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ABSTRACT. We consider the nonlinear fractional Kirchhoff equation
(a + b/ [(—A)2/ 2y dac)(—A)au +V(z)u = f(u) inR3ue H*(R3),
R3

where a > 0, b > 0, a € (3/4,1) are three constants, V(z) is differentiable and
f € CY(R,R). Our main results show the existence of ground state solutions
of Nehari-Pohozaev type, and the existence of the least energy solutions to the
above problem with general superlinear and subcritical nonlinearity. These

results are proved by applying variational methods and some techniques from
27].

1. INTRODUCTION

In this article, we study the fractional Kirchhoff equation

(a, +b [ [(—A) 2 da:) (=A)*u+V(2)u= f(u) in R

R3 (1.1)

u € HY(R?),

where a > 0, b > 0, a € (3/4,1) are three constants, the operator (—A)® is
the fractional Laplacian defined as F((—A)%¢)(€) = |£[**F(4)(€), where F is the
Fourier transform. V : R® — R and f : R — R satisfy the following assumptions:
(A1) V € C(R3,[0,00));
(A2) Vi := liminf), o V(y) > (#)V(x) for all z € R?;
(A3) f € C'(R,R) and there exist constants Cy > 0 and p € (2,23), 2%, = 35—,
such that
[F()] < Co(L+[tP~h), VEeR;
(A4) f(t) =o(t) ast — 0.
When a = 1 and b = 0, problem reduces to the fractional Schrédinger
equation
(=A)*u + V(z)u = f(u) in R (1.2)
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As we all known, the fractional Laplacian (—A)® is now experiencing impressive
applications in different subjects, such as phase transition, anomalous diffusion,
fractional quantum mechanics and so on, see [22]. Equation concerns fractional
quantum mechanics, exactly, in the study of particles on stochastic fields modeled
by Lévy processes. For this kind of fractional and nonlocal problems, Caffarelli and
Silvestre [6] constructed general fractional power of Laplacian from an extension
problem to the upper half space by mapping the Dirichlet condition to Neumann
condition for a specific elliptic equation. Their work devotes efforts to dealing
with nonlinear variational problems with fractional Laplacian by standard local
perturbation method from variational method. After that, many results on the
existence of ground state and multiplicity for solutions of have been obtained.
Just to mention a few, we recall, for instance, the following papers and the references
therein [33] [12] [34] 25] [7]. Moreover, if o = 1, reduces to the classic nonlinear
Schrodinger equation, we refer to [4, [29] B0] and the references therein for the recent
research progress on this field.
If a =1, then formally reduces to the well-known Kirchhoff equation

- (a—l—b/ |Vu|2da:)Au—|—V(a;)u=f(u) in R3. (1.3)
R3
This equation is related to the stationary analogue of the Kirchhoff equation
Upp — (a+b/ |Vu|2dm)Au:f(x,u), (1.4)
Q

where Q1 C R? is a bounded domain. In 1883, Kirchhoff [I8] proposed as a
generalization of the well-known D’Alembert wave equation
0%u ro K Y ou, 0u
v~ (% +ar )| 157 40) gz = S

for describing the changes in length of the elastic string arising from transversal
oscillations. Here, L is the length of the string, K is the Young modulus of the
material, p is the mass density, g is the initial tension and f denotes the area
of the cross section, see [23]. In addition, Kirchhoff-type equation also models
several physical and biological systems for the applications of the nonlocal effect.
For more detail on the background of Kirchhoff type problems, we refer the readers
to [I, B] and the reference therein. With the widespread applications of Kirchhoff
type equations, abundant results on the solvability of this kind of equations have
brought out after the pioneer work [20]. Without attempts to provide a complete list
of references, we refer the reader to [9} 19} [14] 3], 10, 15, B2], 26] 27] for the existence
of ground state solutions, nodal solutions, sign-changing solutions, positive solutions
and the concentration phenomena of solutions.

In the context of fractional quantum mechanics, a great interest has been de-
voted to fractional Kirchhoff type equations in recent years. Similar with classical
Kirchhoff’s model, Fiscella and Valdinoci [I3] first proposed the stationary Kirch-
hoff equation involving nonlocal integro-differential operators

M(/RN |(—A)O‘/2u\2dx)(—A)o‘u = f(z,u), z€Q,

u=0, zeRV\Q,

which takes into account the nonlocal aspect of the tension produced by nonlo-
cal measurement of the fractional length of the string. Ambrosio and Isernia [2]

(1.5)
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investigated the fractional Kirchhoff equation
(a+b/ |(—A)O‘/2u|2dx)(—A)°‘u = f(u) inRY, (1.6)
RN

when f is an odd subcritical nonlinearity satisfying the well known Berestycki-Lions
assumptions introduced in [4]. By minimax arguments, the authors established
a multiplicity result in the fractional radial function space Hf;d(RN ) while the
parameter b is sufficiently small. Jin and Liu [I7] considered the Kirchhoff equation
with the critical growth

(a + b/RN [(—A)2/ 22 dx)(—A)au +u=f(u) inRY, (1.7)

when N > 2a. By using a perturbation approach, they proved the existence of
positive radial solutions to without the (AR) condition when the parameter b
is small. A natural question now arises on whether has ground state solution if
the potential function V'(x) is not a constant. Recently, Liu, Squassina and Zhang
[21] studied the equation with general potential

(a n b/RN (=) 2|2 d:z:)(fA)"‘u +V(@)u=f(u) inRY (1.8)

in low dimension 2a < N < 4a, that is N = 2,3. When N = 3 with a € (3/4,1),
the potential V in (1.8]) satisfied not only the assumptions (A1)-(A2) but also the
following assumptions:

(A5) V € CYR3,R) and || max{VV (z) 'I’O}”L%(RB)

the inner product in R3 and S, will be defined in Section 2.

