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STOCHASTIC ATTRACTOR BIFURCATION FOR THE
TWO-DIMENSIONAL SWIFT-HOHENBERG EQUATION
WITH MULTIPLICATIVE NOISE

QINGKUN XIAO, HONGJUN GAO

ABSTRACT. This article concerns the dynamical transitions of the stochastic
Swift-Hohenberg equation with multiplicative noise on a two-dimensional do-
main (—L,L) X (=L,L). With o and L regarded as parameters, we show
that the approximate reduced system corresponding to the invariant manifold
undergoes a stochastic pitchfork bifurcation near the critical points, and the
impact of noise on stochastic bifurcation of the Swift-Hohenberg equation. We
find the approximation representation of the manifold and the corresponding
reduced systems for stochastic Swift-Hohenberg equation when Lo and v/2L1
are close together.

1. INTRODUCTION

The Swift-Hohenberg equation was initially proposed by Swift and Hohenberg
([Z7]) in 1977 as a simple model for the Rayleigh-Bénard instability of roll waves,
which takes the form

u 2 .

% :au—(lJr%)Zufu‘;. (1.1)
This equation plays an important role in the study of various phenomena in pat-
tern formation, see [4, [0]. It has been studied a great deal, both analytically and
numerically. These fields include the Rayleigh-Bénard problem of convection in a
horizontal fluid layer in the gravitational field [28], Taylor-Couette flow [15], some
chemical reactions [25] and large-scale flows and spiral core instabilities [I]. These
are effects which relate to systems far from equilibrium. In optics, this equation
has been considered in relation to spatial structures in large aspect lasers, and
synchronously pumped optical parametric oscillators. In [34], attractor bifurcation
and asymptotic behavior of the real Swift-Hohenberg equation and the generalized
Swift-Hohenberg equation with Dirichlet boundary condition and periodic bound-
ary condition are investigated, in which the techniques are based on the results
given in [20] 21].
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In [22 23] [24], the authors studied the asymptotic behavior of the solutions of the
Cauchy-Dirichlet problem for the Swift-Hohenberg equation on the domain (0, L),

2
%:au—(l+%)2u7u3, forO<z < L,t>0,
2 1.2
u =0, %:O, at x =0,L, (12)

u(z,0) = up(x), for 0 <z < L,

where the initial function ug is a smooth function, o and o are positive num-
bers. With « and the length of the domain L regarded as bifurcation parameters,
different types of structures in the bifurcation diagrams are presented when the
bifurcation points are closer. We have studied the asymptotic behavior of the
solutions of the Cauchy-Dirichlet problem for the Swift-Hohenberg equation with
quintic nonlinearity [29, 30]. In [32], we have considered bifurcation of a modified
Swift-Hohenberg equation in two spatial dimension with periodic boundary con-
dition. There has been some research in the optimal distributed control for the
modified Swift-Hohenberg equation, see [26].

The dynamical behavior of solutions to stochastic differential equations and sto-
chastic partial differential equations, such as long time behavior, ergodicity, and
periodicity, has been studied in [, [0} [T6] [33]. In the recent two decades, there has
been some research in the impacts of noise on the stochastic dynamics, see [5, [15].
The study of the asymptotic behavior of the following stochastic equation driven
by multiplicative noise in Stratonovich sense

du = (Lou + G(u))dt + ou o dW;

has an extensive literature, see [5l [6l [7, [IT], and the references therein. Here L,
is a linear operator parameterized by a parameter « € R, G(u) represents the
nonlinear terms, W; is a two-sided one-dimensional Winner process, and ¢ € R
gives a measure of the amplitude of the noise.

The dynamics of the stochastic Swift-Hohenberg equation has attracted much
attention in recent years. In [I4], the authors studied the dynamic transitions
of the two-dimensional Swift-Hohenberg equation with multiplicative noise, and
showed that the approximate reduced system corresponding to the invariant man-
ifold undergoes a stochastic pitchfork bifurcation. Li ([I7]) studied the dynamic
transitions of the two-dimensional Swift-Hohenberg equation with multiplicative
noise, the study is based on the stochastic parameterizing manifolds developed by
Chekroun, Liu and Wang ([6] [7]). They both considered « as a parameter to study
the dynamic transitions. Approximation representation of parameterizing manifold
and non-Markovian reduced systems for a stochastic Swift-Hohenberg equation with
additive noise has been investigated in [12]. There are some other results for approx-
imation of manifolds for stochastic Swift-Hohenberg equation with multiplicative
noise in Stratonovich sense [3} 18] 27].

In [31], we studied the dynamical transitions of the stochastic Swift-Hohenberg
equation with multiplicative noise on a one-dimensional domain (0, L). With « and
the length of the domain L regarded as parameters, we showed that the approximate
reduced system corresponding to the invariant manifold undergoes a stochastic
pitchfork bifurcation near the critical points, and the impact of noise on stochastic
bifurcation of the Swift-Hohenberg equation.
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In this paper, we consider the stochastic attractor bifurcation of two dimen-
sional Swift-Hohenberg equation (SHE) on the domain @ = (—L, L) x (—L, L) with
multiplicative noise in Stratonovich sense

du = (au — (14 A)?u —ud)dt + ouodW,;, (z,y)€Q, t>0, (1.3)
with boundary conditions

w(@,y,t) =u(z,y +2L,t) =u(@+2L,yt), (z,y)€Q, =0,  (14)
U(J/'all,t) = —U(—Z‘, _yat)7 (x,y) € Qv t Z 07 (15)

and the SHE with multiplicative noise in Ito sense

du = (au — (1 4+ A)?u —u®)dt + oudWy, (z,9) €Q, t >0,
u(x,yat) :U(.’ﬂ,y+2L,t) :u(:chQL,y,t), (xay) €qQ, t>0, (16)
u(xayvt) = —'LL(—{E, _yat)7 (xvy) € Qv t 2 07

where the initial function ug is a smooth function, a and ¢ are positive numbers,
in particular, W; is a two-sided one-dimensional Winner process. With « and the
length of the domain L regarded as parameters, we study the dynamic transitions
of the the stochastic Swift-Hohenberg equation. One main objective of this paper
is to extend the work in [22] 23] 24 32] to the two-dimensional stochastic Swift-
Hohenberg equation, we will consider the stochastic attractor bifurcation of the
Swift-Hohenberg equation near the critical points, and the case when the bifur-
cation points nearly coincide. With « and the length of the domain L regarded
as parameters, we will study the dynamical transitions of the stochastic Swift-
Hohenberg equation and the impact of noise on the stochastic dynamics of the
Swift-Hohenberg equation.

