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Two functionals for which C3 minimizers are also
1 Co .
W, " minimizers *

Yanming Li & Benjin Xuan

Abstract

Brezis and Niremberg [1] showed that for a certain functional the C§
minimizer is also the H} minimizer. In this paper, we present two func-
tionals for which a local minimizer in the C& topology is also a local
minimizer in the Wol’p topology. As an application, we show some ex-
istence results involving the sub and super solution method for elliptic
equations.

1 Introduction

It is well known that for a domain € with smooth boundary in R”, the W,
topology is much weaker than the C} topology. Therefore, a I/VO1 "P(Q) neighbor-
hood of function u contains much more elements than the corresponding CZ ()
neighborhood. As an example, let B1(0) be the unit ball in R"™,

1
)= — —
@)= s
and «, p satisfy 0 < o <n—1, (a+1)p < n. Then f(z) & C5(B1(0)), while
f(z) € WyP(By(0)). Hence, the C} minimizer of a functional @, if exist, is
not necessarily the VVO1 P minimizer. In the following example, = (0,1) in
R'. For a function u in C}((0,1)) or in Wy((0,1)), we write du as the weak
differential quotient of u. Since weak differential quotients different only on a
set of measure zero, we denote by u’ weak differential quotient with the least
number of discontinuous points. Let I' = {x € suppu : [u/(z)| < a < 1} and

() = limsup,cp{u/(z)}, if T #0,
“ o, it T = 0.

If w € C§((0,1)) then v’ € Cy((0,1)). It is easy to see that ug = 0 is a local
minimizer of ® and ®(ug) = 0. However, ug is not a local minimizer in the T/Vol’p
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topology. Let

(x —a), r € [a, 6],
oL, e,

(x_b)7 YIS [572171)]7

0, z € (0,1)\[a, b].

where [a,b] is a closed subinterval of (0,1), 6} = (a+ %t2)/(1+ 1) and 62 =
(b+ %) /(1+1). Thus u, € W, P((0,1)), and ||un—u0|\W01,p < ¢, for any given
€ > 0 as n — oo. Moreover,

L, xela,dy) U 07,0,
u:z: _%v [511176721]7

0, (0,1)\[a,b] .

Then ®(u,,) = limsup,p{u'(z)} = —1 which is less than ®(ug) = 0.
In some special cases, the minimizer in the C} topology of is also the min-
imizer in the W, " topology. Brezis and Nirenberg [1] showed that for the

functional )
\I!(u):/ —|Vu|2—/F(ac,u)7
Q2 Q

the C§ minimizer is also a minimizer in H{, under certain conditions on F(x,u).
In this paper, we present another two of these kinds of functionals: The first
functional is

B(u) = %/Q(Z g g, + cu?) —/QF(x,u),

ij=1

whose C} minimizer is also a minimizer in H{ for coefficient functions a7, ¢
(i, = 1,--- ,n) satisfying an ellipticity condition. The second functional is

<T>(u):%/9|vu|h/QF(x,u).

Its O3 minimizer is also a minimizer in WO1 P p < n, under certain conditions
on F(z,u).

We will give examples of functionals for which the W, * (or the H}) mini-
mizer is not easy to find, but we can find C} minimizers instead. Then we show
that it is also a minimizer in the VVO1 P (or the H}) topology. In some cases, it is
easier to find minimizers of functional truncated by a constant, and then show
that the minimizer of the truncated functional is also the local minimizer of the
original functional in the C} topology.

Next, we introduce some Lemmas to be used later.

Lemma 1.1 Let Q be a domain in R™ and g : Q@ x R™ — R"™ be a Carathéodory
function such that for almost every x € €,

lg(z,u)| < a(z)(1 + |ul)
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with a € Ln/Q(Q). Let u € W2(Q) be a weak solution of —Au = g(-,u) in

loc loc

Q, then u € LL (), for any ¢ < co. If u € W33(Q), and a € L"/3(Q), then

loc

u € L), for any q < oo.

The proof of this lemma is given in the appendix; see also [2, p. 244]. The
conclusion can also be obtained for divergence elliptic equations, as stated in
the lemma below.

