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COEXISTENCE AND STABILITY OF SOLUTIONS FOR A
CLASS OF REACTION-DIFFUSION SYSTEMS

ZHENBU ZHANG

ABSTRACT. In this paper we consider the situation of two species of predators
competing for one species of prey. We use comparison principles to study the
global existence, the existence of non-trivial steady states and their stability.

1. INTRODUCTION

It is well-known that the study of coexistence problem of competing species is
one of the main topics in mathematical ecology. The object of this paper is to study
the problem of coexistence for three interacting species, among which two species
of predators compete for one species of prey. We assume that the two competing
species have different diffusion rates d; < do. The model is

0

871: = doAu + Fy(u,v1,v2), on Q xRy,

0

%ZdlA’Ul—FFl(U,Ul,’Ug), ODQXR-F)

0

%:dQAUQ—FFQ(U,Ul,’UQ), on 2 x Ry, (1.1)

gq: (z,t) + ro(x)u(z,t) = u’(z), €0, t>0,
881: (x,t) + ri(z)vi(z,t) =0, i=1,2, 2z €9Q, t>0,

u(z,0) = up(x),v;(x,0) = vio(x), i=1,2, in Q,

where Q0 C R” is a bounded domain with smooth boundary 992. A is the Laplacian.
v denotes the outer unit normal to 9€2. wu is the population density of the prey, and
v1, v9 are the population densities of two competing predator species. d; > 0 are
the diffusion rates with d; < da. ro(z) > 0, ra(x) > ri(x) > 0# 0, u®(z) > 0 £ 0,
uo(x) > 0, vio(x) > 0. F; are given by

Fo(u,vi,v2) = = fi(u)vy — fa(u)va,
Fi(u,v1,v2) = v1(f1(u) — vy — v2), (1.2)

FQ(U, Ul,’U2> = ’l)z(fg(’u,) — V1 — ’02).
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Here f;(u) is the consumption rate of the prey per predator. The forms of F; and
F5 represent that, at the constant level of the prey u, the predators have logistic
growth. A similar model has been investigated by Wang and Wu in [I6] by using
bifurcation theory when the predators have a Malthusian (or exponential) growth.
The fact that predator species have different diffusion rates makes it hard to study
this model. If assuming equal diffusion rates, the model can be simplified to a much
simpler model (e.g see [8]). We assume that

(i) fi: Ry — Ry and f;(0) = 0;

(ii) f; is continuously differentiable and f; > 0 # 0.
A typical example of f; is the monotone Monod function, f;(u) = m;u/(a; +u) (see
[8], [10] ), where a; and m; are positive constants. m; is the maximal growth rate
and a; is the Michaelis-Menten (or half-saturation) constant.

Since u and v; are population densities, so only non-negative solutions are of

physical interest. Observe that Fy(0,v1,v2) = 0 and F;(u,v1,v9) = 0 if v; = 0 for
i = 1,2, therefore

R3 = {(u,v1,v2)| u >0, v; >0, i=1,2}

nonnegative solutions of (|I.1)) without further explanation.

This paper is organized as follows: In Section 2, we will prove the global existence
of solutions. In Section 3, we consider one predator population case in detail. In
Section 4, we will study the existence of steady states. In Section 5, we study the
local stability of equilibrium solutions.

is an invariant region of (1.1)) (see [14]). Therefore in this paper we consider only

2. EXISTENCE OF A GLOBAL SOLUTION

By standard existence theory, e.g. see [1], [2] and [3], has a unique
nonnegative smooth local solution U(z,t) = (u(x,t),v1(z,t),v2(z,t)) existing for
0 <t < Thmax and it is well-known that local existence together with L*° a priori
bounds ensure the global existence of classical solutions.

Lemma 2.1. The boundary value problem
AS =0, onQ,
aS

E(x,t) +7ro(2)S(x) =u’(z), 2z €9,

has a unique strictly positive solution S(z) > 0 for all z € Q.
For the proof of this Lemma see [I0] and the references therein.

Remark 2.2. The importance of this Lemma lies in that:

(i) It implies that has an equilibrium solution (u,v1,v2) = (S(x),0,0). This
is so-called washout equilibrium solution. In practice, attaining this equilibrium is
undesirable.

(ii) It provides an a priori bound for u, which ensures the existence of the global
solution.

