r} max{|z|?, [y[*} 2 i<

Mo f s,
{

r >y 1Yl

v(y) 2(1 — ) / 2(1 — )
> / dy - o(y)dy — 2222 o(y) dy
(yl<ry T2 L ™ Jyizry

(1-2a) 2(1 — )
> 7 v(y)dy — ———= v(y) dy.
= 2 /]R3 (y) dy 2 Alsz} (y)dy

By (613), G13) and E13),
op . 21—a)
a(x) + Tp(x)

|
ZQ(I_M(Z—/RSv(y)dy)+4(1;a)(w—1/ v(y)dy).

r2

(5.15)




EJDE-2004/94 SOLITARY WAVES 13

If w > 0, then there exists Ry > 0 such that
1

= Jijyl2 ey

Ifw=0and Z > N, then for any € > 0 one can find Ry > 0 such that

/ oly)dy < e |2| > Ro.
{ly|>|z|}

In both cases, by (1.8), (5.9) and (5.16), since 0 < a < 3, we have

%(z) + 2(1|x|a)p(x) 20, |zl = Ro. (5.17)

w
Wy <2, Jol 2 R

By (5.5)) and Lemma the formula (5.8 holds true. On the other hand, we have
[ a0 de < e Aol (5.18)
R3
and, as in Lemma {4.2]
/]R3 |V dx < |V sz gz <apllulls + Zllull7s, (5.19)

so, by (5.18) and (5.19),
/ pu? dx
{Ro<|z|<R}

< / pu2 dx
RS

= 2(47‘(‘62 / (A ')l dr + | Vuldx + / wu? d:c)
RS RS R3

< 8me? ulias 1A 0l Lo + 201V [ Los2graj<ap lullZs + 2Z]|ullEs + 2w]ullZ--

(5.20)
Then
lim —/ p(z)u?(z) dr = 0, (5.21)
R—+oo RY JiR,<|e|<R}
and this is absurd, since (5.21)) contradicts (5.8]), this concludes the proof. O

Corollary 5.4. If V = 0 and the assumptions of Lemma are satisfied, then
u=0.

Proof. Suppose, by absurd, that there is u # 0 solution of , multiplying by
u and integrating on R, we get w > 0. We are going to apply the Agmon’s result
of Lemma For this we have to verify the condition for |z| large enough,
O0<a< % and

p(z) :==2(A ) (z) + 2w, x€R3.
The argument of the previous lemma (with Z = 0) gives

p 201 — a)
o)+ T ()

(1-a)w (1-2a) (1-a)
>4 -2 v(y)dy —4 v(y) dy.
- 2 /R3 W)y /{|y|zr} Wy

r r 72
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So, for Ry > 0 sufficiently large

@x 2(1 — «)
or ™t

By (5.20), with Z = 0 we have

p(z) 20, [z = Ro.

1 2 _
) put do < o (el sl A 0l +wlulffs)
{Ro<|z|<R}
This is absurd, because it contradicts ([5.8)), then v = 0. O
Proof of Theorem[I.1} Denote v(z) := u?(x), x € R3. By the Sobolev inequalities
ve LYR?) N LY/ (R3),

it is radial and, by the constraint in (3.4)), it satisfies also (5.9). Since w > 0, the
claim is direct consequence of the previous corollary and of the equivalence between

(1.7) and (3.4). u
Lemma 5.5. If u € H}(R3) is a solution of (3.4)), such that

/ w?dr < Z, (5.22)
R3
w >0, (5.23)
or
/ w?de = Z, (5.24)
R3
w >0, (5.25)
then u = 0.

Proof. Denote v(z) := u?(z), for z € R3. By the Sobolev inequalities
6
ve ' E)NLE), ar<2

it is radial and, by (5.22)) or (5.24)), it satisfies also (5.9). Applying Lemma we

complete the proof. O

Then the proof of Proposition [5.1]is a direct consequence of the lemma above.
The proof of Theorem is a direct consequence of Lemma and of the

equivalence between (1.7 and (3.4)).
6. PROOF OF THEOREM
In this section we shall prove Theorem We begin proving some lemmas.

