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CHAPTER I

INTRODUCTION

Most authors of probability and statistics books introduce the 

definition of a joint-distribution function to prove certain properties 

involving moment-generating functions for distribution functions of 

independently distributed chance variables.

The purpose of this paper is to show that some of these properties 

can be established without using the definition of a joint-distribution 

function.

First,some properties involving sets and independent chance var

iables will be established. These arguments will then be used to 

obtain the distribution function for the sum of two independent chance 

variables.
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CHAPTER II

PRELIMINARY THEOREMS, NOTATIONS,AND DEFINITIONS

NOTATION 2,1. The symbol e will be used to denote the phrase belongs 

to.

NOTATION 2.2. If A and B are sets, then the statement that A Is a subset 

of B will be denoted by A £ B .

DEFINITION 2.1. The statement that A S B  means that if x s A, then x e B.

DEFINITION 2.2. If A and B are sets, then the following statements are 

equivalent:

(1) A » B and

(2) A £ B and B £ A.

DEFINITION 2.3. The statement that the set C is the common part of the

set A and the set B, denoted by C ■ A fi B or C ■ (A,B), means that C is

the set such that x e C if and orily if x e A and x e B.

DEFINITION 2.4. The statement that C is the union of the set A and the

set B, denoted by C ■ A U B, means that C is the set such that x e C if 

and only if x e A or x e B.

X
NOTATION 2.3. If each of A^, A^» A^, ... is a set, then j^A^ denotes

00
the set such that x e j^A^ if and only if x e for each integer 1 > 0.
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NOTATION 2.A. If each of A^, A^, ... is a set, then ^U^A^ denotes
00

the set such that x e Û_̂ Â  if and only if there is an integer n > 0

such that x e A_.n

NOTATION 2,5. The symbols <, jc, >,and >_ will be used to denote the 

phrases Leas, than. JLfi&a. than ax. giiuaL, greater. .than, and greater teaa. 

or equal respectively.

NOTATION 2.6. If A is a set, then the symbol AC will be used to 

denote the complement of A.

DEFINITION 2.5. The statement that R is a probability domain means 

that R is a collection of sets such that the following statements are 

true:

(1) there is a set S belonging to R such that if A e R, 

then A « S;

(2) there is a set $ belonging to R such that if A e R, 

then $ c A;

(3) if A e R and B e R, then A ^ B e R; and

(4) if A e R, then there is a set Ac in R such that 

A H Ac - 4> and A U Ac * S.

THEOREM 2,1, Suppose that D is a probability domain and A is a set in D 

such that if s e S, then s t A, then A • $.

Henceforth <f> will be called the empty set.
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DEFINITION 2,6. The statement that the set A and the set B are disjoint 

means that A V» B =

THEOREM 2.2. If R is a probability domain, A c R, B e R, and C e R,

of the ;following statements is true:

(1) ( A O B )  n c - (A He) n B{

( 2 ) A 0 (b b c ) . (A n B) u ( A  0  c ) ;

(3) A 1[I (B 0  c) ■ (A U  B) n (A U  C);

(4) AC n Bc * (A u1 B)c; and

(5) AC U  B C  * (A 0 B)C.

DEFINITION 2.7. If u and v are sets, then the statement that f is a 

function with domain u and range v means

(1) f is a collections of ordered pairs such that if 

(x,y) e f, then x e u and y e v,

(2) if (x,y) e f and (x,z) e f, then y ■ z, and
(3) if x e u, then there is a pair (x,y) such that 

<x,y) e f.

If u is a collection of sets, then f is called a set function.

DEFINITION 2.8. If f is a set function with domain R and range the 

real numbers, then the statement that f is additive means that if A e R 

and B e R, then f(A) + f(B) - f(A 0 B) + f(A fi B).

DEFINITION 2.9. The statement that R is a complete probability domain 

means that R is a probability domain such that if A^, A£, A^, ... is a
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sequence of sets, each of which belongs to R, A^+^S for i e {1,2,3,

...}, and A is the common part of the sets A^, A2, A^, ..., then A e R.

DEFINITION 2.10, The statement that (R,P) is a probability distribution 

means that

(1) R is a complete probability domain and

(2) P is a function with domain R and range the real 

numbers such that

(a) if A e R, then P(A) >. 0,

(b) P is additive,

(c) P(S) ■ 1 and P($) » 0, and

(d) if A^, A2, A3, ... is a sequence of sets, each of

which belongs to R, for i e {1,2,3,...},

A is the common part of A^, A^, A^, ..., and 5 > 0, 

then there is a positive number N such that if n is 

an integer and n _> N, then |P(An> - P(A)| < £. If 

A e R, then P(A) denotes the probability of the set 

A.

THEOREM 2.3. If A e R, B e R, and A £ B, then P(A) <, P(B).

DEFINITION 2.11. The statement that T is a chance variable means that 

there is a probability domain R such that

(1) T is a function with domain S and range the real numbers 

and

(2) if t is a real number and (T <_ t) denotes the set such that 

x e (T < t) if and only if x £ S and T(x) ,< t, then (T£t)eR.
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THEOREM 2.4. If T is a chance variable for a probability domain R and 

t is a real number, then the set (T » t) e R. Moreover, if t’ < t, then 

(t1 < T <_ t) e R. The set (t' < T t) denotes the set [(T _< t) H 

(T < t’)c].

DEFINITION 2.12, If T is a chance variable and (R,P) is a probability 

distribution, then the statement that F is the distribution function for 

T means that if t is a real number, then F(t) * P(T t).

DEFINITION 2.13, The statement that the function f is continuous from 

the right at c means if 5 > 0, then there is a real number 3 > 0 such 

that if x is a real number and c < x < c + 3, then |f(x) - f(c)| < 5 •

DEFINITION 2,14. The statement that F is a nondecreasing function 

means that if a < b and a and b are in jthe domain of F, then F(a) <, F(b).

THEOREM 2.5. If T is a chance variable and F is the distribution 

function for T, then each of the following statements is true:

(1) F is nondecreasing;

(2) if t is a real number, then 0 <_ F(t) <, l;

(3) if £ > 0, then there is a real number X such that if

x X, then F(x) < 5*

(4) if 5 > 0, then there is a real number Y such that if

y > Y, then F(y) > 1 - 5 *  and

(5) F is continuous from the right.

DEFINITION 2.15. If n > 1 is an integer and T^, T2» T^, ..., T^ is an 

n-term sequence of chance variables with distribution function F, then
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the statement that T^, T2, T^, •••• are independently distributed 

means that if t̂ , t2, t̂ , ..., t^ is an n-term sequence of real numbers, 

then P(T^ <, t^ T2 £  t2, ..., Tn ,<tn) ■ PO^ <. <. t2)*... •

P(T < t). n —  n

NOTATION 2.7. If T is a chance variable, then (T ») will be used 

to denote the set such that x e (T <_ °°) if and only if x e S or T(x) 

is a real number*

DEFINITION 2,16, The statement that D is a subdivision of the number 

interval [a,b] means that

(1) D is a finite subset of [a,bj and

(2) a e D and b e D.