Lemma 1.2 Suppose u € HE(2) is a weak solution of Lu = g(-,u) where

n

Lu=— Z (aij(x)uxi)wj

ij=1

with bounded coefficients a7 = a7* satisfying the uniformly ellipticity condition

n

> g > 0€P, 0> 0, for any € € R,

i,j=1

and |g(x,uw)| < a(z)(1 + |u|) with a(z) € L™?(Q). Then u € LI(Q), for any
q < o0.

Proof. Let u € H} be a weak solution of Lu = g(-,u), in the sense that

n
/ > aug, ., = / g, forany ¢ € Hy(Q). (1.1)
Q57 )
We choose s > 0, M > 0. Let ¢ = umin{|u|?*, M2} € H}(2), then
{uzj min{|u|?, M?} + 25|u|25umj, |u(x)|® < M,

wa, ming[uf2*, M2}, fu(@)|* > M.

Multiplying (1.1) by a test function ¢, we have

n n
/ Z au,, Pz, = / Z aijuxiuxj min{|u|?*, M?}
Q Q.

i,j=1 i,j=1

+25/ || 25 ( aug,uy )
{20 Ju(@)]* <M} 2, o initi,

ij=1

Y

9/ |Vu|? min{|u|?, M?} (1.2)
Q

+230/ || Vul?.
{2€9; [u(z)|*<M}
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From the proof of Lemma 1.1, and (1.2), we have

[ V@ min{u MDP < C [ [FuP mingu,0r)
Q Q

n
< [ auu, minfluP, 0r%)
Qy5=1
n
v | WS )
{zeQ; u(x)|* <M} i,j=1
n
- c/ > aug, - oo, SC/ lg] - ]
=1 “
<

¢ [ fallu? mindfup, 22%).
Q

Here and hereafter we denote all the constants with the same symbol C. Then
as in the proof of Lemma 1.1, see [2, p.244], we obtain u € L%(2), for any
q < 0. O

Remark 1.1 If Lu = —szzl(aij(x)umi)z_j + cu, with bounded coefficient

functions a¥ and c sufficiently smooth, and a¥ = a’* satisfying the uniformly
ellipticity condition, then with the condition in Lemma 1.2, the conclusion is
also true.

For the operator A,, A,u = —V - (|Vu[P~2Vu), we have the following state-
ment.

Lemma 1.3 Let 1 <p <n, f € L*(Q) for some s > n/p, and u € W,"*() be
a weak solution of

Apu=f, inQ,
u=0, on 9.
Then u € L () and there exists ¢ = ¢(n,p, |Q|) such that

1/(p—1)
Lo(Q) -

[ull= (@) < cllf]
The proof of this lemma is a straightforward application of Moser’s iterative
scheme(cf. [3, 6]).
2 Divergence elliptic differential operator

In this section, we are concerned with the relation between the H} and C}
minimizers of the functional

D(u) = /Q[%( Z a7 ug, ug, + cu®) — F(z,u)dz,

ij=1
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where

F(z,u) = / flx,s)ds.
0
Here f(x,u) is a Carathéodory function, satisfying the natural growth condition
|f(z,u)] < K(1+ [uff) (2.1)
(n+2)

(n-2)
We call u € H(£2) a local minimizer of @, if u is a weak solution of

where K is a constant and p < for n > 2.

Lu=f, in €,

2.2
u=0, on . (22)

where Lu = — 371", (a¥ (x)ug, )¢, +c(x)u satisfies the hypotheses in Remark 1.1.
Our main theorem is as follows.

Theorem 2.1 Assume ug € HZ () is a local minimizer of ® in the C¢ topology:
this means that there exits some r > 0, such that

d(ug) < (ug +v), VYveCy(Q) with [vlleg <. (2.3)

Then ug is a local minimizer of ® in the H} topology, i.e. there exists eg > 0
such that

O(up) < ®(up +v), VYve Hy(Q) with vl < eo- (2.4)

Proof. 1. We claim that ug € C&’Q(Q), for any 0 < o < 1. In the case
p < (n+2)/(n —2) we can prove the regularity of ug by a bootstrap argument
[4]. For p = (n+ 2)/(n — 2), the standard bootstrap procedure does not work.
We now define

f(.’]?, UO)

T 1 Juol

a(z)

then by (2.1),
la(x)] < Clug(@)[P~! < C'lug(x)| 7.