Lemma 6.1. The functional J|H1 satisfies the Palais-Smale condition in

(R3)NB
each level | — 0o, —¢],e > 0, i.e. any sequence {uy} C HIX(R®) N B such that
{J(ug)} is bounded and

T(ur) < =&, J|pps gy (k) = 0, (6.1)

contains a converging subsequence.
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Proof. Fix € > 0. Let {ux} C H}(R3) N B be such that {J(uy)} is bounded and
satisfies (6.1]). First of all observe that, by (iii) of Lemma there results
/ /
J}H;(W)OB(U) =0 J[,(u) =0,
then we can assume
| (ur) — 0.

Since J(uy) < —e, by Lemma[£.2] {u;} is bounded in H(R?), passing to a subse-
quence, there exists u € H}(R?) such that

Up — U weakly in H}(R?). (6.2)
We shall prove that
up —u  in H}(R?). (6.3)
By definition, there exists {w;} C R such that
J’/B(uk) = J'(uk) —wiug, keN.
Observe that, since {u,} C B, we have
ka
= ([ (un) ) = (7' () )

1
= (7[5, ue) 5/ (V[ dz —4“62/ IVA‘luiPdH/ V(@) |up|? da
R3 R3 s
- <J‘39<u’f)’“’f> — 2J (ug) — 2me? /3 VA~ 2 % da,
R

by Lemma and (6.1]), {wx} is bounded in R and so passing to a subsequence
there results

W — W, (64)
1
—iAu —Ane* (A ) u — V(2)u = wu. (6.5)

Ifw <0, by Lemma , and 7

1
5/ |Vuk|2dx—w/ u? dx
R3 R3

= <J|33(uk), uy) — 47T62/ VAT g |? do + V(2)ui da + (wy, — w)/ ui dx
R3 R3 R3
— —4me? VA W2 de+ | V(x)u?de
RS RS
1 2 2
=- [Vul*de —w [ u”dx,
2 Jps R3
and then (6.3) follows.
Now we consider the case w > 0. If [|u||2 = 0, by Lemma [4.1] we have
0=J(u) < limkinf J(ug) < —e,

that is absurd. If 0 < ||u[|3. < N then u is solution of the equation in (3.4), (5.22)
and (5.23)) hold. So, by Lemma, we have u = 0 and also this is absurd. Finally,
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if |lu|2. = N, we have, from (6.2)

up —u  in L*(R3), (6.7)
then (6.3) is direct consequence of ((6.4)), and (6.7]). This concludes the proof.
O

Remark 6.2. Let p € L'(R®) N L"(R?), with & < r < 2,90 € DM?(R?) radially
symmetric maps such that Ap = p. Denote

pu(z) == plvz), TR*v>0
we claim that the unique solution ¢, of the equation
AQDV = Pv

is ,(z) := v~ 2p(vz), z € R®. Indeed, denoting r = |x|, there results

Apy (37) = Ay, (7‘) = afrtﬂu (7") + %8TSDV(T)

1 2v
= = (Vo%eln) + Zo,00m))

v? (6.8)
2
_ 92 =
= O plvr) + —0,p(wr)
— Ap(va) = pl(va) = pu(a).
Moreover
1
[ vartn@pPae= [ VaPd = [ VewoP i
R3 R3 14 R3 (69)

1 1
= 7/ |Vo(z)|* de = —5/ VA p(z)|? d.
R3 1% R3

5
For the last part of this section we need more notation. Define
cr == inf {sup J(A)|A € A,v(A) >k}, ke N\{0},
& := inf {sup J(h(S* 1)) |h € i}, k€ N\{0},
ko= inf {sup J(h(S" 1)) |h € Qup}, ke N\{0}, A >0,
where
A:={ACHR*)NB:Ais closed and symmetric},
Q== {h: 5" — H(R®) N B : his continuous and odd}, k& € N\{0},
Q== {h: """ — H}(R®) N B, : his continuous and odd}, k€ N\{0},A >0,
By:={ue H' R : |ulz2 =X}, A>0
and + is the Krasnoselskii Genus (see e. g. [3| Definition 1.1]).

