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Invariance of Poincaré-Lyapunov polynomials
under the group of rotations *

Pierre Joyal

Abstract
We show that the Poincaré-Lyapunov polynomials at a focus of a fam-
ily of real polynomial vector fields of degree n on the plane are invariant
under the group of rotations. Furthermore, we show that under the mul-
tiplicative group C* = {pe'¥}, they are invariant up to a positive factor.
These results follow from the weighted-homogeneity of the polynomials
that we define in the text.

1 Introduction

Let us consider a real analytic vector field on the plane having a non-degenerate
focus at the origin, that is, the Jacobian matrix of the vector field at the focus
is not singular. After a linear transformation, we can suppose that the Jacobian
matrix at the focus has the form

(‘Z 2) b£0. (1)

Let ¥ be a local cross section with one end point at the origin and U C ¥, a
neighborhood of the origin in X. Recall that the displacement function in the
neighbourhood of the origin is the Poincaré map P:U — ¥ minus the Identity.
One can show that the displacement function in a neighborhood of the origin
has the following form (see [1]):

r= (e — 1)ro + usrg 4+ usr + urry + - - . (2)

All the coefficients of the even powers of ry are equal to zero. When all the
coeflicients vanish, the origin is a center. Instead of calculating these coefficients
to determine if an equilibrium
point is a center, Poincaré gave in [2] another method which resembles the

search for a Lyapunov function to establish the stability of a focus. Let us recall
this method.
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Looking at (2), we see that dr/dro # 0 in a punctured neighborhood of
the origin, if a # 0. Suppose that a = 0. If the vector field is linear, the
integral curves are circles around the origin: 22 + y? = k (k a constant), or in
polar coordinates 2 = k. If the vector field is not linear, it is natural to look
for integral curves that are small perturbations of these circles. Using polar
coordinates, one tries to find integral curves of the form

H(r,0) =r° + H3(0)r® + Hy(O)r* +-- = k. (3)
If the origin is a center and if H = k is an integral curve, then

dH O0H ., OH
— =—7+4+—0=0.
dt or 00
Looking at the coefficients of the powers of r, this equation generates an infinite
system of equations with the unknows H;(6) (see section 2). If the origin is not
a center, then the equation above cannot be solved.
However, as we will see later on, one can formally solve the equation

dH
—_— :P17“4+P27“6+P37"8+"' y
dt
where Pj, j = 1,2,... are constants. The sign of the first non-zero P; controls

the type of stability of the focus. If P; > 0, the focus is unstable; it is stable
otherwise. In fact, it is possible to find H = r? + H3(0)r3 + - - - + Haj 41 (0)r% !
such that

dH/dt

1242 |r_

.y

H is a Lyapunov function for the focus (see proposition 1 and corollary 2). If all
the P; vanish, it is possible to solve the system and the series in (3) converges
in a neighborhood of the origin (see [2]).

There are no standard names for the constants P;. Some call them focal
numbers (or quantities), others call them Lyapunov constants. These names do
not match the definitions of Andronov et al [1]. According to [1], the ;! focal
value (or quantity) is the j** derivative of the displacement function r in (2). If
the first non-vanishing derivative of r is of order k = 2j+ 1 > 3 (j > 1), then
it is called the k" Lyapunov value. But the P; are not in general equal to the
u; in (2). Moreover, in the case of a family of vector fields, the P; are in fact
polynomial functions of the parameters (as we will see later on). We adopt the
following definition.

Definition P; is the 4" Poincaré-Lyapunov constant. In the case of a family
of vector fields, P; will be called the §*1 Poincaré-Lyapunov polynomial (asso-
ciated with this family).