DEFINITION 2,17* The statement that E is a refinement of the sub

division D of [a,b] means that

(1) E is a subdivision of [a,b] and

(2) D C E.

NOTATION 2.8, If [a,b] is a number interval and D is a subdivision of

Ca,b3, then the symbol £ will be used to denote a summation ranging
D

over D.

DEFINITION 2,18, If x and y are functions and [a,b] is a real number

interval, then the statement that J* y(t) d x(t) * a means if £ > 0,

then there is a subdivision D of [a,b] such that if E is a refinement

of D, then | £ -jCy(t±) + y^+i^CxCt^j) ” xC^)] - a | < i.
E
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NOTATION 2.9. If f is a function, then Af(t^) will be used to denote 

f(ti+l) - f(ti)*

DEFINITION 2,19. The statement that the function f is quas i-cont inuous 

on the real number interval [a,b] means that if £ > 0, then there is a 

subdivision D » {â , a^, a2, a^} of Ca,b] such that if a1, a^+^ e D

and s and t are numbers such that a^ < s < t < a^+ ,̂ then |f(s) - f(t)|

< 5.

DEFINITION 2.20. The statement that the function f is of bounded varia

tion on the real number interval [a,b] means that there is a number 

M > 0 such that if D is a subdivision of [a,b3, then J |f(x^+ )̂ “

1 H.

THEOREM 2.6♦ If (R,P) is a probability distribution, T is a chance 

variable, F is the distribution function for T, and [a,b] is a real 

number interval, then F is quasi-continuous on [a,b] and F has bounded 

variation on [a,b3.

THEOREM 2.7, If [a,b] is a real number Interval and f and g are func

tions such that f is quasi-continuous on [a,b] and g has bounded varia

tion on [a,b], then fb fdg exists.

THEOREM 2.8. If [a,b] and [c,d3 are real number intervals, f is a con

tinuous, nondecreasing function such that f(c) * a and f(d) * b, and

y(t) dx(t) exists, then fb y(t)dx(t) « /d y[f(t)3 d x[f(t)]a' a C
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DEFINITION 2,21. The statement that the number set A is bounded above 

means there is a number M such that if x e A, then x £  M,

DEFINITION 2,22, The statement that the number set A has a least 

upper bound means there is a number M such that

(1) if x e A, then x <: M and

(2) if p < M, then there is a number q in A such that q > p.

AXIOM 2,1. If a nonempty number set A is bounded above, then A has 

a least upper bound.

DEFINITION 2.23. The statement that .„/"yit) d X(t) « I means if 

% > 0, then there is a real number interval [a,b] such that if A <. a

and b <_ B, then |A/B y(t) d X(t) - l| < £.

THEOREM 2,9. If A is a real number, then * 0.— ....... t p-xo
2P-1

THEOREM 2.10. If A and B are real numbers, then the following state

ments are equivalent:

(1) A = B and

(2) if ? > 0, then |A - B| <

NOTATION 2,10, If F is a distribution function for the chance variable 

T, then F(-°°) denotes P(T <_ -») * P($).



CHAPTER III

THE DISTRIBUTION FUNCTION FOR THE SUM OF 

TWO INDEPENDENT CHANCE VARIABLES

LEMMA 3.1« If t is a real number, A is a positive integer, Dq = 

{an  ̂* -A + ’*Aj} where i e {0,1,2,3,...,2n) and n e {1,2,3,...},

T^ and T2 are independently distributed chance variables, and AQ

2n-l
denotes the set such that A * U (t-A < T„ < t-a ., a . < T, <n , ~ z —  ni iii 1 —i“0

<30

ani+l> * then ^ An “ (t-2A < Tx + t 2 S t* Ti > “A. x2 > t-A)• n-1

Proof:
00 00

Let x e A . x e A means if p > 1 is an integer, then 

x e Ap. Let p be an integer such that p >_ 1. Thus, x e Ap. Since 

x e Ap, then there is an integer q where 0 _< q <_ 2^ - 1 such that 

x c (t-A < T2 < t-apq, apq < < apq+1). Since x e (t-A < T2 < t-apq,

apq < T1 -  apq+l^ ’ then t - A < T2(x ) < t - apq and apq < T^x) < apq+r

Since T. (x) > a and a _ > -A, then T, (x) > -A. Since T. (x) < a ..X pq pq *■" 1 1 — pqti
and T« (x) < t - a , then T. (x) + T0 (x) < t + a - a . Since Z — pq X Z — pq-rX pq
a - a  - -A + . (-a + -a^-)pq 2p**l *p-1pq+i pq 2P-

-A + 1 *̂A, + "A . + A - ^Ai 2p-l 2P-1 2P-1

A A, then T. (x) + T0(x) < t + — —r for each integer p > 1. 2P~1 1 2 ~  2P_1

10
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A lim ASince T-(x) + T-(x) < t - for each Integer p > 1 and . * 0,i i —  2P"*X p“*30 2P"*1

then T^(x) + T2(x ) <_ t. Since T^(x) > -A and T2M  > t - A, then

T^(x) + T2<x) > t - 2A. Since t - 2A < T^(x) + T2(x) < t, T^(x) > -A,

and T2(x) > t - A, then x e (t-2A < T.J+T2 <, t, > -A, T2 > t-A).

co
Hence, A £ (t-2A < T-+T» < t, T., > -A, T_ > t-A).n»l n 1 2 — 1 ’ 2

Suppose that x e (t-2A < Tj+T2 <. t, > -A, T2 > t-A), then

t - 2A < T^(x) + T2<x) <_ t, T^(x) >-A, and T2<x) > t - A. Since

T^(x) + T2(x) <_ t, then T^(x) <: t - Tjte). Since T2<x) > t-A, then it

follows that T^(x) < A. Let j be an integer such that J j> 1. Since

-A < 'T̂ (x) < A and is a subdivision of [-A,A], then there is an

integer k where 0 < k < 2̂  - 1 such that a^, e and a ^  <

T^x) <. ajk+1* Since T^x) > a^k and T2(x) <_ t - T^x), then T2(x)

< t - a^. Since t - A < T2(x) < t - a^fc and a ^  < T^x) <, a^k+1, then

x e (t-A < Tj <_ t-a^k, a^k < < a^k+^). Since there is an integer

k where 0 <, k <_ 2^-1 such that x e (t-A < _< t-a^, <, ajk+i^ *

then x e Aj. Since j is an integer where j >, 1 and x e , then
00 CD

x E ^  Afl. Hence, (t-2A < Tj+Tj < t, T j > -A, T2  > t-A) £ ^  An<

Since A £ (t-2A < T,+T» <t, T, > -A, Tn > t-A) and (t-2A < T.+T0 n*i n 1 1 * i *
00 00

< t, Tj > -A, T2 > t-A) E An , then ^  A^ - (t-2A < Tj« 2 < t,

> -A, T2 > t-A).

