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EXISTENCE OF NONTRIVIAL SOLUTIONS FOR A
PERTURBATION OF CHOQUARD EQUATION
WITH HARDY-LITTLEWOOD-SOBOLEV UPPER
CRITICAL EXPONENT

YU SU, HAIBO CHEN

Commumnicated by Claudianor O. Alves

ABSTRACT. In this article, we consider the problem

-

I *

—Au= (/ 4 dy) lul®s ~u+ f(z,u) in RN,
RN |z —y|#

where N > 3, p € (0,N) and 2}, = 2]1\\,]:2“ Under suitable assumptions on
f(z,u), we establish the existence and non-existence of nontrivial solutions via
the variational method.

1. INTRODUCTION

In this article, we consider the problem

2% i

—Au = (/ Ldy>|u|2#_2u+f(x,u) in RY, (1.1)
RN [T — Y[

where N > 3, u € (0,N), 2;, = 211\?:2“ and f(z,u) is a sign-changing nonlinearity

satisfying certain assumptions. Equation (1.1]) is closely related to the nonlinear

Choquard equation as follows:

—Au+V(2)u = (|z]* * [ul?) [ulP"?u  in RY, (1.2)

where 282 < p < 2= For p = 2 and p = 1, the equation goes back to the
description of the quantum theory of a polaron at rest by Pekar in 1954 [20] and the
modeling of an electron trapped in its own hole in 1976 in the work of Choquard,
as a certain approximation to Hartree-Fock theory of one-component plasma [21].
For p = 215:21 and p = 1, by using the Green function, it is obvious that equation

(1.2) can be regarded as a generalized version of Schrédinger-Newton equation

—Au+V(x)u = |u|%¢ in RY,

—A¢p = |u|% in RY.
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The existence and qualitative properties of solutions of Choquard type equations
have been widely studied in the previous decades (see [I8]). Moroz and Van
Schaftingen [17] considered with lower critical exponent QNN_ £ if the potential
1 — V() should not decay to zero at infinity faster than the inverse of |z|%. In
[1], the authors studied with critical growth in the sense of Trudinger-Moser
inequality and studied the existence and concentration of the ground states.

In 2016, Gao and Yang [9] firstly investigated the critical Choquard equation

|U|2; 2% 2 :
fAu:</ 7dy)|u|# u+Au in Q, (1.3)
RN T —y[H
where Q is a bounded domain of RY | with lipschitz boundary, N > 3, u € (0, N) and
A > 0. By using variational methods, they established the existence, multiplicity
and nonexistence of nontrivial solutions to equation . In equation , Au is
a linear perturbed term.
In [T6], the authors studied the following critical Choquard equation

2 .
—Au = (/ Ldy)|u|2u_2u—|— Au~? in Q,
Ry |z —yl#

>0 inQ, wu=0onodf,

(1.4)

where € is a bounded domain of RN (N > 3), u € (0,N),0< ¢ <1and A > 0. By
using variational methods and the Nehari manifold, they established the existence
and multiplicity of nontrivial solutions to (L.4). In equation (L.4), Au™7 is a singular
perturbed term.

In [I1], the authors studied the critical Choquard equation

— Au= (/ Mdy)\uF;’Qu#—/\f(u) in Q (1.5)
Ry [T —y|* ’
where € is a bounded domain of RN, N > 3 and p € (0, N). By using variational
methods, they established the nonexistence, existence and multiplicity of nontrivial
solutions to equation with different kinds of perturbed terms.
Very recently, Alves, Gao, Squassina and Yang [2] studied the singularly per-
turbed critical Choquard equation

Qy)G(u(y))
Y |z —ylH
where 0 < p < 3, ¢ is a positive parameter, V, ) are two continuous real function
on R3 and G is the primitive of g which is of critical growth due to the Hardy-
Littlewood-Sobolev inequality. Under suitable assumptions on g, they first establish
the existence of ground states for the critical Choquard equation with constant
coefficient. They also establish existence and multiplicity of semi-classical solutions
and characterize the concentration behavior by variational methods.

Inspired by [9] [Tl [16], we are interested in the problem that how the sign-
changing Hardy term or the sign-changing superlinear nonlocal term will effect the
existence and nonexistence of solutions for the equation (|1.1]). The main difference
between equation and equations , and e not only the working
domain RY but also the sign-changing perturbed term f(x,u).

In this paper, we study problem with two kinds of perturbation. Our results
are divided into two classes:

—e?Au+ V(v)u = 5“_3( dy)Q(m)g(u) in R?,
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Perturbation with sign-changing Hardy term. For problem (1.1)) with a sign-
changing Hardy term f(x,u) = g(az)#,
2,

_ |u 2% -2 u RN
Au = </RN P dy)|u| u+g(x) e in R™. (1.6)

We suppose that g satisfies the following hypotheses:
(A7) g € C(RY), gmax and gmin are well-defined, where gpay := max,cpy g(7)
and Gmin ‘= mianRN g(LE),
(A8) the sets Q; = {x € R¥|g(x) > 0} and Qy := {z € RV|g(z) < 0} have
finite positive Lebesgue measure;
(A9) there exist r. and 7, such that Q; UQy C B(0,74) \ B(0,r.), and g(z) =0
in RV \ (21 UQy), where 0 < r. <1, < o0;

(A10) [y, g(2)dz > 2(2)™Y [ (—g(x)) dz;

(A1) gmax € (0, 2525,
(A12) |1 — xa| = 2r, for any z1 € Q; and x5 € Qo.

Firstly, we firstly present a nontrivial example. Let 19 := (19,0,0) and —19 :=
(—=19,0,0), and 19, —19 € R®. Then

T106—|3:—i§|2 — %e‘l in B(i§7 1),
9() = § e = gge” T in B(-19,0.01),
0 otherwise.

The function g(z) satisfies hypotheses (A7)—(A12).

Theorem 1.1. Let N > 3 and p € (0,N), then (1.6) has no weak solution when
g(x) is a differential functional and (x - Vg(x)) has a fized sign.

Theorem 1.2. Assume that (AT)—(All) hold. Let N > 3 and p € (0,N), then
(1.6) has a ground state solution.

Perturbation with a sign-changing superlinear nonlocal term. We are in-
terested in problem (|1.1) with a sign-changing superlinear nonlocal term

x
2,

—Au = (/ [u m dy>|u|2‘*‘72u
ry |2 =yl

+ (/R 9(y)|ul” dy)g(m)\u|p_2u in RY.

