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INFINITELY MANY WEAK SOLUTIONS FOR A p-LAPLACIAN
EQUATION WITH NONLINEAR BOUNDARY CONDITIONS

JI-HONG ZHAO, PEI-HAO ZHAO

ABSTRACT. We study the following quasilinear problem with nonlinear bound-
ary conditions

—Apu+ a(@)|uP"2u = f(z,u) in Q,
|Vu\p72a—u = g(z,u) on 0Q,
v

where Q is a bounded domain in RN with smooth boundary and % is the
outer normal derivative, Apu = div(|Vu|P~2Vu) is the p-Laplacian with 1 <
p < N. We consider the above problem under several conditions on f and
g, where f and g are both Carathéodory functions. If f and g are both
superlinear and subcritical with respect to u, then we prove the existence of
infinitely many solutions of this problem by using “fountain theorem” and
“dual fountain theorem” respectively. In the case, where g is superlinear but
subcritical and f is critical with a subcritical perturbation, namely f(z,u) =
|u|P” ~2u + Alu|""2u, we show that there exists at least a nontrivial solution
when p < r < p* and there exist infinitely many solutions when 1 < r < p,
by using “mountain pass theorem” and “concentration-compactness principle”
respectively.

1. INTRODUCTION

Consider a quasilinear elliptic problem
—Apu+ a(@)|ulP?u = f(z,u) in Q,
Ju (1.1)

|Vu\p725 =g(z,u) on 99,

where Q is a bounded domain in RY with smooth boundary and % is the outer
normal derivative, Ayu = div(|Vu|[P~2Vu) is the p-Laplacian with 1 < p < N,

a(z) € L*=(Q) satisfying essinf a(z) > 0. (1.2)
€

The study of nonlinear elliptic boundary value problem about p-Laplacian of the
form (|1.1)) is an interesting topic in recent years. Many results have been obtained
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on this kind of problem, for example see [19] [7, [ 13, 17, 18, 2] and the refer-
ences therein. Such problem appear naturally in the study of optimal constants for
Sobolev trace embedding and it arises in various applications, e.g. non-Newtonian
fluids, reaction-diffusion problems glaciology, biology etc(see [8, [I, Bl B], 2]). The
first paper that analyzed . is []. In that paper the authors systematlcally stud-
ied the existence of nontrivial solutlons of (I.1) under f(u) = |u|P~2u and g are
subcritical, critical with a subcritical perturbation and supercritical with respect to
u. Using the ideas from [12], they established the existence results, nonexistence re-
sult, especially the result of nonlinear eigenvalue problem. In [2], the author proved
the existence of at least three nontrivial solutions for under adequate assump-
tions on the source terms f and g. On the other hand, when 2 is unbounded, we
can see [19] [7), T3] for some existence and multiplicity results of solutions to problem
in some weighted Sobolev spaces. Our aim in this paper is to prove that the
infinitely many solutions results for the problem under various assumptions
on nonlinear terms f and g. If f and g are both superlinear and subcritical with
respect to u, then we prove the existence of infinitely many solutions of problem
by using “fountain theorem” and “dual fountain theorem” respectively. In the
case, where ¢ is superlinear but subcritical and f is critical with a subcritical per-
turbation, namely f(z,u) = |u|P’" ~2u+4\|u|"~?u, we show that there exists at least a
nontrivial solution when p < r < p* and there exist infinitely many solutions when
1 < r < p, by using “mountain pass theorem” and “concentration-compactness
principle” respectively. The main ideas of our paper is from [20 [].

Throughout this paper the following hypotheses are assumed.

(F1) f(x,u) is a Carathéodory function and for some p < ¢ < p* = NN—_’;, there

exists a constant C; > 0 such that

|f(z,u)| < CL(1 4 [u|T™t) forallz € Q, uecR.