Note that ug(x) € H}(Q) — L3 (Q), so we have a(z) € L™/2(Q).

Then we can deduce from Lemma 1.2 that ug € L2(Q), for any ¢ < oo,
furthermore, since |f(z,up)| < K(1 + |uoLp), then f(z,ug) € L4(R), for any
q < oo. From (2.2) we deduce that ug € W;"(Q), for any g < co. By a Sobolev
embedding with ¢ large enough, W% < C;*(Q); therefore ug € Cy*(9Q), for
any 0 < a < 1. Without loss of generality we may now assume that uy = 0.

2. Now we prove Theorem 2.1 in the subcritical case p < (n+2)/(n—2). Suppose
the conclusion (2.4) does not hold. Then

Ve >0, v, € B, such that @®(v.) < ®(0), (2.5)
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where B, = {u € H}(Q) : [ull zy < €}, For each j consider the truncation map

—J, ir<-—j,
Tj(’l"): T, if _]STS%
7, if r > 4.

Set

fi(x,s) = f(x,Tj(s)), Fj(z,u)= /0“ fi(x,s)ds,

D (u) = /Q[%( Z a“ug g, + cu?) — Fj(z,u)]da.

i,j=1

Then, for each u € H (), ®;(u) — ®(u) as j — oo. Hence, from (2.5) we
know for each ¢ > 0 there is some j = j(e) s.t. ®,(v.) < ®(0). Now we point
out ®; is coercive and weakly lower semi-continuous. ®; is coercive, because

i) > 0 /Q (IVuf? + |elful)dz - /Q /0“<1+|Tj<s>|p>dsdx
> 0 [ (Ve +eluP)o — [ (14 57)lulda)

> 9/(|Vu|2+c\u|2)dx—06/ lu|?dz — C(e)
Q Q

\%

9/ (IVul? + C'uf?)dz — C(e)
Q
> Clully - ).

Note that [, (327 ;_y @ug,uq; + cu®) is equivalent to the norm [jul| gy and is
weakly lower semi-continuous. Using Lemma 2.2 below, we can deduce that

Ej(u) = / Fj(z,u)dx = /(F](%u) +0-Vu)dx
Q Q
is weakly lower semi-continuous, so ®; is weakly lower semi-continuous.

Lemma 2.2 Assume that F : Q@ x RN x RN — R is a Carathéodory function
satisfying the conditions

1. F(x,u,p) > ¢(x) for almost every x,u,p, where ¢ € L*(2).
2. F(x,u,-) is convex in p for almost every x,u.

Then, if tm, u € WU (Q) and wn, — w in L), Vun, — Vu weakly in L' (Q)

loc

for all bounded Q' CC Q, it follows that

E(u) < liminf E(um,)

m—00

where E(u) = [ F(x,u, Vu)dz.
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The proof of this lemma can be found in [2, p. 9].
Then ®; is bounded from below and attains its infimum in B (which is
closed and convex, so it is a weakly closed subset), suppose

D, — min ®;
g (we) min 5. (u),

we have
B, (w,) < B, (v.) < B(0). (2.6)

The corresponding Euler equation for w, involves a Lagrange multiplier p. < 0
(cf. Generalized Kuhn-Tucker Theory in [5]), namely, w, satisfies

(@ (we), )1y = pe(we - Oy, V¢ € Hy(9),

i.e.
n

[ I s+ cwit = filawid = e [ Fwe V6 e HY(@)

k=1

This implies (Lw, — peAwe) = fj(z, we). Let L'w. = (Lwe — peAw,), then

L'we = 2": (@' (We)wyluy + cwe, where aF = o —pe, k=1,
et akt, k#I.

Note that pe < 0. It is easy to check that a*' still satisfy the uniformly ellipticity
condition.