N |z —yl#

(1.7)

Theorem 1.3. Assume that (A7)—-(A10), (A12) hold. Let N >3, p € (0,N) and
pE (QNN_“, 2]1\,\/__2”), then problem (1.7) has a nontrivial solution.

We need to point out the main features of problem are three-fold: (1)
Because of the Hardy-Littlewood-Sobolev upper critical term, it is difficult to es-
tablish the Pohozaev type of identity on entire space; (2) Since the sign-changing
perturbed term, it is difficult to estimate the Mountain-Pass level ¢; (3) The loss of
compactness due to the Hardy-Littlewood-Sobolev upper critical exponent which
makes it difficult to verify the (PS) condition.

We refer the readers to [B] [7, 8, 19, 22] for equations involving different kinds
of sign-changing perturbed term, the difference between the present paper and
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previous papers not only the assumptions on perturbed term but also the method
of estimate the Mountain-Pass level c.

The extremal function of best constant plays a key role in estimating the Mountain-
Pass level c. In previous papers, they estimate the Mountain-Pass level ¢ by ¢ small
enough or large enough (where o defined in ) In present paper, we estimate
the Mountain-Pass level ¢ by o € [r., ry] (where r. and r, defined in (A9)).

This article is organized as follows: In Section 2, we present notation and useful
preliminary lemmas. In Section 3, we investigate the critical Choquard equation
perturbed by a sign-changing Hardy term; In Section 4, we investigate the critical
Choquard equation perturbed by a sign-changing superlinear nonlocal term.

2. PRELIMINARIES

DY2(RY) is the completion of C§°(RY) with respect to the norm
P
RN

2
% is the best constant in the Hardy inequality

It is well known that

(N —2)
4
y (A7)—(A11), we derive that

ol = [ (190l = o015 .

is an equivalent norm in D%2(RY), since the following inequalities hold:

4gmax 2 4.gmin 2
1 - dmax < (1 2 )l

We recall the Sobolev inequality
. 2/2*
S(/ |ul? dx) < / |Vul*dz, for any u € DV?(RY),
RN RN

where S > 0 is the Sobolev constant (see [23]).

w2
/ T dr < / |Vu?dz, for any u € DV2(RYN).
Y |2] RN

Lemma 2.1 (Hardy—Littlewood—Sobolev inequality [14]). Let t,r > 1 and p €
(0,N) with + + + + &£ =2, f € L'(RY) and h € L"(RN). There exists a sharp
constant C’(N ,u,r t) mdependent of f, h such that

f(@)||h(y
/ / z _H M y < C(N, p,r, )| fllel| |-
RN JRN |.’17 |

then

Ift=r=

2N w’
N

_ K
_ _ 4 2
C(N,‘U,,T,t)—o(N lu’) ™ F(N—%)

For p € (0, N), we define the best constant

SyL:=  inf Jox [Vl do . (2.1)
’ ueDw(RN)\{O} o foun (@) P a4 qy)1/2

[z—y|+
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The authors in [9, Lemma 1.2] proved that Sy . is attained in RY by the extremal
function:

) w(e) = — (2.2)

T
g (14 [xf?)"

wy(x) = UQENw(

where € > 0 is a fixed constant. By the definition of convolution, we set

K

7P % (lu 2; ,: |un(y)
PRETUNAY / L

N |z —ylm

i (ol PV RYY e [ I )P
ol 5 gl ) RY) = [ a,

|z — yl|~

Y

ol ¢ glun) (@)= [ LW gy 1),

o, lz—yl#

Lemma 2.2 ([9, Lemma 2.3]). Let N >3 and 0 < pu < N. If {un} is a bounded
sequence in L% (RN) such that u,, — u almost everywhere in RN asn — oo, then
the following hold,

/ (L 5 i 25)) 25z — / (e % (i — )t — ] d
RN RN
= [ el QP da.

RN

3. PERTURBATION WITH A SIGN-CHANGING HARDY TERM

In this section we study the existence and nonexistence of solutions for the critical
Choquard equation with a sign-changing Hardy term, i.e.

—Au= (/ P dy)|uf%~2u + g() 5, in RN (3.1)
Ry |z —yl# 2|’

We introduce the energy functional associated with (1.6]) as

1 1 Jul® 1 e (2) [ ()
PN T | da dy.
=gl 3 [ o ar g [ [ Gy

3.1. Non-existence result. In this subsection, if N > 3, u € (0, N) and (z-Vg(x))
has a fixed sign, we prove that problem (|1.6)) does not have any solution by Pohozaev
type of identity.

Proof of Theorem[I.1. We use the same cut-off function which was used in [6].
More precisely, for € > 0 and ¢; > 0, we define 9, () = ()¢, (z), where
Ye(x) = 1!1(%) and v, (z) = w(%l), ¢ and ¢ are smooth functions in R with
the properties 0 < 1,9 < 1, with supports of 1 and v in (1,00) and (—o0,?2)
respectively and 1(t) = 1 for ¢ > 2, and ¢(t) = 1 for ¢t < 1.

Let u be a weak solution of problem . Then v is smooth away from origin and
hence (- Vu)ipe ., € C2(RN) (see [6]). Multiplying problem by (- Vu)ie .,
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and integrating by parts we obtain

- Au(x - Vu)ie o, dz
RN

[l 25 -2 -
= L (L g Wl ute s Vi, do (3.2)

+ [ o)t e Vuie, do

We can show that

lim lim — Au(z - Vu)ie o, d :—(B)/ |Vu|? da, (3.3)
€1—00 e—0 RN 2 RN
lim liH[l) T(xQ)u(as V)i, dz

() T,

We just show the critical term,

/RN (/RN :z(f)gj: dy>|u(x) 2I‘L—2UJ(JU)*(JU V() e, (z) dz
:7/ w(z)V (sml?e (@ )/R |u(y);|; dy|u(m)|2i*2u(x)> A

)25 () 2
o],
RN JRN |x—y|l‘

S *1)/ o Ve [ | 2O o) as

Ry |7 =y~

2% 2%
e i MO
RN JRN |z — y|»

N R CONNCEES @)V (e O

|z —yl*
Note that Vi), (z) and Vi) (x) have supports in {e; < |z| < 2¢;} and {e < |2| <