We will study these polynomials for the family of all polynomial vector fields
of degree n on the plane. We will prove that they are invariant under the
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group of rotations S! = { e'¥ } and also invariant under the multiplicative group
C* = { pe'¥ } modulo a positive factor. Precisely, ¥j > 1 and for g = pe’¥ € C*,

Pj(g(ars)) = P2ij(a7"8) )

where the a,s are the parameters of the family of all polynomial vector fields
of degree n on the plane. In this statement, it is important to distinguish
a Poincaré-Lyapunov polynomial from the corresponding Poincaré-Lyapunov
constant (the value of this polynomial for a certain vector field). Indeed, the
statement says that the polynomials are also weighted-homogeneous in a certain
sense that we will define in section 3.

2 Poincaré’s Method

We suppose that the family of all polynomial vector fields of degree n

has an equilibrium point at the origin with a Jacobian matrix of the form
(1) where a = 0. We will slightly modify Poincaré’s procedure to obtain the
main result of this article. Dividing the family by b, it takes the following form
in the coordinates z = x 4 iy and Z:

n
z = iz—f—E E a2l Z",

m=2 j+k=m (4)

Fo= —izt Y Y aAEn

m=2 j+k=m

Setting r = v/2z and 6 = (1/2i)In(z/Z), we obtain:

1 . .
Po= oo(32+22) = (1/2) > Fu(e)rm
=, o)
] 1 : i0 1
0 = S5(-izztizh) =1+(1/2) > G,
m=2
where
Fm(eig) = aome—(m+1)i9 + Z (Cljk + @(k+1)(j,1))e(]’_k—1)i0
Jjtk=m; j#0
+agmem DY (6)
Gm(e?) = —iagme  mHDP 4 Z (—iajk + i@(kﬂ)(j,l))e(j*k*l)w
J+k=m; j#0
+i60me(m+1)i9.

One must find a function

H(r,e) =2 + Hz(e")r3 + Hy(e)r* 4 -
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such that JH  oH .
=4+ — 0 =P+ P+ Py ...
@ "o Tagl T TR AT )
We will see, as Poincaré did, that it is in general impossible to find
H(r,e") such that dH/dt = 0, except if the origin is a center. In this case,

all the constants P; vanish. We have:

dH 3 1
r =(Fy+ Hé)?‘g + <§H3F2 + F5 + §H§G2 + Hi) .

n 3 1 1
+ <§HnF2 +---+ §H3Fn71 + Fn + §H§anl +---+ §H»:LG2 + H:L+1> Tn+1

n+1 3 1 1
+ <TH”+1F2 +o g HaFn §H§Gn +-- 4+ 5H;LHGQ + H;L+2> 2

n+2 4 1 1
+< 5 Hus2F2 + -+ 5 4Fn+§H4Gn+-..+§H,Q+2G2+H,g+3>r”+3
+.

Notation 1 Let us denote the coefficient of 7* in the previous expression by
Li(e") + Hj..

Proposition 1 Let m be the smallest integer such that P,, # 0. Then the
system of equations Ly (e®) + H|, =0 (3 < k < 2m + 1) with the unknowns Hy
has a solution. Hj, has only powers of € of the same parity as k. There is no
Homyo such that Ly, 2(e?) + Hj, 0 =0.

Proof In the sequel, we will say simply powers instead of powers of e??. If we
can find Hj, then Hy and Hj, (k > 3) have the same powers. From (6) we see
that F; and G (j > 2) have (only) powers of the parity opposite to that of j.
Since Hy = —F»,

H and Hj have odd powers. Up to constants, the terms in Ly are H3Fb,
F5 and H;G2, where the powers in Hj, Fy, H} and Gy are odd. Then L4 has
even powers. The coefficient of € in L, is P;. If P, = 0, we can find Hy(e?)
such that Ls(e?) + Hj = 0; in this case Hy has even powers. If P, # 0, it is
impossible to solve the equation.