< 2aa8S,, where - denotes

Moreover, the nonlinearity f in (1.8]) satisfies the following assumptions in addition
to (A4):

(A6) f e CYRT,R), f(t) =0 for all t < 0;

(AT) limy o - =15

(A8) there are D > 0 and 2 < ¢ < 2%, such that f(t) > t?«~! 4 Dt7=! for any

t > 0.

Clearly, when N = 3, weak solutions to (|1.8]) correspond to critical points of the

energy functional defined in H%(R3) by

)= 3 [ falt=80"u? + Vi@ o+ 5

- /R Fu)ds.

Here, H*(R?) denotes the usual fractional Sobolev space and F(u) := [;* f(s) ds.
Under above assumptions on V' and f, Liu et al. proved that (1.8) has a positive
least energy solution when D is large enough. In fact, under the assumptions on NV
and «, it follows that 2% > 4. Thus f(x,t) is critical growth at ¢t = co and

F(t
lim ®)

t—oo 4

[(~)2uf? dz)’
R (1.9)

=00 uniformly in z € R3.

Then it easily follows that the energy functional I possesses a mountain-pass ge-
ometry. But it is difficult to get a bounded (PS) sequence because of without (AR)
condition. To overcome this difficulty, Liu et al. used Jeanjean’s monotonicity [16]
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to show that there exists a bounded (PS) sequence {u,(A)} at the level ¢y for al-
most A € [1/2,1]. However, by the presence of the Kirchhoff term, it is not easy to
show that I has a critical point since in general, for any v € C§°(R?), we do not
know that

/ |(—A)O‘/2un|2dx/ (=A)* 24, (=A) 2y dz
R3

—>/ [(— “/2u|2dx/ (=A)*2u(=A) 2y dx
R3

from u, — u in H*(R3). Although I}(u) = 0 from u, — u in H*(R?) can
not be directly concluded, partly inspired by [19], they consider a family of related
functionals Jy, whose corresponding problem is a non-Kirchhoff equation. Through
establishing a profile decomposition of the (PS) sequence {u,(\)} related to Jy,
they obtained a nontrivial critical point uy of Iy at the level c). Subsequently, by
choosing a sequence {\,} C [1/2,1] with A, — 1, thanks to the Pohozaev identity
they obtain a bounded (PS)., sequence of the original functional I. We point out
that f € C! is very crucial to get the profile decomposition of the (PS) sequence
n [2I]. In addition, the result is heavily dependent on the existence of a constant
D > 0 large enough in (A8).

This article is motivated by [8, 28, 27, 29, 21]. Provided f € C'(R,R) with
superlinear growth at infinity, under some mild assumptions on V and f, we obtain
the existence of a ground solution of Nehari-Pohozaev type for which is a min-
imizer of I on the Nehari-Pohozaev manifold M. Moreover, we prove the existence
of the least energy solutions for (L.1)).

To state our results, in addition to (A1)—(A4), we make the following assumptions
on V and f.

(A9) V(z) is weakly differentiable, and there exists 6 € [0,1) such that

2a0a K
(VV(2),z) < O‘|“|20(0‘> a.e. z € R%\{0},
T
where K (a) := 2I'?(1422) and T is the Gamma function;

(A10) V € C1(R3,R) and there exists 0 € [0,1) such that
200K (a)(1 — t2%)?
|z [2

4ot [V (z) — V(tz)] — (1 — t*)(VV (z),z) > —

)

for all ¢ > O x € R3\{0};
(A11) hm|t|_,OQ It\"' = o0;

(A12) W is nondecreasing on (—o0,0) U (0, o0).
Remark 1.1. Note that the monotonicity condition
(A13) f|t\) is nondecreasing on (—o0,0) U (0, c0)
is the weakened Nehari type condition. When a € (3/4, 1), it is easy to prove that
(A13) implies (A12). In fact, there are many functions satisfying (A12) but not

(A13). For example,

2
ft) = (g + 3|t| + 2sint —|—tcost>t.
Furthermore by (A3) and (A4), for any £ > 0, there exists C. > 0 such that
|f()] < elt| + C-JtP~t, VteR. (1.10)
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Before starting our main results, we define a functional on H%(R?) as follows

u) :=aa —A)* 2y dzx 1 aV(x z), x)u? dz
yimaa [ (A1 e+ [ oV (@) + (VV(@) o)l -

+ c)zb(/]R3 (=) 22 dx)2 - %/Rs (4o = 3) f(w)u + 6F(u)] dz.
In addition, we set
M= {ue H*(R?)\ {0} : J(u) =0} (1.12)

as Nehari-Pohozaev manifold. We are now in a position to state the main results
of this article.

Theorem 1.2. Assume that V and f satisfy (A1)-(A4), (A10)—(A12). Then Prob-
lem (1.1)) has a solution u € H*(R3) such that I(u) = infrs I > 0.

Theorem 1.3. Assume that V and f satisfy (A1)—(A4), (A9), (A11), (A12). Then
Problem (1.1]) has a least energy solution u € H*(R?) \ {0}.