Lemma 2.3. For any solution of the form (0,vi(z,t),v2(z,t)) of (I.1), we have
vi(z,t) — 0 as t — oo. That is, if there is no prey, then the predators will be
extinct.
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Proof. From our assumptions about f;, if v = 0, the equation for v;(i = 1,2)
becomes

2
ov;
5:5 =d; Av; + Ui(— Z’Uj) < d;A\v; — ’1}1-2.
j=1
Let A; = max, g vio(x) and compare v; with the solution of the initial value
problem of ODE:
dwi
— =—w;, t>0,
dt '
we have
0 < wi(x,t) < w(t).
But w;(t) — 0 as t — oo, therefore, v;(z,t) — 0 as t — oo. O

By virtue of S(z) in Lemma and comparison principle (e.g. see [12], [13],
[17]), it is easy to prove the following global existence and uniqueness theorem. We
omit the proof here.

Theorem 2.4. For any smooth nonnegative functions u®(x), uo(x) and vio(x),
(1.1) has a unique smooth bounded global solution.

This theorem implies that the solutions of generate a semidynamical system
on Cy x Cy x Oy, where C is the set of nonnegative, continuous functions on Q
with the usual supremum norm. This semidynamical system is denoted by &(t, xg),
where ¢ > 0 and z( represents the triple of initial conditions given by .

3. ONE PREDATOR CASE

In this section, we consider a special case when there is only one predator pop-
ulation, or equivalently, v; = 0 for ¢ = 1 or ¢ = 2. Without loss of generality, we
assume that ve = 0 and write v; as v and f; as f respectively, then (1.1]) becomes

0
8—1: =doAu— f(u)v, on Q xRy,
v
% diANv+o(f(u) —v), on xRy,
ou 0
a—(x,t) +ro(z)u(z,t) =u’(z), €, t>0,
v
v
W +ri(z)v(z,t) =0, €9, t>0,
v
u(z,0) =up(x), v(x,0)=uvg(x), in Q.

3.1. Steady States. First, from Lemma (3.1) has a steady state solution
Uw = (u,v) = (S(x),0) with S(x) > 0. The following theorem says that (3.1
has a positive steady state solution U, = (u,v) = (a(x),d(z)) with @(z) > 0 and
o(x) > 0.

Theorem 3.1. (3.1) has a positive steady state solution (u,v) = (a(z),v(x)) with
a(z) > 0 and v(x) > 0 provided that [, r1(x)dx is small enough.
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To prove this Theorem, we need some preparations. Consider the eigenvalue
problem
dAg +q(x)p = A, z €,
3.2
%%—r(m)q&z(), x € 09, 3.2)
where d > 0, g(z) € C?T*(Q) for some a > 0. It is well-known that there is a unique
eigenvalue A\; = \(q, d,r), called the ‘principal eigenvalue’, such that the associated
‘principal eigenfunction’ (unique up to a multiplicative constant) is strictly positive.
Furthermore, we have the following Lemma.

Lemma 3.2. The principal eigenvalue A(q,d,r) of (3.2) is a continuous non-
increasing function of d, and is strictly decreasing if q(x) is not a constant. Fur-
thermore, the following hold:

(a) AMg,d,7) T Q =maxgq q(z) as d — 0;
(b) Mgq,d,r) | w= ﬁ fQ q(x)dz — ﬁ faQ r(z)dz as d — oo;
(¢) If 1(x) > qo(x) forx € Q, then A(q1,d, 1) > Nqe,d, r) with strict inequality
if qi(x) # q2(x);
(d) If ri(x) < ro(x) for x € O, then Mg, d,r1) > Mg, d,r2).
For the proof of the above Lemma, see [4] and the references therein.

Remark 3.3. From this Lemma we can see that if [, g(z)dz > 0 and [, r(x)dz
is small such that w > 0, then for any d > 0, the principal eigenvalue A(q,d,r) of
is positive. In particular, if ¢(x) > 0 # 0 and r(z) = 0, i.e. for Neumann
boundary condition, the principal eigenvalue of is always positive.

By using this Lemma, we can prove the following Lemma.
Lemma 3.4. If the principal eigenvalue \(q,d,r) of (3.2)) is positive, then the
boundary-value problem
dAu+u(q(z) —u) =0, z€Q,
0 3.3
af:j—i-r(x)u:(), x € 09, (3:3)

has a unique, strictly positive solution.