One standard technique in the analysis of deterministic dynamical systems is
the center manifold reduction. However, the study of the reduction problem of
SPDE to its corresponding stochastic invariant manifolds is much less, one reason
is the incompatibility with large excursions of SPDE solutions caused by white
noise. The above-mentioned difficulty can be overcome by using stochastic pa-
rameterizing manifolds developed (6l [7]). This approach is based on approximate
parameterizations of the small scales by the large ones via the concept of stochastic
parameterizing manifolds, where the latter are random manifolds aiming to im-
prove the partial knowledge of the full SPDE; s solution in mean square error
when compared with its projection onto the resolved modes. Approximate pa-
rameterizing manifolds can be obtained by representing the modes with high wave
numbers as a pullback limit depending on the time-history of the nodes with low
wave numbers for the corresponding backward-forward systems.

This article is organized as follows. In section 2, we recall some results of deter-
ministic the Swift-Hohenberg equation, and introduce some mathematical settings.
In sections 3, 4, and 5, we analyze stochastic attractor bifurcation of the Swift-
Hohenberg equation near the points v/m?2 +n?L; and vm?2 + n?Ls under three
cases. The approximation representation of manifold and the corresponding re-
duced systems for stochastic Swift-Hohenberg equation when Ly and /2L, are
close together are obtained in section 6.
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2. MATHEMATICAL SETTING

We will recall in this section some results of deterministic the Swift-Hohenberg
equation, and introduce some mathematical settings.
Let us introduce the following spaces.

H = {u € L*(Q) : u satisfies (T.4)-(T.5) and / udzdy =0},
Q

Hy=H"(Q)NH,

and with the inner product

1 (L L
(u,v) = —/ / uv dzx dy.

Notice that H and H; are Hilbert spaces, and H; — H is a dense and compact
inclusion. We consider the nonlinear evolution equations

Wt G, (2.1)

dt
u(0) = uo, (2.2)

where u : [0,00) — H is the unknown function, a € R is the system parameter, and
L, : Hy — H are parameterized linear completely continuous fields continuously
depending on « € R, which satisfy

L, = A+ B, s a sectorial operator, (2.3)

where A : H; — H is a linear homeomorphism, B, : H; — H are parameter-

ized linear compact operators. Furthermore, the nonlinear term G(u) = —u? is a
bounded operator such that
G(u,a) = o(||ullg,), Va € R.
Hence the stochastic Swift-Hohenberg equation can be written as
du = (Lou + G(u))dt + ou o dWy. (2.4)
Let
3={(m,n):meN,neZu{(0,n):neN} (2.5)
Then the eigenvalues of the following eigenvalue problem on Hj,
Loy = Ao,
are
A = P(i”m?”%), where P(§) = a — (€2 — 1),
with the corresponding eigenfunctions
ex = Vasin E 1) (2.6)

L

for all (k,1) which satisfies k% 412 = m? +n?, and (k,1) # (0,0), (k,1) € 3. We can
see that {em n, (m,n) € 3} forms a basis of H, and (ep n, €m.n) = 1.
Throughout this article, we consider a positive and small enough, and we let
€ (0,1), then P(&) has two positive zeros:

E=01-Va)'? & =(01+Va)'2
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This implies that A, > 0, when L € (v/m2 +n2L1,vV/m? + n2Lsy), where L1 =
7)€s, Ly =7 /6_. I L € (0, L), then

2 2 2 2

\/m —|—n7r>\/m —l—n7r>l

L Ly Ly
for all (m,n) € 3. This implies that
vm? 4+ n3rw

L

Thus, if L < Lj, the trivial solution is asymptotically stable.
When L is larger than L;, we denote

Amn = P( ) > P(&4+) =0, forall (m,n) € 3.

2 2
Iy ={L>0: p(FEE

) 2 05,

then I, ,, = [VVm2 + n2Ly,vV/m? + n2Ly] for every (m,n) € 3.
For a small,

Ll(a)ww—g\/a, Lg(oz)wﬂ—i—g\/a, as a — 0. (2.7)

If o is small enough, the intervals I,,, ,, will not overlap, but be separated by intervals
in which Ay, > 0.
Suppose there is a gap between the intervals I, ,. Then we define

Wy = (0, Vm? +n2La) — Ui<i<m,1<j<nlij-

From the Fourier series of the solution, as discussed in our previous work [29, [30],
we have the following theorem.

Theorem 2.1. Suppose there is a gap between the intervals I, n, and let u(t) be
the solution of Problem (1.2). Then for all L € II,, ,,, we have u(t) — 0 as t — oo.

Remark 2.2. For the deterministic case of Problem (1.3)), we can conclude that the

equation undergoes a supercritical bifurcation at L = v/m?2 + n2L; and a subcritical
bifurcation at L = vVm? + n2L,.

Note that for fixed K, the number of solutions (m,n) to K = m? + n? may be
lager than two, such as m? +n? = 25 has 6 different solutions (m,n) = (5,0), (0, 5),
(3,4), (3,—4), (4,3), and (4, —3). Here we consider only m > 0.

In the following two sections, we consider stochastic attractor bifurcation of the
Swift-Hohenberg equation near the points vm? +n2L; and vm? +n2Ly. This
is done in two cases: first we assume that K = m? + n? has only two solutions
(m,n) = (k, k) and (k, —k), this case will be discussed in section 3. Then, in section
4, we consider the case when K = m? + n? has only two solutions (m,n) = (k,0)
and (0, k).

3. ANALYSIS OF THE CASE (m,n) = (k, k) AND (k,—k)

In this section, we consider the attractor bifurcation near the points vm?2 + n2L;
and v/m? + n?Lo, in the case the intervals I, ,, do not overlap, and K = m?+n? has
only two solutions (m,n) = (k, k) and (k, —k). That is, we consider the attractor
bifurcation near the points V2kLy and v2kLs.