LEMMA 3.2. If a and b are real numbers such that a < b, then 

P(a < \ <  b) - P(TX <. b) - P(TX ,< a).
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Proof:

P(a < Tx £  b) - PCC^ £  b) fi (Tx < a)c3

- Pfl^ £ b) + PO^ £  a)C - P[(TX £  b) U £  a)C] 

because P Is an additive set function,

- P(T^ £  b) +P(T1 £ a)c - PCTj £  «) by Notation 2.7,

- Pfl^ £ b) + 1 - P(TX £  a) - P(TX £  ») 

by definition 2.5,

« P(TX £ b) + 1 - P<TX £  a) - 1

- P(T^ £ b) - P(T^ £  a).

LEMMA 3.3, If a, b, c,and d are real numbers such that a < b and c < d 

and and T2 are independently distributed chance variables, then

P(a < £  b, c < T2 £  d) - P(a < ^  £  b)*P(c < T2 £  b).

Proof:

P(a < Tĵ £  b, c < T2 £  d)

- PCtt-L < b j n o ^  £  a)c n( c < t2 £  d)]

- PCCTj £ b) (c < T2 £ d) ft (T^ £  a)c] by Theorem 2.2,

- PiCC^ £  b) n (c < T2 £  d) n (Tx £ a)c]U[f]}

- P{C(TX £  b) n (c < T2 £  d) n (Tx £  a ^ M O ^  £  b) H (c < T2 £  d) H

(c < T2 £  d)c]}

- PiCO^ £  b) 0(c < T2 £  d)30C<Tx £  a )c U(c < T2 £  d)c]} 

by Theorem 2.2,

- PC<TX £  b) 0 (c < T2 £  d)] + PC(TX £  a)C U(c < T2 £  d)C]

—Pit(Tx £ b ) n ( c  < T2 £d)]U[(T1 £  a)c U(c < T2 £  d)c]}.
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Since PiEO^ <b)ft(c < T2 <. d ) M ( T x <, a)c U(c < T2 < d)c]}

- PiCO^ < b)U(Tx < a)C U(c < T2 < d)C]H[(c < T2 <, d)U(Tx <, a)C

U(c < Tj <, d)c]} by Theorem 2.2,

« P{C(TX £  -)U(c < T2 < d)C]n[(T1 < a)C U(T2 < «)]>

- PCO^ < «) 0 (T2 < »)]

■ P(T^ _< -).p(T2 <, ») because and T2 are independent,

- 1,
therefore, P(a < _< b, c < T2 <_ d)

- PCCT^ < b)H(c < T2 < d)] + PCO^ < a)C U(c < T2 < d)c] - 1

- P[(TX <b)C\(c < T 2 < d ) ] - l  + PC(TX < a) fl(c < T2 < d)]c

by Theorem 2.2,

* £  b, c < T2 ,< d) + P(TX <, a, c < T2 <, d) by Definition 2.5,

■ <, b, c < T2 <, d) + PQ^ b, T2 .< c) - P(TX <b, T2 <, c)

-Pfl^ <. a, c < T2 < d) + P(TX < a, T2 ̂  c) - P(TX <, a, T2 <, c)

- PCCTj <b, T2 <, cjUO^ < b, c < T2 <, d)] - P(TX < b, T? < c)
-PCCTX < a, T2 < c)U(Tx <a, c < T2 ,< d)] + PO^ <, a, T2 < c)
because (T̂  _< b, T2 _< c) and (T̂  <, b, c < T2 ,< d), and (T̂  <_ a,
T2 <, c) and (T̂  <. a, c < T2 <; d) are disjoint,

- PiO^ < b]n[(T2 <, c)U(c < T2 < d)]} - P(Tj_ £  b, T2 ^  c)

-PiCTx <, a]0[(T2 < c)U(c < T2 < d)]} + P(TX < a, T2 < c) 

by Theorem 2,2,

- P(TX < b, T2 < d) - P(TX < b, T2 < c) • P(TX <, a, T2 <, d)

+P(T1 ¿a, T2 < c)

- P(TX £  b)*P(T2 <. d) - P(TX <, b)*P(T2 < c) - P(TX <, a)*P(T2 <, d) 

+P(T^ _< a)‘P(T2 <, c) because T^ and T2 are independent,
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- [PO^ < b) - P(TX < a)][P(T2 < d) - P(T2 £  c)] 

* P(a < b)*P(c < T2 <. d) by Lemma 3.2.

LEMMA 3.4, If n ̂  1 is an integer, A > 0 is a real number,and A^ is 

the set defined in Lemma 3.1, then

P< V  " l « 2<*-nt> - r2<t-A>]CFl<ani+l)

Proof:

P(An)
2n-l

P[ U (t-A < T2 <, t-a.
i-0 hi • anl < T1 ̂  ani+l^]

y■ “ P(t-A < T„ < t-a ., a . < T, < a  ...)] because the function Dn 2 —  ni* ni 1 —  ni+1'
P is additive and the sets (t-A < T2 £ t-a and (an^ <

~  ani+l^ are *or * e (0»X,2,3,... ,2n-l},

■ l P(t-A < T2 <: t-ani)*P(anl < Tx <. ani+1) by Lemma 3.3,
^n

- I :p (T2 < t-anl) - P(T2 < t-WJCPd, < .nl+1) - Pd, < .nln
n
by Lemma 3.2,

- I [F2(t-anl) - F2(t-A)][F1(anl+1) - F^a^)] by Definition 2.12.
n

LEMMA 3.5. If n is an integer such that n >_ 1 and E is a refinement of

D where D is the same as in Lemma 3.1, thenn n
l [F^t-a^ - F2(t-A)3CF1(ai+1) - F ^ ) ]  < £ CF2(t-anl) - F2<t-A)]
E Dn

CFl(ani+l* " Fl(ani)3,
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Proof:

In L^nma 3.4 we have shown that J [F2(t-an )̂ - F? (t-A) ]

2n-l n
[V W  - i.(v )] - «  0 (t-A < I2 < t-. anl < I, < anl+1)].

i“0
Suppose that n > 1  is an integer. Let E be a refinement of DQ such

m-1
that E - {a0,a.,a2,...,a }. Let x e U (t-A < T2 <, t-a,, «4 < T. <. ai+l^*

i«*0

m-1
Since x e U (t-A < T- < t-a,, a. < T., < a..-), then there exists an 

i-0 ”  1 1  1 “  1 A

integer p such that 0 _< p _< m - 1 and x e (t-A < T2 <_ t-a^, a^ <

<, ap+ )̂* Therefore, t - A < T2(x) <. t - ap and a^ < T^(x) ,< ap^. Since

-A < a < T.(x) < a .. < A and D is a subdivision of [-A,A], then there"" P 1  *“  pi" A —* tl

is an integer k such that 0 <_ k ̂  2n-l and a ^ < T^(x) <_ ank+l • Since

E is a refinement of D , then a , < a . Since T (x) < t - a andn tut — p z “  p

ank -  ap» then T2(x) -  C " ank* Since - A < T2(x) ^  C ’ ank md  ank <

Tl(x) ±  ank+l* then x e (t”A < T2 i  ^ n k ’ ank < T1 ^  ank+l>* Sinc®
there is an integer k such that 0 _< k <, 2n-l and x e (t-A < T2 <_ t-a ^