To prove Theorem we first look for a minimizer of the functional restricted
to Nehari-Pohozaev manifold M which is defined by a condition through combining
the Nehari equation with the Pohozaev equality, for the usual method of Nehari
manifold becomes invalid in this case. Note that such type of manifold was first
introduced by Ruiz [24] for the study of the Schrédinger-Poisson problem. Then
we prove that the minimizer on M is a critical point. To show Theorem [1.3] we
use Jeanjeans monotonicity tricks, which is partly followed by [21]. These results
will greatly improve the existing ones on fractional Kirchhoff problems.

To illustrate conveniently, we introduce some useful notation. In the sequel,
l[ulls = (fgs |ul® dz)*/* denotes the norm of the Lebesgue space L*(R?)(1 < s < 00).

we set () := t**73[(-)(%)] for ¢ > 0, where (-) denotes any function belongs to
H2(R3)\ {0}. For x € R3 and r > 0, B,(z) := {y € R®: |y — x| < r}. Throughout
the paper, C1,Csy, ... denote various positive constants.

This article is organized as follows. In Section 2, we give some preliminaries. In
Section 3, the limited problem is discussed and the proof of Theorem is given.
Section 4 is devoted to finding a least energy solution for (L.1). Theorem [L.3] will
be proved in this section.

2. PRELIMINARIES AND VARIATIONAL SETTING

The fractional Sobolev space H®(R?) is defined by

HQ(RB) {u c L2(R3) "LL( ) u(y)| c L2(R3 % RS)}

3+2a
PR

It is known that

2
/RS /R3 |m—y|3+2a| dedy = 2C, / [(— a/2“|2dx,

1—cos(q
C = ( d )
[ et o
We endow the space H*(R?) with the norm

1/2
o] g1 () ::(/ \u|2dx+/ (—=2)2uf?dz) .
R3 R3

where
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The space H*(R?) is the completion of C§°(R?) with [| - || go(rs) and it is continu-
ously embedded into L?(R?) for ¢ € [2,2}] and compactly embedded into L] (R?)
for any ¢ € [2,2}). Moreover, the best embedding constant is
Jrs |(=28)*"%u)? dw

u€D*:2(R3), uz0 (fRs |25 dx)2/22; '

Se =

Let
H = {u € HO‘(R3) : /

V(2x)u?dr < oo}
R3

be a Hilbert space equipped with the inner product
(u, V)3 = a/ (=A)*2u(=A) 2y dx —|—/ V(z)uv dz
R3 R3

and the corresponding induced norm

|| == (/R al(—=A)*"2u? dz + /}R V(I)UQ)I/Q.

The homogeneous Sobolev space D*?(IR?) is defined by

D*?(R%) := {u € L% (R?%) : Ju(@) = uw)l L*(R® x R%)},

34+2a

|z —y| ™2

which is also the completion of C§°(R3) under the norm

lall o aqas) = (/R (- )/ 2uf? da)

A function u € H is a weak solution to problem (1.1 if, for every ¢ € H, we
have

1/2
= [[(=2)*"?ull2.

(a—i—b/Rs\(—A)"‘/zuFdx) /RS(—A)"‘/Zu(—A)a/%dx—&— [ Viods

- [ 1w

Lemma 2.1 ([21]). Assume thatV satisfies (A2). Then for every e > 0 there ezists
7. > 0 such that

/ ((a — )|(=A)*?u|> + V(z)u?) dz > TE/ w?de, we H*(R?).
R3 R3

From the above lemma, it easily follows that the norm ||| is equivalent to || || o

Lemma 2.2 ([25]). Assume that {uy tnen is bounded in H and

lim sup/ lu,|? dz = 0,
Br(y)

n—oo yGRS

for some r > 0. Then u, — 0 in L*(R®) for all s € (2,2%).



EJDE-2018/142 GROUND STATES FOR FRACTIONAL KIRCHHOFF EQUATIONS 7

3. LIMIT PROBLEM AND PROOF OF THEOREM

In this section, through discussing the corresponding limit problem for (L.1)), we
will obtain the proof of Theorem To this aim, we define two new functionals
on HY(R3) as follows:

1% (u) = 5 /R [a|(—=A)*2ul? + Voou?] da

b 2
w1([earrapa) - [ Pas,
4 R3 R3
T (u) = aal|(=2)*"2ul|3 + 2aVec [[ul]3 + ab]|(=2)*/2ull3

1
—5 /]Rs [(4a = 3) f(uw)u + 6F(u)] de.

Set
M = {u € H*(R*)\{0} : J>(u) = 0},

mo ::ule%l(“)’ m ::uelanooI (u).

Lemma 3.1. Assume that (A3) and (A12) hold and « € (3/4,1). Then
(4o — 3)(1 — 1) 4o — 3 + 3th
8« (w)w da
for allt >0 and w € R.
Proof. Tt is clear that (3.3]) holds for w = 0. For w # 0, let

40— 3 . do — 3+ 3t4o
h(t) = —g— (1= t*) flw)w - —————

Then from (A12), one has

4a—3

F(w)+tF(t =

w) >0,  (3.3)

4o

F(w)+BFt T w), ¢>0. (3.4)

hl(t) _ t4a721w2 |:f(t4a23w)(t4&2342})3+ ﬁF(t%z;g w)
(t 2 ’LU)2
fwwt 55 F(w)} .
'lU2

_ =0 t=1,
<0, 0<t<l.

From this and the continuity of h it follows that h(t) > h(1) = 0 for ¢ > 0. This
implies (3.3]) holds. O

Lemma 3.2. Assume that (A1), (A3), (A4), (A10), (A12) hold. Then

g+ OO g, )

I(u) = I(u) +
for all u € H*(R3), t > 0.