In this case, the space H; and H can be decomposed into

H,=H{®H;, H=H{®H",
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where
Hi = Span{ek,lm ek,fk}a

and H* is the closure of Hy in H.

We will present a stochastic reduction procedure based on parameterizing man-
ifolds (PM) associated with (L.3). A stochastic parameterizing manifolds [6, [7], as
the graph of a random continuous function ha (&, w) from HE to H*, and for each
realization w, the function is defined for £ € HY.

The PM-based reduced equation for the resolved modes is

duc = (Liue + PoG(ue + us))dt + oue o dWy, (3.1)

where £ € Hf. However, it’s more involved to give an explicit expression of h (&, w),
the key idea ([6l [7])is to provide an approximation of h,(§,w) via the pullback
characterization

ha(§,w) == _lim u{?(€)(T,0-7w;0)).

T—4+oo
Indeed it is too cumbersome to use the above pullback characterization to ap-
proximate the vector field P.G(§ + hq (€, 6iw)) as & varies in H{. We adopt instead
a “Lagragian approach” which consists of approximating “on the fly” this vector
along a trajectory £(t,w) of interest, as the time ¢ flows.

So this is much more manageable and leads naturally to consider, instead of
(3.1), we consider the reduced equation

déy = (LEE + P.G(& 4+ uPD[E(t,w)|(t + T, 0_7w; 0)))dt + o&; o dW,,
£(0,w) = ¢,t >0,

where the notation &; emphasized the t-dependence of the variable &, ¢ = P.uy,

and ug2) can be used to approximate the stochastic inertial manifold and is obtained

from the following backward-forward systems ([3.3))-(3.5]).
For a given t > 0 and T sufficiently large, let us consider the following 2-layer
auxiliary backward-forward system.

dul = LeuMdr + oul) o dW,, 7 € [t — T, 1], (3.3)

du® = (Leu® + P.G(uM)dr + oul® o dW,,T € [t — T, 1], (3.4)

du® = (L:u® + P,G(u? (1 — T,w)))dr + oul® o dW,_p, 7€[t,t+T], (3.5)
with

(3.2)

ulM(r,w)| _, = &(tw),
u£2) (T7 w)|.,—:t = §(t,w),
ug)(T, Q,Tw)|T:t =0,

where ugz) can be used to approximate the stochastic inertial manifold, L¢, = P.L,,

L}, = P,L,. In the systems above, the initial value of ugl) and ug) are prescribed

in fiber 6,w, and the the initial value of uff) is prescribed in fiber 6;_rw. The
solution of system — is obtained by using a backward-forward integration
procedure made possible because of the partial coupling between the equations
constituting this system. Here ugl) and ug) emanate backward from & in Hf force

the evolution equation of ug) to depend naturally on £ but not reciprocally. Here,
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f; is an element of a metric dynamical system, and w is a given realization, 6;_pw

is called a fiber, see Arnold [2].
Since ul!) € HY, we write

ugl)(T, w) = x(ll)(T, w)ekk + wél)(T, W)€k —k,

§(r,w) =&, w)epr + &a(T,w)er, k-

Then by projecting equation (3.2]) onto H{, we obtain

2k
d"Egl) = P(%)xgl)dT + Ul'gl) odWr,T €[t —T.,t],
2k
dz) = P(%)xéndr +oxl) odW,, T e [t — T,
with
xgl)(r,w)’T:t =&i(tw),
M (r, w)|__, = &(tw).

After simple calculation, we can obtain

3
(P.GuM), enp) = —=(2iV)? — 32V (2$D)2,

We write
ng)(ﬂ w) = xgz) (T,w)err + féz)(ﬂ W)ek,—k-

Then we have

2
) = (P2 S0 D ol
+ O’(ﬂ?) odW,,T € [t—T,t],
2k
a2 = (PAET ) 3 (005 — 3aD)al)ir

+ 01‘9 odW,, T e [t—T,t,
with
7 (s,0)|,_, =&t w),
T (s,w)|8:t =&(tw).

Notice that

k 1 k
Gu®) = —2\/5[($§2))3(§ sin 777(‘%[1—1— v _ 1 sin k(e +y) W(i—i_ v)
3 (2 o, . kn(zx—y) 1 . kr(3z+y)
+ i(zg ))ng )(smT - 5 sin "
1 . kn(z+3y) 3 (2, (2 . kr(z +vy)
+ 5 sin T) + §x§ )(x(Q ))2(smT
1. kr(z—3y) 1 . kr(Bz—y)
+ 5 sin ——F—— — g sin ——— )
, ke (2 — 1 Skr(z—
+ (xg))d(gsiniw(m v) - fsinig m(z y))]

4 L 4 L

)

(3.12)

(3.13)

(3.18)
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Then we have

1

(P.G(ul?), esp3x) = §($§2))3, (3.19)
3

(PG(u?), eanr) = 5 (e17) s, (3.20)
3

(PG(P), enan) = =3 (01 as”, (3.21)
3

(PG(®), s i) = 52t (2,7)7, (3.22)
3

(P.G(u®), ex_31) = —§x§2)(:1052))2, (3.23)

) _1 @
(PsG(ue™), esk,—3k) = §($2 )7, (3.24)
<PSG(UE2))7 em,n> = 0) (m) n) E 37 (325)

where 3 = 3—{(k, k), (k, —k), 3k, 3k), (3k, k), (k, 3k), (3k, —k), (k, —3k), (3k, —3k)}.