Lemma 6.3. There results
cr < Gk < Cios (6.10)

for each k € N\{0} and 0 < A <+/N.
Proof. Fix k € N\{0}. We prove that
Ck S 6k. (611)
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Let h € Q, since h is continuous and odd the set J(h(S¥~1)) is closed and sym-
metric. Moreover h(S¥~1) C B and, by the invariance property of the Genus, there

results
HR(551)) = A(55Y) =

So we have ¢, < supJ(h(S*71)) and then is proved.
Now, we prove that

& <éra 0<A<VN. (6.12)
Fix 0 < A < VN and define

X _
@)@ = 35h6) (55): he g est
Let h € Q, and ¢ € S*~! such that
3 2 2
_ > 1
- /}R Vul? do /R V(@) ul2 de > 0, (6.13)
where u := h(£). Set
vi= g uy, () := hy(z) = v*/4(2)u(ve)

and observe that, by (6.9 . there results

/ |u,,|2dxfﬁ/ lu|? dz = \2N,
/ |Vul,|2dx:1/3/2/ |Vul|? de,
R3
/ VA~ |2dx—/ VA~ u?(2))? da,
R3

/ V(x)|u,|? de = yl/Q/ V(x)|u)? dz.
R3 R3
Consider the map

L3/2 J1/2
F) = J(uy) = / Vul? dz + me? / VA~ [ da — / V() ul? dz,
R3

there results
df L. 3v1/2
dv 8

1
2 2
Clearly
d 3
Ty >0 l/ Vul? da —/ V(@)|uf2dz > 0
dv 2 R3 R3
and then, by (6.13), f is increasing for v > 1/N?, namely

J(n(§)) = J(u) < J(u,) = J(hx(£))-

Since, if there exists ¢ € S¥=1 ¢ # ¢ such that h(¢') does not satisfy (6.13)), we
have J(h(¢)) < J(h(£)), then

sup J(h(Skfl)) < sup J(hA (Skil)).
This concludes the proof of . ([l
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Lemma 6.4. For all k € N\{0}, there exist a subspace Vi, C H}(R®) of dimension
k and v > 0 such that

1
/]R3 (§|Vu|2 - V(w)uQ) dx < —v,
for allu € Vi N B.

Proof. Let u be a smooth map with compact support such that

lu]*dz = N, supp(u) C Ba(0)\B1(0),
R3

where
By(z) ={y eR®|lz—y| <p}, z€Rp>0.
Denote
ux(z) = N 2u(\x), A>0,xeR3,

there results
[P ds = [ JusPde =N, supp(us) © Baya(0)\Bi ().
R R
We have

[, GIvaP -vierg) de= [ (519uP =V (e/a)u) da

1
§A2/ §|Vu\2d:va inf V
R3

supp(u)/A
1 zZA
<X [ Z|Vul*dx—Z=N.
< /]RS 5 |Vu|® da 5
There exists A\g > 0 such that
1
/RS (§|VU)\O|2 - V(z)uio) dx < 0.

Let k € N\{0} and uy,us, ..., u; be smooth maps with compact supports such that
/]1%3 lui|*dz =1, supp(u;) C Byi(0)\B;(0), i=1,2,...,k.
Using an analogous argument we are able to find Ay, Ae,..., Ax > 0 such that
/R3 (%\Vumﬁ — V(a:)uiz) dr <0, 1=1,2,....k.

Let 0 < A < min{A1, A2, ..., Ax} and let Vj, be the subspace spanned by u,, us,,
.., Uk;. Since the supports of this maps are pairwise disjoint, Vj has dimension
k. Since for all i = 1,2,...,k and A < \;, there results

1 2 2
/R3 (§|Vuik\ - V(x)uh) <0

and Vi N B is compact, the claim is proved. ([

Lemma 6.5. There results
e <0, (6.14)

for each k € N\{0}.
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Proof. Let k € N\{0}, by Lemma there exist Vi, C H}(R3) subspace of dimen-
sion k and v > 0 such that, for all u € V3 N B,
1
/ (7|Vu|2 - V(m)u2> dr < —v.
Rr3 \2
Let A > 0 and define
hy:ViN B — HYR®), hy(u) =A%
Fixed u € V; N B and 0 < A < VN, there results
J(ha(u)) < =X\/20 +cA? < —X/2v0 + c)?, (6.15)

where ¢ is a positive constant. Then there exists 0 < A < /N such that for all
u € Vi N B there results J(hs(u)) < 0. Since hy € Qy and Vx N B ~ S*¥~1 by
Lemma and the compactness of S¥~1, we have

ey <& < &, x <supJ(hy(VxNB)) <0.
The proof is complete. O

Corollary 6.6. There results

inf . 1
wer} oy () <0 (6:16)

The proof of this corollary is a direct consequence of the previous Lemma.