Proof. Let 1(x) > 0 be the principal eigenfunction of (3.2 corresponding to Ay,
and let u(x) = di(x), where § > 0 is a small number to be determined, then for
¢ > 0 small enough,
dAu+u(g(x) —u) = Moy — 6%? >0, z€Q,
% +r(z)u= 5(% +r(z)Y) =0, xz€.

Therefore, u(z) is a sub-solution of (3.3)). It is easily seen that @(z) = @ =
maxg ¢(x) is a sup-solution of (3.3)). Hence (3.3) has a strictly positive solution
u(z) satisfying 0 < 69 < u(z) < Q.

Now we prove the uniqueness. Suppose that u; and uy both are positive solutions
of (3.3). Let w = Z—; > 0, then w satisfies
2dVuy

U2

dAw +

Vw4 wug(l —w) =0, x €,

dywlan = 0.
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Then using the maximum principle, we have w = 1. This completes the proof of
the Lemma. ([

Proof of Theorem[3.1. To prove the Theorem, we need to prove the existence of
positive solutions of the boundary-value problem
doAu — fu)p =0, x €,
diLsv+o(f(u)—v) =0, z€Q,

% +ro(x)u = u’(x), x €09, (34)
v

v

v
For notational convenience, we write as

—doAu = g1(u,v), x €L,

—d1ANv = go(u,v), =€,

+ri(x)v=0, ze€ofN.

— +ro(z)u=u’(z), =€, (3.5)

W +ri(zx)v=0, ze€dQ,

where g1 (u,v) = —f(u)v, g2(u,v) = v(f(u) — v). Then we can see that for u > 0
and v > 0,

091 092

—=- <0, == =vf'(u)>0.

W fw) <0, R o) >
That is g1 is quasi-monotonic decreasing and gs is quasi-monotonic increasing.
Therefore, (3.5)) is a so-called mixed quasi-monotonic system. For such a system,

we have the following definition of upper and lower solutions (e.g. see [I12] and [I7]).

Definition: If U(x) = (a(z),v(z)) and V(z) = (u(z),v(z)) satisfy

ou Ou
- 7 > 0 > =
£y +ro(z)u > u’(x) > % +ro(z)u, on 09,
ov ov
5 T ri(z)o > 0> 5+ ri(z)v, on 9L,
—do Nt — g1(4,v) > 0> —doAu— g1(u,?), inQ,
_dlAT} - 92(ﬂ7@) Z 0 Z _dlA! - 92(&2% in Q7

then (U(x),V (x)) is said to be a pair of upper and lower solutions of (3.5).
Then we have the following result.

Theorem 3.5. If (3.5) has a pair of upper and lower solutions (U(x),V (z)) such
that V(z) < U(x), then (3.5) has at least one solution (u(x),v(x)) satisfying

V(z) < (u(x),v(x)) < U(x).

The proof of this theorem can be found in [I7].

Now we construct a pair of upper and lower solutions U(x) = (@(z),?(x)) and
V(z) = (u(z),v(x)) as follows: First observe that, by the definition, we need U(z) =
(a(w),(x)) and V(z) = (u(x), v(z)) satisfy

—do A+ vf(a) > 0> —doAu+vf(u), (3.6)
—di A0 = o(f(u) = 0) 20 = —diAv = v(f(u) — v). (3.7)
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Let @(z) = S(z) be the unique positive solution of (2.1, then, for any v(z) > 0,
the left-hand side of (3.6)) is satisfied. We take ©(x) = M; to be a positive constant
such that M; > f(maxg S(x)), then the left-hand side of (3.7) is satisfied. With
v(x) = My, the right-hand side of (3.6]) becomes
—doAu+ M f(u) <0.

We take u = u(x) > 0 to be the positive solution of the boundary-value problem

_dOAE'i_le(Q) :07 T e Q7

0 3.8
%%—ro(x)g:uo(x), x € 99. 38)

Now we prove that (3.8 has a positive solution. In fact, since f(0) =0, 0 is a lower
solution of (3.8). Since f > 0, any constant K satisfying
1
K > ~maxu’(z),
v oQ
where v = ming ro(xz) > 0, is an upper solution of (3.8]). Therefore (3.8) has a
solution u(z) satisfying 0 < u(z) < K. By strong maximum principle, we have
u(x) >0, for ze€Q.
We claim that @(x) > u(x). In fact, let w = @(z) — u(z), then w satisfies
—dQAU} = le(g) > 07 YIS Qa
0
£+row:0, x € 0.
v

By the maximum principle
minw = rralin w.