Since ug) € ﬁs, we set,

ng) = Y1€3k 3k + Y263k, k T Y3€k 3k + Ya€3k —k + Y5€k, —3k + Y6€3k,—3k
+ Z Ym,n€m,n- (326)
(m,n)eg

By projecting (3.5) onto e, ((m,n) € {(3k,3k), (3k, k), (k, 3k), (3k, —k),
(k,—3k), (3k,—3k)}), and with (3.19)-(3.25)), for 7 € [t,¢ + T, we obtain

3V2k 1
\i 7r)yl + i(x(f))g)dT + oy odW,_7, (3.27)

V10km 1
V10kw 1

s + 5(a:§2>)3)dT + oys 0 dWy_r, (3.29)

10k 1
C )y + 5 (@))dr +oys 0 dW, oz, (3.30)

V10kn 1
T s + 5 (e1))dr + oys 0 dW ., (3.31)
3V2kn 1
vm?2 +n?n
L

where (m,n) € {(3k, 3k), (3k, k), (k, 3k), (3k, —k), (k, —3k),(3k, —3k)}, and

dyl = (P(

dys = (P( @3 dr + oys 0 AW, 1, (3.28)

dyg = (P(

dys = (P(

dys = (P(

dys = (P( ()3)dr + oyg 0 dW,_r, (3.32)

AYm.n = P( VYmndT + Y n 0 AW, _p, (3.33)

u,(g,)n(s, O_rw)|s=t =0, (m,n) € 3. (3.34)

It is easy to show that

Ymn =0, (m,n) € 3. (3.35)
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Hence, from (3.26)) and (3.35]), we have
ul?[&](s, 0_1w; 0)
= 11[&](s, 0_7w; 0)esn a3k + y2[§:] (s, 0_7w; 0)esk x4 y3[&e) (s, 0—1w; 0)e 3k

(3.36)
+ yal&e] (s, 0_7rw; 0)esr, —k + ys[&e] (s, 0—7w; 0)er, 3k
+ y6[&e] (s, 0—1w; 0)esr, —3k.
From the form of uf), we now can consider equation (3.2)), by writing
£(t,w) =& (t,w)err + &t w)er, k-
Notice that
G+ uP) = —(Erepr + Eah 1 + Y1€3k.3 + Y23k + Y3€k 3k (3.37)

+ yaesk.—k + Yser,—3k + Yoesk,—ak)°-

Hence by projecting (3.2)) onto ey  and ey, _j respectively, and with (3.37), we
have

&y

V2knw 3
= (P(=7)6 — 580 = 30& — 3&wi — 36195 — 361y — 36wi — 361153

3 3 3
—3&yg + 55?3/1 + 553?}4 - 55395 + 381822 — 38182y3 + 3&1Yays (3.38)

— 3&y1y2 + 3&2y1y3 — 382y2ya — 382y3ys — 382yaye + 3825V
— 3Yy1Y2y3 — 3Y1YaYs — 3Y2y3ya + 3Y2y3Ys — 3Y2YsYe — 3Y3yaye)dt

+ 0'61 o th7
V2kr 3
dgy = (P~ )6 — 5& — 3676 — 36y — 3613 — 3643 — 363

~ 36303 ~ 86213 + 3802 — SEhus + 2 ERus + 3 Eaya — 36Eaus
— 3&1y1y2 + 3§1y1y3 — 3§1y2ya — 3§1Y3Ys5

— 381yaye + 3§1Ys5y6 + 382y2y3 — 3Y1Y2Ys — 3Y1Y3Ya

— 3Y2y3Ys — 3Y2yays + 3Ys3yays — 3Yaysye)dl + o0&z 0 dW,.

(3.39)

To extract information from the PM reduction, we show that the asymptotic
behavior can be completely captured by a sufficiently small neighborhood of the
origin. Using the Ito formula, similar as the proposition 1 in [I7], we have the
following result.

Proposition 3.1. For L near \/ikLl and L > \/?kLl , there exists a random
closed ball Br,(w) such that for every bounded set B C H and almost every w, there
exists a time Tg(w) > 0 so that

¢(t,0_w)B C Br(w), Vt>Tp(w).

It is known from Chekroun et al [0] that the center manifold reduction for the
system holds in deterministic neighborhood of the origin. By considering only
those w such that Bp(w) is small enough so that the center manifold reduction
holds, we expect that the reduced system — has a good description of
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the dynamics of (L.3), then we turn to the study of the reduced systems (3.38)-
. In the study of dynamic transition near \/§k‘L1, higher-order terms can be
dropped, and we can consider the reduced model, up to the leading order.

Now we give the solutions of some above-mentioned equations. From —,
we have

21 (r,w) = Ga(t,w)ePED WD e [t 1),

xél)(T, W) = fQ(ta w)eP( \/iLkwMT_t)JrU(WT(W)_Wt(W”? TE [t - T7 t]

From ((3.14)-(3.17), we have
$(12)(T,w)
t
NERT Y (1) 4 o (W (w)— 3
= 20 (r,w) — / PPt (W=D D (403 4 30D (o)),
23 (r,w)

t
V2kn 3
=x§1)(ﬂw)—/ eP(%xT—ma(WT(w)—wp<w>>[3(9651))23651)+,(x§1>)3]dp.

2
From (3.27))-(3.34)), we have

n(r6rw) = ¢ / PR o Wer ) Wor (o (5 7, ) i,
ya (1, 0_TW)
= Z / PO =)o (Wrn @)= Womr @) (4 (p — T,)) 22 (o — T, )i,
y3(7, 0_1w)
_ ,g /tT P (r=p) o Wr (@)= Wour @) (22 (- T, )22 (p — T, w)dp,
Yya(T,0_7Ww)
3

_3 /T e PCAREE) () o (W ()= Woer D) 1P (), _ T o) (2 (p — T, ) 2dp
2 " b )
ys (7, 0_1w)

:—g / PRt (Weor @)= Wot @) () T, 0) (o8 (p — T, w))?dp,
1 /7 n
ol 0-1w) = 5 / PR e (Wemr ()Wt (D) (o) (p — T, w)) dp.
t

From computations, we observe that

ul?[&](s,0-7w) = O(|| (&1, &) |1°), (3.40)
so for the reduced equation ([3.38)-(3.39)), we obtain the leading order equations
\[lm
dé1 = (P( )61 — 5? — 36,&3)dt + 0& o AW, (3.41)
\/§k7r
dés = (P(T)fz - 553 — 367&)dt + & 0 AW (3.42)
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For L near v2kL, and L > /2kL; , this system has the following 8 nontrivial
solutions:

Sf@m=&¢}mmmw
S34(Bw) = (0, i\/gaL(etw)),

SH(0w) = (Gar(0w), gor (00),

S8 (01w) = (—a1(0w), 501 01),

SE(0w) = (Gar(Ow), — 501 0),

1 1
Si(@tw) = (—gaL(ﬁtw), gaL(etw))y
where

0 P 2k w.
aL(w) = (/ e? (¥FF)T+20 r(w)dT)71/2.

For the system, we have the following theorems, whose proof is essentially the
same as in [6].