Since L'w, = fj(z,we) and p < (n—2)/(n+2), using a bootstrap procedure,
we can derive from |lwe|g < C, that ||w5||cé,u < C, where C is a constant
independent of €. Then

wp () =00

; oy <C< oo, Ve>0.
x,ye -

This implies that the w.’s are equicontinuous and |w.| < 2C diam(f2), for all
x € (), which means w, are uniformly bounded. Then by Ascoli Theorem,
{w.} has a subsequence converging in C}(2), still denoted by {w,}. Then since
|well[g — 0 as e — 0, we can derive [|wellcz — 0 as e — 0, i.e. we — 0 in
C}(Q), as € — 0. Then for € small enough, we have

D(we) = ;o) (we) < B(0).

This contradicts (2.3); therefore, (2.5) can not hold. Thus Theorem 2.1 is proved
for the subcritical case.

3. In the critical case p = (n + 2)/(n — 2), since H}(Q) — L%(Q) is not
compact, a bootstrap argument does not work. But we still have

L'we = (Lwe — peAwe) = fi(z,we)
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and
i, wd) = o Ty(wa) < K (14 [Twol?) < K (L4 ). (27)
Let
i) = 2,
then

()] < ClwdP~™ < Clwd 72 € L2(9).

By Remark 1.1, we € L%(2), for any ¢ < co. From (2.7) f;(z,we) € L4(Q), for
any ¢ < oo. Then w, € Wg’q(Q), for any ¢ < oo, then w, € C’é’a(Q), for any
q < oo. Consequently, w, — 0 in C} since w. — 0 in H}. Thus Theorem 2.1 is
proved. O

As an application of Theeorem 2.1, we will obtain an existence result of
divergence elliptic equation involving the sub and super solution method. First,
we give a lemma:

Lemma 2.3 Let Q2 be a bounded domain in R™ with smooth boundary OS2. Let

u € Li (Q) and assume that, for some constant k > 0, u satisfies

Lu+ku>0, inf,
u>0 in Q.

Then either uw = 0, or there exists € > 0 such that
u(z) > edist(x,00Q), in Q.

Proof. Let u = Lu + ku, then p > 0, we may assume u # 0.
Case 1: p=0. In this case u € C*(Q),

Lu+ku=0, u>0, in{Q.
Since u # 0, u > § > 0 in some closed ball B in . Suppose h solves

(L+k)h=0 in Q\B,
h=46 ondB,
h=0 on 0f.
Using the maximum principle, we have v — h > 0 in Q\B. Using the Hopf
Lemma, we have

|h(z) — 0| .
LA S BN
ist(z, 09) e>0, inQ\B

for some € > 0; that is h(z) > edist(z,9Q) in Q\B. Then

u(x) > edist(z,09), in Q\B.
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Since  is compact, there can be found e, such that u(x) > edist(x, ) in €.
Case 2: p # 0. Let ¢ € C§°(Q2) be a cutoff function, 0 < ¢ < 1, such that
Cu # 0. Let v be the solution of

(L+k)v=C_Cu inQ,
v=0, on JN.

Since (u > 0, using Hopf Lemma, we have v(z) > edist(z,99) in Q.
Now we claim u > v in . Given any a > 0, we will prove that u = u+a > v
in Q. Let w = u — v, then we have

(L+kw = (L+k@ut+a—v)=(L+ku—-(p+(L+ka
= (L+ku—Cu+ (c(z)+k)a
= 1-=Q0p+ (c(z)+ k).

Let k be large enough, so that ¢(z) + &k > 0 for all x € Q, then w satisfies
(L+k)w=(1-=u+ (c(z)+k)a >0, in Q (2.8)
and
w >0, in Ny{z e Q;dist(z,00) < n}, (2.9)

provided 7 is sufficiently small (depend on «). The last property (2.9) follows
from the fact v is smooth near 92 and v = 0 on 9. Let {p;} be a sequence of
mollifiers with supp p; C Q/Ny/;. Set wj(x) = [, p;(x — y)w(y).