2¢}, respectively. Since |z - (1e(z)Vibe, () + Yo, () Vipe(z))| < C, applying the
dominated convergence theorem, we have

u(y)| . -
lim lim x (/R )l dy)|u(w)|2u_2u(x)(x-Vu(m))we’q(m)dx

€1 —00 e—0 N ‘(L‘—y|:u

N/ / uly) P ule) dy dz
RN JRN |x—y|“

= Jim_ (2} 1) /R S Tutedea@( [ O g a

€1—00 e—0 N |x—y|“

2" 2"
[
RN JRN |z — y|»

which implies

lim lim 2° /R N /R [ufy)I* ) [u(a) [ 2u(@) @ - (@) o)

€1 —00 e—0 H N |$ — y|l‘

we)el (x)dydz
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Juy) [P [u(z)[*
= —N/ / dy dx
RN JRN |33 - ZU|”

2% .
+u/ / v (z — gy @@
RN JRN |z — y|»

Similarly,

2 .
lim hH(l)QZ/ (/ [u(z) daz)lu(y) "
€100 e RN RN |$ —yl*

2y,

—fN/ / ) dy dx
RN JRN |x—y\“

u(y) % |u(z)
+M/ / x-(w—y)Mdydx.
RN JRN |z —y|

Hence, we know that

lim lim 27 /RN (/R |u(y)|2‘*‘ dy)h(sc)\g;—%(x)(:c . VU(JU))T;e,q(SU) dx

€1 —00e—0 H N |1’7y|/“

_ / / [ Pru@) o, (3.5)
2 2%, Jry Jrw |33—@/|”

—2
= // 1)l CICO
RN JRN |$—3/|”

Therefore, putting (3.3] into , we obtain
N -2
2 RN RN | |

1 . — 2 2%
2 Jev 22 RN JRN |1’ - y|#
Also from (|1.6]), we have
2%

/ |Vu|2dx—/ u? dx / / July)Prfu(@) [P dy dz.
RN |2 RN JRN \x—y|/‘

Then we obtain
[T g,
Y |zf?

which is not possible if (z - Vg(x)) has a fixed sign and u # 0. O

w(y)(y - Vu(y)) e, (y) dy

3.2. Existence of a ground state solution. In this subsection, we study the
existence of ground state solution for problem (1.6)) onR”™. The following Lemma
plays an important role in estimating the Mountain-Pass levels.

Lemma 3.1. Assume that (A7)—-(A10) hold. Then for all o € [re, 4], we have
|wo ()2
—d 0.
Joot i g

Proof. By using ([2.2)), we have
2—N
Co 2
we(x) = PP (3.6)
(I+[22) =
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According to (A8), (A9) and (3.6]), we obtain
wele) g, _ [ e202N
g(x)—=—dz = gz = — dz
IRCE o O T R 2

@25 N-2
= g(z) — dz.
/521qu (0% + [2|*)N =2 |z[?

Since U Q2 C B(0,7g) \ B(O re), we have |z| € [re, rg] in Q1 UQq. From the fact

that [, g(z)dz >0and [, g(z)dz <0, we obtain
|w0(:c)|2 Q:QUN ) / Q:ZJN 2 /
dz > d —_— dz.
/RN 9(x) iz T 7 (o2 +r2)N—2r2 ng(x) T+ (02 + r2)N-272 ng(x) r
Keeping in mind that fQ z)dr < 0 and o € [re,74], we know that

|w0(x)|2 ¢20_N72 / Q:QO.NfQ /
dr > d —_— d
Joo s 0 > iy [ oo e+ s | ot

25N-2 2,N-2 (3.7)
:72]\,72703]\[_2 /Ql g(z)dz + 72]\[727@1\/_2 /Qz g(z) dz.

y (A10), we have
4N Tg\2N—2 o)) da.
| otwar 20" [ (cganar> (92 [ owpar @

€

Inserting (3.8) into (3.7)), we deduce that [;n g(z) |w“’w(‘x2)|2 dz > 0. O

We show that the functional I; satisfies the Mountain-Pass geometry, and esti-
mate the Mountain-Pass levels.

Lemma 3.2. Assume that the hypotheses of Theorem!hold there exists a (PS),

N+2— ,L,LSN+2 m

sequence of I at a level ¢, where 0 < ¢ < ¢* = J3~ 5

Proof. Step 1. We prove that I; satisfies all the conditions in Mountain-pass
theorem.

(i) 1:(0) =0
(ii) For any u € DY2(RN)\ {0}, we have
1 1 2%
11 (u) >§||UH§, - jllullp }
Teu”H,L
1 4Gmax 1 2.2*
> (1 22l — —————lull 5™
2\ (N=22/00P g gegZ TP

pw~H,L
Because of 2 < 2- 27, there exists a sufficiently small positive number p
such that
¥ = inf Il(u) >O=Il(0)
lullo=p
(iii) Given u € DM?(RY)\ {0} such that lim; o [;(tu) = —occ. We could
choose t,, > 0 corresponding to u such that I (tu) < 0 for all ¢ > ¢, and
lltwullp > p. Set
c=jnf mex L(Y(1)),

where T, = {T € C([0,1], D**(RY)) : T(0) = 0,Y(1) = t,u}.
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Step 2. Here we show 0 < ¢ < ¢*. Using Lemma [3.1] there exists o € [re,rg] such
that [~ g(z) |w”(x ® 4o > 0. For all t > 0, we obtain

0<c <sup11(two)
t>0

we (z)]? IN_
<N +2—u (fRN |Vwa($)|2d$ - f]RN g(l‘)‘ ‘z(|2)| dx) NfZ—Mu

= — we ()] Wo 2L *
ANZ2 R (o fyn Lo e LR 4 172
N+2—u( Jox [Vws (2 )I2dw )mT“
4N —2p Jur Joon [w ( m)||; Iz;ﬂ*a y)*h dw dy) /%

N+z—n

_N+2—,u52N u
© 4N —2u THL

2N—p
N+2— MSN+2 /4. |:|

which means 0 < ¢ < IN—2

Lemma 3.3. Assume that the hypotheses of Theorem[I.9 hold. If {u,} is a (PS).
sequence of Iy, then {u,} is bounded in D*2(RN).

Proof. The (PS). sequence {uy} defined in Lemma From the definition of
(PS). sequence, we have

¢+ lunllp = ¢ +o(1)l[unllp =1 (un) - 1<I (un), un>

2F —1 2
B / / [t (2 \un( ) dz dy.
2-25 Jrwv Jrw |z—y\“

Applying above inequality and (A11), we know

1 4gmax
*21 n)f(lfi) nzf * n .
e > ) 25 (1~ o557 lonllh — 55 + lualo)
Set
1 4gmax 2 1 226*
A =5(1- )=t =
2\ T (N —2)2 20 -1 251
We have two solutions of fi(-) as follows:
2-2*1-0* 4gmax
Y —1 + \/ —1 2*‘—1 (1- (1\?—2)2)
= 1 > 0,
1 _ Imax
(N-2)?
1 1 22)c 4gmax
o 21T \/(2;71)2 + 25,1 (1- (]\7972)2)
= T < 0.
1— 9max
(N-2)2
Therefore, 0 < ||u,||p < ', this implies that {u,,} is bounded in D*2(R¥Y). O

To check that functional I; satisfies the (PS). condition, we give the following
Lemma.

