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ABSTRACT. In this article we give sufficient conditions for the existence of an
antiperiodic solution to the van der Pol equation

a3 (t)
)=yt ) =n(e0 -
subject to a finite number of state-dependent impulses

Ay(ri(z)) = Ji(z), i=1,...,m.
Our approach is based on the reformulation of the problem as a distributional
differential equation and on the Schauder fixed point theorem. The functionals

7; and J; need not be Lipschitz continuous nor bounded. As a direct conse-
quence, we obtain an existence result for problem with fixed-time impulses.

>/ —z(t) + f(t)for a. e. t € R,

1. INTRODUCTION

The study of anti-periodic solutions is closely related to the study of periodic so-
lutions and their existence plays an important role in characterizing the behaviour
of nonlinear differential equations. On the other hand impulsive problems are char-
acterized by the occurrence of abrupt changes of their solutions which implies that
such solution does not preserve the basic properties which are associated with non-
impulsive problems. In real world problems, the impulses often do not occur at fixed
times, but moments of their appearance depend on the state and situation of a differ-
ential model. Then the corresponding impulse conditions are called state-dependent
in contrast to fized-time impulse conditions where the moments of discontinuity are
prescribed.

First order differential systems with fixed-time impulses can be found for ex-
ample in [I1, 2]. They mostly appear as models of neural networks and their
anti-periodic solutions are investigated in many papers [11 [7, [15] 17, [16, 18] 19, 21].
For state-dependent impulses in such models see [14], where Lipschitz nonlinearities
are assumed.

Second order differential equations can serve as physical models, for example:
Rayleigh equation (acoustics), Duffing, Liénard or van der Pol equations (oscillation
theory). Anti-periodic solutions of these equations without impulses are discussed
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in [0, @, 12} 20] and of Rayleigh equation with fixed-time impulses in [I0]. The
first result about the existence and uniqueness of anti-periodic solutions of the
distributional Liénard equation with state-dependent impulses has been reached by
Belley and Bondo [3] under the assumption that functionals describing moments
and values of impulses are globally Lipschitz continuous and bounded. Close results
for periodic problems can be found in [4l 5]. Here, we focus our considerations on
anti-periodic solutions of the van der Pol equation with state-dependent impulses
both in “classical” and distributional formulations.

Namely, we investigate the existence of solutions to the van der Pol differential
equation

/ / 23 (t)\
() =y), y'{)= ,u(x(t) -3 ) —xz(t)+ f(t) fora.e teR, (1.1)

with a parameter u € (0,00) and a function f which is Lebesgue integrable on [0, T]]
and satisfies

f&+T)=—f() fora. e teR. (1.2)
We are interested in the existence of a solution fulfilling the antiperiodic conditions
z(0) = —=(T), y(0) = —y(T). (1.3)
It is natural to search for a solution (z,y) such that
z(t+T)=—z(t), teR (1.4)
In addition, is subject to the state-dependent impulse conditions
Ay(ri(z)) = Ti(x), i=1,...,m, (1.5)
where 7;, J; i = 1,...,m, are real-valued functionals, 7; have values in (0,7) and
Ay(t) = y(r+) — y(r—) for 7 € R. Then (L., and lead to
yt+T)=—y), teR t#mn(x),i=1...,m. (1.6)
Since x satisfying is 2T -periodic and has zero mean value, i.e.,
1 2T
= 5T J, x(t)dt =0,

the functionals 7; and 7; are defined on the set of 2T -periodic functions of bounded
variation with zero mean value. We will consider such solutions (z,y) for which y is
piecewise absolutely continuous with the only instants of discontinuity at ¢ = 7;(z),
i = 1,...,m. Then the assumption that 7;, ¢ = 1,...,m, have values in (0,7)
guarantees the continuity of y at the points nT, n € Z, and consequently the
second equality in .

Our main result is contained in the next theorem, which is a direct consequence

of Theorem [5.1] from Section [Bl

Theorem 1.1. Assume that T € (0,v/3), T1,...,Tm are continuous with values in
(0,T) and if i # j, then 7;(x) # 7;(x) for each 2T-periodic absolutely continuous
function x with zero mean value. Further assume that J1,...,Jm are continous
and bounded. Then there exists g > 0 such that for each p € (0, ug] the problem

(L.1), (1.3), (L.5) has a solution.
The novelty of this paper is the following:
e Our existence result for problem (1.1)), (1.3)), (L.5) is the first in the litera-

ture.
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e We need not the Lipschitz continuity of functionals 7; and J; in problem

(1.1, (1.3), (1.5) as well as in (3.1]) in contrast to [3].

o We also get the solvability provided these functionals are unbounded.
e Our solvability conditions can be very easily checked, which we illustrate
on two nontrivial examples.