Clearly wj; is smooth,and by (2.8) we have

On the other hand, from (2.9) we deduce w; > 0 in N(,_1/;). Provided that j

is large enough, 2/j < n, then w; > 0 in N(1ye, thus wj >0 on 8(Q/W1/J—),
J

using the maximum principle, we have

Passing to the limit as 7 — oo we see that w > 0 in €2, which is the desired
conclusion. O

Theorem 2.4 Assume that u and W are sub and super solutions in C1(Q2) in
the weak sense:

Lu— f(z,u) <0< Lu— f(z,u) inQ,

u<0<u onof.

Moreover, assume that neither u nor @ is a solution of (2.2). Then there is a
solution ug of (2.2), u < ug <1, such that, in addition, ug is a local minimum
of ® in H}(Q).
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Proof. 1. We introduce an auxiliary function

B flz,u(x)), if s <u(x),
f(z,s) =< flz,s), if u(z) < s < u(x),
f(z,u(x)), if s >u(x).

which is continuous in s. Also set

F(z,u) = /Ou fla, s)ds

P(u) = /Q[%( Z a7 ug ug, + c(z)u?) — F(z,u)|dz.

4,j=1

Let u be a minimizer of ® on H}(9Q); as before, we can say that the minimizer
is achieved and satisfies

Lug = f(x,ug) in .

Thus up € WeP(Q), Vp < co.
2. We claim that u < ug < w; we will just prove the first inequality. Indeed we
have

L(u — o) < f(z,u) — f(z,uo), (2.10)
and in particular
L(u—1wup) <0, inA={ze€Quo(z)<u(x)}

Since u —up < 0 on A, it follows from the maximum principle that u —ug <0
in A. Therefore A = () and the claim is proved.
3. Returning to (2.10), we have

L(u —uo) + K(u—uo) < (f(z,u) + ku) — (f(z,u0) + kug) <0,

here we let k be large enough, so that f(z,u) 4+ ku is nondecreasing in w, for
a.e. x € €. Since u is not a solution, it follows from Lemma 2.3 that there is
some € > 0 such that

w(x) —up(z) < —edist(x,00), Vel
Similar inequality is obtained for for w. therefore,
u(z) + edist(z, 0Q) < ugp(z) <u(x) — edist(z,0Q), Ve
It follows that if u € C5(Q) and [u — uo|cp < € then
u<u<u in .

Next, we use the fact that F(z,u) — F(z,u) is a function of 2 alone for u €
[u(z),u(z)]. In particular, ®(u) — ®(u) is constant for |[u — ugcz < €. Hence,
up is a local minimum of ® in C} topology (since it is a global minimum for <i>)
Now, from Theorem 2.1, we claim that ug is also a local minimum of ® in Hg
topology.
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3 The A, operator

Let u € Wy P(Q) be a weak solution of

Apu= V- ([Vu’Vu) = f(z,u) inQ,

u=0 on 0. (8:1)
in the sense that u satisfy the equation
/Q(Vu|Vu|p_2V<p — fo)dz =0, Ve WiP).
We consider the functional
O(u) = %/QHVu\p — F(z,u)]dz, (3.2)

where F(z,u) = [ f(x,s)ds, with f(z,r) continuous in Q x R", and

|f(z,r)| < K(1+[r[") with v <p*—1.
np
n—p
embedding of W, *(Q) into LP" (). Note that u is a weak solution of (3.1) if u
is a minimizer of (3.2).
For the operator A, the conclusion of Theorem 2.1 is still true. In fact, we
have the following statement.

Here p* =

is the critical Sobolev exponent corresponding to the noncompact

Theorem 3.1 Assume @ is as in (3.2), up € Wy P(Q) is a local minimizer of
® in the C} topology. Then ug is a local minimizer of ® in the Wol’p topology.

To prove this theorem, we need the following Lemma, whose proof relies
partially on Lemma 1.3. The rest of the proof is almost the same as that of
Theorem 2.1.

Lemma 3.2 Assume 1 < p <n and f(z,u) is continuous in Q x R™ satisfies
|f(z,7)| < Clr[" + D, V(x,7) € AxR",

where C'"and D are real constants and v < p* — 1 if p <n, or any positive real

number if p=n. If ug € Wy'*() satisfies (3.1), then u € Cy*().