(G1) g(z,u) is a Carathéodory function and for some p < z < p, = %, there
exists a constant Cy > 0 such that

lg(z,u)| < Co(1 + [ul*™) for all z € 99, u € R.
(F2) There exists ay > p and R > 0 such that
lul > R=0< oy F(z,u) <uf(x,u) forall zeq,

where F(z,u) = [ f(z,t)dt is the primitive function of f(z,u).
(G2) There exists ag > p and R > 0 such that

|u| > R =0 < oG (z,u) < ug(zr,u) for all x € 0L,

where G(z,u) fo x,t)dt is the primitive function of g(z,u).
(F3) f(z,u) is an odd functlon with respect to u, that is,

flz,—u) = = f(x,u) for all z € Q.
(G3) g(z,u) is an odd function with respect to u, that is,

g(x,—u) = —g(z,u) forall z € Q.
(G4) lim,, o &84 =

Define W'P(Q) = {u € LP(Q) : [, |[Vu|Pdz < oo} with the norm

lullp = ( / (IVul? + a(@)|ul?)dz) . (1.3)
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Then W1P(Q) is a Banach space. For a variational approach, the functional asso-
ciated to the problem (1.1)) is

1 P PYdx — z. u)dr — T. U
o) = / (IVul? + aa)[ul?)d / Faade— [ Gads,  (14)

where u € W1P(Q) and dS is the measure on the boundary. Since (F1) and (G1)
we can easily to obtain ¢ € CY(WH?(Q),R) and

(' (u);v) = /Q(|Vu|p*2Vqu+a(w)|u|p*2uv)dx

—/Qf(x,u)vdx — /69 g(z,u)vdS

for all u,v € WHP(Q). We say that u is a weak solution of the problem (1.1)) if u is
the critical point of the functional ¢ on W1P((Q).

Remark 1.1. According to the regularity theorem of [T4], if 9Q is of class C1(0 <
a < 1) and g satisfies

9(z,u) = g(y,v)| < Clz —y|* + |u—0]?), |g(z,u) <C
for all z,y € Q,u,v € R, then the regularity up to the boundary of [I4, Theorem
2] shows that every weak solution of (|1.1)) belongs to Cll.f () for some 0 < 3 < 1.

Remark 1.2. Under the assumption (|1.2) it is easy to check that the norm (|1.3)
is equivalent to the usual one, that is the norm with a(z) =1 in (1.3).

Our main results are as follows.

Theorem 1.3. Under the assumptions (F1)-(F3) and (G1)-(G3), problem (1.1

has a sequence of solutions u, € WHP(Q) such that p(ux) — 0o as k — oc.
For a special f, we obtain a sequence of weak solutions with negative energy.

Theorem 1.4. Let f(x,u) = plu|""?u + Au|*2u, where 1 <r < p < s < p* and
assume (G1) ~ (G4) are satisfied. Then
(1) for every A > 0, u € R, problem has a sequence of solutions uy €
WLP(Q) such that p(uy) — 0o as k — oo,
(2) for every pw > 0, A > 0, problem has a sequence of solutions vy €
WLP(Q) such that p(vg) <0, p(vg) — 0 as k — .

Next we consider the critical growth on f. In this case, the compactness of the
embedding W'P(Q) < LP" (Q) fails, so to recover some sort of compactness, in
spirit of [6], we consider a perturbation of the critical power, that is, f(z,u) =
|u[P” 24 + N u|"~2u. We also need much more assumptions on g around about the
origin.

(G2’) there exists az > p such that
0 < oG (z,u) < ug(zr,u) forall x € 9N, ue R\ {0}.

Here we use the “concentration-compactness principle” introduced in [I5} [I6]. We
prove the following two theorems.

Theorem 1.5. Let f(x,u) = |ul’" ~2u 4+ Nu|""2u with p < r < p* and assume
(G1), (G2), (G3) and (G4) are satisfied. Then there exists a constant N9 > 0
depending on p, v, N and |Q| such that if X > Ao, problem has at least a
nontrivial solution in W1P(Q).
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Theorem 1.6. Let f(x,u) = |[u|? ~2u+Au|""?u with 1 < r < p and assume (G1),
(G2), (G3) and (G4) are satisfied. Then their exists a constant A > 0 depending on

p, r, N and |Q] such that if 0 < A < X, problem (1.1) has infinitely many nontrivial
solutions u, € WHP(Q) such that p(ux) < 0, p(ux) — 0 as k — oc.

