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ASYMPTOTIC BEHAVIOR FOR THE
CENTERED-RAREFACTION APPEARANCE PROBLEM

RUBEN FLORES-ESPINOZA, GEORGII A. OMEL’YANOV

ABSTRACT. We construct a uniform in time asymptotic behavior, describing
the interaction of two isothermal shock waves with the same direction of mo-
tion. The main result is that any smooth regularization of the problem implies
the realization of the stable scenario of interaction. In particular, the rarefac-
tion wave appearance is described.

1. INTRODUCTION

Let us consider the gas dynamics system in the isothermal case

@Jra(pu)zo, zeR, t>0,
O(pu 0 '
(;t ) + %(pu2 +cap) =0.

Let the initial data be two shock waves with the same direction of motion (to the
right):

pl,_o = po+erH(—z +27) + e2 H(—x + 3),

u|t:0 = H(—2 4 29) + vp H(—z + 29).

Here H(zx) is the Heaviside function, ¢; = p; — p;—1 > 0 and v; = u; — u;—1 > 0,
1 = 1,2, are the amplitudes of jumps, uy = 0, and p;, u;, cg > 0 are constants. For
definiteness, we assume that 2 > 9. The initial shock waves are assumed to be
stable, so that

(1.2)

€1 €2

, U2 =Up+C .
v PopP1 \VP1P2
The solution of problem , seems to be well-known nowadays. Indeed, the
standard procedure of “step-by-step” consideration before and after the interaction
time instant ¢ = ¢t* shows that the solution is described by the two noninteracting
shock waves for ¢t < t*, namely
p=rpo+erH(—z+p10t)) +eH(—x+ p(t)),

u=v1H(—z+pio(t)) +v2H(—x + p20(t)),

U1 = Co (13)

(1.4)
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where ;0 = @io,t + 29 are the phases of the shocks,

P10, = CO\/ &7 P20, = U1 + CO\/E- (1.5)
Po P1

Next, at the time instant ¢t* of the confluence, the initial conditions are
replaced by the shock wave with the amplitudes ps and us of the jumps of p and u
which are concentrated at the point z* := ¢10(t*) = @20 (t*). Solving this Riemann
problem we obtain that the solution for ¢ > ¢* is a uniquely defined combination of
a shock wave and a centered rarefaction (see, for example [II [10]). Let us call this
behavior of the solution the “stable scenario”.

However, the uniqueness of weak solutions for hyperbolic systems of conserva-
tion laws has been proved (with additional conditions) only for sufficiently small
amplitudes of shocks (see [T, 2, [@]). It is well-known that apart from the above
mentioned solution, the Riemann problem admits a family of artificial solutions
(see, for example, [9]). Therefore, the described construction can not be treated as
a well-posed one for the case of arbitrary amplitudes of shocks.

It is clear that the weak point of this scheme is the consideration of shock waves
as noninteracting ones for time close to t*. Moreover, this conflicts with the physical
sense of the problem since the actual gas dynamics include viscosity phenomena.
Therefore, it is necessary to smooth the solution for time close to t* and to consider
the process of interaction in detail.

Whitham [II] was the first to solve a similar problem for the inviscid Burgers-
Hopf equation

ou 0

5 + 8xf(u) =0 (1.6)
with the quadratic nonlinearity f(u) = u?. Passing to the Burgers regularization
and using the Hopf-Cole transformation, Whitham found the exact solution for
the initial data similar to and, as a result, established that the regularization
implies the choice of a stable scenario of interaction. However, this procedure can be
applied uniquely for the quadratic nonlinearity. A progress in this problem has been
achieved only recently by Danilov and Shelkovich for equation with convex
nonlinearities ([3]; see also [4, B]). Since it is impossible to find exact solutions in
the general case, they constructed an asymptotic solution in the framework of the
“weak asymptotic method” [3 4[5 [6] [7, []]. The main point here is the treatment
of the solution u.(x,t) of the regularized problem as a C>([0, T]; C*°(R')) mapping
for € a positive constant and a C([0,T]; D'(R')) mapping uniformly in ¢ € [0,1],
where ¢ is a parameter of regularization. Respectively, a family u. (¢, x) is called an
asymptotic mod Op/(e) solution of equation if the relation

d o0 o0
i) ucpdr — [m f(ug)g—qﬁdx =0(e)

holds for any test function ¥ = ¢ (x). The main advantage of this approach is the
possibility to describe the interaction of nonlinear waves by an ordinary differential
equation. Let us note that this method allows also to describe interactions of
solitons for non integrable problems [5, [§].