Let m > 2. We proceed by induction. Let us suppose that it is possible to
solve the equations L(e?) + H; = 0 up to k = 2m and that the powers in H],
and Hj have the same parity as k. Up to constants, the terms in Lj are of the
form H,.F, Fy_1 and H.G,, where r +s =k + 1. If kK = 2m + 1 is odd, then
Fi_1 has odd powers. Since 7+ s is even, s and r have the same parity and the
powers in H, F, and H,G, are odd. We conclude that Loy, 11(e?)+ Hj,, ;=0
has a solution and that Hj,, 41 and Hap, 1 have odd powers. Similar arguments
show that, when k = 2m + 2, Fy,_1, H.Fs and H]G, have even powers; then
Lomi2(e) + Hb, 5 = 0 has a solution if and only if P,,, the coefficient of %
in Loy 4o, is zero. If P, = 0, then Hj,, , , and Hy have even powers. n
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Corollary 2 Let m be the smallest integer such that P,, # 0. Then the function
72+ H3(0)r3 4+ - -+ Hopmy1(0)r?™+1 e, the solution of the system of equations
Lp(e®)+ H], =0 (3 <k < 2m+1), is a Lyapunov function for the focus. If
P,, <0, the focus is stable. Otherwise it is unstable.

To find the Poincaré-Lyapunov polynomials we proceed as follows. Equating
dH/dt with the right hand side of (7), we get an infinite set of differential
equations with the unknowns H; (j > 3) and Py (k > 1), where Py is the

coefficient of €% in Loj4o. If n = 2k is even, the system is:
H, = -F
/ 3 1 /
Hy = P - §H3F2 + F3 — §H3G2 (8)
2k 3 1 1
Hyq = —7H2kF2 —e = §H3F2k—1 — Fop, — §H§G2k—1 — = §H§kG2
2k +1 3
Hjypo = Py— Hop 1 Fo — - — §H3F2k
1 1
—CHyGop — - — §Hék+1G2
If n = 2k — 1 is odd, the last lines become:
2k 3 1 1
Hék+1 = _?H2kF2 — §H3F2k71 - §H§,G2k71 — = iHékG2
2k+1 4
Hypo = Pp— TszHFz —ee = §H4F2k71 (9)
1 1
—3 1Gop1 — - — §H$k+1G2

Poincaré used the sine and the cosine functions instead of €.

3 The Main Result

Letting z = aw (a = pe’?), the vector field
(4) becomes (writing just one equation):

n
w=iw+ Y Y aged taFwiah.
m=2 j+k=m
Then we obtain:
Lemma 3 Under the action of the element pe™ of the group C*, a,, and Gy,

where r + s = m, are respectwely changed to a,p™ 'er=5= V¥ gpd
arspm—le(s—r-i-l)iw'
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Definition Let ¢ € C be a constant. If r + s = m, the weight of ca,s or ca,s
with respect to pis m —1 . The respective weights of ca,s and ca,s with respect
toyarer—s—1and s—1r+1.

Lemma 4 Let ¢ € C be a constant. FEach ca,s or cars in Fy, and Gy, (see (6))
have a weight with respect of p equal to m — 1. The weight with respect to ¢ of
each monomial in the coefficient of e'*? is t.

Proof Because j+k=m(j,k >0), (k+1)+(—1) =m (§ # 0) and 0+m = m,
equation (6) implies that the weights with respect to p of ca;x, c@(x+1)(j—1) and
Clmo in F,, and G, are indeed equal to m — 1. The weight with respect to
of cajy is j —k — 1, that of cagq1yj—1) ( #0), G—1)—(k+1)+1=5—-k—1
and that of cag,,, m —0+1=m+ 1. [ |

Since each monomial in the coefficient of e5? has the same weights, we can,
without ambiguity, talk about of the weights of this coefficient. The following
notation will help to easily determine the weights of the coefficient of €5 in F,,
and G,,.

Notation Let us denote the coefficient of €5 in F}, by ¢m—1,s]. The coeffi-
cients of the ¢***’s in G,, will be denoted in order by

—icim—1,—m—1],d[m—1,—m+1], ..., d[m—1,m—1], iC[m—1,m+1] .