Proof. According to the fractional Hardy inequality in [5], we have

1 1+ 2« u?
—A)*2y|2 > =12 / da. 3.7
180l 2 T2 (—5=) || e 4 (3.7)
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Note that
ivey

2a N t4(x bt N
) = "G A2l + 5 [ Vit do+ T (-A)

— t3/ F(tm{3 u) dx.
R3

Thus, in view of (A10), (1.9), (3.3)), (3.7) and (3.8), one has
I(u) = I(uy)
a(l —t29)

= LAy + 5 [ V) - vt ar

b(1 —t1e) N
+ g+ [
R
1— ¢t
T T la

+ %/}Rd [4aV () + (VV(2),z)]u? dz

4a—3

[t3F(t 2
3

u) — F(u)} dz

{a(a + 0l (=2)*2ul|3) | (=A)*2ul3

~ 3 [ e = 3)stu+ or@] o} + ST - a) g

+ 8%4 R3{4at4a [V(z) = V(tx)] = (1 = t**)(VV(2), 2)}u? da

(4o — 3)(1 — 1) 4o — 3 + 3t1 3., d0=3
+/R3[ e f(u)u—TF(u)—i—tF(t z u)}dx
1 — i a(l —0)(1 —t2«)2
> _ a/2 2.
> Ly 4 SO0 pore
This shows that (3.6]) holds. O
From Lemma we have the following two corollaries.

Corollary 3.3. Assume that (A3), (A4), (A12) hold. Then

-t a(l —t*)?
o (u) + —

17 (u) = 1% (ug) + 1(=2)"2ull3, (3.9)

for all u € H*(R3) and t > 0.

Corollary 3.4. Assume that (Al), (A3), (A4), (A10), (A12) hold. Then for u €
M,
I(u) = r%1>ag<1(ut). (3.10)

Lemma 3.5. Assume that (A1), (A2), (A10) hold. Then there exist two constants
w1,ws > 0 such that

1
orlul} < aal(A)ul} + 5 [ HaV(e)+ (V@) o)l do < walull, (311)

for all u € H*(R?).
Proof. Using (A2) and Lemma in a same way as in [27, Lemma 2.5], we can
prove (3.11]) holds. O

Lemma 3.6. Assume that Assumptions (Al)-(A4), (A10)-(A12) hold. Then for
any v € H*(R3) \ {0}, there ezists a unique t(u) >0 such that uy,) € M.
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Proof. Let u € H*(R?)\ {0} be fixed and define a function g(t) := I(u;) on (0, 0).
From (3.8, we have that

g'(t)=0
t4a
& aat®||(=A)* )2 + > [4aV (tx) + (VV (tz), tz)]u? dz
RS
3 _ o o
Fabt (- 2uld = 5 [ (e =3 fE T 0T w6 ) de =0
R3
S up € M.

(3.12)
It is easy to verify, using (A1), (A2), (A3), (A4) and (A11), that g(0) =0, g(t) > 0
for t > 0 small and g(t) < 0 for ¢ large. Therefore max;c[,o0) g(t) is achieved at
to = t(u) > 0 so that ¢'(tp) = 0 and uy, € M.
Next we claim that ¢(u) is unique for any u € H*(R?)\ {0}. In fact, for any given
u € H*(R3)\ {0}, let t1,t2 > 0 such that us,,us, € M. Then J(uz, ) = J(us,) = 0.
Jointly with , we have

t4a_t4a I_HatQOL_tQQQ N
K > Tu) + 5 g, CZ DU 2000 ppery, i
dat] 4t7
(1 —0)a(t3* —t3*)? (3.13)
= Iug,) + DU 2B ayer, 3
i
and
t4a _ t4a a t2a _ t2a 2
Hu) 2 ) + 2 0 () + Wy pyorm, )
dats 4t5
(1 _ 9)a(t20‘ _ t2a>2 (3'14)
=I(u,) + e 1(=2)*2ug, |5
42
Inequalitites (3.13)) and (3.14) imply ¢; = t5. Therefore, t(u) > 0 is unique for any
u € H*(R3) \ {0}. O
Lemma 3.7. Assume that (Al)-(A4), (A10)—(A12) hold. Then
ulen/f/t I(u) :==mp = ueH”tl(I]g’)\{O} max I(uy).

Note that Corollary and Lemma [3.6] imply the above lemma.

Lemma 3.8. Assume that (Al)-(A4), (A10)-(A12) hold. Then

(i) there exists po > 0 such that ||u|| > po for all uw € M;
(il) mo = infyem I(u) > 0.

Proof. (i) Since J(u) = 0 for all u € M, by (A3), (1.10), (1.11)), (3.2), (3.11) and

Lemma [2.1] one has

1 e
willull® < aall(=2)*"2ul3 + 3 /RB [daV (2) + (VV (@), 2)]u? dz + ab]|(=2)*/?ul;3

_ % /R [(4a — 3)f(w)u + 6F(u)] da

w1
< 7Hu|l2 + Chlull”.
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This implies

ull = po = (2%1)1/@—2), Voue M. (3.15)
1

(ii). By (A2), there exists R > 0 such that V(z) > %= for |z| > R. From (L.10),
there exists Cy > 0 such that

1 3 \20/3 .
|F(t)|§imin{a5a(m) ,Voo}|t|2+02\t|2a, Vi € R. (3.16)

2o —2a _1
Foru € M, let t, = (“1?(“52 )34a2? [(=A)*/?u||, = . Using Hélder’s inequality and the
fractional Sobolev inequality, we obtain

A R3\ 2a/3 N 2/2%
/ w?de < ( o ) / ue de)
[tuz|<R u [tuz|<R

4 R3\ 20/3
< (Sa)
—\ 3¢
Then from (3.6)), (3.8)), (3.16), (3.17) and the fractional Sobolev inequality, we have
I(w) = I(w,)

aty® a2 2, b 2 bty a/2, |4
N Ry S TP e PR RN T
R3

(3.17)
Sa I (=2)2ull3.