2n-l
ank < T1 ̂  ank+l>» then x e < T2 ^  ̂ n i »  ani < T1 -  ani+l>*

m-1 2n-l
Consequently, U (t-A < T0 < t-a., a, < T- < a...) £ U (t-A < T0 <

1*0 L "" 1 1  1 ”  1+i i»0 1 ”
m-1

t-an ,̂ a ^  < T^ £  ®ni+ )̂* Thus, from Theorem 2.3 P[ U (t-A <T2 <_ t-a^,
i“Q

2n-l
al ' T 1 -  ai+l)] ^  pC1®0 < * 2 ±  t-ani* ani < T1 -  ani+l,] “ d troB
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Lemma 3.4 JtFjU-a^ - F2(t-A) J t F ^ a ^ )  - F1<a1>] <. £ [F2(t-ani) “
E Dn

P2(t-A)][P1(anl+1) - P ^ H .

LEMMA 3.6, If D is a subdivision of C-A,A], then Jr.F7(t-x.) - F«(t-A)]
D

[AF.^)] >. P(t-2A < Tĵ +Tjj < t, Tx > -A, Tj > t-A).

Proof:

Let D be a subdivision of [-A,A] such that D - {x q ,x^,x2,... ,xq}.

It was shown in Lemma 3.4 that ^CF^t-x^) - F2(t-A)][AF^(x^)] «

n-1
PC U (t-A < T2 <, t-x^ < ^  < xi+i^* Let x e (C”2A < Ti+T2 —  t*

T^ > -A, T2 > t-A). Then, t - 2A < T^x) + T2(x) <, t, T^x) > -A, and

T2(x) > t - A. Since T^(x) < t - T2(x) and X2(x) > t - A, then

T^(x) < A. Since -A < T^(x) < A and D is a subdivision of [-A,A], then

there is an integer k such that 0 <  k ^ n  - 1 and x^ < T^(x) <, x^+ .̂

Since T2(x) _< t - T^(x) and T^(x) > x^» then T2(x) < t - x^. Since

there is an integer k such that 0 .< k <, n - 1, t - A <  T2(x) < t - x̂ »
n-1

and x^ < T^(x) £ x^^, then x cj U (t-A < T2 <, t-x^ x^ < < xi+^).

n-1
Thus, (t-2A < Tj+T2 <, t, T1 > -A, T2 > t-A) £ U (t-A < T2 £ t-x^

xi < ^  ^  x^+^), and by Theorem 2.3 P(t-2A < T^+T2 <_ t, T^ > -A, T2 > t-A)
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n-1
< P[ U (t-A < T. < t-x,, x. < T 

i=0 2 i i . Since JCF^t-Xj) - F2(t-A)]

n-1
[AF̂ Cx.̂ )] = P[ U (t-A < T2 <, t-x̂ , x̂  < _< then P(t-2A <

Tl+T2 -  t* T1 > “A* T2 > t_A) - - F2(t-A)][AF1(xi)].

LEMMA 3.7, If [a,b] is a real number interval, is a chance variable, 

and £ > 0, then there is a subdivision D of [a,b] such that if

ai* ai+l e D» then lP(Tl < ai+l> “ P(T1 -  ai>l <

Proof:

Let [a,b] be a real number interval and £ > 0. Let J denote the

set such that x e J if and only if a < x < b and there exists a sub

division D of [a,k ]such that if a^, a^+^ e D, then P(a^ < < a^+ )̂

< e.

Let F^ denote the distribution function for the chance variable T̂ . 

Since F^ is continuous from the right at a and £ > 0, then there is a 

positive number 3 such that if a < x < a 4- 9, then |F^(x) - F^a) | < £. 

Let t be a real number such that a < t < a + 3. Let be a subdivision 

of [a,a+3]. Therefore, if a^, a +̂1 e D^, then 

P(a± < ^  < ai+1) - Ptf^ < ai+1) - PO^ <, ai) by Lemma 3.2,

< P d j  < a1+1) - PC^ <. ai) because (Tj < a1+1) S

(T1 i  “i+l) •
_< P(T^ <_ a+3) - P(T^ jc a^) because (T^ <_ a^+ )̂ S 

(Tx <, a+3),

<, P(T^ < a+3) - P(T^ <, a) because (T^ <, a) £ (T^ <_ a^,
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• |p(T^ <_ a+3) - P(T^ <, a) | because P(T^ <, a+3) _>

PCTj < a),

< C.

Thus, a + 3 e J and, therefore, J is nonempty. Since J is bounded above 

by b, then J has a least upper bound. Let L denote the least upper 

bound of J.

® 1
Suppose z e ^ (T. >, L-"4). Suppose that T.(z) < L. Then, there 

i-1 A 2X A

exists a positive integer n such that L - T-(z) > Thus,
2
GO

*1 m

T- (z) < L --- .which contradicts the fact that z e ^ (T- > L - -rr).
1 2n i-1 1 ~  21

Therefore, the assumption that T^(z) < L is false and T^(z) _> L. Since

« 1
T-(z) > L, then z e (T. > L). Consequently. ^ (T- > L - — ■) c (T. s^L). 
i —  i “  ' ¿«1 A 21 1 ~

Suppose that z e (T^ >_ L), then T^(z) >_ L. Since L >, L — —  for
2

each integer i > 1, then T. (z) ,> L - ~  for each integer i > 1. Thus,
“  2 ~~

“ 1 00 i
z e ^ (T. > L - —r) and, as a result, (T- > L) £ ^ (T. > L - —r).

i-1 A ”  21 A “  i-1 A 2X
» to

Since n (T, > L - -7 ) £ (T.. >, L) and (Tn >. L) £ n (T. > l - -7 ), then
1=1 21 1 “  A "" i-1 1 “  2X

00

° (T, >, L - -7) - (T, >. L). 
i-1 1 21 A

Since (T^ >. L - -j), (T^ _> L - 7), (T^ > L - |), ... is a sequence 

of sets, each of which belongs to R, (T^ > L • £ (T^ > L - -7*) for

each integer i >. 1, and 5 > 0, then there is a positive number N such



19

that if n is an integer and a > B, then 

5 > |P(TX > L - - Pfl^ > L) |

- |l - PCI^ < L - ~ )  - 1 + Pi^ < L) |

« |P(TX < L) - P(TX < L - ~ )  |

> |P<TX < L) - P(TX < L - ~ )  | because (T^ < L - ~ )  £
2 2

<Ti ± L - P ’

m |p (L - ■ < T. < L)| by Theorem 3.2,
2n  1

= P(L - —  < T, < L) because P(L - —  < T, < L) > 0.
2n  1  2n  1

Since L ---- < L and L is the least upper bound of J, then there
2n

is an x e J such that x > L — Since x e J and 5 > 0, then there is

a subdivision D2 of [a,x] such that if a^, a^+^ c then

P(a. < T. < a..,) < 5. Let D - D-U{L}. Since P(L - —  < T- < L) < 5 and1 x iTi z 2n •L
x > L - *■— , then P(x < < L) < 5« Therefore, if a^, a^+^ e D, then

PCâ  ̂< T^ < a^+j) < £. Thus, it follows that L e J.