2. PRELIMINARIES

Motivated by the paper [3] we construct a distributional differential equation
equivalent to the problem (L.1)), (L.3), (L.5). This enables to work in more advan-
tageous space NBV and to use properties of Fourier series of distributions. To this
aim, by Py we denote the complex vector space of all complex-valued 27T -periodic
functions of one real variable having continuous derivatives of all orders on R. The
elements of Por are called test functions and Pop is equipped with a locally convex
topological space structure (see [§]). Its topological dual is denoted by (Par)’. The
elements of (Por)’ are called 2T-periodic distributions or only distributions, i.e.,
these elements are complex-valued continuous linear functionals on Par.

For a distribution u € (P2r)’ and a test function ¢ € Par, the symbol (u, )
stands for a value of the distribution u at ¢. The distributional derivative Du of a
distribution w is a distribution which is defined by

(Du, ) = —(u,¢’) for each p € Par.
Let us take n € Z and introduce a complex-valued function e, € Par by
en(t) :=e™t  teR,

where w = 7/T. Then every distribution u can be expressed uniquely by the Fourier

series
u= Z a(n)en, (2.1)
neL
where 4(n) € C are Fourier coefficients of u,

a(n) = (u,e_,), mneZ.
For a distribution © we define the mean value u as
@ :=1(0) = (u,eq) = (u, 1), (2.2)

and, for simplicity of notation, we write u := u — 4.
In general, the Fourier series in (2.1)) need not be pointwise convergent and the
equality in ([2.1) is understood in the sense of distributions written as

lim (sy,¢) = (u,p) € C for each p € Pap, where sy = Z w(n)e,.
N—oo
[n|<N
In particular, the Dirac 2T -periodic distribution ¢ is defined by

(6, 0) = ¢(0) for each ¢ € Par,

5= en. (2.3)
The convolution u * v of two distributions has the Fourier series

Uxv = Z w(n)o(n)en, (2.4)

nez

and it has the Fourier series
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and the Fourier series for distributional derivatives Du and D?u reads
Du = Z inwi(n)e, and D?u= Z (inw)?a(n)ey,. (2.5)
neZ,n#0 nEZNAO
This immediately implies that
wxd=u, Du=D?>u=0, Du=Du, D% =D%u. (2.6)
Let us introduce distributions £7 and Es by

1 1

Eq = E —en, Fy:=FixFE = E - s 2.7

! inw 2 L& mw)Qe 27)
n€Z,n#0 n€Z,n#0

and define linear operators I and I? by

neZ,n#0 inw
' (2.8)
IPu:=I(Iu) = Ey * (B *u) = Z ! a(n)e, = Ey x u.
(inw)?
neZ,n#0
Using (2.4) and (2.5)), for every distribution u, we obtain
D(Iu) = I(Du) =, D?(I*u) = I*(D?*u) = 1, 29)

I*(Du) = Iu = Iu, D?*(Iu) = Du = Du.

From these identities we see that I is an inverse to D on the set of all distributions
with zero mean value and therefore we call I an antiderivative operator.

Consider 7 € R. Let us remind the translation operator T, on test functions
and distributions. For a function ¢ € Por we define T, € Por by

(T o)(t) :i=p(t—7), tER,
and for a distribution u € (Par)’ we define T,u € (Par)’ by
(Tru,¢) == (u,T_r¢), ¢ € Par.
Since
(T u)(n) = (Tru, e—n) = (4, Tre_y) = e~ ™7 (u,e_,) = "™ a(n), (2.10)
for n € Z, the Fourier series of T,u reads
T,u=Y e ™ i(n)e,, u€ (Par), (2.11)
ne”Z
in particular, for 7 =T
Tru=» (=1)"i(n)en, u € (Par). (2.12)
ne”Z

Further, by (2.3) and (2.11)), the Dirac 2T -periodic distribution 6, at the point
7 € R which is defined as
o, :=T,6,
and satisfies
0= e ™e,, 5 =1, (2.13)
ne”Z
wx sy =Tou, u€ (Por),
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Hence
16, =F1 %6, =T.Ey, I%6; =E;%6, =T,F>. (2.14)

We are interested in solutions of (|L.1)) satisfying the antiperiodic conditions (|1.3))
and so we work here with antiperiodic distributions. Exactly, we say that a distri-
bution u € (Par)’ is called antiperiodic provided u satisfies

Tru = —u. (2.15)

By we see that u € (Par)’ is antiperiodic if and only if 4(n) = 0 for each
even n € Z. Consequently, if u € (Par)’ is antiperiodic, then 4(0) = @ = 0 and
Du, Iu are antiperiodic, as well. On the other hand, yields that the Dirac
2T-periodic distribution ¢,, which could characterize impulses from 7 is not
antiperiodic. Therefore, motivated by [3], we introduce the distribution

ey =0, — Tr6, (2.16)

which is antiperiodic for any 7 € R.