Our aim is a generalization of the weak asymptotic method for hyperbolic sys-
tems of conservation laws. Using system as a simple but meaningful example
we show that this tool easily allows to construct a uniform in time asymptotic
solution. The case of shock waves with opposite directions of motion has been
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examined in the paper [7]. In the present paper we consider the case of the same
direction of shock waves motion. It is necessary to note that the construction of a
weak asymptotic solution for a system of conservation laws entails the appearance
of a dynamical system (instead of an equation in the scalar case). Analysis of this
system requires the use of the specifics of the original problem. This can be done
for any particular problem and we indicate the way how to do this in the general
case (see Conclusion).

Specifically for problem , , we consider the phenomena of a rarefaction
wave appearance as the most interesting effect. That is why we point out this
part of the work in the title of the paper. Note also that the origin of centered
rarefaction is possible exclusively for systems. To consider rarefaction waves in
scalar cases we should set such wave as the initial data or set discontinuous initial
data with appropriate sign of the jump. Asymptotic behavior for the corresponding
problems of weak discontinuities interaction for the inviscid Burgers-Hopf equation
have been constructed recently in [4].

2. CONSTRUCTION OF THE ASYMPTOTIC SOLUTION

2.1. Definitions and statement of the main result. Following the ideas sketched
above we arrive at:

Definition 2.1. Sequences p.(t,x) and uc(t,z) are called a weak asymptotic
mod Opr(g) solution of system if p(t, 2) and u. (¢, ) belong to C>([0, T] x R)
for e=constant> 0 and to C(0,T;D’(R')) uniformly in e € [0, const] and if the
relations

L[ pepnda - / T G

@ J oo - (2.1)
d e <] e e} awz :
i) Peltpadr — [m(pgug + cgpg)de = 0(e)

hold for any test function i; = ¢;(z) € D(R), i = 1,2.

It is necessary to note that any O(e) diffusion (or diffusion—dispersion) regu-
larization (see, for example [9]) of equations implies the appearance of O(e)
corrections in relations (2.1]).

To present the asymptotic solution, let us denote w = w(n) € C*°(R!) an auxil-
iary function such that

Iim w=0 and lim w=1.

n——0o0 n—00

For simplicity, we assume that w tends to its limiting values at an exponential rate.
Moreover, let

wy, >0, and w(n)+w(-n) =1 (2.2)

Obviously this implies that w(n) —1/2 is an odd function and w((—xz + ¢)/e) tends
to the Heaviside function H(—z + ¢) as € — 0.
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Now, let us write the weak asymptotic solution for the problem (I.1]), ( in
the following form:

2
pe=po+ Y Biw;+ (Rs — Rjws — (Ry — R)ws,
=1

. (2.3)
ue = Y (Viwi + Wiw)) + U{(z — ¢a)ws — (z — d3)ws},
i=1
where
—x + ,_ dw(n) —Blz—ga)/c

wi =w(——), w;= , R=pse 3)/co. 2.4
(——) dn ‘n:(—xwi)/a & 24
bi = Gio(T,t) +e0ia(T),  dio = wio(t) +1o(t)pir(r) fori=1,2, (2.5)

b = ¢jo(T,1) +epja(T),  djo = pjo(t) +¥Y1(t)pji(r) for j=3,4,
Yo = P20 — P10, Y1 = Pa0 — P30, R = Rle—g,, T=10/c. (2.6)
The functions ¢19 and g are the phases (|1.5)) of noninteracting shock waves (1.4
(fOI‘ t < t*), E;, = Ei(T), Vi = V;(T), W, = Wi(T), ﬁ = 6(7’,15,5) >0, U =
U(r,t,e) > 0, and g1, ©r2, k = 1,...,4, are smooth functions. We will assume
that
Ei—e;, Vi—v, Wi—0, o1 —0, pj1 = 9;; as 71— —o0, (2.7)
Ei — Ei, ‘/z — Vi, VVZ — Wi, Yi1 — @il? 90j1 — 0 as 7 — +OO, (28)
Ck2 = Pra s ST — +o0.
Here E;, Vi, Wi, $ry, Pro,+ are constants, : = 1,2, j = 3,4, k=1,2,3,4.
Moreover, we assume that
¢30 — ¢40 — 0 as T — —00, (2510 — (1520 — O as 7T — +OO, (210)
and set the geometric conditions for the phases of the regularized waves
for t<t': ¢o<¢1 <P, mod O(e), j=3,4, (2.11)
for t>t": 3 <s <y mod O(e), i=1,2. (2.12)
The notation mod O(e) means here that we do not compare these phases when
the distances between the paths are O(e).
For the functions 8 and U we assume the convergence
i:l: —
B(rte) = B (1) +0(), Ulnte) =T ()+0@E) ast—+oo (2.13)