Theorem 3.2. The reduced system (3.41)-(3.42)) undergoes a stochastic supercrit-
ical bifurcation at L = \/2kLy in the pullback sense. More precisely, when L near

\/ikLh
(a) For L < \/2kLy, the origin is globally asymptotically stable.
(b) For L > ~/2kLy, the random compact set
Ap(w) = {5} (w), i=1,2,...,8}

18 a random pullback attractor.

As in [I7], let ¢ denote the flow associated with the system, and (&1(t), &2(t)) =
P(t,0_w)(£9,€9) be a solution of the SDE with initial condition (£9,&9). Using
standard arguments in ODE given by [I7], we have

(/3o (@),0), it >,
(3ar(w), ar(w), if & =¢3.

The other cases can be obtained in a similar fashion. In a similar manner, we have
the following results.

Theorem 3.3. The reduced system — undergoes a stochastic subcritical
bifurcation at L = \/2kLy in the pullback sense. More precisely, when L near
\/ékLQ;
(a) For L < +/2kLsy, the random compact set Ap(w) is a random pullback
attractor.
(b) For L > \/2kLs, the origin is globally asymptotically stable.

i (1, 0_) (€0, €0) = {

Remark 3.4. We can conclude that if « is small enough, the equation under-
goes stochastic supercritical bifurcation at L = v/2kL;, and stochastic subcritical
bifurcation at L = v/2kLs.
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Now we consider the stochastic Swift-Hohenberg equation with multiplicative
noise in Ito sense. As for the stochastic Swift-Hohenberg equation with multiplica-
tive noise in Stratonovich sense, we can obtain the reduced equation, up to the
leading order,

d¢; = (P(\/i]m)fl - gi? —34835)dt + o&dWy, (3.43)
dés = (P(\@Lkm)& - gfg’ — 3¢7&)dt + o&odW. (3.44)

For L near v2kL; and L > +/2kL;, this system has the following 8 nontrivial
solutions:

517 (Biw) = (j:\/gdL(Qtw),O),
S34(0,w) = (0, ﬁ:\/gdL(Gtw)),

820 = (50 (00), 5 (0),

38(0) = (~531(0w), 501 (00),

S10w) = (31(0w), — 51 (00),

33(0) = (~531(0w), 501 (00),

where 0
ap(w) = (/ 62(P(7‘/§L’”)—%)T+2awf(w)d7-)71/2. (3.45)
— 00

Theorem 3.5. When L is near \/2kLy, for the reduced system (3.43))-(3.44), we
have:
(a) If L < \/2kLy, the origin is globally asymptotically stable.
(b) If L > V2kLy, and P(@) < "72, the origin is globally asymptotically
stable.
(¢) If L > /2kLy, and P(@) > %2, then the random compact set

Ap(w) ={St (w),i=1,2,...,8}
is a random pullback attractor.

In a similar manner, we have the following results.

Theorem 3.6. For the reduced system (3.43))-(3.44), we have:

(a) If L < \/2kLo, P(@) > %2, then the random compact set Ap(w) is a
random pullback attractor.

(b) If L < /2kLs, and P(@) < %2, then the origin is globally asymptotically
stable.

(¢) If L > \/2kLy, then the origin is globally asymptotically stable.

Remark 3.7. For the deterministic Swift-Hohenberg equation, we can conclude
that the equation undergoes a supercritical bifurcation at L = v/2kL; and sub-
critical bifurcation at I = /2kLy. However, for the stochastic Swift-Hohenberg
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equation with multiplicative noise in Ito sense, we have the above theorem, that is
to say, the noise may destroy the bifurcation, the size of parameter interval may be
shortened.

From Theorems and we see the impact of noise in Stratonovich
sense and Ito sense on the stochastic dynamics respectively, the multiplicative noise
may destroy or induce bifurcations for different stochastic systems.

4. ANALYSIS OF THE CASE (m,n) = (k,0) AND (0, k)

In this section, we consider the attractor bifurcation near the points vm?2 + n2L;
and vm? + n?Ls in the case the intervals I,,, ,, do not overlap, and K = m?+n? has
only two solutions (m,n) = (k,0) and (0, k); that is when the attractor bifurcates
near the points kL, and kLs.

Notice that the space H; and H can be decomposed into

Hy=HS®HS, H=HSo I,

where H§ = span{ey. o, e} and H is the closure of H3 in H.

We will present a stochastic reduction procedure based on parameterizing mani-
folds (PM) associated with (L.3). A stochastic parameterizing manifolds ([6} [7]), as
the graph of a random continuous function hq (&, w) from HY to H*, and for each
realization w, the function is defined for £ € HY.

Projecting equation onto the subspace Hf, we obtain

i, = (L7, + PG (U, + Us))dt + ot o AW,

where ugs = 755u is the unresolved variable, and 73S7 75C are respectively canonical
projections from H to Hf and H*. To obtain a closed form of the above equation,
the unresolved variables w, is parameterized in terms of the resolved variables .
through a random continuous function he (€,w) : HE x Q — H*.

The PM-based reduced equation for the resolved modes is

d€ = (LEE+ PeG(& + ha (€, 0w)))dt + o€ 0 AW, (4.1)
where £ € HY.
Instead of , we consider the reduced equation
dé; = (LE& + PeG(& + 0P [E(tw)](t+ T, 0_7w; 0)))dt + 0§, 0 AW,

£(0,w) = ¢,t >0, (4.2)

where the notation & emphasized the t-dependence of the variable &, ¢ = ﬁcuo,

and ﬂ?) can be used to approximate the stochastic inertial manifold and is obtained

from the following backward-forward systems (4.3))-({4.5]).