Since J is bounded above by b and L is the least upper bound of J, 
then L <, b. Suppose that L < b. Since is continuous from the right 

at L and C > 0, then there is a real number 3̂  > 0 such that if 

L < t < 3^ + L, then |F̂ (t) ” F^(L) | < £. Let r be the minimum of

(dT + L, b} and let D ■ DU{r}. Thus, if a., a.,, e D , then L r i 1+1 r
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|P^(a^+ )̂ - F^(a^)| < £. Thus, r e J. If r » 3̂  + L or if r ■ b,

then r > L,which is a contradiction to the fact that L is the least 

upper bound of J. Consequently, L ■ b. Therefore,if [a,b] is an 

interval and 5 > 0, then there is a subdivision D of [a,b] such 

that if at, ai+1 e D, then Ip O ^  < ai+1) - Pfl^ <, a ^  | < C.

2n-l
LEMMA 3.8. If C denotes the set such that C • U ( t - x . < T0 < 

n n i*0 i+1 2

t - xt) H (Tj+Tj - t)cH (xA < Tx < xi+ 1) where x± - -A +

i 6 {0|1|213|• <• |2 "1 }|and n s {112|3|• • • 3 p th6Q 

00

(1) C ® <J> and
111

(2) if 5 > 0, then there is a positive number N such that if 

n is an integer and n >, N, then |P(Cn) | < €•

Proof:
00 00

Part (1). Suppose that s e ^ C . Since s e ^ C and if n > 1i n - n —n-1 n=l

is an integer, then s e Ĉ . Let n > 1 be an integer. Since s e Cq ,

then there Is an x., x.,, e D where D is the same as in Lemma 3.1i* i+1 n n

such that t - x^+  ̂< T2<s) <, t - x.̂ , T^(s) + T2<s) > t or T^(s) + 

T2 ( s) < t, and x± < T^s) £  xi+1.

Suppose that T^(s) + T2(s) > t. Then, there exists a positive 

number N such that T^(s) + TjCs) ■ t + N and T^(s) - N + TjCs) ■ t. 

Since is a refinement of Dn where n e {1,2,3,...} such that if
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xi + xl+lx., x.,- e D , then there Is a number 0 e D ., and sincex l+l n 2 n+1

T^(s) - N < T^(s), then there exist integers k >, 1 and p where
If0 < p < 2 - 1 such that x , x . e D. and T.(s) - N < x < T-(s) <" "" p p+i K X p X

Xp+l <, x̂ + .̂ Since t = T2(s) + T^(s) - N and T^(s) - N < x , then

t < T0(s) + x . Thus, T„(s) > t - x , Since x < T. (s) < x .- and2'' p ’ 2' ' p p 1'' — p+l

T2(s) > t - x , then s f Ĉ . Since k > 1 is an integer and s f C^,
00 00

then s i ^ C . Hence, the assumption that ^  C is nonempty isr . n , nn=l n»l
00

false and ^ C • <f>. If we consider the case where T.(s) + Tjis) < t, 
n=l

00
then a similar proof will show that ^ C « A.-IIn»l

Part (2). Let e > 0. Since C^, C2, C^, ... is a sequence of sets, 

each of which belongs to R, Cn+^ c CQ for each integer n ,> 1, and 

£ > 0, then there is a positive number N such that if n is an 

integer and n ,> N, then £ > |P(Cn> - P($) | • |P(Cn) I*

THEOREM 3.1. If T^ and T2 are independently distributed chance

variables, and F2 are the distribution functions for and T2,

00

and t is a real number, then PCTj+Tj <. t) ■ / Fj(t-x)dF^(x),
■»00

Proof:

Let t be a real number, £ > 0, and let A be a positive Integer.

iA iFor each positive integer n, define Dn ■ {a^ * -A + ~~j-| i e
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{0,1,2,3,...,2n}}. Also,let Aq denote the set such that Aq *

2n-l
0 (t-A < T2 <. «ni < Tj <, ani+i)- Since A^, A2, Ag, ... is
i»l

a sequence of sets, each of which belongs to R, A . £ A forhtX n

n e {1,2,3,...}, and ^  > 0, then there is a positive number N such
GO

that if m is an integer and m > N, then |p(A ) - P(^ A ) I <4'.“  m _i n 1 jn=l
Since C-A,A] is a real number Interval and and F2 are dis

tribution functions, then by Theorem 2.6 F^ is quasi-continuous on 

[-A,A] and F2 is of bounded variation on [-A,A].

Since F^ is quasi-continuous on [-A,A] and F2 is of bounded
A

variation on [-A^A], then by Theorem 2.7 / [F2(t-x) - F2(t-A)]dF^(x)
-A

exists.
A .

Since /[F2(t-x> - F2(t-A)]dF^(x) exists and j  > 0, then there 
-A

is a subdivision of C-A,A] such that if is a refinement of D^,

A -
then | /[F2(t-x) - F2(t-A) DdF^x) - £ -|£F2(t-xi+1) “ *2(t-A) + F2(t-xi>

—A

F2(t-A)3CAF1(xi)]| <

Since [-A,A] is a real number interval and ^  > 0, then by Lemma 3.7 

there is a subdivision D2 of C-A,A] such that if a^, e D2, then

lP(Tl * ai+l> ” P<T1 ̂  ai>1 < 3*
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Let Cn - U (t-x1+1 < T2 < t-x^ 0 (T^Tj - t)crt (Xi < ^  < xi+1). 
i=0

Since ̂  > 0, then by Lemma 3.8 there is a positive number N such that 

if n is an integer and n j> N, then |P(Cn)| < €. Let p be an integer 

such that p _> N, and let denote the subdivision defined by p.

Let E ** D 0 D, D D, D D ,
HI X C p

He must next consider the following absolute value:

| ^CF2(t-xi) - F2(t-A)]AF1(x1) - l j[F2(t-xi+1) - F2(t-A) + F^t-x^ - 

F2(t-A)]AF1(x1)|

■ II F^t-x^AF^Xj) -  l  j  [F2(t-xi+1) + F2(t-xi ) 3AF1(x1) |
E E

- II f2(t-1‘1)4F1<*1> - i  I V t-xi+l)" l <xi) - f  I P2(t-X1)SF1<K1) |

* 12“ I F2(t-x1)AF1(x1) - 2 I F2(t“X^^)AF^(x^) |

“ jl I F2(t-xi)AF1(xi) - l F2(t-xi+1)AF1(x1)|

" 2I I CF2(t_xi) " " W 3!