The proof of this lemma can be found in [6].
As a counterpart of Theorem 2.3, we present the following theorem with a
new proof.

Theorem 3.3 Assume (3.1) has sub and super solutions in C*(Q), and suppose
w and u satisfy
Apu— f(z,u) <0< Ayu— f(z,@), inQ,

3.3
W< 0<T  ondq. (3.3)

Suppose |fL(-,z)] < C for some constant C, then there is also a solution uy of
(3.1), u < ug <7, such that ug is a local minimum of ® in Wy (Q).
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Proof: 1. Set
flz,u(x)) if s <u(x),
f(z,s) =< flz,s) if u(z) < s <u(x)
f(z,a(x)) if s > u(x);

F(z,u) = /Ou flz, s)ds, ®(u) = %/Q[|Vu|p — F(z,u)]dz.

Since |f/,| < C, we can fix a number A > 0 large enough so that the mapping

z— f(-,2z) + Az is nondecreasing. (3.4)

Now write up = u, and define ug (k =0,1,2,---) inductively: ug41 € Wol’p(Q)
is a nonzero weak solution of

~V  (IVurs1|P "2 Vugsr) + Miggr = f(@,up) + My in Q,

(3.5)
ug+1 =0 on 99.

The nonzero weak solution exists. In fact, ui11 is a weak solution of (3.5), in
the sense that ugy; is a local minimum of the functional

d(u) = /Q[%wuv’ + %uQ — (f(2, ug) + Aug)u]da.

It is easy to check that <i>(u) is coercive and weakly lower semi-continuous, hence
it attains a local minimum in W, (Q).
2. Now we claim

u=u <u < <up,<--- a.e in €. (3.6)

Note from (3.5) for k=0, we have

—Apuq + Aug = f(z,ug) + Auo,

in the sense that uy satisfies

/(Vu1|Vu1|p_2Vgo+)\u1cp)dx z/(f(x,uo) + Aug)pda. (3.7)
Q Q

for each ¢ € H}(Q2). From its definition, u satisfies
/ VulVul 2V pde < / Fla,wedr, Yo e WiT(Q).  (38)
Q Q
Compare (3.8) with (3.7), note that ug = u,. For any ¢ € Wy () we get

/ [(Vauo|Vug|P~2 — Vi |Vug [P72) Ve + AMug — uy)pldz < 0,
Q

Uy — Uy, Ug > U (3.9)
@—(UOU1)+—{ 0 1 0 1

07 Ug S uy.
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Then ¢ € Wy*, and

D(ug —uy), a.e. on{ug > ui},

Dy = D(ug —ur)* =
@ (uo — u1) {0’ a.e. on{ug < uq}.

Multiplying (3.9) with ¢, we have
/ [(Vuo|Vug|[P~2 — Vg |[Vug [P~2) (Vug — V) 4+ Mug — up)?]dz <0,
{U0>u1}

so that L{uo > w1} = 0 with £ for Lebesgue measurement. If Vuy = Vu; a.e.
in Q, then testing (3.9) with ¢ = (ug — uq)™, we have

/ AMug — up)?dx <0,
{uo>u1}

there still has £{ug > u1} = 0, that is, ug < uy a.e. in Q.
Now assume inductively up—1 < wug a.e. in §, from (3.5), for any ¢ €
W, P(£2), we have

/(Vuk+1|Vuk+1|p72V<p + Mg p1p)de = /(f(:z:,uk) + Aug)pdz,  (3.10)
Q Q

/ (Vuk\VukV’*QVgo + Augp)dr = / (f(z,up—1) + Aug—1)pdz, (3.11)
Q Q

Subtract (3.10) from (3.11) and set ¢ = (ur — ups1)™, noting f(-,2) + Az is
nondecreasing to z, we deduce