Lemma 3.4. Assume that the hypotheses of Theorem hold. If {uyn} is a
bounded sequence in DV2(RN), up to a subsequence, u, — u in DY2(RY) and
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uy — ua.e. in RN asn — oo, then

i 2 / ju?
d dz.
/R Lo e [ gla) e

In addition, for any ¢ € DV2(RY),
Un u
[ o@Ear— [ g d
RN |z Ry |7
as n — o0o.

Proof. Step 1. Define v, := u, — u. According to (A8), (A9) and Brézis-Lieb
lemma in [3], we have

|un|2 o |Un|2 | ‘2
9(x)— dz = g(x) dz + 9(x)—z dz +0o(1), asn— oo, (3.9)
ot | Q4 || Q4 ||
and

|2 o |2 2
/Q g(:r)| ||2 dZL':/Q g(z )||a:| dz —&-/Q g(x ): :2 dz+o(1), asn — oco. (3.10)

Combining (3.9) and ( -7 we obtain
|un|2 _ (s uf
g(x) 5 dr = g(x) 5 dr + 9(x) =3 5 dz +o(1), (3.11)
Q1UQ;, || Q,UQ2 || Q1UQ;, ||

as 1 — OQ.

Step 2. Furthermore, we estimate the term involving v,, in (3.11)). Since v, — 0 in
DV2(RN), we have v, — 0 in L*(B(0,7,) \ B(0,7.)). According to (A8) and (A9),
we obtain

. Ivn|2 . |Un|2
lim g(x) FE dz = lim e dz
n—oo €T n—oo r r €T
Q1UQs B(0,rg)\B(0,r¢) (3.12)
ggmsx lim / |v,|* dz = 0.
Te "0 B(0,rg)\B(0,re)
Keeping in mind that g, < 0, similar to (3.12), we obtain
2 2
lim ||Un||2 dr = lim ||Un||2 dz
n— o0 €T n— o0 r r €T
QU0 B(O g)\B(Ov 5) (313)
>gm21n lim v, |? dz — 0.
e ") B(0,rg)\B(0,re)
Combining (3.12)) and ( - we obtain
: |vn|?
0 < lim g(r)—7 dzr <0,
n0 J0uQ, ||
then
. |Un|2
lim g(x) B dz = 0. (3.14)

N0 J U0,

Step 3. Putting (3.14) into (3.11)), we know

2 2
/ g(x) |un\2 dz = / g(x )| ‘2 dz+o0(1l) asn— oo. (3.15)
Q1UQ; || Q1UQ ||
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Since g = 0 in RY \ (Q; U Qy), by (3.15)), we have

/ g(z)|un|2dx:/ g()| |2dx—|—0() as n — oo.
RN |[? ry O faf? 7

Step 4. In addition, the boundedness of u,, in D'2(R") yields that u,, are bounded
in L2(Q, |z|72) and L?(Qq, |2|~2), respectively. Therefore, up to a subsequence,
we have the following weak convergence

9(@)un = g(z)u in L*(Q, 2| 7%),
9(@)un = g(@)u in L*(Qa, |2 2).
Then
g(@)u, — g(x)u  in L3(Q U Qy, |2|72).
Since g = 0 in RY \ (Q; U Qy), we know that
9(@)un — g(z)u in L*(RY, [2]72).
For any ¢ € DV2(RY), we have

Unp ue
d —=dz.
fusogi e = [ oo o

Now we check functional I; satisfies the (PS). condition.

Lemma 3.5. Assume that the hypotheses of Theorem[I.9 hold. If {uy} is a (PS).
N42— uSz?fz =
AN —2p

sequence of 11 with 0 < ¢ <
quence.

Proof. Step 1. Since DM?(RY) is a reflexive space. And {u,} is a bounded
sequence in D2 (RN ), up to a subsequence, we can assume that

, then {u,} has a convergent subse-

U, —u in DY2(RY), w, - u ae inRY,
u, —u in Lj (RN) for all r € [1,2%).

Then .

[tp|?+ — |u? in LZ8=% (RY), asn — oo.
By the Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear

2N 2N
continuous map from L2¥=# (RY) to L™ (RY), we know
|| 7H s g |20 — || 7" [u? in L%(RN), as n — oo.

Combining with the fact that

|un\2:_2un — |’U/|2;_2u in LNiJZ\Lu (RN)7 asn — oo,

we obtain
(27 5 g [20) [ |22 = (|27 5 |ul ) w20 in ¥ (RY)  as n — occ.
For any ¢ € DV2(RY), we obtain
0« (I1(un),p) = Vuanp dz — / g(x )T"r; dz
x

2*

/ [ I 0l g,
RN JRN |z —y|» '
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Passing to the limit as n — oo, by using Lemma [3.4] we obtain

0= Vquodx—/ g(z )—2d3:
ry 2]

/ / u(y))* *u(y)e(y) dy de
RN JRN |33 -y~ ’

for any ¢ € DV2(RY), which means that u is a weak solution of problem (I.6)).
Taking ¢ = u € DV2(RY) as a test function in |l we have

/ |Vu|2dx—/ 2dac—/ / u(y)Pruly )dydx,
RN RN | | RN JRN |$— yl

which implies that (I7(u),u) = 0.
Step 2. From (I (u),u) = 0, we obtain

1y (u) =Ty () - 1<Ii<u>,u>

L 2*
1 / / Ju(@) e Ju(y) [ drdy > 0.
RN JRN |x—y|”

Define v, := u,, — u, then we know v, — 0 in DV2(R¥). According to the Brézis-
Lieb lemma, Lemma [2.2] and Lemma [3.4] we have