Q
Now we prove that minggw > 0. Indeed, if w(zg) = minggw < 0, then, by
Hopf’s Lemma, at xy, we have %—f < 0. But from the boundary condition, we
have 2%|,, = —row(zo) > 0. This is a contradiction. Therefore w > 0. That is

a(z) > u(x). With u = u(z) > 0, f(u) > 0 # 0. Therefore, [, f(u(z))dz > 0. By
Lemma if [ a0 T1(7)dr is small enough, then the boundary-value problem

—d1Av —v(f(u) —v) =0, z€Q,
ov (3.9)

87; +7ri(x)v=0, z€dQ,

has a unique positive solution v = v(z) > 0.

Now we claim that v < M; = ©. In fact, from the proof of Lemma we can
see that the positive solution of is bounded from above by any constant that
is greater than or equal to f(maxgu(z)). Since u(z) < @(z) and f’ > 0, we have

v(z) < f(maxu(z)) < f(maxa(z)) < M.
Q Q
Thus we have constructed a pair of upper and lower solutions U(z) = (u(x), v(z))

and V(z) = (u(x),v(x)) of (3.5) satisfying V(z) < U(x), then from Theorem A we
know that (3.5 has a solution (@(x),¥(x)) satisfying

V(z) < (u(z),0(x)) < U(z).
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For the rest of this article, we assume that [, 71 (2z)dz is small enough such
that the related eigenvalue problem with Robin boundary condition has a positive
principal eigenvalue, without further explanation.

Now we prove some properties of positive solutions of .

Proposition 3.6. Suppose that (u1,v1) and (uz,v2) are two positive solutions of

. If uy > usg, then vi > vs.
Before proving the above proposition, we cite the following Lemma whose proof
can be found in [4].
Lemma 3.7. Consider the initial boundary value problem
ug = dAu+u(q(z) —u), z€Q,t>0,

Ou +ri(z)u=0, x€0N t>0, (3.10)

ov
u(z,0) = up(x).

If Mq,d,r1) <0, then 0 is the global attractor for positive solutions of (3.10)). If
Aq,d,r1) > 0, then the unique, strictly positive steady-state solution is a global
attractor for non-trivial positive solutions of (3.10]), the convergence in both cases
being in || - |loo-

Proof of Proposition[3.6f We consider the following initial-boundary-value prob-
lems:

Vie=d1 AV + Vl(f(U1(fL')) — ‘/1), reQ, t>0,

W +ri(x)V1 =0, x€dQ, t>0, (3.11)

ov
Vi(z,0) = vo(x),

and
Vor = diAVa + Vo (f(ua(z)) — V), z€Q, t>0,

)%
2 4 (2)Va=0, z€0N t>0, (3.12)

ov
Vi(z,0) = vo(x).
From the positivity of f(u;) and Lemma we know that Vi(z,t) — vi(x) as
t — oo and Va(z,t) — va(z) as t — o0o. wy > ug implies that f(ui) > f(uz).

Therefore, from (3.11)), we have
Vie 2 diAVL + Vi(f (u2(2)) — V1)

Thus Vj(z,t) is an upper solution of (3.12)). So we have Vi(x,t) > Va(x,t). There-
fore, v1 > vs. O

Proposition 3.8. Suppose that (u1,v1) and (uz,vs) are two positive solutions of
. If up > us, then uy = ug, v1 = vs.
Proof. Let w = u; — ug, then we have w > 0. u; and us satisfy
doAuy = fur)vy > fug)ve = doAus.
Therefore, w satisfies
—dogAw <0, xz€Q,

ow

+row =0, x¢€d.
v
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Hence, if w # 0, by the maximum principle,

maxw = maxw > 0.
Q o0

Assume that zy € 02 such that

= 0
w(zo) maxw > 0,

then, by Hopf’s Lemma, at zy, we have %—f > (0. This contradicts to the boundary
condition. Therefore we have w = 0, i.e. u; = us. Then we must have v1 = vo. [

Proposition 3.9. Suppose that (u1,v1) and (uz,v2) are two positive solutions of

(3-4). If f(ur) — f(uz) > vi — v, then uy = ug, vi = va.