Lemma 6.7. Let k € N,E C H*(R®) be a subspace of dimension k and A € A, if

v(A) > k+1 (6.17)
then
ANE* 440, (6.18)
Proof. Assume, by absurd that is false, there results
P(A) c E\{0}, (6.19)
where P : H'(R?) — E is the orthogonal projection on E. So we have
v(P(A)) < k. (6.20)

On the other side, since P is continuous and odd, by the invariance property of the
Genus there results

k+1<~(A) <~(P(A4)).
Since this is in contradiction with , the proof is complete. O

Lemma 6.8. The functional J has a sequence {uy}ren C H}(R?) N B of critical
points such that wy < 0 and wi — 0, where {wyreny C R is the sequence of the
Lagrange multipliers associated to the critical points.

Proof. By Lemmas and (see |20, Theorem 9.1]) there exists a sequence
{u }ren C H(R3) N B of critical points of the functional J. Call {wg }ren C R the
sequence of the Lagrange multipliers associated to this critical points, namely

J/(uk) — wiug =0, ke N\{O}
By Lemma there results wy < 0 for £ € N\{0}. We have to prove that
wi, — 0. (6.21)
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Let {Vi} be a sequence of subspaces of H}(R?), such that
dim (V) = k, U Vi is dense in H}(R?).
keN\{0}
Moreover, let {A;} C A such that
VAR 2k, ex SsupJ(Ar) < 5 ke N\{0) (6.22)
Call
Wi =Vt ke N\{0},

by Lemma there results Wy N Ay, # 0, k € N\{0}. Let {vx} C H}(R®)N B such
that
v € W N A, ke N\{O},

clearly
v, =0  weakly in H}(R?) (6.23)
and, by (6.22),
sup J(V3,) < %’“ k € N\{0}. (6.24)
By (6.23) and Lemma [4.1] we have
0< limkinf J(vg) (6.25)
and, by (6.24),
limsup J(vg) < lilgn % <0. (6.26)
k

By and , we deduce ¢, — 0. Since 2¢; < wy < 0, is done. [l
Proof of Theorem[1.3 Since F(u,4rA~'u?) = J(u) for all u € H'(R?), by Lemma
and the previous one the claim is proved. O
7. PROOF OF THEOREM [L4]
Our next step is to show that the radially symmetric solutions
ue HY(R?), Vo L*R3), (7.1)
to the equation

1 Z
fiAu —epu — —u = wu,x € R3,

]
Ap = 4reu?, x € R?, (7.2)

/ u?dz = N,
R3

constructed in the previous section, are more regular. More precisely, we shall
derive the higher regularity

Vu e H* Y(|z| > ), Ve H (2] >e), (7.3)
where k is arbitrary integer and € > 0.
Lemma 7.1. If the assumption is satisfied, then
Vue HY(R?), Vepec HY(R?), wuecL®R?, ¢cL®R>). (7.4)
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Proof. The assumption (7.1)) and the Sobolev embedding in R® guarantee that
pel® welLP, 2<p<6. (7.5)

This property and the Holder inequality imply that the nonlinear term ¢wu in the
first equation in is in L?. The fact that |z|~!u € L? follows from the Hardy
inequality and the fact that Vu € L2. Therefore this equation shows that Au € L2,
so u € H?. Using the second equation and the fact that u? € L? we conclude that
Ve € H'. Finally the property v € L> follows from the estimate

l[ullLee < ClIVull (s
This estimate follows from the Fourier representation

u(x) = (2m)8 / e~ a6 de,

R3
the Cauchy inequality and the fact that

€7 A+ €N e LA(R?).
The Lemma is established. O
In the same way, proceeding inductively, we obtain the following result.

Lemma 7.2. Under assumption (7.1)), for any integer k > 2 and for any positive
number € > 0 we have

ue Hé(|z| > ¢), Vee H (jz| > e). (7.6)

To study more precisely the behavior of the solution u(x) = u(|x|) we introduce
polar coordinates r = |z| and set

U(r) =ru(r), V(r)=—re(r). (7.7)
Using the identities
U(r)y _ U"(r) V(r)y _ V'(r)
NG RN GG
where U’(r) = 9,U(r), we can rewrite (7.2) in the form
u” \%

Z
——+te-U--U=uwl, r>0,
2 T r

2

U
-V’ = 47‘(’67, r > 0.
We shall need the following result.