* \| I P(t-xi+1 < T2 <, t-xi)P(xi < <, xi+1) | by Lemma 3.2,
E

X t** J I I P(t-x1+1 < T2 <_ t-x^ < ^  < xi+1) I by Lemma 3.3,
E

- \\ I p{[(t-xi+1 < T2 <. t-xt) n (t +̂t2 - t)cn (xA < tx <, xi+1)3u 

[(t-xi+i < t2 < t-xt) n (tx+t2 - t) n (x± <?1 < x1+1>3)|

= IiPC(t-x1+1 < t2 < t - x ^ n ^ - W j  ■ t)cn (x± < <_ *i+1)3 +

P[(t-xi+^ < T2 £ t - Xi> n (T^+T2 * t) 0 (x̂  < <_ X;̂ ) 3}| because
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the two sets in brackets are disjoint,

j| l p[(t-x1+1 < t2 <, t-xjjndj+ij “ t)c n(XjL < tx <, x1+1)] +

l P[(t-xi+1 < 2̂ — t_xî  ̂  (T1+T2 “ t) (atj < «S *i+1) ] I

<, jl l p[(t-xi+1 < t2 <, t-Xi) n(Tj+r2 - t)c n(x1 < t x <, xi+1;

+ \\ l P[(t-xi+1 < T2 _< t-Xi> n (Tĵ +Tj » t) fi (xA < ^  <, Xi+1:

- jl | < T2 < t-xj n ( T ^  - t)C n (xA < Tx < x1+1) I

l)l

)31

.HI

+ J| l P(t-x1+1 < T2 .< t-x1)P(T1+T2 » t)P(Xl < Tx <_ xi+1)

< 7  ^  + 2 | lp(t-*1+i < T2 <. t-Xl) I (Pd^Tj - t) I |p(xi< T., <_

x1+1)| from Lemma 3.8,

< \ + 2" I IP^^i+i < T2 —  t_xi) I |P<TX+T2 ■ t) | by Lemma 3.7,
E

<, ̂  + ’2(3') because P is a probability function,

kA  •3*
00

Since |P(Affl) - P(^ Aft) | < jj-, then by Lemma 3.4 | J [PgCt-a^) -
n~l Dm

P2(t-A)!)CF^(a^^) - F^(a .)] - P(^ A ) j < 4. Since E is a refinement
n«l n

of Dm, then by Lemma 3.5 J [F^t-x^ - F2(t-A) J C F ^ x ^ )  - F1(x1>] <
E

l CF2(t-ajni) - F2(t-A)][F1(affli+1) - Fj^Ca^)]. Since E is a subdivision
m
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of [-A,A], then by Lenina 3.6 J [F ^ t -x ^  -  F2(t-A )][F1(x1+1) -  F j ^ ) ]
£

CO 00

> p(n An). Since | l [*2<*“•«!> - Fjit-A)]*?^«^) - P(n A^l < |  and
n=l 1 D nml

l CF2(t-anil) - F2(t-A)]AF1(ami) > £ [F^t-x^ - F2(t-A) U A F ^ )
D E
m

00 oo

> P(n An)t then | l [F^t-x^ - F2(t-A) ]AF1(xi) - P(n A0) | < |. 
n=>l E n«l

A
Since E la a refinement of D^, then | /[F2(t-x) - F2(t-A)]dF^(x) -

-A

l YCF2(t-x1+1) - F2 (t-A) + F2(t-xi) - F2(t-A)]AF1(x±) | < Since 
E

00

| l CF2(t-x1) - F2(t-A)]AF1(xi) - P(n An)| < |, | J j [F2(t-xi+1) - 
E it1*! E

F2(t-A) + F2(t-xi) - F2(t-A)]AF1(xi) - £ [F^t-x^ - F2(t-A)iAF^x.^) | < ̂
E

A
and | /[F2(t-x) - F2(t-A) DdF^x) - l J  [F2(t-xi+1> + F2(t-x±) - 2*F2(t-A)]

-A E
A o»

AFi<Xi) | < then | /[F2(t-x) - F2(t-A)]dF1(x) - P(^ Aft) | < £. Since
n»l

A w
5 > 0 and | /[F2(t-x) - F2(t-A)]dF^(x) - P( ̂  A^)| < 5, then by Theorem

-A n»l

2.10 / [F,(t-x) - F9 (t-A) 3dF. (x) - P(n A ). Since P(n A ) - P(t-2A 
-A 2 2 1 n-1 n n-1 nn*»l

Tl+T2 —  t» Ti > “A* T2 > t_A)» then / LF2(t-x) - F2(t-A)]dF1(x) »
-A

P(t-2A < Tx+T2 <, t, Tx > -A, T2 > t-A).

We l i mmust next prove that the ^  P(t-2A < T^+T2 <_ t, > -A,

T2 > t-A) “ P(T^+T2 <_ t). Let 5 > 0 and denote the set such that
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Ba * (t-2A < Tj+T2 < t, Tj > -A, T2 > t-A) where A e {1,2,3,...}.
00

Let x e U B.. Thus, there is an integer n > 1 such that x e B .
A=1 "  n

Since x e B^, then T^(x) + T2<x) £  t. Therefore, x e (T +̂T2 —

U B. £ (1,+T, < t). 
i - 1  x  1

If x e (T^+T2 — *)» Tj_(x) + TgCx) £  t. Since T^(x) and

T2(x) are real numbers, then there are positive integers p and q 

such that Tx(x) > -p and T2(x) > t - q. Let r be the larger of p and 

q. Hence, T^(x) > -r, T2M  > t - r, and T^(x) + TjCx) > t - 2r. There' 

fore, x e (t-2r < T^+Tj £  t, T^ > -r, T2 > t-r). Since there is an 

integer r _> 1 such that x e (t-2r < T^+Tj £  t, T^ > -r, Tg > t-r), then
OQ 00 00

x e U Ba
A-l A
00

and U B.
A-l A

A-l
00
u  1

A-l

A-l

it follows that ( U B.)C - ^ B 
A-l A A-l

A « Since , B^ , ■■» is a

c csequence of sets, each of which belongs to R, BA+^ £ BA for

A e {1,2,3,...}, and £ > 0, then there is a positive number N such

that if n is an integer and n £ N, then
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5 > |P(B C) - P(n B C)j 
n A-l A

- |P(BnC) - 1 + P(^ B C)C|
n=l

- |1 - P(B C)C - 1 + P(^ B C)C|
“ A-l A

- |P( U B ) - P(B ) | 
A-l A n

- |P(Tl+T2 < t) - P(Bn)|. Since P(BA> where A e {1,2,3,...}

is a sequence of numbers, K >0,and there is a number N such that if

n > N, then |P(Bn> - P d ^  < t) | < $, then P(BA> - P i T ^  < t). 