Proof. From Proposition [3.8) we need only to prove that u; > us. In fact, due to
the positivity of v;, v; can be looked as the principal eigenfunction of the eigenvalue
problem
1&g+ qi(x)d = Ao, z €,
% +ri(x)p =0, x€dQ,

with ¢;(z) = f(u;) — v;, and then associated with the principal eigenvalue \ =
Mqi(z),dy,71) =0, ¢ =1,2. Since f(u1) — f(u2) > v1 — v2, we have

flur) —v1 = fluz) —va.
Therefore, by Lemma [3.2] we have f(u1) —v1 = f(u2) —vg, that is f(uy) — f(u) =
v1 — V9. Let w = u; — ug, then w satisfies

—doAw + f(0)(v1 + flug))w =0, z€Q

ow

v
Therefore, if w < 0 somewhere, by maximum principle,

+row=0, xz€IN.

minw = minw < 0.
Q o0

Assume that zy € 0 such that
w(xg) = rgsi]nw <0,

then, by Hopf’s Lemma, at zy, we have %—f < 0. This contradicts to the boundary
condition. Therefore, w > 0, that is uq > us. O
3.2. Stability of Steady States.
Theorem 3.10. U,, = (S(x),0) is unstable.
Proof. The linearized system of around U, is

wor = doAwy — f(S)wr, =€ Q,

wiy = didwy + f(S)wr, x € Q,

ow

TVO + ro(x)wy = u’(x), € 9N,
ow
871/1 + rl(x)wl =0, x¢€ 00N
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Now we study the eigenvalue problem
doAwy — f(S)wy = nwy, x € Q,
d1Aw1+f(S)w1=77w1, erv

Oy +ro(z)wo =0, =z €09, (3.13)
Ov

0

% +ri(z)wr =0, z €.

To prove the Theorem, we need to prove that the largest eigenvalue of (3.13)) is
positive. Let n be an eigenvalue of (3.13]) with eigenfunction (wg,w;). If wy # 0,
then 7 is an eigenvalue of di A+ f(S) with homogeneous Robin boundary condition.
Therefore, n must be real. If w; = 0, then wy Z 0. So n is an eigenvalue of dy/A
with homogeneous Robin boundary condition. Therefore, 7 is also real. So we know
that all eigenvalues of (3.13)) are real. Let 71 be the largest eigenvalue of (3.13)).
Since f(.5) > 0, the principal eigenvalue A; of
di Awy + f(S)w1 =wy, x €,
3w1

W + rl(x)wl = 0, X € BQ,

is positive and the associated eigenfunction w; > 0 . We claim that \; is also an
eigenvalue of (3.13). In fact, let Wy be the solution of the linear boundary-value
problem

doA’wO — f(S)’lI)l = )\1’LU(), x e Q,

0

% +ro(z)wep =0, x €09,
then (wg,w;) = (W, w1) satisfies (3.13]) with 7 = A;. So A; > 0 is an eigenvalue of
(3.13). Therefore, 71 > A1 > 0. Hence U, is unstable. O

Lemma 3.11. Suppose that (u,v) is a positive solution of (3.4)), then we have
0 <u(x) < S(z) <8,
0<ou(x)<d< v,

where S = maxg S(z), and V = maxg 0(z), where 9(x) is the unique positive
solution of the boundary-value problem

diANO+0(f(S(x)) —0) =0, x€Q,
— +7r(x)o=0, =z

Since the proof the above Lemma is quite standard, we omit it here.

Theorem 3.12. Assume that f” < 0, then there exist constants Ky and K1 de-
pending on f, u® and r; such that if dy > Ko and di > Ky, U, = (u(z),9(z)) is
asymptotically stable.