We now consider approximation representation for stochastic parameterizing
manifold as pullback limits of backward-forward systems. For a given ¢ > 0 and T
sufficiently large,

dulV = £6uWVds + ouV 0o dW,, e[t —T,1, (4.3)
du® = (L0 + PG (r — T,w)))dr + 0@ o dW,_p, 7€ [t,t+T), (4.4)

du® = (£20P? + PGP (r — T,w)))dr + 0u® o dW,_p, 7€ [t,t+T). (4.5)
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with
a£1)<7—7 w)‘.,-:t = g(tvw)v
3

gg2) (Taw)|.,—:t - (taw),
ﬂf)(f, O,Tw)|T:t =0,
where E; = 7365,1 and Eg = 7355(1.
Since @}, u? € HS, we write
W (r,w) = 7 (1, w)eno + 35 (1, w)eo r, (4.6)
i (r,w) = T (1, w)eno + 752 (1, w)eo r, (4.7)
(r,w) = El (r,w)ex,o + £~1(T, w)eo, k- (4.8)

As in section 3, we obtain the reduced model, up to the leading order, which has
a good description of the dynamics of . By computations, the leading order
reduced equation is given below so for the reduced equation (4.3)-(4.5), we obtain
the leading order equations

& = (P(TE - 58— 368)dt + ofy oW, (4.9)
déy = (P(%”)g} - ;Eg — 3628, dt + 0& 0 AW, (4.10)

When L is near kL; and L > kL, this system has the following 8 nontrivial
solutions:

S12(0w) = (i\/gametw),ox
S34(9,w) = (0, ﬁ:\/gfiL(Otw)),

§(00) = (570 (00), 5T (0),
59(00) = (~ 51 (0w), ~ 571, (0)),

S1(0w) = (531(0), 571 (00),

§(0) = (570 (00), 5 (0),

where .
aw) = ([ rtiprrsan@gr)
For the system, we have the following theorems.

Theorem 4.1. The reduced system (4.9)-(4.10) undergoes a stochastic supercritical
bifurcation at L = kL, in the pullback sense. More precisely, for L near kL1,

(a) If L < kLq, the origin is globally asymptotically stable.
(b) If L > kLq, the random compact set

Ap(w) ={Si(w), i=1,2,...,8}

18 a random pullback attractor.
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Theorem 4.2. The reduced system (4.9)-(4.10) undergoes a stochastic subcritical
bifurcation at L = kLo in the pullback sense. More precisely, for L near kLo,

(a) If L < kL, the random compact set Ap(w) is a random pullback attractor.
(b) If L > kL, the origin is globally asymptotically stable.

Now we consider the stochastic Swift-Hohenberg equation with multiplicative
noise in Ito sense. As the case for the stochastic Swift-Hohenberg equation with
multiplicative noise in Stratonovich sense, we can get the reduced equation, up to
the leading order,

& = (PG — 38 - 36@)it + ofraw, (1.11)
déy = (P(I(“'L”)»S2 - ggg — 3E26)dt + o&adW,. (4.12)

When L is near kL; and L > kL, this system has the following 8 nontrivial
solutions:

&% (Ow) = (i\/gaL(Gtw), 0),
&7 (0iw) = (0, i\/gaL(%w)),

&% (6i) = (2ap (), 2ay (),

3 3
1 1
&9 (w) = (_gaL(etw)y _gaL(atw)),

S7(0) = (5a1(0), 51 (0)),
S8 (hw) = (f%aL(Qtw), éaL(é)tw)).

where

0 o2 ~-1/2
ar(w) = (/ 62(P(%)_7)T+2”WT(“)dT>

We have the following results.

Theorem 4.3. For L near kLy, then for the reduced system (4.11))-(4.12), we have:
(a) If L < kLq, the origin is globally asymptotically stable.
(b) If L > kLq, and P(’%) < %Z, the origin is globally asymptotically stable.
(¢) If L > kL1, and P(XX) > 2=, then the random compact set

Ap(w) = {64 (w),i=1,2,...,8.}.
18 a random pullback attractor.

Theorem 4.4. For L near kLo, then for the reduced system (4.11)-(4.12)), we have:

(a) If L < kLy, P(ET) > %2, then the random compact set Ar(w) is a random
pullback attractor.

(b) If L < kLo, and P(’%) < %2, then the origin is globally asymptotically
stable.

(¢) If L > kLo, then the origin is globally asymptotically stable.
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Remark 4.5. For the deterministic Swift-Hohenberg equation, we can conclude
that the equation undergoes a supercritical bifurcation at I = kL; and subcritical
bifurcation at L = kLy. However, for the stochastic Swift-Hohenberg equation with
multiplicative noise in Ito sense, we have the above theorem; that is to say, the noise
may destroy the bifurcation, the size of parameter interval may be shortened. We
may expect that the noise may induce bifurcation for some systems.

5. ANALYSIS OF THE CASE (m,£n) AND (n,£m)

In this section, we consider the attractor bifurcation near the points vm?2 + n2L;
and vm?2 + n2Ls in the case the intervals I, , do not overlap, and for fixed K.
K = m? + n? has only four solutions (m,+n) and (n,+m) in 3, e.g. 5 =m? + n?
has four solutions (1,£2) and (2,%1) in 3. Here m # n, mn # 0, as these two
cases have been discussed in the previous two sections.

In this case, the space H; and H can be decomposed into

Hy=HS®H;, H=H;®H?®,
where
HS = span{em n; €m,—n, €n.ms €n,—m -
Projecting equation onto the subspace Hg, we obtain
dve. = (LEve + PeG(ve + ug))dt + oue o dWy,

where v. = P.u, and vs = Psu is the unresolved variable, and P., Ps are respectively
canonical projections from H to HS and H*. To obtain a closed form of the above
equation, the unresolved variables us is parameterized in terms of the resolved
variables v, through a random continuous function h, (&, w) : H§ x Q — H®.