This paper is organized as follows. In the second section, we recall some def-
initions and preliminary theorems, including the well-known “fountain theorem”
and “dual fountain theorem”. The (PS). condition and (PS)¥ condition are also
introduced. In the third section, we consider the subcritical case and give the proof
of Theorem [[.3] and Theorem [[4l In the last section. We consider the critical case
and give the proof of Theorems [I.5] and

2. PRELIMINARIES

First we introduced some notations: X denotes Banach space with the norm
I llx, X* denotes the conjugate space with X, LP () denotes Lebesgue space with
the usual norm | - |,, W'?() denotes Sobolev space with the norm || - ||1,, defined
by (L.3), (-;) is the dual paring of the space X* and X, || denotes the Lebesgue
measure of the set @ C RV, C;,Cy, ..., denote (possibly different) positive con-
stants.

One important aspect of applying the standard methods of variational theory
is to show that the functional ¢ satisfies the (PS). or (PS)¥ condition which is
introduced the following definition.

Definition 2.1. Let ¢ € C1(X,R) and ¢ € R. The function ¢ satisfies the (PS).
condition if any sequence {u,} C X such that

o(up) = ¢, @(up) =0 in X*asn — oo
contains a subsequence converging to a critical point of .

Let X be a reflexive and separable Banach space, then there are e; € X and
e; € X* such that

X =span{e;|j =1,2,...}, X" =span{ejlj =1,2,...},
* L, i=y,
(ef5e) = -
0, i#j.
For convenience, we write X; := span{e;}, Yj, := @;?lej, Zy = @32, X;. And let
B :={ueYy:||ullx <pr}, Np:={ue€ Zy:|ullx =}, where py > v > 0.
Definition 2.2. Let ¢ € C1(X,R) and ¢ € R. The function ¢ satisfies the (PS)#
condition (with respect to (Y,)) if any sequence {u,,} C Y, such that
(un,) = ¢, @ly, (un,) =0 in X" asn; — oo
contains a subsequence converging to a critical point of .

Theorem 2.3 (Fountain theorem, [20, Thm. 3.6]). Let ¢ € C1(X,R) be an even
functional. If , for every k € N, there exists pr > vy, > 0 such that

(A1) ag = sup,ey, ull x =pr p(u) <0,
(A2) by, = infucz,, flufx= P(w) — 00 as k — oo,
(A3) ¢ satisfies the (PS). condition for every ¢ > 0.

Then ¢ has an unbounded sequence of critical values.
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Theorem 2.4 (Dual fountain theorem, [20, Theorem 3.18]). Let ¢ € C*(X,R) be
an even functional. If | for every k > kg, there exists px > vy > 0 such that

(Bl) ag ‘= inquZk, |ull x =pw QO(U) > 07

(B2) b :=supyey,  ulx = P(u) <0,

(B3) dy :=infyucz, |jullx<pr P(u) — 0 as k — oo,

(B4) ¢ satisfies the (PS)% condition for every ¢ € [dy,,0].

Then @ has a sequence of negative critical values converging to 0.

3. PROOF OF THEOREM [L.3|

Proof of the (PS). condition. Let us introduce the following lemmas which will
be helpful in the proof.

Lemma 3. 1 ([18 Lemma 2.1]). Let A : Wl’p( ) — WLP(Q)* be the function given
by (A(u) = [, |VulP~2VuVodz + [, a(z)|ufP"2uvdz. Then A is continuous,
odd, (p — ) homogeneous and continuously mvem‘zble

Lemma 3.2 ([I8, Lemma 2.2]). Let B : WLYP(Q) — WLP(Q)* be the function
given by (B(u);v) = [,og9(x,u)vdS, where g(x,u) be a Carathéodory function
with subcritical growth. Then B is continuous and compact.

Lemma 3. 3 ([18 Lemma 2.3]). Let C : WhP(Q) — WLP(Q)* be the function
given by (C fQ x,u)vdz, where f(x,u) is a Carathéodory function with
subcritical growth Then C is continuous and compact.