Proof. We prove that U, = (a(x),0(z)) is asymptotically stable by constructing a
pair of upper and lower solutions

U = (u,0) = (p1(t)p1(2) + (), p2(t)vh1(z) + 9(x)),
U= (u,y) = (a(x) = pr(t)91(x), 0(x) — p2(t)¢ (2))

[l
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of (3.1), where p; (t) and p2(t) are two positive (small) functions and ¢4 (z) > 0 and
¥1(x) > 0 are the normalized principal eigenfunctions of the eigenvalue problems

—Ap=\p, TEQ,

13
(%7 +ro(x)p =0, x€09Q,

and
Ay =, we,

0
% +ri(x)y =0, x€09Q,

associated with the eigenvalues A\; > 0 and pq > 0. By the definition of upper and
lower solutions, p;(t), ¢ = 1,2, should satisfy

(p1(H)¢1(z) + () — doA(p1(t) 1 (x) + U(x))
() — p2()¥1(2)) f (1 (1) P1 () + ()
0 (3.14)
(@(z) = pr(t)d1(x))e — doA(u(x) — pr(t)da(x))
+ (P21 () + 0(2)) f(U(x) — p1(t)¢1(x)),
and

(p2(t)1(z) + 0(z)
= (p2(t)1 () + 0(2))(f(pr(t)1(x) + @(x)) — (p2(t)¥1(x) + 0()))
>0 (3.15)
> (0(z) = p2(O)h1(2))e — L A(0(x) — p2(t)1 ()
— (0(z) = p2 ()1 () (f (@(2) — p1(t)p1(2)) — (0(2) — p2(t)ih1(x))).
From the left-hand side of 7 we need
Pi(t)¢1(x) — dop1 (1) A (x) — doAu(z) + 0(x) f(p1 (t) 1 () + a(x))
= p2(t)1(z) f(pr(t)d1(x) + u(z)) = 0;
that is,
DL (@) + Mdop1 (61 (2) — 5(2) £(5l2)) + 5(2) (1 ()1 (&) + ()
= p2(t)1 () f(pr(t)pr(x) + a(x)) = 0.
Therefore, we need only
PL(t)d1(2) + Mdopi1(t)d1 () — p2()¥1 (@) f(p1(t) 1 () + @(x)) > 0.

By Taylor’s Theorem, we have

flpror +a) = f(@) + f(@)p1dr +
Therefore, we need only

P1o1 + Mdoprdy — path1 f (@) — patpr f(@)propr > 0,

)i = i A(pa ()1 () + 0(2))

f”( ) 2

piot < f(a) + f'(@)p1¢r.

or

Pid1 + Adopign — pair f (@) = f/(@)p1pagrids. (3.16)
Similarly, from the right-hand side (3.14]), we need

Pio1 + Mdopigr — patpr f (@) > 0. (3.17)
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From the left-hand side of (3.15]), we need
Pothr + padipathy — potpr f (@) — of (@)p1d1 > f'(@)p1p2cdaidn, (3.18)
and from the right-hand side of (3.15]), we need
pot1 + prdipetpy — 0f (@) + 0f (@ — prop1) — pathr1 f(4) > 0
By Taylor’s Theorem, we have
fa—pig1) = f(a) — f(O)prgr > f(@) — f(0)p1¢n.
Therefore, we need
P/21/11 + pidipathr — 0f'(0)p1dy — papr f(@) > 0. (3.19)
Combining (3.16) to (3.19), observing that ¢; < 1 and ¢ < 1, we need
Pro1 + Midoprdr — petr f(a) > f(@)pip2,
and
Poth1 + pndipatpy — parhy f(@) — 0f' (0)p1dy > f'(@)prpe.

Let p = ming ¢1(z) > 0, 0 = ming ¥ (z) > 0, and take p; = po = p. Then, by
Lemma we need p to satisfy

"+ (Mido — LS))p > f’(O)p2’
R P R P
ey~ 18 VIO 70,

Therefore, if there exists an € > 0 such that

Ady — f(pS) >e€ and pidy — @ — V()

then we need only take p such that
p' +ep > Mp?,

where M = max{f O) r (0 }. In particular we take p such that p’ + ep = Mp?,

then we have
1

M/e+ (1/p(0) — M/e)ect’

p(t) =

where 0 < p(0) < ¢/M.
It is easily seen that p(t) — 0 as ¢ — oco. Therefore, if the initial values ug(x)
and wvg(x) satisfy

then we have

u(z,t) —a(z)| < p(t)¢i(z),

v(z,t) — 0(x)| < p(t)i ().
)

So we have u(z,t) — u(z) and v(z,t) — 0(z) as t — oo. Therefore U, is asymp-
totically stable. (I
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4. STEADY STATES

In this section, we study the existence of steady states of (|1.1). The steady states

of (1.1)) satisfy

doAU + Fo(u,’l)l,’l}g) = 0, S Q,
diAvy + Fi(u,v,v2) =0, x€Q,
doAvg + FQ(U,U17U2) =0, x€q,
ou (4.1)
D +7ro(2)u = u(x), =€ 0Q,
?;;i (@) =0,i=1,2, xecd.