1 1 |y, |2
e D) =zllualp~ 5 [ ota) W d

2

y)|%n
S22 25 Jrv Jry |99*Z/|“

L+ Hv 2 / / (v () 25 [ () |25 Gy (3.16)
"2 Jan Jun WW
|[vn(z (y) 2
27 n d d ’
2||U ||D RN |.T*y‘” T ay
since I1(u) > 0. Similarly, since (Il(u), u) = 0, we obtain
o(1) =(I1(un), un)
2 25
Nl [ ot [ / Gl il U [P
N RN JRN |$ —y|~
|’Un “|’Un( )2* (317)
)+ [lvn / / dx dy
=L (u),u) + [loallb — P
v (2 |Un( )|2“
=||vn dx dy.
enlly - [ [P grgy
From this equality, there exists a nonnegative constant b such that
-
/ |V1}n|2dl‘—>b and / / [on (@ (y)[* dexdy — b,
RN JRN |$ - y\”
as n — 0o. From and -, we obtain
N+2-—
x> tE iy (3.18)

AN —2u
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By the definition of the best constant Sy 1, in (2.1]), we have
on(y)

" 1/2%
Sw.r / / [on (@)[ o 'dxdy) “</ Vv, |? da,
RN JRN |x—y\“ RN

* 2N—p
which gives SH,Lbl/% < b. Thus we have that either b= 0 or b > S}_}f’“.
2N —p

Ifb> ng’“, then from (3.18)), we obtain

N+t2—pwizts _N+2—p
TN o, oL S v, 0S
AN —2p 4N —2p

This is in contradiction to ¢ < {I;Q 255”\]“ ¥ Thus b= 0, and |lup, —ul[p — 0, as

n — 00. O

Proof of Theorem[1.3 Step 1. Applying Lemma [3.2] we obtain that I; possesses
a mountain pass geometry. Then from the Maintain Pass Theorem, there is a
sequence {u,} C D”(RN) satisfying Ir(u,) — ¢ and I{(u,) — 0, where 0 <
¥ <e< 2 25SN+2 z . Moreover, according to Lemma (3.3| and Lemma 3.5, {u,,}
satisfying (PS). condition. We have a nontrivial solution uy to problem (1.6). In
following text, we show the existence of ground state solution to problem (1.6]).
Step 2. Define

K1 = {u e DV (RY)[(T} (u),u) = 0, u# 0},
FE = {Il(u)|u S Kl}
In Step 1, we have ug # 0 and (I](ug),up) = 0. Hence, we know K; # 0.

Now, we claim that any limit point of a sequence in K; is different from zero.
For any u € K1, according to (I](u),u) = 0 and l) it follows that

2"
0= (I(u =|u|? / / [u@) [P Juy)|™ dzd
<l( ) || || &N JRN |£L'— |H Y

4gmax 1 2.2
>@—————MMP——TwM\“
(N =22/ g TP

From the above expression, we obtain
4gmax 2 1 2.2%
(1= 22 Y luld <=l
—9)2 2% D
(N =2) SHL
which gives
0< ((1- Agmax yg2 yTEm f K
< —m H,L RS ||UHD, or any u € 1-
Hence, any limit point of a sequence in K is different from zero. Now, we claim
that E; has an infimum. In fact, for any u € K7, we have

0= (ri(wu) = ull ~ [ ANW|x_V) dz dy.

1
Iy(w) =3 ul3 - 5

Then

RN |33—?/|“
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1 1 ) 9
(5 - 575 lul
2 2.2:/)00

1 1 4gmax 2
2(*— *)(1_7)”u”D
2 2.2¢ (N —2)2

2.2%

G - 212;3)((1_ %)SH’L)” )

WV

Therefore, we obtain

o< (- (- e ons) ™ < Bt o).
M

Step 3. (i) For each u € DM2(RY) with u # 0, and ¢ € (0 oo) we set

12 122 Ju(a) [Pru(y)[* )\
t) = I (tu) = —||lull? dzd
falt) = hftw) = Sl — 55 // |x7 zdy,

_ 2 _ 42:25-1 |U )
o) = eul - e [ ORI

This implies that f3(-) = 0if and only if [[u]|2 = #2272 [oy [on w dz dy.

yl#
Set
_ 22 72/ / |u(z) [ Ju(y) "
RN JRN \CU - y|“

We know that lim;_,g f3(t) — 0, lim; o f3(t) — oo and f3(-) is strictly increasing
n (0,00). This shows that f2(-) admits a unique critical point ¢,, on (0, c0) such
that fo(-) takes the maximum at t,,. This is showing that t,u € K;.

To prove the uniqueness of t,, let us assume that 0 < ¢ < t satisfy f5(t) =
f5(&) = 0. We obtain

2
i =eir [ [ RO,
RV |-yl

-
2**2/ / [u@)Prlu@)P 4 o
RN JRN |z — yl~

Since #2272 < 1?2'2:72, the above equality leads to the contradiction: u = 0.
Hence, for each u € DV2(RY) with u # 0, there exists a unique t,, > 0 such that

tyu € K.

(ii) Set ®(u) = (I1(u),u), for any u € K;, then

(@' (u), u) =(®(u),u) — q®(u)

Ju(@)[*» Juy) [
<(2—9q)||u (2-2;, — / / dz dy
- gl - [ [
<2 - q)ul; <0,
where 2 < g < 2-27%. Thus, for any u € K, we obtain ®'(u) # 0.

(iii) If v € K and I;(u) = E; then since E; is the minimum of I; on K;, Lagrange
multiplier theorem implies that there exists A € R such that I{(u) = A®'(u). Thus

(A (), u) = (I} (w), u) = D(u) = 0.

dz dy.

2

" dzx dy.
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According to the previous result, A = 0, and so, I](u) = 0, Then u is ground state
solution for problem (|1.6]).
Step 4. By the Ekeland variational principle, there exists {@,} C K7 and A\, € R
such that
L(u,) — Ev and  I{(@,) — A\® (@) — 0 in (DM?(RY))™!
we can show that {,} is bounded in D*2(RY). Hence, taking into account that
HI{(an),ﬂn) - <An¢>’(1jn)7an>| < ||I£(an) - /\n(bl(an)HD*”an”D — 0,
we have
(I (), tin) = A (@' (), i) — 0,

Using that (I1 (@), @,) = 0 and (®'(@ ) Un) # 0, we conclude that A, — 0.
Consequently, I{(t,) — 0 in (D"?(RV))~!. Hence {a,} is a (PS)g, sequence of
L.