4a—3

—t2 | F(ty,? u)dx
R3
at?® aS 3 \2e/3
> S ar 4 e () e[ et
4 2 4 47TR3 “ |tuz|<R
Voo ta® dac3
¢ / w?de —t3 | F(t,?> u)dz
4 Jjtuz|>R RS
at?e o 1 . 3 \2a/3 o
> S (=A)2ul + S min{aS (1) Voo ptaull}
4a—3
—t2 | F(ty? u)dx
R3
aty® a 5253 1 112
> A (- 2) 0} - Ot
at?® a 2 Sa a 2
2 =~ Il(=4) PPullf = CoSa ™ i [|(=0) 2ul)*
i 3—2
a (aSa® \ “7a
= - v .
5 ( 1202) , TueM
This shows that mg = inf,eaq I(u) > 0. O

Lemma 3.9. Assume that (A3) and (A4) hold. If u,, — @ in H*(R®), then along
a subsequence of {u,},

fim s | [ ) = f -0~ fleds| =0, (39

"0 e HA(R3), loll<1

The above lemma was proved in [I1), Page 77-80] and a simpler and more direct
proof has been given in [28, Lemma 2.7].
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Lemma 3.10. Assume that (A1), (A3), (A4), (A10) hold. If u, — @ in H*(R3),
then

_ _oad )2 o _
I(un) = I(@) + I(un — u) + —[I(=4) Pall3(=2)2(up = @)|3 + o(1), (3.19)
(I (un), un) = (I'(10), @) + (I'(up — @), up, — )
+ 20b]| (=) a3 (= A)*/2 (up, — @)|3 + o(1),
T (un) = J(@) + J (uy, — ) + 2ab||(=2)*2ul[3[|(=A)*/*(u, — @)|3 + 0(1). (3.21)

(3.20)

The proof of the above lemma is similar to the one in [27, Lemma 2.10], we omit
it here.

Lemma 3.11. Assume that (A3), (A4), (A1l), (A12) hold. Then m® is achieved.
Proof. Let t — 0 in (3.3]), then we have
fw)w —2F(w) >0, YweR. (3.22)

We introduce a new functional @, : H*(R3) — R as follows

4o —3

“ / [f (w)u — 2F(u)] da. (3.23)
8« R3

For any u € M®, we have @ (u) = I*°(u) > m*™. Let {u,} C M® be such that

I°°(uy,) — m. Since J*°(u,) = 0, then it follows from (3.9) with ¢ — 0 that

m +o(1) = I () > II(=A)"2un 3 (3.24)

a (e
oo (1) = [ (=2)*/%ull3 +

This shows that {||(—=A)*/?u,|2} is bounded. Next, we prove that {|ju,||} is also
bounded. By 11.10: , (3-2) and Sobolev embedding theorem, it holds

min{aa, 2\/Oo}||vvcn||2

2
g/ (aa|(—A)a/2un|2+2Vmufl)dx+ab(/ \(fA)O‘/Zuanx)
R3 R3

1
=5 / (4o = 3) f (un)up + 6F (uy)] do (3.25)
R3
1 . *
< 5 minfaa, 2Vao}un||* + Csjus| 2
1 £
=l

< 5 minfaa, 2Vac}un|* + CaSa * (= A)* w3

This shows that {u,} is bounded in H*(R?). By Lemma one easily prove that

0 := limsup sup / |ty |? dz > 0.
B1(y)

n— 00 yE]R3

Going to a subsequence, if necessary, we may assume the existence of {y,} C R3

such that 5
/ |u,|? dz > .
Bl(yn) 2

Let uy,(z) = un(x 4+ ypn). Then ||t || = |Junll,

_ )
/ |, |? dz > —, (3.26)
B1(0) 2

I°(i,) — m™,  J®(u,) =0. (3.27)
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Then, there exists 4 € H*(R?) \ {0} such that
Up —u, in H*(R?);
U, —u, in L. (R, VY sel[l,2); (3.28)
Un — U, a.e. on R3.

Let @, = Uy, — 4. Then (3.28]) and Lemma yield
Do () = Poo (@) + Poo () + 0(1), (3.29)
T () = J> (@) + > (i) + 2ab]|(=2)*2al|3[|(=2)*?an[l5 + o(1).  (3.30)

From (3.1)), (3.2), -7 - ) and -, one has
Do (lip) =M™ — O (1) + 0(1), J®(Gy,) < —=J(@) + o(1). (3.31)

If there exists a subsequence {ay,} of {u,} such that &,, = 0, then going to this
subsequence, we have

I*®(a) =m™, J>(u) =0, (3.32)
which implies that Lemma holds. Next, we assume that @, # 0. In view of
Lemma [3.6] there exists ¢, > 0 such that (i), € M. We claim that J> (4 ) O
Otherwise, if J°°(@) > 0, then (3.31)) implies J*>(4,) < 0 for large n. From (3.1)),