Now, we turn our attention to real-valued functions and distributions which we
use in next sections. To this aim the functional spaces defined below consist of
real-valued 2T -periodic functions. Clearly it suffices to prescribe their values on a
semiclosed interval with the length 27"

e L' is the Banach space of Lebesgue integrable functions equipped with the
norm ||z = 5= O2T |z(t)| dt,

e BV is the space of functions of bounded variation; the total variation of
x € BV is denoted by var(x); for z € BV we also define ||z]|« := sup{|z(t)] :
t € (0,277},

e NBV is the space of functions from BV normalized in the sense that x(t) =
3 (@(t4) + x(t-)),

——

e NBYV represents the Banach space of functions from NBV having zero mean

value (Z := % 02T x(t) dt = 0), which is equipped with the norm equal to
the total variation var(z),
e for an interval J C [0,27] we denote by AC(J) the set of absolutely con-
tinuous functions on J, and if J = [0, 2T we simply write AC,
e (U™ C Por is the classical Fréchet space of functions having derivative of
an arbitrary order,
e for finite ¥ C [0,27) we denote by PACy the set of all functions € NBV
such that z € AC(J) for each interval J C [0, 27] for which ¥ N J = . For
T € [0,27T), we write PAC, := PAC,y,
e AC=ACN ﬁ/; for finite ¥ C [0,2T") we denote PACs, = PACs N 1@?&
o Ay(r):=y(r+) —y(r—) for y € 1@{/, T €R.
Further, Car designates the set of real functions f(t,x) such that f(-,z) € L! for
each 2 € R and satisfy the Carathéodory conditions on [0,27] x R.
We say that u € (Por)’ is a real-valued distribution if

(u,p) € R for each ¢ € C*.

A real-valued distribution w is characterized by the fact that its Fourier coefficients
4(n) and 4(—n) are complex conjugate for each n € Z. Obviously, if 7 € R and u
and v are real-valued distributions, then w * v, @, Du, D?u, Tu, I*u, T,u, 6, and
e, are real-valued distributions, as well.
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We say that u € (Par)’ is a regular distribution if u is a real-valued distribution
and there exists y € L! such that

1

2T
(u, @) = ﬁ/o y(s)e(s)ds for each ¢ € C*. (2.17)

Then we say that u = y in the sense of distributions and write y in place of u
in . Hence all functions from L' can be understood as regular distributions.
For x € BV, we write 2’ as a classical derivative, which is defined a.e. on R and
which is an element of L' and consequently a regular distribution. If z € AC, then
2z’ = Dz in the sense of distributions.

Since the first series in converges pointwise to the 27 -periodic function

Bi(t) = T—t forte(0,27),
"0 for t =0,

we see that F; is a regular distribution and it can be considered as a function from
PACy. The second series in (2.7)) uniformly converges to the 2T-periodic function

_ter-ty 17

Fo(t
2(t) 5 3

t € (0,27,

and so Ej is a regular distribution which can be considered as a function from AC.
Similarly for 7 € R,

T,E, € PAC,, T,E,c AC. (2.18)

Obviously, F = Fy, Ef = —1 a.e. on [0,2T) and
T2
var(Ey) = 4T, ||Eillee =T, var(Ey)=T2 |E2|e = 5 (2.19)
Since
2T
(xxy)(t) := ﬁ/ z(t —s)y(s)ds, t€][0,2T] for x,y € L',
0

for h € L', we have

(E1*h)(t) = % /OQT(S —t)h(s)ds + ;(/Ot h(s)ds — /tQT h(s) ds)7

for ¢ € [0,2T). Therefore Ih is a regular distribution which is equal to the function
E; xh € AC, and we conclude by ([2.8)),

heL' = Ih, I’h € AC, (Ih)'(t) = h(t) — h ac. t € [0,27]. (2.20)
Further, for € BV and ¢ € R we have (T,z)(t) = (¢t — 7) which implies
var (T,z) =varz and ||T;z)e = ||2||ec, 2z € BV. (2.21)
Let us recall the following inequalities
var(z * y) < var(x)||ylleo, ,y € NBV, (2.22)
var(z * f) < var(z)|fll.:, = €NBV, felL', (2.23)

2|21 < ||7]lso < var(z), ze€ NBV. (2.24)
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Remark 2.1. Let x be antiperiodic. If z € NBV, then x(t+T) = —x(¢) for t € R,

[2lloc = sup |z(t)],
t€[0,T]

and var(x) is double the total variation of  over the interval [0,7] (or any semi-
closed interval of the length T). If x € L', then x(t + T) = —x(t) for a.e. t € R
and

1 T
lelo =7 [ lao)]dr.
T 0

Therefore it is sufficient to define an antiperiodic function on any interval of the
length T'.