Lemma 3.4. Under the hypotheses of Theorem o satisfies the (PS). condition
with ¢ > 0.

Proof. Suppose that {u,} C W1P(Q), for every ¢ > 0,
(un) — ¢, @' (un) — 0 in WHP(Q)* as n — oco.

First we prove the boundness of {u,}. After integrating, we obtain from the
assumptions (F2) and (G2) that there exist Cy, Cy > 0 such that

Ci(lu)** = 1) < F(z,u) forallz e, ueR, (3.1)
Co(Jul*® = 1) < G(z,u) for all x € 9N, u € R. (3.2)

Set o = min{ay, as} and choose % € (&, %) , and from (3.1) and (3.2)), we obtain
for n sufficiently large,

¢t 1+ flunllip

> () - %@'(un),w

1 1 P ar (22 _

> (p ﬁ)||un||17p—|—(ﬁ 1)/QF(33 Uy )dz (ﬁ 1) o G(z,uy,)dS
1 1 aq o s

> (2; B)H“n” +Ci(— 3 — 1)|un |2+ Co(2 3 = Dlunl}Z, 0 — Cs-

Note that 4 — 1> 0(i = 1,2), then {u,} is bounded in W"?(9).

Next we show that the strongly convergence of {u,} in W1P(Q). Since {u,} is
bounded, up to a subsequence (which we still denote by {u, }), we may assume that
there exists u € W1P(Q) such that u,, — u weakly in WHP(Q) as n — oco. Note
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that ¢'(u,) = A(u,) — B(u,) — C(u,) — 0. By the compactness of B, C' and the
continuity of A~!, we have

up, — A N a(z)B(u) — C(u)) in WHP(Q) as n — oo.
Thus u, — u in WH?(Q). O
To prove Theorem [L.3]| we also need the following two lemmas.

Lemma 3.5 ([I1]). If 1 <¢ < p*:NLi), then

Bk = sup lulg — 0 as k — oo.
uely, Hquyp:]'

Lemma 3.6 ([I1]). If1 <2< p*:(ly\f_l;p, then

o = sup [ulL=(a0) — 0 as k — oc.
UEZy, ||u|l1,p=1
Remark 3.7. In [II], the authors gave a more general form of two above lemmas.
Here the key step of the proof of these two lemmas is that the Sobolev embedding
WLP(Q) — L4(Q) is compact for 1 < g < p* and the Sobolev trace embedding
WhP(Q) — L*(99Q) is compact for 1 < z < p,.

The proof of Theorem

Assumptions (F1) and (G1) and the Lemma imply that ¢ is continuously
differentiable on W1?(Q) and satisfies the (P.S).. condition for every ¢ > 0. So from
Theorem We need only to verify ¢ satisfying the condition (A1) and (A2).

As for (3.1)) and (3.2)) in Lemma we have
[ || o o
p(u) < T’p — Chlulgy — Calul3e, (50) — C1l€2 — C2[09)].

Since on the finite-dimensional space Y}, all norms are equivalent, so o; > p (i = 1,2)
implies that (A1) is satisfied for py > 0 large enough.
After integrating, we obtain from the assumptions (F1) and (G1) that there exist
constants Cy, Cy > 0 such that
F(z,u) <Ci(1+ul?), G(z,u) <C(1+ |ul?).
Let us define

Ok = sup lulg, doy := sup [ul - (a02)-
uEZk,|uH1,p:1 u€Z, Hqu,p:l

On Zj, we have

o) = ~llullt, - /Q F(a,u)de - /a Gla.wds

= —|lullf , = Crlulf = C119] = Calulf- (90) — C2/09)]

_Rh=S

> —|lullf, = CrBellulli , — Caollulli ), — Cs.

hS]

Let

1
@PP — C1Blp" =0,

1 z Z
@pp — Cyoip® =0.
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From these two equations, we have p; := (4pClﬁg)ﬁ, P = (4nga,§)P%2. From
Lemmas [3.5 and [3.6] we know that 3, — 0, o — 0 as k — co. So, we know

pr — 00 as k — 0o, pj — 00 as k — oo. (3.3)
Let

Ve = min{pg, i}, (3.4)

we obtain, if u € Zj and [Ju|l1, = &, then p(u) > é'yz — (5. From (3.3) and
(3.4), so (A2) is proved. It suffices then to use the fountain theorem to complete
the proof.