Lemma 7.3. Let £ > 1 be an integer and € > 0 be a real number. We have the
following properties:

(a) if u(z) = u(|z|) € H*(R3), then U(r) € H*(0,00)
(b) u(z) = u(|z|) € H*(|z| > €), if and only if U(r) € H*(e,00).

Proof. The proof of (a) follows from the relation
OFU(r) = roFu(r) 4+ k0" tu(r)
valid for any integer £ > 1. Note that the Hardy inequality implies

o0
/O 108 u(r) 2dr < Clull2pe g
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For property (b), we can use the relation

k
Ck.j 4
oFu(r) = Z r—jj@ff TU(r)
j=1
and the fact that »—7 is bounded for r > £ > 0. O

Lemma 7.4. The functions U(r),V(r) are smooth near r = 0.

Proof. From u € H? (see Lemma [7.1) it follows u € L, so
[U(r)| = rlu(r)] < Cr

near 7 = 0. In the same way ¢ € L* (Lemma implies that
V()| = rle(r)] < Cr

near r = 0. The system shows that
U7 (r)]+ V()] < C,

so U(r),V(r) € C([0,1]). Setting a; = U'(0), by = V'(0), we can make the
representation
U(r) =ayr + Ui(r), V(r)=bir+Vi(r),
where Uy, Vy € o(r) satisty
vy v

L+

Z
—0U; — —U; —wU; =¢; + O(T), r >0,
2 r T

2
Ui =0(r), r>Q0,

(7.9)
-V —4r

where ¢; = way. These equations imply
Uf(r)=c1+0(r), Vi(r)=0(r),

SO

Uy(r) = % +0(r®), Vi(r)=0(?)

near r = 0 and these relations imply U;(r), Vi(r) € C2([0,1]). Continuing further
we obtain inductively

U(r) =arr + asr® + -+ apr® + Uk(r), V(r)=br+ bor? 4 -+ + bpr® + Vi (r).
Here Uy, Vi, € o(r*) satisfy

_%ﬁ + %Uk - ;Uk — WU =car®* '+ 0@%), r>0,
U2 (7.10)
-Vy - 4%7’“ =gr* L+ 00*), r>o0.
These relations imply
Uk(r) = kc(’“k""fi) +0(rF4?), Vi(r) = kc(’;;f; +O(r+?)
near r = 0 and these relations imply Uy (r), Vi (r) € C*¥*+1(]0,1]). O

Our next step is to obtain the decay of the solution. We look for soliton type
solutions u to (1.7)), i.e. very regular solutions decaying rapidly at infinity. Our
next step is to obtain a very rapid decay of the radial field u(|x|) at infinity.
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Lemma 7.5. If the assumption (7.1)) is satisfied, then

Ue H*(1,+0)), V'e H1((1,+0)), (7.11)
and
UER+umE< S, o<vey <& 7.12
UEP+ U < =, 0<Vi(E) < = (712)
for each integer k > 2,7 > 1.
Proof. The Sobolev embedding and Lemma [7.2] imply that
“+ o0 “+o0
[ wepars [ 0P < Clulfs)
0 0 (7.13)

“+o0
/0 V() dr < Cllpl3n o).

Note that we have used the Hardy inequality

+oo +oo
/)|ﬂﬂﬂh§0/ )2 r2dr (7.14)
0 0

in the above estimates (see [I5, Theorem 330] or [24, Remark 1, Section 3.2.6]).
Hence
Ue H((0,400)), V' e L*((0,+00)).
Proceeding further inductively we find .
The above properties and the Sobolev embedding imply

1ir+n |U(r)| =0, lir+n [U'(r)| =0, (7.15)
In a similar way we get
lim |V'(r)| =0. (7.16)
r—+00
We can improve the last property. Indeed, integrating the second equality in ([7.8])
we find )
< U
V'(r) :/ (r) dr. (7.17)
r T
Since -
/ U?(r)dr < C, (7.18)
we get
, C
0<V(r) < — (7.19)

Our next step is to obtain weighted Sobolev estimates. From the first equation

in ([7.8]) we have

)+ wli(r) = (),
F(r)= U~ "1,

(7.20)