The PM-based reduced equation for the resolved modes is

d§ = (LoE + PG (€ + ha(§, iw)))dt + o€ o dWr,

where £ € HS. Using an approximation of hq (£, w) via the pullback characterization
as in section 3, we instead consider the reduced equation

de, = (L5& + PoG(& + vV [E(t,w)](t + T, 0_7w; 0)))dt 4+ 0& o dWy,
§(0,w) = p,t >0,

where T is sufficiently large, ¢ = P.uy, 1)24) is used to approximate the stochas-
tic inertial manifold and is obtained from the following backward-forward systems

6-2-E9).

For a given ¢t > 0 and T sufficiently large, let us consider the 4-layer auxiliary
backward-forward system

vV = £80Wdr + oo o dW,, Te[t—T,1, (5.2)

dv® = (£C @+ p.Gw)dr + ov® o dW,, Telt—T,t, (5.3)

dv® = (L0® + P.GWP)dr + ovl 3>odW Tet—T,t, (5.4)

dv® = (LW + P.GWP)dr + ov® o dW,, 1€t —T,t, (5.5)

dv® = (L20W + PGP (1 — T,w)))dr + oo o dW,_p, 7 €[t,t+T]. (5.6)
with

(5.1)

v (rw)] _, = £t w),
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U£2) (T7 w)|.,—:t = f(t,W),
v®(r, w)|__, =&t w),
U£4) (7—7 w)|.,—:t = §(t,w),
v£4) (7, H,Tw)|T=t =0.
Since ¢ € HS, we write
§(1,w) = &1(T,w)emn + &, w)em,—n + &3(T, W)enm
+ 64(7_3 w)en,—m-

As in section 3, by computations, we obtain the reduced model on the PM, up
to the leading order,

(5.7)

ey = (P e St 363 — 3663 — 36Dt + o6 0dWe, (59
der = (P T, St 3eie, — 3663 — 36D+ 020 dWe, (59
ey = (P M e, St seie, —agies — 3Dt + oty oaWs, (.10
ey = (P Te Bt sede,—seies - st + oty oW (.11

For L near vVm?2 + n?L; and L > v/m?2 + n?L;, this system has the following 80
nontrivial solutions:

811/’2(0““}) = (i\/gal/(gtw)v 07 Oa 0)7
Sy (Ow) = (0, i\/gamtw), 0,0).
S8 (8:w) = (0,0, j:\/gaL(Gtw), 0),

ST8(0,w) = (0,0,0, i\/}m(&w)%

Sy (Guw) = (%aL(gtw),i%aL(Gtw),O,OL
S}Jl’m(@w) _ (_%aL(gtw),i%aL(@w),O,0),
Si3’14(9tw) — (éaL(etw),O,iéaL(etw>70)a
Sf”w(@tw) — (_%aL(etw), 0, i%%(@%% 0),
S8 (g,00) = (éaL(etw),O,O, i%aL(etw)),
51920 (g,.) — (—%aL(@w), 0,0, i%aL(atw))a
S222(9,00) = (0, %aL(etw),ﬂ:éaL(etw)?O)a

1 1
523724(0#0) — (0’ *gaL(atw)? igaL(Gtw)v O)a
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1 1
825’26(9tw) = (0, gaL(Gtw),O, igaL(Gtw)),
1 1
ST (0,w) = (0, —gaL(Qtw),O, igaL(Qtw)),

1 1
SzQ,BO(Qtw) — (0, 0, 7aL(9tw), Zl:*aL(etw))a

3 3
1 1
521,32(0tw) = (0,0, —=ar (fw), igaL(Gtw))
833,34(0tw) _ (:t i Qtw \/TaL Gtw \/TaL(Qtw) )
L 5 15 15
S3536(p ) — (+ 1 (Ouw), — ia (Oyw), ia (6w),0)
I ( tw) _( 15&L tW), 15 L\Vt 15 L\YtW),Y),
837738(9tw) — (:l: iaL(atw) iaL(Qtw) — ia,L(et(J\)) O)
L 5 Vs © Vs o
839,40(9 w) — (i iaL(etw) _ iaL(etw) — iaL(etw) 0)
L t 15 ’ 15 ’ 15 ’7
841’42(9tw) = (+ iaL(ﬁtw) iaL(é’tw) 0 iaL(etw))
L 15 "V 15 7V 15 ’
843’44(9tw) = (£ iaL(Gtw) — iaL(Gtw) 0 iaL(Qtw))
L 15 ’ 15 V15 ’
845,46(0tw) = (+ iaL(Gtw) iaL(Gtw) 0, — iaL(Gtw))
L 15 "V 15 o 15 ’
847,48(9 w) _ (:l: iaL(G w) — iaL(ﬂtw) 0, — iaL(HtCAJ))
L t 15 Hatd 15 o 15 ,
849’50(9tw) = (+ iaL(é)tw) 0 iaL(é)tw) iaL(ﬂtw))
L 15 >V 15 "V 15 ’
551,52(9tw) = (& iaL(etW) 0, — iaL(Gtw) iaL(Qtw))
L 15 » 15 "V 15 ’
S50 ) = (] Lo (0,0 0. 4] (Byw), — LI (Orw))
I ( tOJ) —( ﬁaL( tw)v ) 15a‘L tW), 15 L\t ’
855,56(9 w) = (& iaL(ﬁtw) 0. — iaL(etW) — iaL(9tW))
L t 15 T 15 ’ 15 7
857,58(9tw) — (0 :l:\/TaL(etW) i (etW) iaL(etw))
L ’ 15 ’ 15 15 ’
559,60(9tw) = (0 i\/TaL(Htw) — i 1 (6:w), iaL(9tw))
L ? 15 ’ 15" 15 ’
861 62(9t ) = (0 i\/TaL(Gtw i L(0ww), — iaL(Qtw))
V15 15" 15 ’
1 1
86364(9 w) = (0, j:\/>aL 0,), \/?&L Orw), ﬁaL(Gtw)),

>
~
&
~—
[\
ﬁ
&
=
—~
>
~
&
~
~

1 1 L
525,66(9tw) = (+ \/;aL(Gtw), \/;aL(atW)a \/;aL(
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L’ = \/E \/gaL(Htw)),
5?9’70(0tw)—(i\/2T1 L(0ww), \/QTl L(0w), \/QTl L(0w), \/2T1 L(0w)),