By (2.14)) and (2.16]) and (2.18)), it holds for 7 € R,

Ie, = I8, — IT76, = T, By — Tyy7Ey € PAC(, .11y, (2.25)
Pe, = 125, — I*T76, = Ty By — Tr 7 E> € AC. (2.26)

So, for 7 = 0, we have
Ieg = By — TrEy, I*co= B> — TrEs,
and in detail

I€0(t):{2, :?O’j), I2so(t):T(2%_T), teo,7), (2.27)

Since Ie, = T, Ieg, by (2.21)) and (2.27) and according to Remark we obtain

T2

var(Ie,) = 4T, |Ier|oo =T, var(I’c;) =2T?% |I*e;|0 = -5
for 7 € R. Choosing 71,72 € R, where |1 — 72| < T, from (2.8), (2.19)), (2.23)) and
(2.27)), we deduce the estimate

var(I%e,, — I*c,,) = var(I(Ie,, — Ie,,)) = var(E * (Ie;, — Ie,,))

(2.28)

(2.29)
S V&I‘(El)HIETI — I€.,—Q||L1 S 8T|T1 - 7'2|.
3. AUXILIARY DISTRIBUTIONAL EQUATION
Here we consider the distributional differential equation
9 23 1 —
D Z:MD(Z_g) —z—|—f—|—ﬁ;j¢(z)sn(z) (3.1)

with a parameter y € (0,00), where f € L' fulfils (1.2), 7; : NBV — (0,7),
Ji : NBV — R, and €, (.) is defined in (2.16)) for i = 1,...,m.

Definition 3.1. A function z € NBV is called a solution of the distributional

equation (3.1) if
3

(D?z,¢) = (uD(z — %) —z+f+ % Z Ti(2)eri (), #) (3.2)
i=1

for every ¢ € C*°.
Remark 3.2. Definition [3.1] is justified by the following considerations.
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o If z € NBV satisfies (3.2)), then for ¢ = 1 in (3.2) we have by ([2.2))

3

T%:uD(z—%)—z—l—f—F—Zﬂ JEr(2)-

Antiperiodicity of f and e, (.) together with (2.6) imply z = 0, i.e. z €
BV,
e For z € NBV, Eq. (3.1) has two equivalent forms
3

Dz:,u(zf%) u(zf§)+l(fz+f+fz‘7z T,i(z)), (3.3)
53
zzu[(z—g)—i—IQ(—z—i—f—i——Zjl gﬂz) (3.4)

which are obtained from (3.1) by means of the antiderivative operator I
and identities (2.9)). Vice versa, differentiating (3.4)) and using the facts

Z=z f=fand &, ) = e, () we arrive at (3.1).

e A solution z of (3.1) is a solution of (3.4)) and, due to (2.20) and (2.26)), we
see that z € AC C NBV.

We are ready to compare equation ([3.1)) with our original problem (L.1f), (1.3]),
(1.5). To do it consider z € AC and denote the set

Yo ={n@),...,mm(x), 7(x) +T,...,7;n(x) + T} (3.5)
Definition 3.3. Assume that the condition
Ti(x) #71i(x) foralli,j=1,...,m, i# j, z € AC (3.6)

is fulfilled. The couple (z,y) € AC x P/’_A\agw is called a solution of the impulsive
problem (1.1), if it satisfies the differential equation and the impulse
conditions (1.5). A solution (z,y) of (L1, is called antiperiodic if it satisfies
the antiperiodic conditions .

Lemma 3.4. Let (3.6) hold. If z € NBV is a solution of the distributional equation
(3.1)), then the couple (z,y) € AC x PACy, withx =z on R and y = Dz a.e. on
R satisfies (1.1) and

Ay(ri(z)) = Ti(x), Ay(r(z)+T)=-Ti(z), i=1,...,m. (3.7)
Conversely, if the couple (x,y) € AC x f%gm satisfies (L.1)) and (3.7), then z = x
is a solution of (3.1)).

Proof. (i) Assume that z € NBV is a solution of (3.1) and put

3
z(t) = ,u,I(Z - 3)(15) + I (—z+ f)(t)

m

+ ﬁ Z L77,(Z) (TTl(z)EQ(t) - Trl(z)+TE2<t)) 3 te Ra

and
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1 m
+ 57 ; Ji(2) (T E1(t) — Troyyr Ea (1)), tER.