Since the initial data for U are
U0) =0, U(0)=a, (7.21)

we have the following integral equation satisfied by U

U(r) = sinh(v—2wr)a; + /07’ sinh(v—2w(r — p))F(p)dp. (7.22)
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It is easy to see that the function F satisfies the estimate
F(r)=0(r""), r>1. (7.23)
Then the condition (7.15)) and simple qualitative study of the integral equation in

(7.22) guarantees that
a + / eV 2PF(p)dp = 0.
0

This fact enables one to represent U as follows

U(r) =e vV 27q; — (7.24)
—/ V2P (p)dp — / e V2 =OR(p)dp. (7.25)
T 0

The first term in the right side of (7.24) is exponentially decaying. The second
term we can represent as the following sum

2r o]
/ V==L (p)dp + / eV=2r=PR(p)dp.
T 2r

It is clear that
I
2r

is decaying exponentially, while

o vV —=2w(r—p) c o vV —=2w(r—p) Cy
e PF(p)dp< — [ e Pdp=—
r T Jr r

due to ([7.23). In a similar way we can treat the last term
s
/ eV (p)dp
0

in ([7.24)). This term now is a sum of type

r

r/2
/ e VTROR (p)dp + / eV (p)dp.
0 r/2
The term

r/2
[,
0
decays exponentially in 7 and the property (|7.24) implies that

[T G = 06,

The above observation and ([7.24]) implies

U= O(ril) )
F(r) = ¥U - %U — 02,

This estimate implies a stronger version of ([7.18)

/OO U?(7)dr < g (7.26)
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and from (7.17)) we improve (7.19) as follows

C
0<V'(r) < =

(7.27)

This argument shows that combining (7.19) and ([7.20) we can obtain inductively

. C
Z U@ (r)? < — (7.28)
=0
k
. C
Z VO ()2 < . (7.29)
=1
for any integers £ > 1 and n > 2. O

The proof of Theorem is an immediate consequence of Lemmas and (|7.2)),
with the change of variables ([7.7)).

8. PROOF OF THEOREM

Define the functional

1 1
I(u,w) :== f/ |Vu\2d:v+7re2/ |[VA™ 2 dm—f/ V(x)|ul? dm—g/ lu|? de,
4 Jps R3 2 Jps 2 Jps
(8.1)
for each (u,w) € H}(R?) x R. There results

1 1
g—(u, w) = —§Au —4re* (A P u — V(z)u — wu,
u
ol 1 9
—(u,w) = —= u|* dx,
Some) =5 [
2
%(u, w)h = —%Ah —An(A™ ) h — 81 AT (hu)u — V(x)h — wh, h € H(R?),
U
0?1
Audw () = —u,
0?1
ﬁ(uﬂx}) 0

Let VI : HA(R?) x R — (H!(R®))' x R,

Vi(u,w) = 21;
7(“7(‘))

Ow
be the Jacobian matrix of I and HI(u,w) : H}(R?) x R — (H}(R?)) x R,

921 2
ﬁ(u, w) 8(?1.81(4) (u,w)
021 2
m(u,w) gwé (u,w)

HI(u,w) =
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be the Hessian matrix of I in (u,w). More precisely
HI(u,w)(h,k)

0%I 0%I
0%I 0%I
Oudw (w,w)h + W(u’ w)k (8.2)

1
—5Ah - 4r(A7 )b — 8w (A (hu))u — V(x)h — wh — ku

—/ uh dx
R?:

for each u,h € H}(R?) and k,w € R. Finally denote
B':= Bn H}(R?). (8.3)

Lemma 8.1. Let ug € B’ (see ) be a critical point of J
to the minimum

g that corresponds
wo = inf J(u), (8.4)
u€H'"\{0},||ull? ;=N
namely

0 = J|} (uo) = J[}5 (o) = ' (o) — woo.