In the particular case of the family of polynomial vector fields of degree 3,
one gets:

1 . . . .
P 3 (c[1,73]e_3“9 + c,—1e " + e + c[1,3]e319) r?
1 . . . .
+5 (ci2,—41e™ % + cl2,~21e 727 + c12,0] + cp2,21€*" + cp2,41e*) 1
1 ) X .
0 = 1+ 3 (—zc[l,—3]e_3“9 +di1,—11e7% + dji,1e® + ic[1,3]e3“9) r
1

Lemma 5 The following relations are satisfied:
Clm—1,s] = c[m—1,—s] and (Z[m—l,s] = dim—1,—s].

Moreover, cim—1,0] and d[m—1,0] are Teal.

Proof F,, and G,, are real expressions, since the original family of vector fields
is real. Because in (4), 2z + 2z and —i2Z + i2Z are sums of conjugate terms,
F,, and G,, are are also sums of conjugate terms. Precisely, the conjugate of
the coefficient of e°* is the coefficient of the conjugate of e¥*?. Then ¢im—1,s] =
¢fm—1,—s] and dm—1,s] = djm—1,—s]. When s = 0, the terms c[m—1,0] and d[m—1,0]
are self-conjugate, and therefore real. |
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Definition Let h be a monomial in the unknowns c[j,s] and d[k,t]. The weights
of h with respect to p and v are the sums of the respective weights of its
unknowns. We will say that a polynomial is weighted-homogeneous of degree
(k,r) if all its monomials have the same weights k and r with respect to p and
1 respectively.

Proposition 6 Let Q; be the coefficient of €' in H,. Then Q; is weighted-
homogeneous of degree (s — 2,t). Py is weighted-homogeneous of degree (2k,0).

Proof Let uslook at the system of equations (8) or (9). According to lemma 4
and the paragraph following it, the statement is true for all the coeflicients Q;
in Hj, since Hy = —F5. Since H, = —L (see notation 1), the result follows by
induction.

Corollary 7 P, is invariant under the group of rotations S* and is invariant
under the group C* modulo a positive constant.

4  Conclusion

We have proved not only that Vj > 1 and for g = pe'¥ € C*, Pj(g(ars)) =
p* Pj(ars), where P; is a Poincaré-Lyapunov polynomial, but also that P; is
weighted-homogeneous of degree (27,0) (according to definition 3).

This result has at least two goals.

New directions of research related to Hilbert’s 16" problem which look
promising have been given by H. Zoladek in [3] and [4]. One of the ques-
tions raised by the Hilbert’s 16" problem is about the maximum number of
limit cycles that exist in the family of polynomial vector fields of degree less
or equal to n. A minor question, but closely related to, is to determine the
maximum number of limit cycles near a center-focus. Zoladek proved in [3] that
the family of polynomial vector fields of degree less or equal to two has at most
3 limit cycles near a center-focus. In [4], he proved that a family of degree less
or equal to three, but without its quadratic part, has at most 5 limit cycles
near a center-focus. The proofs follow from his main result that says the ideal
generated by the Poincaré-Lyapunov polynomials is a linear combination, with
polynomial coefficients in the a,, of the first Poincaré-Lyapunov polynomials.
He utilizes for it the invariance of the Poincaré-Lyapunov polynomials under
the group of rotations, but the arguments for proving the invariance, though
correct, are rather elliptic. The present article gives a detailed proof.

One knows the importance of the Poincaré-Lyapunov polynomials to deter-
mine the stability of an equilibrium point. One could hope to find the Poincaré-
Lyapunov polynomials for certain low degree polynomial vector fields. Indeed,
using a computer, one could

list all the monomials of P;, since they must satisfy the (two) homogeneity
condition(s). Using the explicit system (8) or (9), one could find the coefficients
of the monomials.
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Remark The author has received from J.P. Francoise, C. Rousseau and R.
Roussarie the main arguments of another proof of the invariance of the Poincaré-
Lyapunov polynomials under the group of rotations. They do not have a result
on the homogeneity with respect to the weights.
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