Here, we show two examples for readers for special cases of f to understand our
theorem.

Example 3.8. Let p < ¢ < p* and assumed (G1)—(G3) are satisfied. We consider
the quasilinear elliptic equation

—Apu+ a(@)ulP2u = [u|7?u  in Q,
|Vu|p72% = g(z,u) on .

This problem has a sequence of solutions {uy} such that ¢(uy) — 0o as k — oo.

Example 3.9. Let 1 < r < p < s < p* and assumed (G1)—(G3) are satisfied. We
consider the quasilinear elliptic equation

~Apu+ a(x)|ulP?u = plul""2u + Mu[*"2u in Q,
0
|Vu|p72a—1: = g(z,u) on 9.
Then for every A > 0, u € R, this problem has a sequence of solutions {u} such

that p(ur) — 0o as k — oo.

Proof of Theorem The first conclusion of Theorem is just example (3.9
We shall prove Theorem [I.4] by using Theorem[2.4] so we need to verify the condition
(B1)—(B4). Now we assume that p >0 .

To verify (B1), we define 8; := sup |u|,. From the assumptions (G1) and

(G4), we have G(z,u) < e|lulP+C|u|?, where e — 0 as |u| — 0. So from the Sobolev
trace embedding, we have

1o I A /
u) = —|lu|ly, — =|ul — —|u|i — G(z,u)dS
ol = Sl = Eul; = 2t - [ G

1 W ) A X
> —|ullf, — =Bellulli, — —Cullulli, — elulfsm0) — Coluliz(an)
r s (09)

p
1 m A
> EHUII’f,p = ~Billullyp = SOy, = eCsllully, — Callullf -
1 1 A
> (= <Ca) [l — Bl = SCallul, = Calul,

Since p < s and p < z, there exists R > 0 such that |ul|; , < R. We have

1 A
—ullf, = =Cillull{ , >0
v, = S Cullulls, 2 0,

@Ilu 1p — Callullf , > 0.
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From these two inequalities, it follows that

1 %
> (— — eC- p _ Tor T
w(U)f(Qp e03)lull?, — & Bl

> (3.5)
Choose ¢ so small such that 5~ —eC3 > 0 and let p := [(— —eCs)~ 1“ﬂ,€]ﬁ by
Lemma |3.5] -, O — 0ask — oo it follows that pr — 0 as k — 00. So there exists
ko such that pp < R when k > ko. Thus, for k > ko, u € Zj, and |jull1, = pk, we
have p(u) > 0 and (B1) is proved.

From (G2) we know there exists C' > 0 such that C(|u|*? — 1) < G(z,u). Then,
we have

1 n A
ol = Sl = Bl = 2t - [ Gla.uas

1 A
< el = Tl = Slul = Clulg, ooy — Clo9.
Since on the finite dimensional space Y} all norms are equivalent, as r < p, so if
> 0 then (B2) is satisﬁed for every 1, > 0 small enough.

We obtain from (3.5)), for k > ko, u € Zy, ||lull1,p, < pr, o(u) > —£B5pr, since
Br — 0 and pr, — O as k — 00, (B3) is also satisfied.

Finally we proved the (PS)Z condition. Consider a sequence u,; € Y, such that

ga(unj) — ¢, g0|’ynj (unj) — 01in Wl’p(Q)* as n; — 0o.

For n; big enough, let ¢ = min{s, as} and choose % € (%, %) Now as A > 0 we
have

c+1+ ||un]||1p = (Unj) < (unj) “n,>
1 1 y 1 1.
> (p 5)||unj -l 5)|unj|r-

We can obtain the boundness of (uy,) in W'P(Q) since 1 < r < p. Going if
necessary to a subsequence, we can assume that u,, — u in WHP(Q). As in
Lemma it is easy to conclude, u,, — u in WP(Q) and ¢'(u) = 0.