The operator

2
he {h € H}(RS);/h(z)uo(I) dz = o} — %(uo,wo)h € (HY(R?))'
has a trivial kernel and
9?1
<ﬁ(u0,w0)h‘h> =0, h(z)ug(r)dr =0 = h = 0. (8.5)

Proof. Repeating the qualitative argument in the proof of Lemma 7.5 we see that
any solution of

0?1

W (UO, WO)h =0
decays rapidly at infinity and it is smooth as a function of » > 0. Another inter-
pretation of the first eigenvalue wy = w(N) < 0 is the following one

J(u)

in —_— 8.6
ue H\{0} [|ul|3. (8.6)

wo =

Let
2

<%(uo,wo)h|h> =0

for some h € H! orthogonal (in L?) to ug. Take ug + ich with € > 0 small enough
(will be chosen later on). Then a simple calculation implies

T +ich) _ Juo) + o) _ Juo) | L[hl*

. = = —+ 52.
Tuo+iehlE, ~ Tuol? =[P ~ N (o) +o&)

Hence, the assumption ||h|| # 0 will contradict the fact that wg is defined as the
minimum in . This completes the proof. (]
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Lemma 8.2. Let ug € B’ (see
us

to the minimum as in the previous Lemma. The operator

g that corresponds

(h,k) € HX(R®) x R~ HI(ug,wo)(h, k) € (H}(R?) x R
is invertible.

Proof. Let ug € B’ be a critical point of J
lemma, call

g With multiplier wg as in the previous

32

= ou2
We begin proving that HI(ug,wp) is injective. Let h € H}(R?) and k € R such
that

(ug,wo).

HI(ug,wo)(h, k) =0, (8.7)
we have to prove that
h=k=0. (8.8)
By (8.2) and (8.7, we have
Ah — kug =0, 7/ uphdz = 0. (8.9)
R3

Multiplying the first of by h and integrating on R, we have

/ (Ah)hdz = —k/ uphdr = 0,
R3 R3
and by (8.5) and the definition of A
h=0. (8.10)

On the other hand, multiplying the first of by ug and integrating on R3, since
ug € B’, we have

kN:k/ ugdxz/ (Ah)ug dz = 0. (8.11)
R3 R3

Since ({8.8)) is direct consequence of (8.10) and (8.11)), HI(ug,wo) is injective.
We prove that HI(ug,wp) is surjective. Observe that the operator A is selfad-
joint, indeed

(Ah, f)p2 = %/RS(Vh,Vf) dx —47762/ (A~ ?)hf dx

R3

+ 87 /R (VA™ (hu), VA~ (fu)) dz 7/

R3

V(x)hf da:fw/ hf dx,

RS
for each h, f in H!(R?). Moreover, also the operator HI (ug, wo) is selfadjont, indeed

(H I (10, w0) (B, ), (£,0)) e = (Al = Ko, ~(u0, h)12), (f,0))

(Ah kumf) —Oé(’LLo, )Lz
= (Ah7f)L2 — (uo,f)L2 — a(ug, h) 2

L2xR

and
(HI(uo,w0)(f, @), (h, k) 12 = ((AS = o, (w0, £)12). (k) )
(A — QUuyo, ) 7k(u07f)L2
(Af7 h) 7-”Oah)L2 - k(u()vf)Lm

L2xR
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since A is selfadjoint

(HI(UO>WO)(h7 k)a (f7a))L2 <R — (HI(u07w0)(f> 0‘)7 (h» k))L2><R

for each h, f in H}(R?) and k,« in R. Since HI(ug,wp) is injective and selfadjoint,
there results

L
Im (HI(ug,wo)) = (ker (HI(uo,wo)*)>

1
- (ker (Hf(umwo))) (8.12)
= H'(R®) x R,

then HI(ug,wp) is surjective. The claim is direct consequence of the Closed Graph

Theorem. [l

Lemma 8.3. The critical points of the functional J

g that correspond to the min-
imum are isolated, i.e. for each u € B’ critical point of J pr» with the Lagrange

multiplier satisfying , there exists a neighborhood U C HY(R3) of u such that
any element of B'NU is not a critical point of it.

Proof. Let ug € B’ be a critical point of J
the previous lemmas, then

o corresponding to the minimum as in

ol

0=J IB,(U()) = J’/B(UO) = J/(’U,()) — Wolup = %(UO,wo)
and since ug € B’,
ol 1 N
%(uo,wo) =3 /RB ug dx = —5

we have

0
VI(U(),WO) = (—N/2> .
By Lemma and the Implicit Function Theorem there exist U C H}(R?) neigh-

borhood of ug, @ C R neighborhood of wy, W C (H}(R?))" x R neighborhood of
(0,—%) and G: W — U x Q such that
G(VI(u,w)) = (u,w), (u,w)eUxQ,
VI(G(f, @) = (f.a), (f,a) €W.