As mentioned before, by Lemma (4.1) has a washout solution Uy = (u, v, v2) =
(S(x),0,0) with S(z) > 0. From Theorem we have the following theorem

Theorem 4.1. Equation (4.1) has two nonnegative solutions:

Us = (4(z),01(x),0) with a(z) >0, o1(x) >0,

Us = (u(x),0,02(x)) with a(x) >0, va(z)>0.
Theorem 4.2. Assume that f1 = fo = f, then (4.1) has no positive solution.

Proof. It f1 = fo = f and (4.1)) has a positive solution U = (u(z),v1(x),ve(x))
with u(z) > 0 and v;(x) > 0, then vy (x) > 0 and va(z) > 0 satisfy

d1AU1 + (f(u) — V1 — ’02)1)1 = 0, x € Q,

dalNvg + (f(u) — vy —wv2)ve =0, x €,

5;+m@m%zg i=1,2, x € 0.

Because of the positivity of v;(z), we can look v;(z) as the principal eigenfunction
of the eigenvalue problem

dilsg+ q(x)p = Ao, €,

0¢ B
Y +ri(x)p =0, xe€09,

with ¢(z) = f(u(z)) — 25:1 vj(x), associated with the principal eigenvalue A =
Aq(x),d;,r;) = 0. So we have

)‘(Q(x)a dy, Tl) = )\((]((E% da, 712)'

Since ¢q(z) = f(u(z)) — Z?zl vj(z) is not constant, by Lemma this contradicts

the assumption d; < ds. This completes the proof of the Theorem.

Same as the proof of Theorem we can prove that (4.1]) has no solution of the
form U = (0, v1(x),v2(z)) with v1(z) > 0 and va(x) > 0 if f1 = fo. Thus we know
that if u’(x) # 0 and f; = f2, (4.1) has only the following three types of solutions

(S(I),0,0), (ﬂ(x)aﬁl(m)70)7 (ﬂ(l‘),O,’JQ(l‘)),
with S(z) > 0, a(x) > 0 and v;(z) > 0.
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5. STABILITY ANALYSIS

In this section, we study the stability of equilibrium solutions of under the
assumption f1 = fo = f.

From Section 4, we know that, if f; = fo = f, all equilibria of are Uy =
(S(x),0,0), Uz = (u(x),01(x),0) and Us = (u(x),0,02(x)), where S(x) > 0 is the
positive solution of (2.1, @(z) > 0 and 9;(z) > 0 satisfy

do At — f(’l])’f]l =0, x€q,
d; AU; + f}l(f(ﬂ) — ’Di) =0, x€q,

ou +ro(z)a =u(x), = €9, (5.1)
ov

a%; -

ay+n@%a—a x € 0N.

Observe that, because of the positivity of 9;(x), from the second equation of (5.1)),
we can look ¥;(z) as the principal eigenfunction of the eigenvalue problem

dilsg+q(x)p = A¢, x €,

0

8—f +ri(x)p=0, z€09Q,
with g(x) = f(a) — 9;, associated with the principal eigenvalue A = A(q(x),d;,r;) =
0,i=1,2.

Now we study the stability of U;. It is well-known (see [9]) that the stabil-
ity question for U; is answered by considering the corresponding eigenvalue prob-
lem for the linearized operator around U;. Namely, let us substitute U(z,t) =
(u(z,t),vi(x,t),v2(x,t)) = U; + W(x,t) = U; + (wo(x,t),wr(z,t), ws(x,t)) into
(1.1)) and then pick up all the terms which are linear in W:

ow

e DAW + F'(U;))W, (5.2)
where
d 0 0
D=0 d 0
0 0 do
and
—f"(u)(v1 +v2) —f(u) —f(u)
F(U;) = v1 f'(u) fu) —2v1 — vo —vy
v2f'(u) —V2 flu)=v =20/,