To obtain much more general conclusion of Theorem we make the following
assumption.

(G2”) There exists ag > s such that
lu| > R =0 < aoG(z,u) < ug(zx,u) for all x € .

Corollary 3.10. Let 1 <r <p < s < p* and under the assumptions (G1), (G2”),
(G3) and (G4). We consider the quasilinear elliptic equation

—Apu+ a(@)ulP~2u = plu|""?u+ Au|* 2w in Q,

(3.6)
|Vu|p_2—gu = g(z,u) on ON.
v

Then
(1) for every X > 0, u € R, problem (3.6) has a sequence of solutions uy €
WLP(Q) such that ¢(uy) — oo as k — oo,

(2) for every p > 0, A € R, problem (3.6)) has a sequence of solutions vy, €
WP (Q) such that ¢(vi) <0, ¢(vg) — 0 as k — oo.
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Proof. We need only to prove the boundness of {u,,} in (PS)} sequence. Consider
a sequence Uy,; € Yn] such that

P(un;) = ¢, @ly, (un;) — 0in W'P(Q)* as nj — oc.
For n; big enough, from (G2”) we have

¢+ 1+ Jlun[lp

> @(“n]) < /(un_j)v“n]>
11 11,
= (Z; g)”unJH M(; - ;)\UM /Q( 9(, tn, Jun; — Gz, un; ))dS
1 1 1 1
> (= — - .
(p )”un] 'u(r 5)‘ nJ|
We obtain the boundness of {u,,} in W() since 1 < r < p. O

4. CRITICAL CASES

Critical case 1. In this subsection and next subsection, we study that f has the
critical growth with superlinear or sublinear perturbation in problem . In these
cases, we know all of conditions of Theorem are satisfied and we need only to
prove the (PS), condition. However, noticing that the inclusion W'?(Q) < L?"(Q)
is only continuous but not compact, we can no longer expect the (PS). condition
to be hold. Thanks to the concentration-compactness principle in [15] [16]. We can
prove a local (PS). condition that will hold true for p(u) below a certain value of
energy. The proof of Theorem [1.5|and Theorem |1.6|is similar to [4]. We write here
for the readers convenience. Now, let f(x,u) = [u[P’ 2u+ A|u|""2u with p < r < p*
and A is a positive parameter.

Lemma 4.1 ([I5, [16]). Let {u;} be a weakly convergent sequence in WP (Q) with
weak limit w such that |Vu; [P — dp, \uj|p* — do weakly convergent in the sense of
measures. Then there exist x1,xo,...,x; € ) such that

l
do = |u|?” + Zajémj, o; >0,
j=1
l
j*l
Ky
<
(UJ) — S

Now, we can prove a local (PS). condition by using Lemma

Lemma 4.2. Let {u;} C W'P(Q) be a (PS). sequence for ¢ with energy level

c. Ifc< (% - ]%)Sp*pifp, where S is the best constant in the Sobolev embed-

ding W'P(Q) < LP (), then there exists a subsequence that converges strongly
in WHP(Q).

Proof. Let {u;} be a (PS). sequence, it follows that {u;} is bounded in W7 (Q2)(see
Lemma . By Lemma there exists a subsequence, that we still denote {u;}
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such that
uj — u weakly in WhP(Q),
uj — w strongly in L"(R2), 1<r<p*,
u; — u a.e. in £,
!

VP = dp > [VulP + Y by, x>0, (4.1)
k=1
l
uj|P" = do = [ul” + ) okbay, ok >0. (4.2)
k=1

Choose ¢ € C§°(RY) such that

[

¢ =11in B(xg,e), ¢ =0in B(xg,2¢)°, |Vo¢| <

where xj, belongs to the support of do. Considering {u;¢}, it is easy to see this
sequence is bounded in W'?(Q). Since ¢'(u;) — 0 in WHP(Q)* as j — oo, we
obtain that

lim (¢’ (u;); pu;) = 0. (4.3)

Jj—o0

Then from (4.1) and (4.2), we obtain
lim \Vuj|p Vu;Vou;dz

]—)OO

:/ngdaqt)\/ﬂ\u|r¢d:17+/émug(x,u)¢d5‘fa(x)/ﬂ\u|p¢dx7/ﬂ¢du.