T2(g,w) = @ @ L(0w)),

7 _
73,74 _ i 1 B i i

ST (0) = (] gan (0), \/21%(@@, Varan0). ) sas (0w))
5, _ 1o, 1.
L N 21 21
I T,

@,
3
<)
o)

—~
>
oy

S

S~—
—
H,

ﬁ

)

h

Qz

o~

E

ﬁ

)

h

Q:

o~

E

£ (0iw)),

5 1 1

ST 75(0,w) (iﬁéi L (0,w), ”éi L(0,w),

77,78 _ 1 1 _

Sp T (0w) = (1) grac(0w), || 5rac(0w). [ —grar(0w), =/ 5rar(Ow)),
879809, = i,/l ) L L LI

L (Bw) = ( ﬁ L(Ow), — ﬁ ar(fw), — ﬁ ar(0w), — ﬁ ar(Oww)),

where
0 2 n2x
ar(w) = (/ ezp(@)ﬂr%wf(“’)dﬂ*lﬂ. (5.12)

Let ® denote the flow associated with the system, and
(gl (t)a 52 (t)v 53 (t)a 54(t)) = CD(ta G,tw) (5(1)7 gga ggv fg)

be a solution of the SDE with initial condition satisfying &9 > €9 > €9 > £ > 0.
Using standard argument in ordinary differential equations, we have

(£1/2aL(w),0,0,0),  if & > €9,
hm @(t 0_ )(g vg vg af \/>
tW)(§1,62,83,64 { 3CLL( W), ;}CLL( ),0,0), if g? :ﬁg.

The other cases can be obtained in a similar fashion. In a similar manner, we have
the following results.

Theorem 5.1. The reduced system (5.8))-(5.11]) undergoes a stochastic supercritical
bifurcation at L = v/m?2 4+ n2Lq in the pullback sense. More precisely, when L near
vm?2 +n2Lq,

(a) For L < vm2 4 n?Ly, the origin is globally asymptotically stable.

(b) For L > +v/m? 4+ n?Ly, the random compact set

Ap(w) = {8k (w),i=1,2,...,80.}
18 a random pullback attractor.
Theorem 5.2. The reduced system (5.8))-(5.11) undergoes a stochastic subcritical
bifurcation at L = v/m?2 + n2Ly in the pullback sense. More precisely, when L near
vVm2 +n2Ls
(a) For L < +/m? + n2Ly, the random compact set Ar(w) is a random pullback

attractor.
(b) For L > +v/m?2 + n?Lsy, the origin is globally asymptotically stable.

For the stochastic Swift-Hohenberg equation with multiplicative noise in Ito
sense, we have similar results to the previous cases; here we do not state them.
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6. ATTRACTOR BIFURCATION ANALYSIS WHEN v/2L; AND Ly COINCIDE

In this section, we analyze the stochastic attractor bifurcation when the bifur-

cation points Lo and v/2L; are close together, i.e., when a = % + ¢ where o = %

satisfies Lo(a) = v/2L1(a) and ¢ is positive and small. In this case, the space H;
and H can be decomposed into

H,=H{®H;, H=H{®H?
where
H{ = span{e10,€0,1,€11,€1,-1}-
Projecting the above equation onto the subspace Hf, we obtain
dve = (LEV: + PG (Ve + Us))dt + 0U, 0 dWy,

where v, = P.u, and v, = P,u is the unresolved variable, and P.., P, are respectively
canonical projections from H to Hf and H”. To obtain a closed form of the above
equation, the unresolved variables v, is parameterized in terms of the resolved
variables v, through a random continuous function h, (&, w) : H x Q — H®.

The PM-based reduced equation for the resolved modes is

dé = (LEE+P.G(E+ ho(§,0iw)))dt + o€ o dWr,

where £ € HS. Using an approximation of h,,(§,w) via the pullback characterization
as in section 3, we instead consider the reduced equation
& = (L5& + PG (& + vV [E(tw)](E + T, 0_7w; 0)))dt + o€, 0 AW,
5(07"‘]) =p,t>0,
where T is sufficiently large, ¢ = P.uy, 5§4) is used to approximate the stochas-
tic inertial manifold and is obtained from the following backward-forward systems

©-2)-E©-9)-

For a given t > 0 and T sufficiently large, let us consider the following 4-layer
auxiliary backward-forward system

dvV = £e7Wdr + oo 0 dW,, T e [t — T, (62)
£ +P. G(N(l))dTJrav(Q) odW,, Te€elt—T,t, (6.3)
{ Y+ PCED)dr + 07 0 dW,, TE[t—T)t],  (6.4)

o = (LT + P, G( D7 + ot 0dW,, re[t-Tt,  (65)
ol = (L5700 + PG (1 — T,w))dr + 00V 0 dW,_z, 7€ [t,t +T] (6.6)

(6.1)

with
M (rw)l,_, = &(tw),
P (rw)l,_, =&t w),
TP (rw),_, = €&t w),
M (rw)l,_, = &t w),
oW (r, G_Tw)|T:t =0

Since € € Hf, we write

E(r,w) =&i(r,w)ero + &a(T,w)en, 1 + &3(T,w)err + (T, w)er,—1. (6.7)
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By computations we obtain the reduced model on the PM, up to the leading order,

de = (P(T)e — 268 — 3608 — 3608 — 3618 — 36a6aba)dl + 06y 0 AW,
0 3

dé2 = (P(3)é — 553 — 3616 — 3665 — 3667 + 366380)dt + 0 0 AW,
g = (P06, — 363 a6, — 3636, — 3663 — 226 + Sedea)it + o6y 0 W,
des = (P20, — 3t —sgte, — 3636, — 36k — 226+ Sedea)it + o6y 0 W,

From the above, we obtain the approximation representation of manifold and the
corresponding reduced systems for stochastic Swift-Hohenberg equation when Lo
and /2L, are close together. The performances achieved by the above reduced
system can approximate dynamics on the Hf modes in modeling of the pathwise
SPDE (1.3). The dynamical behavior of the above reduced system is not easily
to analyze because of its complex structure. In fact, it is possible to achieve good
modeling performances of solution from these results.
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