-, -, (3.23) and (3.31)), we obtain

m™ — @ (0) + 0(1) = Poo ()
= 21 (=8 "2ul3 +

= Ioo('&n) - Ejoo(an)
t4a

T

4o — 3
8

/( [f(uw)u — 2F(u)] dx
R3

> I ((dn)t,) —
t4a
om0 2

which implies J*°(@) < 0 due to ®(a) > 0. Since u 7& 0, in View of Lemma
there exists £ > 0 such that 4y € M>. From , , 7 , the Weak

semicontinuity of norm and Fatou’s lemma, one has
~ 1 ~
m™ = lim [I°(t,) — 4—J°°(un)]
_ 1 g _ a/2~ 40{ — 3 ~ N\~ ~
Jim {20+ = 17— 2F )] e
a /2 1 N _
> $1-2)2al3 + oo [ [(a = 3)f(@)a - 2F () ds
o Jrs

= (@) — 1T (w)

t40£

> I(u J*(u

> I(ag) ~ (@)
Ho

which implies
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O
Lemma 3.12. Assume that (Al)-(A4), (A10)—(A12) hold. If u € M and I(a) =
myg, then @ is a critical point of I.
Proof. Assume that I’(#) # 0. Then there exist § > 0 and p > 0 such that
lu—all <35 = [[I'(w)]| = o (3.33)
Firstly, in the same way as [27, Lemma 2.13], we can prove that
tlgﬁ la: — @l = 0. (3.34)

Thus, there exists §; > 0 such that
[t* — 1| < 6 = |jus — al| < 9. (3.35)

In view of Lemma[3.2], one has

a(l—0)(1 —t2*)2

I(ug) < I(u) — 4

I(=2)"all3

(3.36)
1—6)(1 — 12)2
= mg — WOy sz, wes o
It follows from ([3.12)) that there exist T} € (0,1) and T € (1, 00) such that
J(ETI) > 0, J(ﬂTZ) < 0.
Let
_ _m2a)\2|(_A)/25]12
¢ i {000 TP )
24
1—0)(1 = T22||(—=A a/2-112
o1 000 TFPIUCA PO ) oyl
24
The rest of the proof is similar to the proof of [29] Lemma 2.13]. O

Now we can draw a conclusion on the existence of a ground state solution of

Nehari-Pohozaev type to the “limit problem” of Problem (1.1
a—!—b/ — A2 de ) (=AU + Vaeu = f(u), z € R?;
(a4 [ 1-2) P dar)(-a) /() )
u € H*(R?).
Theorem 3.13. Assume that [ satisfies (A3), (A4), (A1l), (A12) hold. Then
Problem (3.37)) has a solution @ € H*(R3)\{0} such that I*°(u) = inf pgec 1°° > 0.

Corollary 3.14. Let f(t) =0 for t < 0 and f(t) = f(t) fort >0, use f to take
place of f in (3.37) and assume (A3), (A4), (A1l), (A12) hold, then Problem (3.37)
has a positive solution i € H*(R?)\{0} such that I*°(@) = inf pqee I > 0.
Lemma 3.15. Assume that (A1l)—(A4), (A10)-(A12) hold. Then mg < m®.
Proof. In view of Theorem and Corollary I®° has a minimizer > > 0
on M ie.

u™® € M>® and m*™ =1I1u>).
In view of Lemma [3.6] there exists ¢y > 0 such that (u>);, € M. Thus, it follows
from (A2), [L.9), B.1), (.9) that

M = I7°(u) > I°(u),,) > I((u™)s,) = mo.
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Lemma 3.16. Assume that (A1l)—(A4), (A10)—-(A12) hold. Then my is achieved.

The proof of this lemma is analogous to the one of [27], Lemma 3.2], so we omit
it here.

Proof of Theorem[1.3 1t is a direct corollary of Lemmas and O

4. PROOF OF THEOREM [L.3|

To obtain the boundedness of the Palais-Smale sequence, we adopt a monotonic-
ity technique due to Jeanjean.

Proposition 4.1 ([16]). Let X be a Banach space and let A C RT be an interval.
We consider a family {®,} of C'-functionals on X of the form

Dy (u) = A(u) — AB(u), Ve J,
where B(u) > 0 for all w € X, and such that either A(u) — 400 or B(u) — +oo,

as ||u]| — co. We assume that there are two points vi,ve in X such that

ey = inf max @y (v(t)) > max{Py(v1), Pr(v2)}, (4.1)
v€l t€[0,1]

where
I'={yeC([0,1],X) : v(0) = vy,v(1) = va}.
Then, for almost every X € J, there is a bounded (PS)., sequence for ®y; that is,
there exists a sequence such that
(i) {un(N)} is bounded in X;
(ii) @a(un(A)) — cx;
(iti) @ (un(N)) — 0 in X*, where X* is the dual of X.

To apply Proposition [4.1] we introduce two families of perturbed functionals

I =5 [ (@l(-8)"2u 4 V(e)i) da
bRS , (4.2)
+ Z</]R3 |(—A)a/2u|2dx) — )\/R3 F(u)dz
and
I (u) = %/R (al(~ )™ 2uf? + Voeu?) da + Z</R (-2)"2u az)
‘ (4.3)
- )\/RS F(u)dz,
for A € [1/2,1].