Now, by Holder inequality and weak convergence, we obtain

0< hm |/ |V [P~2Vu,; Vou,dz|
< hm /|Vuj\pdx /|V¢|p|uj\pdx)%

<c(f vePlupdn
B(zg,2e)N2

1

N Np . N-p
<c(f vol¥an) ¥ ( [ 0] % da)
B(x,2e)NQ B(x,2e)NQ
SC’(/ |u|NN73)dx)NT7 —0 as e—0.
B(aﬁk,QE)ﬂQ
Then from (4.3) we have
lim [/ ¢d0+)\/ \u|’“q§dx—|—/ ug(:mu)qde—a(sc)/ \u|p¢dx—/ oem
=07 Jo Q a0 Q Q

=0 —pr = 0.
Then from Lemma we have that (0y)?/?"S < uj. Therefore by the above
equality,
(O’k)p/p*S < 0.
Then, either o = 0 or
O Z S%.
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If this inequality occurs for some ko, then, from the fact that {u;} is a (PS).
sequence and from (G2) we obtain

1
c= hm @(Uj) = lim o(u;) ;(@’(uj),uﬁ
1 1 1 1 1
> (= —— updx+,,7sp*,p+>\,,,/urdx
G p*>/|| G-2) G- [ 1
1
Y S
> p)

which contradicts our hypothesis. Since ¢ < (l - L)S 77, it follows that

/|uj|p d$—>/ lulP" dz,

so we have u; — v in LP"(Q). Now the proof is complete with the continuity of the
operator A1, O

Proof of Theorem We want to obtain our result by using mountain pass
theorem. First from the assumption (G1) and (G4), we have

G(z,u) < elulP 4+ C|ul?, (4.4)

where € — 0 as |u| — 0. From the Sobolev embedding theorem and Sobolev trace
inequality, we have

1 1 .
o) = el = o [ de =2 [jurae—e [ pupas—ci [ s
p ’ P Ja T Jao o0 o0

1 1 « A
> —ullf, - 7/ lul? dz — f/ lu|"dz — eCa|lullf , — Cslulli,
p D Ja T Jo

1 1 A
> (= —eC Po— "dx — C i
> (o= <Colull, ~ - > [ urda — cululi,
1 1 * * )\ r z
> (I; —eCs)| 1p ESP ||UH11]7p - ;C4| D O3||uH1,p'
Choose € > 0 sufficiently small such that % —¢eCy > 0 and let
1 Uoeo AL, .
g(t) = (* — €Cg)tp — TSP P — 70425 — Cgt y (45)
b p r

it is easy to check that g(R) > r > 0 for some R sufficiently small since p <
min{r,p*, z}. On the other hand, since p < min{r, p*, 2}, so for fixed w € W1?(Q)
with w|g # 0, we have lim; o, ¢(tw) = —oo. Then there exists vy € WHP(Q) such
that |Jugll1,, > R and ¢(vg) < r. So according to the mountain pass Theorem, we
know the critical value is ¢ := infger sup,c(o,1) ¢(¢(t)), where I' = {¢ : [0,1] —
WhP(Q) is continuous and ¢(0) = 0, ¢(1) = vg}. Now the problem is to show that

c< (% — p%)SPf*P and we want to apply the local (PS). condition. For this purpose

we fix w € WHP(Q) with [|w||,« = 1 and define h(t) = ¢(tw). Let us calculate the
maximum of h. Since tlim h(t) = —oo, it follows that there exists a ¢y > 0 such

that sup,~q ¢(tw) = h(tx). Differentiating h, we obtain

0="h(t\) = t§71||w||’f’p — t’;\**l — A\ |wlr — /(mg(x,t)\w)wds. (4.6)
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From assumptions (G1) and (G4), we obtain

| / o(z, aw)wdS| < / (2, )| |w|dS
o0 o0

< e / w[PdS + Citi! / w|7ds
o0 o0

-1 z—
= Eti |OJ‘I£;,,(BQ) + C]_t)\ 1|w|iz(6ﬂ)'
From (5),

-1 *—1 — -1 _
5wl =t T = 8T Al — et w00y — Citxwli(an) < O-

Then
TP PAwl A+ st wllf, < (1= eCa)|wllf (4.7)
R - *
Hence, ty < C|lw||{, " Sofrom @&.7), 5 ~"+Aw[;+Cst5 "|lw|; , — 0o as A — oo.
we obtain
lim £y = 0. (4.8)
— 00