By Lemma we obtain that {@,} has a strongly convergent subsequence
(still denoted by {u,}). Hence, there exists @ip € DV?(R”) such that i, — g in

DY2(RYN). By using Step 2, we know @y # 0. By weak lower semicontinuity of
|- 1lg, we have

— 1 1
By < Ii(io) =( Yol 2

2 2. 2;
1 1
<hm1nf( 7)\\1‘%“2
n—oo 2- 2:; 9
=liminf I (@,) = lim ©(4,) = E1,
n—oo n—oo

which implies that I; (o) = E;. Therefore, @ is a ground state solution of problem
) O
4. PERTURBATION WITH A SIGN-CHANGING SUPERLINEAR NONLOCAL TERM

In this section, we study the existence of nontrivial solutions for the critical
Choquard equation with a sign-changing superlinear nonlocal term, i.e.

. |U|2:1 2* _9 g(y)|ulP p—2
Ay = (/]RN p— dy) |u u+ ( AN ey dy)g(x)|u| u.  (4.1)

We introduce the energy functional associated with (| n as

B(w) 7” I - 2p/ /]RN I;Ln—(y)llf)'un(y”p dz dy

2*
2.2 2* RN JRN |Z‘—y‘“

The following Lemma plays an important role in estimating the Mountain-Pass
levels.

Lemma 4.1. Assume that (A7)-(A10), (A12) hold. Let N > 3, p € (0,N) and

pE (2N]\f“, 2;\}/ 2°). Then for all o € [re,74], we have

[ [ At
RN JRN |z — yl~ .




16 Y. SU, H. CHEN EJDE-2018/123

Proof. According to (A8), (A9) and (3.6), we obtain

p p
[ [ et o,
RN JRN |z — yl~
¢2p5p(N—-2)
:/ / . Nj‘z g( )g(y) s dz dy
Q1UQ2 JQ1UQ2 (02+|$|2)2( )|£L'—y|“(02+|y‘2)2( )
2p 5P(N—2)
:(/ / o 9(z)g(y) ] dz dy
0 Jo, (72 + 2P E Dz — yli(o? + ) EC D
2p 7p(N—2)
+/ / o 9(=)gly) dz dy (4.2)
0 Jo, (72 + ) ET D — gl (o + ) E
¢2pp(N-2)
+/ / . Ni 9(z)g(y) dedy
o, Ja, (02 + [2) 20D |z — y|r(0? + |y[2) 2N 2

@219 p(N—2)
/ / 2 NE(N 02) g(x)g2(y) 2\E(N—2) dz dy)
Qo J Qo U + ‘LL’| |LL‘ - y|M(U + ‘y| )

= Q:QPOP(N_Q) (A1 + A2 + A3 + A4> .

Since ; U Qe C B(0,7y) \ B(0,7.), we have |z|,|y| € [re,7q] in Q1. By using
g(x),9(y) >0o0n Q, o € [re,ry] and Fubini’s theorem, we obtain

g(x)g(y)
A > dxd
! / / (02 1 22z — i Y

9(x)g(y)
// a2+r2pN (] gl Y

(4.3)
y) dz dy
(02+r2 P(N=2)[2r |1 /91/91
> dx dy.
2p(N2)+H,T§p(N—2)+p/Q ( ) /ng(y) Y
Similar to (4.3)), we have
1

A 2 x)dz / dy > 0. 4.4
P N2y 2PN /Q 9(x) Q29(@0 y (4.4)

Keeping in mind that g(z) > 0 on Q7 and g(y) < 0 on Qq. Since z € Qy, y € Qo,
Q1 NQy =0 and (A12), we have |z — y| > 2r.. Then

g(x)g(y)
Ay > dx d
2 /Qz/ﬂl o.2+,r2)p(N—2)|x_y|H x dy
)9(y)
drd )
/Qz/Ql O'2+’I"2 N 2|2 | €z y (45)

2p(N 2)+p . Qp(N 2)+p /Ql ( )dl'/ﬂzg(y)dy
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Similar to (4.5, we have

1
>
A T op(N-2)+u . p2P(N=2) 4 /92 gle)de /Ql W)y

1 (4.6)
:2p(N_2)+/L ) T?p(N*?)ﬁ»p, /Ql g(x) dx /Q2 g(y) dy
Combining (4.3]), (4.5) and (4.6, we deduce that
1 1
Ay + Ay + Az > m/ g(x)dx(m/ 9(y)dy
o "9 o (4.7)
+ vz | 9w d)
Tgp(Nﬂ)ﬂt O ’
By (A10), we have
AN
| sway>2(H)™ [ gty
Ql 8 QZ
Tg\AN—
>2(-%) ”/ (—9(y)) dy (4.8)
Te Qs
Tg\2p(N—2)+
e R T
Te Qs
Inserting (4.8) into (4.7), we deduce that
A1+ As + Az > 0. (4.9)
Inserting (4.4]) and (4.9) into , we obtain
P p
/ / \w[,.( >| |wg(y)| dedy > A1+ Ay + A3 + Ay > 0.
RN JRN |z — yl[~
O

We show that the functional I satisfies the Mountain-Pass geometry, and esti-
mate the Mountain-Pass levels.

Lemma 4.2. Assume that the hypotheses of Theorem [I.3 hold. Then there exists

N+4+2— [I.SN+2 u

a (PS)c sequence of Iy at a level ¢, where 0 < ¢ < c¢* = Jx=57

Proof. Step 1. For any u € DV2(RY) \ {0}, we have

1 Cl 2 1 2.2*
bw) 23l — SHul — el
P 2. ;LSH,L

We just prove that I, satisfies the above condition in Mountain-pass theorem, the
others similar to Lemma [3.2]

Step 2. Using Lemma there exists o € [r., 4] such that

RN JRN |93 - yI“ '
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Let
By = / |Vwe|? dz > 0,
Wo ()P |we ()P
pom [ [ MO o
RN JRN |~T -yl
27
B3 f/ / [wo ()P o () dzdy > 0.
RN JRN |9C —ylr
Set
h I tQB t2PB 7)&2‘2; B
t = t o = — [ — —_ .
1(t) 2(tws) 5 V1 % 2 2.223
We know that hq(0) = 0, lim;—, o h1(t) = —oo. On the interval [0, 00), we can see
that hf(t) = 0 if and only if
Wy(t) = tBy —t?*"1By — t*2.71 By = 0. (4.11)
From (4.11)), we have
B; =t 72B, + t*%.72B;. (4.12)
Define
k(t) = t2P=2By + 12272 By, (4.13)

By Lemma [4.1]and (4.10)), we know that By > 0. Observe k(-) is strictly increasing
on [0,00), k(t) = 0 if and only if t = 0, and lim; . k() = co. From the fact that
R4 (t) = ¢(B1 — k(t)) = 0, we have two solutions ¢t; and t2 such that ¢; = 0 and ¢,
satisfies