Lemma 4.2 ([14]). Assume that (Al)—(A4) amd (A9) hold. Let u be a critical
point of I in HY(R?), then we have the following Pohozaev type identity

Prfu)i= 2 a4 [ BV + 9V s
(4.4)
+ w( (= Ao/ 2y)2 dx)2 —3x [ F(u)de =0.
2 R3 R3

Note that Py(u) = %IA(U(x/tmt:l'
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We set Jy(u) := 22=3(I (u), u) + Px(u), then

Iy(w) = aal(-8) 2l + 5 [ [1aV (@) + (TV(). ) do
R3

+abl(=8)ulf = 5 [ [0 =) -+ 6P (W) do

for A € [1/2,1]. Correspondingly, we let
32 (u) = aal|(=2)*ul|3 + 2aVec [[ul]3 + ab]|(=2)*/2ull3
A
- = / (4 — 3) f(w)u + 6F(u)] dz
2 Jrs
for A € [1/2,1]. Set

M = {uw e HO R\ {0} 5 () =0}, mi = inf ().
w by
By Corollary we have the following lemma.

Lemma 4.3. Assume that (A3), (A4), (A12) hold. Then

-t a(l —12)?
1o (u) + 1

for allu € H*(R3), ¢t >0, A > 0.

I (u) = I (u) + 1(=2)"2ull3,

15

(4.5)

(4.7)

In view of Theorem [3.13]| and Corollary I?° has a minimizer uf® > 0 on

MS°, ie.,
ui® € M°, (I7°) (uf®) =0, mi® = I7°(uf).

(4.8)

Under the assumptions of Theorem we first show that Iy with A € [4,1] has

the mountain pass geometry.

Lemma 4.4. Assume that (A1)—(A4), (A9), (A1l), (A12) hold. Then

(i) there exists Ty > 0 independent of A such that I ((u$°)r,) < 0 for all

A€ [1/2,1];
(ii) there exists ko > 0 independent of A such that for all X € [1,1],

ey := inf max Ix(v(s)) > max{Ix(0), Ix((u3")1,)}
vel¢e[0,1]

where
I = {y e C([0,1], H*(R?)) : 7(0) = 0,7(1) = (ui*)z, };

(iii) cx and m$® are non-increasing on X € [1,1].

Proof. (i) For fixed u € H*(R?)\ {0} and any X € [3,1], one has

I I _ 1 A a/2,12 2 é A a2, 12 2
Aw) < Ty (u) = (al(=A)* ul” + V(x)u”) dz + [(=A)* ul” dx
2 2 R3 4 R3
21 F(u)dx.
2 Jgs
It is easy to verify that
at*® a2, 112 the 2 bt a2, |14
Ty (ue) = 1(=A)* ull5 + V(tz)u” de + ——|[[(=A)"7ull;
2 2 2 R3 4

4a—3

1.
fft‘s/ F(t 7 u)da.
2" Jas
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Note that F(t*%"
as t — 4o00. Then, combining Lemma there exists Ty > 0 sufficiently large,
independent of A € such that In((u$°)r,) < 0.

(i) In view of , and the Sobolev embedding, there exist 01,05 > 0
such that

u)/|t40l273u|2 — +00. Then by Fatou’s lemma, I (u;) — —o0

D) > 5 [ @A+ Vi) do+ 3( [ 1872 o)

fx/ (elul? + C.Jul?) da
R3
> o lull* — oal|ul]?,
Recalling that p > 2, then there exist p1,x¢ > 0 independent of A, such that
for ||ul| = p1,Ix(u) > ko. For any A € [1,1] and v € T, it is easily seen that

[l7(1)]] > p1. By continuity, there exists ¢ € (0,1) such that ||v(<S)|| = p1, which
implies that

on 2 inf L(1(0) 2 ko > max {13(0), A(WF)n)} . YA€ [5,1].

(iii) For any u € H*(R3)\{0}, since ¢y < max;~o I (u;) < max;~o I (ug) for all

A € [1,1], we obtain the conclusion. O

Lemma 4.5. Assume that (A1)—(A4), (A9), (A11), (A12) hold. Then there exists
A1 € [5,1) such that cx <mS° for A € [Ag,1].

This lemma can be proved similarly as in [27, Lemma 4.5], we omit the proof
here. In what follows we use profile decomposition to obtain the compactness for
any bounded (PS) sequence of the perturbed functional, which is crucial in our
proof.

Lemma 4.6. Assume that (A1)—(A4), (A9), (Al11l) hold. Let {u,} be a bounded
(PS). sequence for I with A € [1,1]. Then there exist a subsequence of {uy}, still
denoted by {u,}, and ug € H*(R?) such that B? := lim, o [|[(—=A)*/?u||3 exist,
Uy, — ug in H*(R3) and T} (up) = 0, where

B2 1
ath (=A)2uPdz + = | V(z)ddz—A [ Fu)de, (49)
2 RS 2 ]R3 ]R3

Ti(u) =

and either
(i) un — ug in H*(R3); or
(ii) there ewist an integer | € N and w,...,w' € H*R3) \ {0} such that
(Z5°) (w*) =0 for 1 <k <1, and

et =hlw+ ZI = (=) 2uoll3 + D 1(=4)*"u* 5,
where
B2
Z(u) = atb |(=A)*/2u)? dx + Vﬁ/ u*de — X\ [ F(u)dz. (4.10)
2 R3 2 R3 R3

Since (3.18) and (3.19) hold, we can prove the above lemma as in [I9, Lemma
3.4]. We omit it here.
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Lemma 4.7. Assume that (Al)—-(A4), (A9), (All) hold. Then for almost every
A € [A1, 1], there exists uy € H*(R?) \ {0} such that