to some bounded by constants (in C-sense) smooth functions. However, we suppose
the following relations hold:
B0,t",6) = O(e™h), U(0,t",e) = O™ ). (2.14)
We will assume also that all convergences mentioned above are of exponential rate.
Assumptions and the first assumption imply that the anzatz (2.3))
describes the two noninteracting waves before the interaction (¢ < t*, so that
for 7 — —oo0 as € — 0). After the time instant of interaction (¢ > t*, so that for
T — +oo0 as € — 0) anzatz describes shock waves with amplitudes E;, V;
completed by weak discontinuities on the curves x = ¢3 and x = ¢4. In fact, we
will prove that E+(t) = U+(t) = 1/(t — t*). Therefore, the terms U(x — ¢4) and
R — R, describe in the limit as 7 — 0o a centered rarefaction concentrated between
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the curves z = ¢3 and x = ¢4. The phase corrections €@y describe small shifts

of the trajectories which appear as a result of the interaction. The terms W;w]

describe soliton—type corrections concentrated at the time of the waves interaction.
Now let us formulate our main result.

Theorem 2.1. Any smooth regularization of the problem (1.1), (L.2)) implies the
existence of a weak asymptotic solution which describes uniformly in time the stable
scenario of the shock waves interaction.

Remark 2.2. We choose a regularization w of the initial data with additional
properties since these assumptions allow to simplify the analysis. However,
it is clear that these assumptions have only a technical nature, and a similar to
Theorem result holds for any general regularization (see, for example, [5]).

In what follows we will use the notation:

Definition 2.2. A sequence f(t,x,¢) is said to be of the value Op/(F) if the
relation

| tateuin = o (2.15)
holds for any test function ¢ = ¢ (x) € D(R).

2.2. Preliminary calculations. To determine the asymptotic statement (2.3)) we
should calculate weak expansions of p. and of the products p.u., peu?. Almost
trivial calculations show that
2
pe = po + ZEsz + (R3 — R)H3 — (Rs — R)Hy + Op/ (€°). (2.16)
i=1

Here and in what follows we have
H; = H(—x + ¢;).

Next, products w;w; appear in the formulas for p.u. and p.uZ. For example,

Pelle = Z Vi(pows + Ezw?) + (E1Va + ExVh)wiws
i=1
(z = ¢)(pow; — (1) (R; — R)w?)
(2.17)

—
= |‘M,,>

+U )(Rg *R)*($*¢3)(R47R))W3W4

(—1) (UE (x — ¢;) — Vi(R; R))szj + Z {pO + Eyw;

i=1

+

hE
'M“

w

%

+ (Rg - R)W3 — (R4 — R)w;;}Wlw: + WlEQ(.«J/lLA}Q + WzElwlwé.

1 5=

Lemma 2.1. Under the assumptions mentioned above the following relations hold
= H; +edy 6; + Op(e?), (2.18)

wiw§ = Be(0ji)H; + Bue(0i5)Hy — e{Cri(05i)6i + Cux(0i5)0;} + Opi (), (2.19)
wjw] = eB11(0;)0; + Opr(€7), (2.20)
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where k, £ > 1, di. are some constants, d; = 0 and

Bye(oji) = k/oo W)W (n)w (055 + m)dn,

o (2.21)
Cre(oji) = k/ nwh ()W (n)w(oji + n)dn.
Here and in what follows
7= U0 dyim [ we(ondn, G=0ore), (222

where ¢ is the Dirac delta-function.