Assume, by absurd, that ug is not isolate, namely there exists a sequence {uy} C B’
of critical points of J ’ v+ such that

(8.13)

ug # uo,  up — ug  inH'(R?). (8.14)
Moreover, there exists a sequence {wy} C R such that
oI
0= J|/B,(uk) = J/(’U,k) — WU = %(uk,wk).
Since uy € B’ and by (8.14), we have
Wy = <J'(uk)|uk> — <J'(uo)|uo> = wp. (8.15)

By (8.14)) and (8.15)), there exists kg € N such that (ug,wi) € U x Q for k > ko.
Finally, fixed k& > kg, since

VI (ug,wk) = <—1(\)7/2> ’
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by (8.13), we have
0
(ug,wi) = G(VI(uk,wk)) =G (—N/2) = G(Vl(uo,wo)) = (ug,wo).
Since this contradicts (8.14)), the claim is done. d

Lemma 8.4. The first eigenvalue of the operator J IB, (see ) 1s 1solated, 1.e.
there exists a neighborhood € C R of wg such that any element of Q0 is not an
etgenvalue of the previous operator.

Proof. Assume, by absurd, that the first eigenvalue wy is not isolated, namely there
exists a sequence {wy} C R of eigenvalues such that

W — Wo. (8.16)
By definition, there exists {uy} C B’ such that
0=J|% (ux) = J'(ug) — wpup, k€N (8.17)
Observe that, by Lemma [5.5] wi,wp < 0, then there exists € > 0 such that
wi,wo < —&, keN. (8.18)
Moreover, by Lemma [4.3| and since {u;,} C B’
. WE g
—00 < ueII?}I?R3) J(u) < J(ug) < sip - < —3 (8.19)
then {J(ug)} is bounded and, by (8.17),
I\ (ur) — 0. (8.20)

By the Palais-Smale Condition (see Lemma there exists ug € B’ such that,
passing to a subsequence,

up — up, inH(R?).
By (816) and (817,

0= J|',, (uo) = J' (o) — wouo,

namely ug is a not isolated critical point of the functional J| ,,. Since this contra-
dicts Lemma [8:3] the proof is done. O

Proof of Theorem[1.6, Since F(u,4rA™'u?) = J(u) for all u € H'(R?), by Lem-
mas [8:3] and [B4] the claim is complete. O

9. APPENDIX

Here we shall prove for completeness the relation (5.11)). First, for the partial
case of space dimensions n = 3 we need the following relation (a generalization of
this relation for space dimensions n > 3 can be found in [I]).

Lemma 9.1 (see [1]). If f(x) = f(|z]) is an L>°(R3) function, then for any r >0
and x # 0 we have the relation

x flaltr
/ £z + rw|)dw = 27/ FO)AAA. (9.1)
s2 [

|7 |z|—r|
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Proof. Tt is sufficient to consider only the case = (0,0, |z|) and to pass to polar
coordinates
wy =sinfcosp, ws =sinfsinp, ws=cosh.

Then dw = sin 0 df dp and

/ f(z + rw|)dw = 271'/ F(V/]z[2 + 72 + 2|z[r cos ) sind do.
52 0
Making the change of variable

0 — X\ =/]z2 + 72 + 2|z|rcos 6,

the proof is complete. (I
Now we are ready to verify (5.11)).

Lemma 9.2. Ifv(x) = v(|z|) is a radial C§°(R3) function, then the solution of the
equation Au = v can be represented as follows

u\xr di T 3
dmu(z) = / W) er oy ©<F 9.2)

Proof. Starting with the classical representation

d7ru(x) / lz =y o(ly]) dy,

we introduce polar coordinates r = |y|, w = y/|y| apply Lemma and find

u(z) = 2\x|/ /:H: ) (ryrdr.

Note that the right side of (9.2 . ) becomes
o0 2
d
—47 / U(T)L.
0 )

max(|x|,r

|z|r || —7| max(|z|,r)’

we obtain (9.2) and this completes the proof. O

Using the fact that

Using the relation

tnute) = = [ o)L [T otp)pdo. v 1o

r

and differentiating with respect to r = |z|, we arrive at the following lemma.

Lemma 9.3. Ifv(x) = v(|z|) is a radial C§°(R3) function, then the solution of the
equation Au = v satisfies the relation

4n 2BV 0y = / oW g 9.3)

or yl<r |Z]?

for each v € R®,x # 0.
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