According to Remark by (3.4), and (2.20), we see that z € ACand z = z
on R. Similarly, using in addition (3.3)), (2.25)), we get y € I/DKEZI and Dz =2 =y
a.e. on R. Due to z = z the first equation in is fulfilled. Since E] = —1 a.e.
on R, we get for each 7 € R the equality T, F] = F} a.e. on R. Having in mind

that z and If are absolutely continuous and z = 2, f = f, we use (2.9) and find
that the second equation in (|1.1)) is satisfied, as well. Finally, since for 7 € R,

T—(t—7) forte (r,7+2T),
0 fort =7,

TTEI (t) = {

we see that if 7 € (0,T), the function T, E; has in the interval [0, 2T exactly one
jump at 7, in particular

AT, Ei(t) =T — (-T) = 2T,

and the function —T, 7 FE; has in the interval [0,27] exactly one jump at 7+ T,
in particular
— AT, 7Ey(r +T) = —2T.
Therefore,
1

Ay(ri(z)) = ﬁji(xﬂT =Ji(x), i=1,...,m,

and similarly,
1
Ay(ri(x)+T) = ﬁji(x)(—2T) =—-Ji(z), 1=1,...,m.

Hence, the impulse condition (3.7) is fulfilled.

(ii) Now, conversely assume that (z,y) € AC x PACy, satisfy (1.1) and (3.7)
and put z = x. Then Dz = Dx = 2’ = y a.e. on R. According to (3.5)), (3.6) and
the assumption that 7;(z) € (0,T), i =1,...,m, we can write X, = {s1,...,S2m },
where

0=:50 <81 <...<S89y < Somt1 :=2T.
Then for ¢ € C* we have
(D?z,¢)
= —(Dz,¢') = —(y,¢)
e [ =S [ e a
T ar ), YWPWEETep 2 ) Y0P

1 2m—+1

=5 > (et - [ vema)
2m+1

1 2T /
=57 ; (y(sic1+)e(si—1) — y(si—)e(si)) + ﬁ/o Y ()p(t) dt

2m

= % Z:Ay(sl)go(sz) + (', )
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= 57 Do AU D0 5 D Aulr) + Vo) 1) + ()
= Z %Z(mysn(z) Z 2171\71'('1')6Ti(2)+T + <y,’ 80>

3

- <% Zjl-(m)sn(z) + p(z — %)' —z+ f,cp>

i=1
f<i§jj( ey + 1Dz = 2) — 2+ £
~\oT . i\Z)Er;(2) H z 3 z P )-
Therefore z is a solution of (3.1)). O

Remark 3.5. Condition (3.7)) contains the impulse condition (1.5). On the other
hand, if z and y are antiperiodic and satisfy (1.5), then they fulfil (3.7).

Remark 3.6. If we drop the assumption (3.6) in Lemma the couple (z,y)
is a solution of differential equation (|1.1), but the condition (1.5)) is not correctly

formulated. For example if 71(z) = m»(z) and Ji(x) # J2(x). Therefore, in this
case, the condition (1.5) must be replaced by

Ay(ri(z) = > Fix), i=1,...,m.

1<5j<m:
7j(x)=7i(x)

Theorem 3.7. Let (3.6) be satisfied. Assume that z € NBV is a solution of the
distributional equation (3.1) and z satisfies (1.4]). Then the couple (z,Dz) is an

antiperiodic solution of problem (1.1)),(1.5)).

Proof. By Lemma and Remark the couple (z,Dz) € AC x ﬁ&(/ng is a
solution of problem (1.1]), (1.5). Since z(t + T) = —z(t) for t € R, we have Dz(t +
T) = —Dz(t) for t € [0,T]. Consequently

2(0) = —2(T) and Dz(0) =—-Dz(T),
i.e. (x,y) = (z, Dz) satisfies condition (L.3). O

4. FIXED POINT PROBLEM

According to Theorem to get an antiperiodic solution of problem (|1.1]), (1.5),
it suffices to prove the existence of a solution z € NBV of the distributional equation

(3.1) which in addition satisfies (1.4). Motivated by the equivalent form (3.4) of
(3.1), we define an operator F : NBV — NBV by

3 m
_ i 2 1
fz_yl(z—§)+f (—z+f+ﬁ E_lji(z)sn(z)). (4.1)
If we summarize the assertions of Theorem with those in Remark we have

the following assertion.

Lemma 4.1. Fach fized point z of the operator F is a solution of the distributional
equation (3.1). Moreover, if (3.6) is fulfilled and z is antiperiodic, then (z,Dz) is
an antiperiodic solution of problem (1.1]), (L.5).
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Together with the basic assumptions from Sections 1 and 3 — that u is a positive
parameter and f € L' fulfils (1.2)) — we now consider boundedness and continuity
of functionals 7;, J;. Exactly we moreover assume

7 : NBV — [a,b] C (0,T), ¢=1,...,m, are continuous, (4.2)

Ti: NBV — [~ai,a;], i=1,...,m, are continuous, (4.3)

where a; € (0,00), i =1,...,m.
Lemma 4.2. Let the assumptions (4.2) and (4.3) be satisfied. Then the operator
F is completely continuous.