/ [(VukWukV’_z - Vuk+1|Vuk+1\p_2)(Vuk - VukH)
{uk>uk+1}
+ AMug — uk+1)2} dz
— 1)+ Nanr) = (Flue) + M) = ) < 0,
Q

while L{Vuy # Vugi1} # 0; and we have

/ Mup — upy1)?da
{uk >uk+1}

- /Quf(uk_l) A1) — (Flug) + M) (u — ) e < 0,

while Vup, = Vugqr ae. in Q. Hence L{ur > ugy1} = 0, ie. wup <
Uk4+1 a.e. in €2, as asserted.
3. Next we show that

up <u, aeinQ (k=0,1,---),
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while £ = 0, there hold ug = v < w. Assume inductively u; < u, a.e in 2. Then
from the definition of @, there holds

/Vﬂ|Vﬂ|p‘2V¢dIZ/f(%@@dw, Vi € WyP(9),
Q Q

compare with (3.10) and setting ¢ = (ug11 —u)", we find
/ [(Vug1|Vuga P72 = Va| ValP=2) (Vug1 = Va) + Mug 1 —1)%]da
{up+1>w}

- /Q (Flun) + Mug) — (F(@) + 0] (gas — 7)o < 0.

As before, we conclude ui4+1 < a.e. in .
4. From steps 2 and 3, we have

u<--<up <ugp <---<W, ae in ),

as ug (k=1,2---) are solutions of (3.5), using Moser’s iterative scheme which
we cited in the proof of Lemma 1.3, we have uy, € L9 forall ¢ < oo, (k=1,2---),
since |f1(+,2)| < C, then f(-,z) < ¢(1 + |2|), so that f(-,u;) € L9, then from
(3.5), we deduce uj, € W9 for all ¢ < oo, (k=1,2---). We can also deduce
from (3.5) that

lurllfyza < CUF (ur-0lZa + luk-1ll74)
< OO+ [Jug—llza)
< O+ max{|ullLq, [7ll7})-

So that wuy, is unified bounded in Wg9(Q), hence there exists a subsequence
converging in V[/'OQ’Q(Q)7 still denote wuy, i.e.

wp — ug, in W), (3.12)
set ¢ be large enough, then W% << C3'*, and
up — ug, in Cy*(Q).

From (3.12), let & — oo in (3.10) and cancelling the same item on both sides,
we get

/ Vuo|VuolP 2 Vpds = / f(xmo)(pdx, Ve Wol’p(Q).
Q Q

. l.a - .
This means ug € Cy’” is a weak solution of

Apu:f in Q,
u=0 on 0f.
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Hence we have a local minimizer of ®.
Then given % and u in C'*(Q) satisfying the assumption (3.3), we can deduce

u<uy<u, a.e. in €,

Let A ={x € Q:u(x) =u(x)} U{z € Q:u(x) = ug(z)}, then L(A) =0

(if not, L(A) > 0, since ug, u, and w are all continuous, then there must be
u(z) = uo(w) or u(x) = ug(x) on A, so Apyu = Ayug or Ayt = Apug on A, and
this contradicts (3.3).). Thus Q' := Q\A CC Q is still a domain in R™. and

u(z) < ug(x) <u(z), forany x in ',
so when set € be small enough, and [lu — ugl|cz < € there has

u<u<w in .

Denote ®(u) = %fﬂ,[\VuV’ — F(z,u))dz, and ®(u) = Z—lij,HVuP“ — F(z,u)]dz,
then ug is a C1(€’) local minimizer of ®, then as we do in Lemma 2.4, noted
the fact that ®(u) — ®(u) is constant for |ju— oz < €, we deduce ug is a local
minimizer of & in C" topology, and since L{Q2\Q'} = 0, so the integral functional
® and & share the same minimizers, thus we have ug is a local minimizer of ®
in C} topology.

Finally, using Theorem 3.1, we deduce that ug is a local minimizer of (3.2)
in I/VO1 P(Q) topology, u < ug < W. Thus complete the proof of Theorem 3.3. [

4 Appendix

Proof of lemma 1.1 1. Note that u is a weak solution of equation —Au =
g(+,u) in £, in the sense that u satisfies

/Vu-Vw=/g-s0, Vo e Hy(Q) (4.1)
Q Q

Then we choose n € C;° and for s > 0, M > 0, let ¢ = umin{|u|?*, M?}n? €
W&’Q(Q), with supp p CC ). then we have

Vumin{|u|?, M2}n? + 2s|u|? Vun?