31 = 22B, + 6557 s, (4.14)
By Bi, B2, B3 > 0 and , we have t > 0 and
t2 t2p t2 2;
hi(ty) ==2B B -2 _B
(t2) = 5 P1 275 2* 3
t2 _ % _ tzp t2 2#
:£<t§p 2Bz+t§ 2, 233) B2 2 BS (415)
2 22"
1 1\ o 1 1 2.2*
=(z - )8 (f— )t “Bs > 0.
<2 2p) 2Pt \g Ty )

So h; does not achieve its maximum at t; = 0.
Next, we prove that hy achieves its maximum at to. Applying (4.14), we know

hy(t) =t(B1 — k(1))

P ) (4.16)
=t[(12P72 = 2By + (15T 422 By] > 0, for t € (0, 1),

and

WL(E) = (#2772 — 2P 2) By + (1

— 1327 B3] <0, fort € (ty,00). (4.17)

Let t3 = (2; B—B) 7,3 . Since t3 > 0, we have

t2 t2p t2 2* t2p
hi(ts) = 5331 % 3By — 23 5 Bs = —2732 < 0. (4.18)
7

Now, we claim that t5 < t3.
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Suppose on the contrary that to = t3, we obtain
hl(tg) <0< hl(t2)7

which contradicts with t5 = 3.

Suppose on the contrary that to > ¢3. Applying hq(t1) = 0, , and

ts € (t1,t2), we obtain
0= h1<t1) < hl(t3> <0,
which is a contradiction. Hence, t5 < t3.

According to Extreme value theorem, we know that h; achieves its maximum on
compact set [0,t3]. Applying hf(t2) = 0, (4.16) and 7 we obtain that hq(t2)
is the maximum of hy on [0, ¢3].

By using and hi(t3) < 0, we obtain hq(t) < 0 for t € (t3,00). Hence, we
deduce that hj(t2) is the maximum of hy on [0, 00).

*
t2 2“

Step 3. Set ha(t) = %Bl — 55+ Bs. Similar to Step 2, we obtain that the maximum
o

1
of hy attained at t4, = (g—;) 222 5 ).
Next, we prove that t4 > to. By (4.11]), we have

B(ty) = ta(By — t2 ¢ ' By) — 2771 By = —t?*71B, < 0.

Similar to the proof of t3 > t5 in Step 2, we know that t4 > to.
Furthermore, we show that max;>¢ h1(t) < max;>¢ ha(t). We have

max hy () = ha (t2) :(1 - i)tﬁ”& n (1 ! )tZ'Qr‘Bg

120 2 2p 2 2-27
1 1 22 2.2% 2
<t§<f - *)(tzp By +1ty " 33) (4.19)
2 2.2}
1 1
PIESY
2 2. 2M
and ) )
max ha () = ha(ta) :ti(§ -5 )Bl. (4.20)
z w
According to (4.19)), (4.20) and t5 < t4, we know
1 1
2
- B
e h (1) <t2(2 2~2;) !
<t2(} — L)Bl = max hg(t) = hg(t4).
N2 2.2 £>0

Step 4. From the above argument, we have
NA+2—py 2N-n

0<ecs< I(t = hi(t) < ho(ty) = — = ™ m’
¢ < supholfwe) = maxhi(t) <ha(ta) = = ~Sus
2N—p
which means that 0 < ¢ < JIXFE;}T SN .

Lemma 4.3. Assume that the hypotheses of Theorem[I.5 hold. If {uy} is a (PS).
sequence of Iy, then {u,} is bounded in D*2(RY).

Proof. Similar to the proof of Lemma we have Lemma [£.3] We omit it. O
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To check that the functional I satisfies (PS). condition, we give the following
Lemmas.

Lemma 4.4. Assume that the hypotheses of Theorem[1.9hold. If {u,} C DV*(RN)
s a sequence converging weakly to u € DV2(RYN) as n — oo, then

/ / )lun (@) = u@)Plun(y) —u@ 0
Q1UQ2 JQ1UQ2 |x B y|#

Proof. Set v, := u, — u, then we know v,, — 0 in DV2(R"). According to (AS8),
(A9) and Hardy—Littlewood—Sobolev inequality, we have

p p

lim / / Y)|vn (@) [P|vn (y)] dz dy
n—00 QLUQs JQ1UQs |x_y‘u
< Ghax lim/ / [en@)PlonWI” 4 4, (4.21)

n—o0 Jo,u0, Jo,u0, e
2Np
< g2..Cllvn — 0 (since € (2,2%)).
Wl Py 0 (e g (2,27)

On the other hand,

p p
n—00 /0,00, Qluﬂg |33 - Z/|”
p
n—oo \ [, Ql |9C - y\“

P p
/ / Dloa (@ lenlo)?
o Ja, Ix—yl“ (4.22)
P
Q. Jo, |$*y|”

] e

=S+ o+ 3+ Ja.
Applying (A8) and (A9), we have
Jl 0 and J4 (423)

Keeping in mind that g(z) > 0 on ©; and ¢g(y) < 0 on Qs. According to gmin < 0,
pE (QNAf ) 2Ni“) C [1,2*) and Fubini’s theorem, we obtain

N
P P
JQ >gmaxglnin hm / / |Un | |Un )‘ d dy
Q2 |£L‘ - y|M
> JmaxJmin ImaxYmin / / |'UrL |p|’U )|P dz dy (424)
2T€ ’n—>oo Ql QQ

—Llaxgmm( lim / |vg, ()P dx) lim / v (y)|P )
= n n(y)|Pdy ) — 0.
(27’5)“ n—oo Jo, ( (n—>oo Qs |
Similar to (4.24), we have
Js > (4.25)

Putting - into , we obtaln

P P
lim / / Wloa@Plen@)” 40 0. (4.26)
n—o0 Jo,u0, Jo,u0, |:17—y|“
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Combining (4.21)) and , we have

p p
n—00 o U0, J 01 UQ \lf—y|”
Thus,
p p
n—o Jo,u0, Jo,uQ, |$—y|“

O

Lemma 4.5. Assume that the hypotheses of Theorem hold. If {u,} is a bounded

2N
sequence in LoN-7 (1 UQ2) such that u, — u a.e. on Q1 UQy as n — oo, then

p P
[ D@ n)?
QU0 J0,UQ, |35 —yl|~

P P
by / Pl
QU0 J0,UQ, |33 -y~

— P — p
[ Dlinla) = ) lune) w0
Q1UQs JQ1UQs

|z —y|»