On the other hand, it is easy to check that if A > X we could have p(t5w) > @(t\w).
So by (4.8)), we get limy_. ¢(taw) = 0. But this equality means that there exists

a constant Ag > 0 such that if A > Xg, then supp(tw) < (% - p%)Spf*P. We choose
>0

vy = tow with tg sufficiently large to have ga(t_ow) < 0. This completes the proof.

4.1. Critical case 2. In this subsection we study f has critical and sublinear
terms in problem (LI), that is, f(z,u) = |u’ ~2u + Alu|"~2u with 1 < r < p and
A a positive parameter. By applying the variational approach, we will show the
existence of infinitely many nontrivial critical points of the associated functional ¢
when A is small enough. First we use Lemma to prove local (PS). condition.

Lemma 4.3. Let {u;} C W'P(Q) be a (PS). sequence for ¢ with energy level c.
Ifec < (% — I%)Svffp fK)\pffv‘, where K depend only on p,r, N and |Q|, then there
exists a subsequence that converges strongly in W1HP(Q).

Proof. Let {u;} be a (PS), sequence; that is,
o(uj) — ¢, ¢'(uj) — 0in WHP(Q)* as j — oo.

From Lemma it follows immediately that {u;} is bounded in WP (€2). Then
there exists a subsequence (we still denote {u;}) which is weakly convergent to u
in W1P(Q). We need to prove {u;} is strongly convergent to u in LP"(2). For this
purpose, suppose {u;} is not strongly convergent to u in LP"(Q), then from (G2)
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we have

c= hm g@(uj) = hm <p(uj) 1<%0 (Uj) i)

hm / |Vu,; [P + a(z)

J*)OO

/ Gla,u))dS) — (& /|wj|p+a( )\ujv’dx

- 1
. / u / wlrar— [ Z;gu,ujuj)dS))
>(-——= /\u|p dm—i— )SP* r—i—/\ /|u|rdx

Now, applymg Holder mequahty, we ﬁnd

/ |u;|"dx

1 1 / . 1 1 px 1 1 .
c>(-—— ulP dz+ (= — =)Sm—7> + A(= — -)|Q /updx
=) ) G5 =7 7 Jul? da)7
1 1 px 1 1 1 1
= (= — —)Sp—»p - — — . - — = Q P’
(= )57 + (= Dl g + 3G = DI ([ o)

Let
g(x) = Cyz? — ACaz".

This function reaches its absolute minimum at xg = (/\IgQ)P -7, that is

g(z) > g(xo) = —K)\Pfi*—r, where K = K(p,r, N, |Q]).

Hence, ¢ > (% — Z%)S 7=5 — K\7*=+ which contradicts our hypothesis. So we know

Jo lu;[P"dz — [, |uP"dz, and therefore u; — u in LP"(Q). Now the rest of the
proof is as that of Lemma O

Lemma 4.4. There exists X\ > 0 such that if0 <A< X, then ¢ satisfies a local
(PS). condition for ¢ < 0.

Proof. We need only to check the local (PS). condition. Obviously observe that
every (PS). sequence for ¢ with energy level ¢ < 0 must be bounded. Therefore
by Lemma [£.3]if ) verifies

1 1 * *
0<A< (—Ang;yspf—p — K\,
p P
then their exists a convergent subsequence. ([

Proof of Theorem [1.6} The proof is analogous to that of Theorem Here
we use Lemma [£.3] and Lemma [4:4] respectively to work with the functlonal ¢ and
complete the proof.
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