Proof of Lemma[2.1 Relation is almost obvious. Let us note only that the
equality d; = 0 is a direct consequence of the equality in (2.2). Furthermore,
considering the left-hand side of relation (2.19) in the weak sense we obtain the
following:

I:= /00 wk(iergbi)wz(inL(bj)z/}(:c)dz

oo £ €
> -+ T+ ¢;\ d ¢ ! !
:/_Oowk( CUE ¢)w€( 956 ¢j)%/_ooqp(x)dx dx
- [ (T et (T )
oo 2.23
—z+ ¢\ 0 +
+wk(%¢)ax“ (— %)}dl‘
= k/ wkil(n)w/(n)we(dﬁ +n)o(¢i — en)dn+
+ é/ (" (i +n)tbo(d5 — en)dn,
where ¢ € D(R?), f Y(z')dz" and we took into account the exponential

rate of vanishing of the product wlez/zo as x — Foo. Now applying the Taylor
expansion and using the notation (2.21]), (2.22)) we can rewrite the right-hand side

in in the form

I = Bi(0ji)ho(9i) + Bur(0i;)t0(¢5) — €Cre(0ji) 0 (i) — eCur(0i5)1b(¢5) + O(£2).
Since 1o (¢i) = [~ H(—x + ¢;)¢(x)dx, we obtain relation . Furthermore,
| wptp@is =< [ wln+ 030w (6 - e = eBu(os)b(6:) + OE)

—0o0 —0o0

as was to be proved. ([l
A simple analysis of the integrals in (2.21)) implies the statement

Lemma 2.2. The convolutions Byy and Cyy exist and have the following properties:
Bii(0oij) + Bep(oji) =1,

hIEl ka(g) = hm Cke((f) = O, 111}} Bké =1 fo’r k"g 2 1 (224)
hm Cie=0, lim Coy=dy, forl>1. (2.25)
o—+00 o—+00
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Applying the statement of Lemma [2.I] we obtain that the weak asymptotic be-
havior of the right-hand side in formula 2.12 ) has the form

4 2
peue = > MiH;+eY  Nidi + Op/(e?), (2.26)
=1 =1
where for ¢ = 1,2:
4
M; = Mo+ (1) (UE;(x — ¢;) — Vi(R; — R)) Bi1(01), m)
j=3 .

Mo = Vi(po + E;) + (E1Va + E3V1)Bi1(03;),

N; =2 ViE; — (ErVa + ExV4)Chi(03;) + Widpo + E; /2

+ W,E;By;(07,) + (Rs — R)Bi1(03;) — (Ra — R)Bi1(04) }, (2.28)
i=2fori=1, i=1fori=2;
for ¢ = 3,4,
2
M; =(~1){poU(z = &) + Y (UE;(z — &) = Vi (Ri — B)) Bua(os:) |
j=1
—U(z — ¢i)(Ri — R) (2.29)

+U((@ = 62)(Rs = B) + (@ = 95)(Ra — R)) Bui (o),
i=4 fori=3, i=3 fori=4.
Now let us calculate the time derivatives of p. and p.u.. Since
dT(t7€) _ th
d e’
to obtain the precision O(¢) in the right-hand side of relations (2.1)) we should take

into account the terms of order Op/(¢) in (2.16) and (2.26]). At the same time, the
phase derivatives do not include O(1/¢) terms since

Yo, = P20, — P10, (2.30)

d :
jto = @io, T Yo, i1 + %%#21 = pio, + Yo, (Tin)', i=1,2 (2.31)
and similarly
do; .
3;0 = gjo, +alre), j=3.4 (2:32)

Here and in what follows the apostrophe denotes terms of value O(1) of the deriv-
ative with respect to 7 (or, what is the same, terms O(1/e) of the derivative with
respect to t) and

o =11, /1, (2.33)
Thus, using formula , the obvious equalities (R; — R)d; = 0, j = 3,4 and
notation we find that

2
88”; - wgf { N E/H; - R'H; + (R - RQ)H4}
, (2.34)
de; dR d
+y o B0 — —=Hs + = (R — Ra)Hy + Opi e).

i=1
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Here and in what follows df /dt means all terms of value O(1) of the partial derivative
Of(x,t,7(t,e))/0t.

Next, we need to use the following statement:

Lemma 2.3. Let S = S(7) be a function from the Schwartz space and let a function
Or = dr(7,€) € C*® have the representation

Pk = 2" + EXks
where x* is a constant and x = xr(7,€) is a slowly increasing function. Then
SH(—x + ¢p) = SH(—x + 2*) + eSxpd(z — z*) + Op/(£?). (2.35)
Moreover,
Sé(x —a™) = 80(x — dr) + Op(e) = Sé(x — ¢ro) + Opr (€). (2.36)
At the same time
H(—x+ ¢p) = H(—z + ¢ro) + cor26(x — dro) + Op/ (€7), (2.37)

if dr = dro + epre and pra = Yr2(T) is a uniformly bounded function.
Proof. For any test function ¢ = ¢)(x) we have

S(H (- x+¢k ;9())

x —',-zsx;C

= S{H(—x+ 2. 0(@) + 8S<XW(1‘*) + [T e - en) — va))n).