Proof. Step 1. Since {u,} is a bounded sequence in LN (@ U Q) and u, —
u a.e. on 1 UQs as n — oo. Set v, := u, —u. By using Hardy-Littlewood-Sobolev
inequality and Brézis-Lieb lemma in [3], we have

/Q ol = /Q g(@)lonl? dz + / g(e)|ul? dz + o(1), (4.27)

i Q;

for = 1,2, as n — oo, and
|2 7# * (glun |P)(Qi) = |27 * (glonl?) () + 127 * [glul’](€2:) + o(1),  (4.28)

fori=1,2, as n — oo.
By using [I1, Lemma 2.3], we know that

/ (|x‘—u * (9|Un|p)(ﬂi))g|un|p dz

=/ ([~ * (glonl?) () glvn [P dz (4.29)

i

+/ (\x|_” * (g|u\p)(Qi))g|u|p dz+o(1), (i=1,2), asn — oo.

i
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Step 2. Since y € Oy, € Qg and (Al12), we have 2r, < |z — y| < 2r,. According
to the properties of convolution and Fubini’s theorem, we obtain

/ (Jz[ 7 * (gloa?) (1)) g(|un|? — va]?) dz
/Q / |x|ﬁny|“)|pg(x)(|“n(x)|p = vn(2)[") dy da

g(@)un (@) -
/91/92 Iy*x\“ 9 un (y)|" dz dy

// g(@)lon(@)|" (y)|un(y)|pdxdy (Fubini’s theorem)
Q, Ja, |y—x|“

(4.30)
/Q (g1  g(Jun ) (22)) (glunl?) dy
= [ (sl 59010 ) (92) (9lun ) dy - (convolution)
(951
= [l % (@) = o 5 (7)) (gl )

:/ (117" * g(|tn]? — [0a[?)(Q2)) (glunl?) dy  (distributivity).
Q

Since {uy,} is a bounded sequence in L2¥-¢ () and u, — u a.e. on {23 as n — 0o,
we have

9P — 0 in L1571 (), asn — oo. (4.31)
Similar to (4.31]), we obtain

9(@)|op(z)P = 0 in LOT®G=D (Qy), as n — oo. (4.32)

Step 3. Taking the limit n — oo, by (4.27), (4.28) and (4.30)—(4.32)), we deduce
that

/ (2 7# % (glun[?) (92)) glun]? dz — / (2" * (glonl?) () glonl? da
Qo

Qo

= [ (2™ (g(lunl” = onl)) (1)) g(Jun|” — [vn]") dz

Qo

+ | (27" (g(ual” = [oa[P)) (1)) glon P da (4.33)

2

(191" * g(Junl” — [va|")(22)) glvalP dy  (by [@30))

1

A (I 7 (glul")) (1)) glul” dz + o(1).

+

S— 55—
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Similar to (4.33), we obtain
el 5 (lunl?)(622) glun P do

Q1

= [ (1l ¢ alon ) (@) gl o (139

Q1

+ /91 (|| " = (g|ul’)(Q2)) glu|P dz + o(1), as n — oo.

Combining (4.29), (|4.33|) and (]4.34|) we obtain

P P
[ D@ lun )
QU0 JO,UQ, |x—y|“
p p
[ Doa @ lon)l?
QU0 J1U0, |x—y|l‘
P P
/ / Ylul)Plu@)] dzdy +o(1) asn — oo.
Q1UQs JQ1UQ |£L' - y|“

O

Lemma 4.6. Assume that the hypotheses of Theorem hold. If {u,} is a bounded
sequence in DV2(RY), up to a subsequence, u, — u in DV2(RN) and u,, — u a.e.
in RN as n — oo, then

p p
/ / Y) | (2) [P (y dxdyﬂ/ / @ PR 4, 4y,
RN JRN |33—3/|” RN JRN |33—1/|”

In addition, for any ¢ € D172(RN)
P p—2
[ [ Al ol el
RN JRN

|z —yl~
p p—2
RO G TR P
RN JRN |z —y|»
as n — 0o.

Proof. Step 1. By Lemmas [£.4] and we have

P P
[ |zn_< Heall g,
MU sy )
/ / “ ol S dedy +o(1), asn— 0.
0100, J01UQs |$ -yl
Since g = 0 in RV \ (Ql u QQ by m, we have
P P
RN JRN |33 - y\“
P P
—>/ / (@) [Plu(y)l dedy asn — oo.
RN JRN |CE —y|~
Step 2. By the Hardy—LittleWOOd—SoboleV inequality,
P P
/ m 4/ Z||# y in L%(Qi),(i =1,2), asn —oo. (4.36)
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From (4.36)), we obtain

P p
/ 9()lun ” dy — 9l dy, in L%(Ql UQs) asn — oo.
a0, [T —yH o0, [T —yl*
(4.37)
Since g = 0 in RN \ (Q; U Qy), by (4.37), we have
P P
/ 9()lun” dy — 9()ul” dy in LZTN(RN) as n — oo. (4.38)
Ry |z =yl Ry |2 =yl
Similar to (4.38)), we obtain
2 2, T ey (N
9(@)|unlP " u, = g(z)|u|P™u  in LEV-0GE=D (RY) as n — oc. (4.39)

Combining (4.38]) and (4.39)), as n — oo, we find that
9(y)|unl? _ g(y)|ul? B
([, 2L ay) g2, — ([ 20 ay) o) a2
ry |2 =yl RN [T — Y|

in Love 2 (RY). Thus, for any ¢ € DV2(RY),
P p—2
[ ] SO e 2e)
RN JRN

|z — yl|~

- / / I lu@) PP u@e@) 4o
RN JRN '

|z —y|»

O
Lemma 4.7. Assume that the hypotheses of Theorem[I.3 hold. If {u,} is a (PS).

2N —p
N+42—pu S N+2 w
AN —2p

sequence of Iy with 0 < ¢ < , then {u,} has a convergent subse-

quence.
The proof of the above lemma is similar to that of Lemma (3.5} We omit it.

Proof of Theorem[1.3 Applying Lemma we obtain that I possesses a moun-
tain pass geometry. Then from the Maintain Pass Theorem, there is a sequence
{u,} € DV2(RN) satisfying Io(u,) — ¢ and I}(u,) — 0, where

2N—p
0<d¥<e< N+2-p g i

4N — 2 THL
Moreover, according to Lemma and Lemma {un} satisfying (PS). condi-
tion. Hence, we have a nontrivial solution g to problem (1.7]). (I
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