I:\(U)\) =0, Iy(ux)=cx. (4.11)

Proof. Under Assumptions (A3), (A4), (A11), Lemma [£.4] implies that I, (u) sat-
isfies the assumptions of Proposition with X = H*(R3) and ®) = I,. So for
almost every \ € [1/2,1], there exists a bounded sequence {u,(\)} C H*(R3) (for
simplicity, we denote the sequence by {u,} instead of {u, ()} such that

I(up) — x>0, |[I3(un)] — 0. (4.12)
By Lemma there exist a subsequence of {u,}, still denoted by {u,}, and
uy € H*(R®) such that B? := lim,_ [|(=A)*/?u, |3 exists, u,, — uy in H*(R?)
and (Z,)'(uyx) = 0, and either (i) or (ii) occurs, where
bB3 1
a—+ A |(—A)a/2u\2dx—|—7/
2 R3 2 R3

If (ii) occurs, i.e. there exists | € N and w!,...,w! € H*(R?)\ {0} such that
(Z3°) (w*) =0for 1 <k <1,

V(z)u®dx — A /R3 F(u)dz. (4.13)

bB! - L.
e+ TA = Ta(un) + > I (wh), (4.14)
k=1

l
BY = [[(=A)*unl3 + > I(=4)*"*w*|3, (4.15)

k=1

where
~ bB3 1
e (u) = a+2 A |(—A)a/2u|2dx+§/ Vioti? dx—)\/ F(u)dz. (4.16)
R3 R3 R3

Since (f 2) (ux) = 0, then we have the Pohozaev identity of the functional 7,
(3 —2a)(a+ bB3)
2

+ % /]11{3 3V (z) + (VV(z),z)] u3 dz — 3\ /RS F(uy)dz =0.

Py(un) = I(=2)*2ux|3

(4.17)

From (A9) and fractional Hardy inequality,

2/ 1420 9
a/2 2 al’ ( 2 ) uy 1 9
all(=4) / uxllz > = B |T[27 dz > %0 RS(VV(x)7x)“A da. (4.18)

From (3.22), (#.13)), (@.17) and (4.18) it follows that

Ba(ur) = Ba(un) = 1[5 B (), u) + Pr(an)]

4o
a+ bB2 o 1
M(=A)uy 3 — — / (VV (@), ) do
4 8a R3

Mdo—3
L Alda—3)
8a

(4.19)
/]R3 [f(ux)uy — 2F (uy)] dx

bB2 .
G SEEN
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Since (fio)’ (wk) = 0, we have the Pohozaev identity of the functional fﬁo,

~ 3 —2a
B i= O @Bl Al + ] [ Ve
(4.20)
-3\ | F(uy)dz =0.
R3
Thus, from ([.6)), [{.15), (£.16) and (4.20)), we have
4o — 3 ~
0=— (Z2) (), wk) + B (wh)
= a(a+bBY)[I(—2)"*w"|[3 + 2a Vi [w" |3
\ (4.21)
-3 / [(4a — 3) f(w™)w® + 6F(w*)] da
R3
> I (w”).

Since w* € H*(R?) \ {0}, in view of Lemma there exists ¢t > 0 such that

(w*),, € M. From ([&3), ([@6), (7)), (#16) and (£21)), one has
e (wh)
S0 1 da—3, =~ ~ 0
= I (") = =[5 @) (@h), wh) + PR ()]
a+bB3 o Ada -3
= B oyt g+ 2D [yt - 2P o
) (4.22)
(=A) 2wt 5+ I (w*) = I3 (w)
t4a

(=A) 2wt |5 + I (W) = =I5 (")

(—2)* 2|3+ my?

bB?\ ”
4
bB?
> 2

2
> b8y,
4

It follows from (4.14), (4.15)), (4.19) and (4.22) that

bB: !
e+ —= 1 I)\ (5% +kzlf,\

bB2 !
> m3 + = [(=2)22un3 + > I(=A)*/2w"|3]
k=1

bB?%
KO—FT)\, Ve [)\1,1],

which contradicts Lemma Thus u, — uy in H*(R?) and Iy(uy) = ca. ]

Proof of Theorem[I.3 In view of Lemma there exist two sequences of {\,} C
[A1,1] and {uy,} € H*(R?), denoted by {uy,}, such that

A= 1, I3 (un) =0, Iy, (un) =c,. (4.23)
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From (A9), (3.7, (3-22), (4.2), and (4.23)), one has

1
ez 2 ex, = Iy, (un) — EJM(UTL)

1
= I Pl - o [ (V@) do
4 S8a R3
(4.24)

An(da — 3)
23 /R [ ()it — 2F ()] da
> U000y pyerz, 3

This shows that {||(—=A)®/?u, ||z} is bounded. Next, we show that {u,} is bounded

in H*(R3). Combining Lemma (1.10]), (4.2), (4.23), (4.24) and the fractional

Sobolev embedding theorem, we have
Allunl? < [ [al-2)2unf? 4+ V@)u2] do
R3

<2cy, +2\, | F(u,)dzx
R3

24
2

w/
< 2¢qy0 + IlHunHQ + Cs|un |

2%

wh _2 2%
< 2c1/p + ZHunl® + CsSa ™ [[(=A)* 2uy 57

4
where w] > 0 is a constant. This shows that {u,} is bounded in H*(R?). The rest
of the proof is the same as the one in [I4], so we omit it. O
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