Proof. Let us divide our proof into two steps.

Step 1. We prove that F is continuous. Let us consider a sequence {z, }5° ; C NBV
converging in NBV to z € NBV. Denote
U = F(zn), v:=F(2).
Then, by (4.1)),
U —v=pl (2, — 2) — %I(zg—zg) —I*(z, — 2)
1 m ) ) (44)
+ — (Z(Zn)f €1i(zn) — Z(Z)I 87.1’(2)) .

2T 4
=1

By (2.24) we see that ||z, — z|]jcc — 0 as n — oco. Hence, by (2.22)) and (2.8]), for

n — 00, we have
var(I'(z, — 2)) = var(E; * (2, — 2)) < var(E)||zn — 2]loc — 0, i=1,2,
var (I (23 — 2°)) < var(Ey)||z2 — 2°||c — 0.

Further,

var (Ji(zn) %€y, 2y — Ji(2) %0, (2)

= var (J;(zn)°€r,(2) — Ti(2) %€, (s)) + var (Ti(2)IPer, ) — Ti(2) %€, (2))

< Tilon) = T var(Per, ) + i) var( P, o) — 220, 0),
and using , and , for i € {1,...,m}, we obtain
var (Ji(zn) %€, 2y — Ji(2)Per,(2)) < 2T°|Ti(20) — Ji(2)| + 8T ai|7i(2,) — 73(2)]
It follows from and that J;(z,) — Ji(2) and 7;(z,) — 7i(2) as n — oo.

(-4

We infer from (4.4) that var(v, —v) — 0 as n — oo, which means that F is
continuous.

Step 2. Let us choose a bounded set B C NBV and prove that the set F(B) is

relatively compact in NBV. To this aim we take an arbitrary sequence {v,}52; C
F(B). Then there exists a sequence {z,}52,; C B such that

vp =F(zn), neN
Since B is bounded, there exists k > 0 such that

var(z,) < k, n € N. (4.5)
By and we have

Ti(Zn)E[a,b], “jz(zn” <ay, i=1,...,m, nGN,
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and we can choose a subsequence {z,, }?2, such that

lim 7;(2n,) = 70,is klim Ti(zn,,) = Jo, (4.6)

k—oo

where 70, € (0,T), Jo; € [—ai, a4 for i = 1,...,m. By (4.5) and the Helly’s
selection theorem (see e.g. [I3, p. 222]) there exists a subsequence {z,,}3°, C
{zn, } 32, which is pointwise converging to a function z* € BV and moreover z* = 0.

Normalizing z* in the sense of z(t) = (2*(t—) + 2*(t+))/2 we obtain z € NBV and

a subsequence {z,,}?°, converging to z a.e. on [0,27]. Using (2.24), (4.5) and the
Lebesgue convergence theorem, we see that ||z,, — z||p1 — 0 as ng — co. Denote

o sy 1<
U.—NI(Z 3Z)+I< Z+f+2T;JO,ZETO,i>'

In the same way as in step 1 we get
var(v,, — v)

< pvar(Ey)ljzn, = 2l + S vax(B) 8, — 29l + var(Bo)llzn, — 2l

m

1
+ 5T Z (|..7Z(Zn,,) — Jo.dl Var(IQEﬂ.(ZW)) + [ Jo| var(IQgTi(zn[) - IQETW)) )
i=1

and derive that the sequence {vy,}72, is convergent to v in NBV. This yields that
F(B) is relatively compact in NBV. O

We are ready to prove the existence of a fixed point of the operator F in NBV.
To do it we denote

m T2 1 TO
et =T|fllr +> ai, To =1-pT =, =g uT (4.7)
=1

assume that p and T satisfy

To | Tp
Tep < —4 | — 4.
1 > 3 MT’ ( 8)
and define the set
Q:={z€ NBVsuch that var(z) < ¢z, =z is antiperiodic}. (4.9)

Remark 4.3. The construction of the set  is based on these observations:

e The parameter co is well defined for T > 0 which requires the inequality
1 —T?/3 > 0. Therefore we have to assume T € (0,+/3). Further, Tp > 0

implies p < % — %
o If ¢; > 0, then ¢5 > 0 and (2 is nonempty, convex, bounded and closed set

in NBV.
e If T € (0,4/3), then

T2

T — o0 as pu— 0+,
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and therefore (4.8)) is always valid for each sufficiently small p. If ¢; > 0,
then the optimal (maximal) value of the parameter p is determined by

To |To
T 4.1
Cc1 = 3 /_,[,T ( 0)

e If ¢; =0, then f =0 a. e. on R and the impulses (1.5)) disappear.