2uminuf?*, M2}V, if min{Jul?®, M2} = [ul,
Vo=
Vumin{|u|*, M?}n?
+2u min{|u|?®, M?}nVn, otherwise.

(4.2)
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Multiplying (4.1) with ¢, we obtain

/VUV@ = /|Vu\2 min{\u|28,M2}7]2+2$/ | |V u|*n?
Q Q {

[ul* <M}

—|—2/ Vuu min{|ul*, M?}nVn
Q

= /9<PS/|9HSD|
Q Q

/Q Jal (11 + ) [ min{[ul*, M} (x) (4.3)

IN

2. Suppose u € L25F2(Q). As in (4.2), we have

loc

V (umin{|ul*, M}n)
Vumin{|u|®, M }n + s|u|*Vun
= +umin{|u|®, M}Vn, if min{|u|®, M} = |ul®,
Vumin{|u|®, M}n + umin{|u|®, M}Vn, otherwise.

We write this expression as

V (umin{|ul*, M}n)
= Vumin{|u|®, M}n + (s|u|*Vun)e + umin{|u|®, M }Vn

Here O denotes the set {x € Q: |u(x)|®* < M}, then there holds

|V (u min{|ul*, M}n)[*
= |(Vumin{|u|*, M} + (s|u|*Vun)e + umin{|u|*, M}Vn)*
= |Vul?min{|u*, M?}0? + (s|ul**|Vu[*n*)e
+u? min{|u|?®, M2} |Vn|? 4 2((s|Vu|?|u|®* min{|u|*, M}n?)e
+(s|u|* Vuu min{|u|®, M}Vnn)e + uVumin{|u|?*, M?}Vnn)
= |Va|? min{|ul**, M?}n? + (s|Vul> min{|u|**, M*}n?)e
+u? min{|u|?®, M?}|Vn|? 4 2 < s|Vul? min{|u|**, M*}n?)e
+2 < sVuumin{|u|®*, M*}Vin)e + 2Vuumin{|u|®, M*} Vi
C|Vu|? min{|u|?*, M?}n* + CVuumin{|u|**, M?}Vinn
+u? min{|ul**, M} Vn|?

IN
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Note that n € C§°, so [, u? min{|u|**, M?}|Vn|? < oo. Then, from (4.3),
[ 19 tminglul, aryaP
< C+ C/ (Vuumin{|u|**, M?}Van + [Vul?> min{|u*, M?}n?
Q

< c+cC / lal (11 + fuf) ] min{jul?*, M2}
Q

< c+C [ falmingfuP*, 2P + [ Jalful minflu®, M2}
Q Q
< C+C/|a||u\2min{\u|25,M2}n2
Q
< C+CB/ (2 min[u|2*, M2}n?
Q
—l—/ |a||u|2mim{|u\28,M2}772
{ze€; la(z)|>B}
< C(1+B)+(C la|"/2) % -

{z€Q; |a(x)|>B}

2n n—2

(/Q |umin{|u|®, M}n|"=2) =

< C’(l—l—B)—i—&:(B)-/Q|V(umin{|u\s,M}77)|2

The last step come from H3(Q2) <> M7-2, hence || - [|2 .. < e~ [|%:. And
Mn—2 0
where

) = (f /22" 0, (B~ o0).
{z€ |a(x)|2B}

Fix B such that e(B) = & and observe that for this choice of B, and as above,

we now may conclude that
/ V()P < € [ Vmingju, M) < €+ B
{z€®; |u(z)]* <M} Q
remains uniformly bounded in M. Hence let M — oo we derive that
Jul**n € Wy?(Q) < L* (Q);

(2542)n

that is, u € L,,"~* (). Now iterate, to obtain the conclusion of the lemma. If

u € W, *(Q), we may let 7 = 1 to obtain that u € L(52) for all ¢ < occ.
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