A
Since / [F2(t-x) - F2(t-A) ]dF^(x) = P(BA> for every positive integer A 

- A

A
and P(Ba) exists, then /CP2<t-x) - F2<t-A)]dF1(x) - P(BA>.

- A

Since A^  /[F2(t-x) - F (t-A) ]dF^(x) - / [F2(t-x) - F2 (-<*>) ]dF1 (x)
-A L -«

00

and F2(-«°) » 0, then P(Tj+T2 <_ t) - / F2(t-x)dF^(x) for every real

number t.



CHAPTER IV

THE MOMENT-GENERATING FUNCTION FOR THE DISTRIBUTION 

FUNCTION OF AN N-TERM SEQUENCE OF INDEPENDENTLY 

DISTRIBUTED CHANCE VARIABLES

LEMMA 4.1. Suppose that (R,P) is a probability distribution, and F^ and

F2 are the distribution functions for the independent chance variables

00 00

T^ and T2. If z is a real number such that / e”zt d / F2(t-x)dF^(x)

exists and 5 > 0, then there is an interval [a,b] such that if A _< a

and b <, B, then | / e~Zt d / F2(t-x)dF^(x) - / e-zc d / F (t-x)dF^(x)|
2B B-zt

2A

<  5.

Proof:
00 00 -ztLet z be a real number such that / e” c d J F2(t-x)dF^(x) exists,

*•00 »00

00 00

and let £ > 0. Since J e z  ̂d / F2(t-x)dF^(x) exists and y  > 0, then
«■»00 — 00

there is an interval Cj ,k] such that if J <, j and k <. K, then
00 00 K  00

I / e”zt d / F2(t-x)dF1(x) - / e-Zt d / F2(t-x)dF;L(x) | < •*. Let
—00 —00 J —00

CJ,K] be an interval such that J <_ j and k <, K.

—z tLet Q denote the set such that q e Q if and only if q ■ e and

J <_ t ̂  K. Since Q is bounded above, then Q has a least upper bound.

Let M be the least upper bound of Q.
28
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Since % > 0 and M > 0, then > 0. Since ̂  > 0 and F^ is a 

distribution function, then by Theorem 2,5 there exists real numbers 

c and d such that if C < c and D > d, then F^(C) < ̂  and > 1 - F̂ (D),

Thus, | / e~2t d / F2(t-x)dF1(x) - / e_zc d / F2(t-x)dF1(x)|
K -zt

CO 00 K 00
I / e”Zt d / F2(t-x)dF1(x) - / e”Zt d / F2(t-x)dF1(x) +

—09 —00 J —»oo
K C K 00
/ e”zt d / F2(t-x)dF.(x) + / e”zt d / F2(t-x)dF1(x)|
J J D

00 00 K »
< | / e"Zt d / F2(t-x)dF.<x) - / e"Zt d / F^t-xJdF^x) |

—09 —09 J —09

K C K CO
+ | / e~Zt d / F2(t~x)dF, (x) | + | / e’zt d / F^t-x^F^x) |

J -00 J D
K C K w

< f  + | / e"zt d / FgU-xidF^x)! + | J e‘zt d / F^t-xJdF^x) |
J -0 9  J D

because J j and k <_ K,

K G K _ . ®
- f  + / e”Zt d / F2(t-x)dF.(x) + / e“zt d / FjCt-xJdF^x)

j  - 0» J D

because the integrals above are nonnegative,

K C K 00
<,!*+/ M d / F2(t-x)dF1(x) + | M d | F2(t-x)dF1(x)

J -oo J D
K C K 00

« f- + M / d / F«(t-x)dF-(x) + M / d / F2(t-x)dF.(x)
J -oo  ̂ A J D

c c
- I  + M[ / F2(K-x)dF1(x)dF1(x) - / F2(J-x)dF1(x)] +

MC / F2(K-x)dF1(x) - / F2(J-x)dF1(x)]

f  + M / [F2(K-x ) - F2(J-x)]dF1(x) + M / CF2(K-x> - F2(J-x)]dF1(x)
—09 J)
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_<_ *  + M / dF.. (x) + M / dF, (x) because F7 is a distribution
~  ̂  -co 1  d 1 z

function,

| + M[F1(C) - F1(-~) ] + MCF.^») - F1(D)]

f  + MF^C) + M[1-F^(D) ]

< i 4. M ’ 4. M •2 4M 4M

* -zt , , rK -zt DTherefore, | / e~ZC d / F2(t-x)dF- (x) - / e”zt d / F2(t-x)dF. (x) | < £. 
-OO —00 J C

Choose [a,b] to be a real number interval such that a <0, a <_ J, a <, C,

b > 0, K <• b,and D <  b, Let [A,B] be a real number interval such that
00

A <_ a and b < B, Since e > 0  for every real number t, f  F2(t-x)dF^(x)

is nondecreasing as t increases, 2B >, K, B > B, 2A _< J,and A <, C, then 

2B B K D
/ e d / F-Ct-xJdF-(x) > / e" d / F-Ct-xJdF-(x). Likewise,
2A A £ 1 J C X
oo oo 2B B
/ e”Zt d / F9(t-x)dF-(x) _> / e“Zt d / F7(t-x)dF.(x). Since

—  2A A
K

/ e”zt d / F2(t-x)dF1(x) - / e"Zt d /^(t-xJdF^x) | < K and
J C

/ e“Zt d / F7(t-x)dF. (x) >, j e“Zt d / F?(t-x)dF-(x) >, / e“zt d /
-» 1 2A A J C

«0 00 2B_. B
F2(t-x)dF1<x), then j / e” c d / F2(t-x)dFj(x) - / e” c d / F2(t-x)

-co -oo 2A A

dF^x) | < C.
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THEOREM 4.1. Suppose (R,P) is a probability distribution,

is an n-term sequence of independently distributed chance variables

with the distribution functions F^, F2, F^, ..., Fn, and ^  + T2 + •••

+ T is the chance variable for the distribution function F, 6., n 1

G2.....Grf and G are the moment-generating functions for the dis

tribution functions, F^, F2, . F̂ , and F respectively.

If z belongs to the domain of G^, G2, ..., Gn, and G such that

each of the moment-generating functions exists, then G(z) ■

G^z) • G2(z) • ... • Gn(z).

Proof:

Let 5 > 0, and let z belong to the domain of G^, G2, G^, ..., 

Gn, and G such that each moment-generating function exists.