Theorem 4.4. Consider [{7) and [@E.9) and assume that T € (0,+/3) and ¢; > 0.
Let (4.2) and (4.3) hold. Then there exists a solution ug > 0 of (4.10) such that
for each p € (0, pol the operator F maps S into .

Proof. By Remark there exists po > 0 satisfying (4.10). Consider p € (0, po].

Clearly p fulfils (4.8]). As we mentioned in Section 2, if z € NBV is antiperiodic,
that is z fulfils (1.4), then Iz is antiperiodic as well. Since f is supposed to satisfy
and the distribution €. is antlperlodlc for any 7 € R, we can conclude that if

z € NBV is antlperlodlc then Fz € NBV is antiperiodic, as well. Therefore, if we
have the set € from , we only need to prove

var(Fz) < cp for each z € (2. (4.11)
So, let us choose z € Q. By (4.1) and (2.8),
var(Fz) < pvar(Iz) + %var (1(2*)) +var(I?z) + var(I*f)

1 m
3T Z a;var(I’e., ()
i=1
= pvar(FEy * 2) + %var (E1 % 2%) + var(Es * z) + var(Ez x f)

1 m
+ o7 Z a;var(I%e,, ().
i=1

Consequently, using (2.22)), (2.23) and (2.28)), we derive

var(F2) < i B oo var(2) + & var(B) 2 oo + [ Bl var(2)

m
+var(B)| flp + T ai.

i=1

Therefore, by (Z.19), [£24), [@7), we get

4pT s T2 ) “
var(F2) < pTvar(2) + 2 (|z]) + T var(z) + Tl 4+ 7Y
i=1
T? 4uT
< (uT + ?) var(z) + MT (var(z))® + Tey .

Hence, to derive (4.11]), it suffices to prove the inequality
T? 4uT
(,uT + ?)02 + NTcg’ +Ter <ey. (4.12)
Subtracting the first term on the left-hand side we get

4uT T?
l; c§’+Tcl_(1—uT—?)02,
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and using (4.7)) we obtain

auT 1 | Tp\3 Ty | Tt
il (, 70) +Teyp < =2,/ 22
3 \2\ uT 2\l uT
which is equivalent to (4.8). Therefore (4.12)) is proved. O

5. MAIN RESULTS

Theorem 5.1. Consider and assume that T € (0,4/3) and ¢; > 0. Let
and hold. Then there exists a solution pg > 0 of such that for each
w € (0, po] the distributional equation (3.1) has at least one antiperiodic solution z
such that var(z) < co. If in addition holds, then problem (L1)),(LE) has an
antiperiodic solution (x,y) = (z, Dz).

Proof. By Remark . there exists po > 0 satisfying (4.10). Let us consider the

operator F : NBV — NBV defined in (4.1), and the set Q deﬁned in , where

€ (0, p0]- According to Theorem [4 he operator F maps €2 to Q. Due to
Lemma the operator F is completely continuous. Therefore, by the Schauder
fixed point theorem F has a fixed point z € €. Finally, by Lemma we see
that z is an antiperiodic solution of the distributional equation and that
under the assumption the couple (z, Dz) is an antiperiodic solution of problem

(1), (L5). O
Theorem 5.2. Let T € (0,v/3). Let , and hold. Then the equation
() =yt), y{t)=—z@)+ f(t), fora. e teR,

subject to the state-dependent impulse conditions
Ay(r(@) = Ti(@), i=1,....m,
has at least one antiperiodic solution (x,y) such that

TSl + T @i

var(z) < —7s
3
Proof. Let us put
- Tc
=T[[flle: + Zau cy = 7;2 . (5.1)
i=1 e

Consider the operator F from (4.1]), where p = 0 and the set Q from (4.9) with ¢
defined by (5.1). Similarly as in the proof of Theorem we prove ([4.11]). Since

now u = 0, we derive
T2
?Cz +Tc; <cy
(compare with - ). Using (5.1 , we get
T2
TCl S 02(1 — ?) = TCl.

Hence F maps Q to ©, and arguing as in the proof of Theorem [5.1] we finish the
proof. O
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Ifr;,i=1,...,m, donot depend on x € 1@?, then the state-dependent impulse
conditions (|1.5)) have the form of the fixed-time impulse conditions

Ay(r) = Ti(x), i=1,...,m, (5.2)
where the points 7; € (0,T), i = 1,...,m, are known and fixed. It is clear that

(4.2) holds and Theorem yields the following corollary.