Theorem 5.1. The solution Uy = (S(x),0,0) is unstable.
The proof is similar to that of Theorem therefore, we omit it.
Theorem 5.2. Assume that f' <0, then there exist constants Ky and Ky depend-

ing on f, u® and r; such that if dy > Ko and di > Ky, Uy = (@(x),01(x),0) is
asymptotically stable.
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Proof. From (j5.2)), the linearized system of (|1.1)) around Us is
wor = doAwg — f'(@)v1wy — f(a)wy — f(W)wa, x€Q,
w1 = dlAwl —+ ”le'(ﬂ)wo + (f(ﬂ) — 2’171)’(1)1 — 171’(1)2, T € Q,
Wor = doNwy + (f(ﬁ) —U1)we, €,

0

% +ro(2)wo = u’(z), =€ 9,
6’(02‘
ov

Therefore, we need to study the eigenvalue problem:

+ri()w;, =0,i=1,2, x€ .

doLwy — f(@)v1we — f(@)wy — f(@)we = nwe, x € Q,
diAwy + 01 f'(@)wo + (f(@) — 201 )wy — Dywe =nuwy, x €9,
doANwo + (f(4) — U1)we = nwa, T € Q,

5.3)
ow (
TVO—F’/‘()(]J)U)QZO, x € 09,
8wi .
X - =1,2 Q.
By +7ri(x)w; =0, 4 ,2, x€d

Let 71 be the largest eigenvalue of (5.3) and (wg, w1, ws) be the corresponding
eigenfunctions. If wo(z) # 0, then ny is an eigenvalue of do/A + (f(@) — 91) with
Robin boundary condition. So, by Lemma[3.2] we have

m < )\(f(’l]) — ﬁl,dg,’l“g) < )\(f(’ﬁ) — 171,d1,7“1) =0.

If wo(x) =0, it is easily seen that we must have wy(x) Z 0 and wg(x) # 0. In this
case, 7)1 satisfies
doAwo — f'(@)01wo — f(@)wr = mwo, € €,
diAwy + ﬁlf/(ﬂ)U/O + (f(a) — 2'[}1)'[1}1 =mwi, IE Q,
3wo

@ + ’I"o(x)’LUo =0, ze€ 89,
ow
871/1 +ri(x)w; =0, x€ N

Therefore, n; is also an eigenvalue of the eigenvalue problem
doLwo — f'(@)dwy — f(@)wr = nwy, @ €,
dy ANwy + 0 f (@)wo + (f (@) — 20)wy = nwy, z € Q,

% +ro(z)wy =0, z €09, (5.4)
ov

ow

aiyl +ri(x)w; =0, =z €.

This is the linearized system of (3.1) around U,. From Theorem we know
that all eigenvalues of (5.4) are negative. Therefore, 71 < 0. Hence all eigenvalues
of (.1) are negative. Therefore, Us is asymptotically stable. O

Theorem 5.3. The solution Us = (a(x),0,v2(x)) is unstable.
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Proof. As in the proof of the previous theorem, we need to study the eigenvalue
problem

doAwy — f'(@)vgwo — f(@)wr — f(@)wy = nwy, = € Q,
diAwy + (f(@) — D2)wy = nwy, x € Q,
daNwy + U f' (W)wo — Dows + (f (@) — 202)wy = nw, = € Q,

5.5)
ow (
37;) +ro(x)wy =0, x €09,
ow;
v ) — i =1.2 Q).
B +ri(x)w; =0, 4 ,2, x €0

Let Ay = A(f(a) — ¥2,dy,71) and ¢4 () be the principal eigenpair of
dlA(b + (f(ﬂ‘) - f}2)¢) = )‘¢7 T e Qv

0
£ +r(x)p=0, z€0dQ,
then we have A\; > A(f(@) — U2,d2,72) = 0. Let (@, w2) be the solution of the
following linear boundary value problem
dowo — (f'(@)02 + A )wo — f(@)ws = f(@)p, =€,

do Nwy + ’l~)2f/(11)w0 + (f(ﬂ) — 209 — M\)ws = Vo, x € Q,

0

% Fro(@)wy =0, €,

0

% Fro(z)ve =0, z€dQ,
then it is easily seen that A\; > 0 is an eigenvalue of (5.5) with eigenfunction
(wg, w1, we) = (W, P1,Ws). Therefore, Us is unstable. O
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