Consider the case where n ■ 2. Since F(t) • P(T^+T2 <, t) for
00

every real number t and from Theorem 3.1 P(T^+T2 <_ t) / FjCt-x^F^x)
>00

00

then F(t) =

then / V “

/ F2(t-x)dF.(x). Since G(z) exists and G(z) • / e”ztdF(t)
>00 -.00

00 00 00 
d / F2(t-x)dF2(x) exists. Since / e”Zt d / F2(t-x)dF2(x)

9

9

exists and > 0, then from Lemma 4.1 there is a real number interval

00 00 2B
[a,b] such that if A < a and b < B, then | / e-zt d / F2(t-x)dF.(x)-/ e_zt

—00 -00 2A
d / FjCt-x^F^x) I < Since G^iz) >. 0 and > 0, then g[G (z')-fl'j > °*
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Since / e'^dFjiy) exists and 6[g (*)+l] > then there is an interval 
— 1

"s W a* r~\ _ rD.-*yj[c,d] such that if C <, c and d _< D, then | / e-zydF2(y) - / e~zydF„(y) |
—  -» i c i

< 6‘[G~(zy+i]. since 6j(z) • G2(z) exists and ̂  > 0, then there is an

interval [w»v] such that if W < w and v < V, then |g^(z)*G2(z) -

G2(z) / e"zxdF^(x) | < -g1. Let [A,B3 be an interval such that A is less 
W

than or equal to a, c, and w; and B is greater than or equal to b, d, and

and

v. Consequently, the following statements are true:

oo oo 2B B _
(1) | / e“zt d / F2(t-x)dF1(x) - / ezt d / F2(t-x)dF1(x)| < ̂  }

-oo _oo 2A A
09 3

(2) l_/ °'zy^ 2(y) - f*~lh 2(y)l < '

B P
(3) iGĵ Cz) * G2(z) - G2(z) / e”ZXdF1(x)| <

A
2B B

Since / e”zc d / F2(t-x)dF1 (x) exists and ■£• > 0, then there is a 
2A A

subdivision of [2A,2B] such that if E^ is a refinement of D^, then

2B B . -zt, - -zt, B ,
| / e~Zt d / F2(t-x)dF1(x) - I “ (e + e 1) / AFjC^-xJdF^x) | < |
2A A E^ A

2B B B . -Zt. . -zt.
and | / e“zt d / Fjit-xJdF^x) - / J j (e 1+1 + e 1)AF2(t1-x)dF1(x) |

2A A E
2B

< 4. Let x e [A,B]. Since / e_zydF«(y) exists, then / e"z t̂”x^dF2(t-x)
2A

,^®_»it-x) £exists. Since / e v dF2(t-x) exists and 6[q (z)+i] > ®» t*ien ^ere 
2 A 1
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is a subdivision 0 of [2A,2B] such that if E is a refinement ofX X

v . -z(t,,1-x) -z(t.-x)
D̂ , then | / e“z' _x,,dF2(t-x) - \ j Ce + e jAF^^-x)

2A

I< ¿rn > \T7T» Let D = D, U D where A < x < B. Then, 6[G1(z)+lJ l x  — — *
2® . x . -z(t,,1-x) -z(t.-x)

| / e'z(t"x)dF2(t-x) - l j [e 1+1 + e 1 ]AF2<t -x)
2A Z D i i X

6̂ ( 2)+!] and

B . -zt. ,1 -zt.
f l i c  1+1 + e h
A D 4

2B_ . B
(4) | / e Z d / F-(t-x)dF1(x)

2A A 1

AF2(ti-x)dF1(x) | < jk

2B
Since y ■ t - x, then by Theorem 2.8 / e”Z t̂_x^dF2(t-x) -

2A

2B-x
/ e ydF9(y). Since x e [A,B], then 2B - x > B and 2A - x < A. 

2A-x

Therefore, since e~zy is positive for every real number y and F2 is

“ _ 2B-x _ B _
nondecreasing, then / e-zydF9(y) >. / e-zydF9 (y) >. / e~zydF9 (y).

2A-x A

" - B _
Hence, since | / e”zydF2(y) - / e-zydF2(y)| < gff^fzHl]» then

2B-x
I .
2A

B^X jj g

L e"Zy<iF2<y> ‘ l e_IydF2<y> 1 " and 1 l e"ZydF2(y) -
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2B
-z(t-x)

2A dF2<t-It) I * 6K . W + 1]- Slnce 1 l e"ZydF2<y) '1 A

2B 2b
/ e-2<t-X,aP2(t-x)| < 6[G-(fwJ —  1 / e-z(C-x)dF2iC-x) -

¿ A  X 2A

c 1 r -»«'i+l-*» -*<*'-*>
l 7 [• + e 1 HAF^tj-x)) < 6[Gi (z)+1]* then

B . -z(t.,--x) -z(t.-x) 9_
| / e' Z,dF2(y) - I f  Ce 1+1 + e W 2<tr >0 | < 6[g]ffi+ i r

B
Since | / e’zydF2(y) - / e"ZydF2<y)| < 6['G then

00 , -z(t.,.-x) -z(t.-x)
/ e”zydF2(y) - J y  [e + e ]AF2(ti“x) | < 6[Gl(z)+l]*

09
Therefore, since / e”zydP2(y) - G2(z)f then - ̂  < G2(z) ”

-z(t^,-x) -z(t,-x) ,, .
2 -  + • ]hP2(t1-n) < 6tGi(;w r  Since e > 0l f  Ce ‘ " 1+1

for each x such that A_< x <  B, then - 3S -zx , „ , * -zx
6[G.(z)+l] ® G2(z)e

-zt,
I \ (e “i+1 + e i)AF2(t1-x) < 2 L6[G1(z)+l] 

B

mm 5J Xe . Therefore, since

is nondecreasing, then - (zf+i] / ®”ZXd^(x) —  G2^z  ̂ / e~ZxdF^(x)1 A A

B 1 ,_“Zti+l ”Zt
l i f e

B

A D
+ e i)AF2(t1-x)dF1(x) < 6[G,(f)+i] / •“**<»! W .
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Since * sw^S+ij' { *"Z’‘dFi<ll) -  - eiejh+i'ij. e'“ iFi<*>

‘ ' «[cjij+l] Gi(z>

> 3€ CG.<z)+l]
etG^zHl] 1

= - ̂  and

6[G1(z)+l] / e ZXdFl(x) -  6[G^(f)+l] j[ e 2*d Fl(x)

= 6CG1(z)+i] Gl(2)

< eCG^zHl] ^ 0 +1]

= then

B B 1 -zt, , -zt.
(5) |G2(z) / e ^ d F ^ x )  - / l |  (e 1+1 + e ^AF^t^xJdF^x) |

A A D

< 3£6'

Hence» from inequalities 1» 4» 5» and 3 it follows that |G^(z)'G2(z) 

- G(z)| < 5 , Since % > 0 and |g^(z)*G2(z)-G(z) | < 5, then from Theorem 

2.10 G1(z)*G2(z) - G(z).

If n is an integer such that n > 2, then by mathematical induction

we can show that G,(z)*G„(z)*...*G (z) - G(z).x i n
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