Corollary 5.3. Consider (4.7) and assume that T € (0,+/3) and ¢; > 0. Let ([£.3)
hold. Then there exists a solution ug > 0 of (4.10) such that for each u € (0, po]
the distributional equation

23 1 &
D2 = uD(z — 3) —z+f+ o ;ji(z)sn (5.3)

has an antiperiodic solution z.
If in addition
Ti# Ty foralli,j=1,...,m, i#j,
then problem (1.1),(5.2) has an antiperiodic solution (x,y) = (z, Dz).

Example 5.4. Put m = 1, T =1, choose 0 < a < b < 1, assume that f € L!
satisfies || f]|r: = 1 and define

7i(z) = a+ (b—a)|cos(|z]|oo)|, Ji(x) = arctan(var(z)), x € NBV.

Then 7, : NBV — [a, b] is continuous, so 71 fulfils (4.2) and J; : NBV — [—7/2,7/2]
is continuous, so J; fulfils (4.3) with a; = 7/2. Then, by Remark the inequality
u< % has to be fulfilled, and according to (4.7]),

T 2 1 /2
c1 4-27 0=g3 " H © 2“3M

By Theorem for each p € (0, po] the distributional equation (3.1) has an an-
tiperiodic solution z € NBV such that var(z) < ¢y. Further, the state-dependent

impulsive problem (I.1)), (1.3), (1.5) has a solution (x,y) = (z,Dz). The value

1o = 0.0049 is a solution of the equation
T2 2 3
Iu(l+ =) = (= — .
p(+3)" =G -n

The assumptions (4.2]) and (4.3]) about boundedness of the functionals 7; and J;,
i=1,...,m, can be restricted on the set  from (4.9).

Theorem 5.5. Consider (A7) and assume that ¢; > 0 and T € (0,/3). PFurther

assume that there exist 0 <a<b<T,a; >0,1=1,...,m, such that
7(Q) Cla,b], 7: NBV — R, i=1,...,m, are continuous, (5.4)

Ji(Q) C [—a,ai], Ti: NBV — R, i=1,...,m, are continuous. (5.5)

Then there exists a solution ug > 0 of (4.10) such that for each p € (0, po] the
distributional equation (3.1) has at least one antiperiodic solution z € Q.

If in addition (3.6]) holds, then problem (1.1)),(1.5) has an antiperiodic solution
(z,y) = (2, Dz).
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Proof. By Remark [4.3] there exists 119 > 0 satisfying (4.10). Let p € (0, o). Put

]., CES [O,Cz],
X(S) = 2 - 57 s € (027202)7
0, § > 2c¢a,

and for z € NBV define

*

77 (2) == x(var(2))mi(2), i=1,...,m,
T (z) = x(var(2))Ti(2), i=1,...,m.
According to Lemma each fixed point z of the operator F* : NBV — NBT/,
§)+P<—z+f+4lﬁiﬁﬂda4@)
3 2T ‘
is a solution of the distributional equation
23 1

D* =pD(2= 7)) -2+ f+ ﬁ;JZ‘(Z)&:w-

Frz=pl(z—

By (5.4) and (5.5), the functionals 7, and J;* fulfil (4.2) and (4.3). Consequently,
due to Lemmal[4.2] the operator F* is completely continuous. In addition, if z € €,

then 7/ (2) = 7;(2), J*(2) = Ji(z) and hence F*z = Fz. Therefore, by Theorem
[44) the operator F* maps 2 to Q. So, by the Schauder fixed point theorem, F*
has a fixed point z € 2. Consequently z is a fixed point of F. Now, as in the
proof of Theorem [5.1] we use Lemma[£.1] to get that z is an antiperiodic solution of
the distributional equation . Moreover, under the assumption the couple

(2, Dz) is an antiperiodic solution of problem (|L.1)),(1.5). O

Example 5.6. Put m =1, T = 1, choose 0 < @ < b < 1 and assume that f € L!
satisfies || f||z1 = 1. Then, as in Example we have

2 P 12
<Z Ty=:- L2
=3 J0=37h 279\3,

Since the set 2 depends on the parameter u, we can define
2
2
n(@) = a+ub -Vl @ =u [ FOd we©3),

for z € NBV. For each p € (0,2/3) the functionals 71 and J; are continuous on
NBV and 71(Q) C [a,b] and J1 () C [0,a1], where a; = 4 — 2u. Thus, according
to , c = % — 2u, then equation reads

oz~ o)’ = (2~ n)’.
and it has a solution 119 ~ 0.0059. By Theorem[5.5] for each y € (0, po] the distribu-
tional equation has an antiperiodic solution z € NBV such that var(z) < ca.

Further, the state-dependent impulsive problem (1.1)), (1.3), (1.5) has a solution
(z,y) = (2,Dz). Let us note that for each pu € (0, y10], the functionals 71 and J;

are unbounded on NBV, 77 is not globally Lipschitz continuous and 77 is not even
locally Lipschitz continuous.
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