The last integral is bounded by ecx, where ¢ is a constant. However, the product
Xk(7)S(7) remains bounded by a constant uniformly in 7. This implies relation
(2.35). Next,

S{0(z —a"),¥(x))

= SY(z* £ exg)

= 5(6(z — ¢x), ¥(2)) + O(¢)

= S{5(x — Pro), Y(x)) + eSprath’ (dro + ebpr2) + O(e), 0 € [0,1].

Thus, we obtain both equalities (2.36[). To prove relation is enough to take
into account the boundedness of the function ¢go. Let us take notes that the second
equality in holds for any smooth function S if the difference ¢ — ¢ro is a
function of the value O(g). This completes the proof. O

The relatlons mentioned in Lemma [2.3| allow to simplify the right-hand side
in formula . Indeed, denoting by x*,t* the point and the time instant of
intersection of the paths x = p;o(t),i = 1,...,4, we obtain the equality

t t—t*
_ %) _ it (2.38)
€ €
Thus, for the functions of the form ([2.5) we have
¢; =% + 57(% + 901-1(7)) +epip =" +exi(r), i=1,2,
0¢
©j0:

¢j:x*+57a( 2N ))Jrs(pjg = 2% +ex;(r), j=34

Y1,
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Here and in the sequel xx = xro + ¢r2, k = 1,2, 3,4,
(pi()t (,DjO
o, ¥,

The assumptions for E;, ¢;, and (3 allow to use the statement of Lemma[2.3] There-
fore,

XiOZT( +90i1)7 1=1,2, XjOZaT< t+90j1)» Jj=34.  (2.39)

1
€

2
{ N EH, - RHy + (R — RQ)H4}

=1

_ é(z Bi— Ry H(z — 2% (2.40)

2
+ (DBl = xaRy+ (xa — x3)R)d(z — 2%) + Op (e).
i=1
Furthermore, let us define the function g in the following form:
B={t—t"+egi(r) /o, } " = o {e(T + g1(7)} . (2.41)
Here g, is assumed to be a smooth function such that with an exponential rate
91— 0 asT— 400 and g1 — gi|r|] as T — —o0, (2.42)

where g; is a constant. Then

B(bs — b3) = o, Xj; g’f. (2.43)

Respectively, Ry does not depend on ¢, whereas the derivative R’ does not include

any term of the value O(1). Therefore, formulas (2.34), (2.40)), and (2.43) imply

the relation

ape _ th / * dR
315 = - (E1+E2—R4)H(—J}+.’E)+dt(H4—H3)
2 e, 2 (2.44)
7 / / *
+ ; o E;6; + ¢Ot{; XiF, — xaRy}0(x — z*) + Op: (e).
Observe now that

doi  doio /
dt = dt +¢0t%‘2

and the derivative ¢}, is assumed to be a function from the Schwartz space. Ap-
plying the statement of Lemma again we can transform formula (2.44) to the
final form

8p€ — 1;[}01, dR

— / J— * [— —
2 déio 2 (2.45)
+ £t Eidi + %/fot{;(Ei%z) + Li}o(z — 2*) + Opi (e),
where

2
Ly =Y xiF = xaR). (2.46)
i=1
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Carrying out similar calculations for the time derivative of p.u. we obtain the
formula

A 2
825U5 _ Yo, ZMZ,H(_QC +at) + Z djiMiéi
t € = o (2.47)

L dM,
+; dtZH1+L25(CL'7CE*)+OD/(E),
where notation (2.27)-(2.29) has been used and
2 4
Ly =wo { DN+ Mixi}. (248)
i=1 i=1

The explicit formulas (2.27)), (2.29)) and simple algebra imply the identity

4
> M= (po+p2+ Er + By — Ry) (Vi + Va + Ulds — 6a)). (2.49)
=1

Since the spatial derivatives of p., peue and p.u? do not include any term of value
Op/(e71), the definition of the asymptotic solution and formulas (2.44)), (2.47) and
(2.49) require the following equalities:

0 0
a—(El +Ey—Ry) =0, ——(Vi+Va+U(¢3—s)) =0. (2.50)
T or
Firstly, let us define the function U in the form similar to (2.41), namely
U={t—t"+ega(r)/to,} 7" = o {e(r + g2(7))} ", (2.51)

where g is a smooth function with the same properties as g;. Then the product
U(¢s — ¢4) does not depend on ¢t. Next, to obtain the constants of integration of
equations it is enough to consider the limits of the expressions as 7 — —o0
and to use the first assumptions in and . Therefore, we obtain the
identities
po+FE1+FE,=Ry, V3 -‘rV2+U(QI)3 — ¢4) = uo. (2.52)
Actually, these identities require the continuity of the solution on the curve x = ¢4
that separates the shock waves and the centered rarefaction after the interaction.
Now let us note that M; — Mo, i = 1,2, are soliton-type functions with respect
to 7. Indeed, M; — M;p — 0 as 7 — oo since Byi(0j;) — 0 as 7 — oo and
i=1,2, j =3,4. For 7 — —oo the convolutions Bii(oj;) — 1. So under the first

assumption ([2.10)
M; = Mo — UEi(¢3 — ¢4) + Vi(Rs — Rq) — 0, i=1,2.

Therefore, we can apply the statement of Lemma [2.3] and rewrite formula (2.47) in
the form

Op-ue <= db; —~ dM;
= 7Mz 51 Hz L 5 —z* ’ s 2.
ot - at 00; + izgl a + L3 (x x )+OD (6) ( 53)
where
2 do;
Ls = E (M; — M; L 2.54
3 - a (M; i0) + Lo, (2.54)

and Lo is defined in (2.48]), and the equalities (2.52)) have been took into account.
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Let us transform the term Z?:l H;dM;/dt. Since My = Mo(7), i = 1,2, we
can apply the statement of Lemma 2.3 again and obtain the relation

dM 2 dAM;
Z JHj+Z pr H(—z+z%) + Op/(e)

dM4

4

i=1

H4+OD’( )-

Furthermore, since the equalities (2.49) and (2.52)) imply the identity
2 dM;  dMy

. dt’

i=1

we derive the relation

4
Z a t dM4 ——(Hy4 — H3) + Op: (e). (2.55)

=1
Next, the explicit formula (2.29)) for ¢+ = 4 and the first equality (2.52)) allow to
rewrite M, as follows
M4 = R(‘fl + Vé + U(I — ¢4)) — (R(Vl + Vﬁ) + U(I — ¢4)(E1 + Eg))B11(0'41)
U((z — ¢4)(R3 — R) + (z — ¢3)(Ry — ))311(034)

— (UEy(x — ¢4) + VaR) (B11(042) — Bi1(041))

— Ry(ViB11(014) 4 VaB11(024)).
The last term here does not depend on ¢. Furthermore, under the geometric as-
sumptions (2.11)), (2.12)) the function Bii(042) — B11(041) belongs to the Schwarz
space. Next, dyga/dt belong to the Schwarz space also whereas ¢, — ¢ro have

the value of O(g), k = 1,...,4. This and the statement of Lemma imply the
equality

d;\? (Hy — H3) = d];/bm (Hy — H3) + Lyd(z — z*) + Opr (e), (2.56)
where
My = R(Vi + Vo +U(x — ¢u0)) + Mao1 B11(034)
—{R(Vi +V2) + U(E1 + E2)(x — ¢40)} B11(041), (2.57)
Myor = U((x — ¢a0)(Rs — R) + (x — ¢30)(Ra — R))
and
Ly= jt (UEs(z — ¢4) + VaR) (Bi1(042) — Bi1(041))
+ E‘P42U(R — (E1 + EQ)BH(O'41) + (R3 — R)Bll(0'34)) (258)

+ ep32U(Ry — R)Bi1(034) }-

Next, by similar reasons we derive the equality

dpi N~ dbio -
dt MZ051 - dt MZO(Sl + th

=1 i=1 =1

dpiz
dr

Mio(S(l‘ — x*) + Op/ (E) (259)
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Combining (2.55)) - (2.59) we rewrite formula (2.53)) in the resulting form

Opetie 2. dio dMyo
-3 Mo H, — Hs) + Lsd(z — (2), (2
N 2 i 00; + 7 (Hy 3) + Lsd(z — ™) + Opi(e) (2.60)
where
& dpio
Ls = L3+ Ly + o, E ?Mim (2.61)

=1

and L3, L, are presented in (2.54)), (2.58).

Now let us pass to the calculation of spatial derivatives. Carrying out similar as
above analysis we obtain the statement

Lemma 2.4. Under the assumptions mentioned above the following relations hold

dp: 2 OR
9z —;El(sz + %(H4 - HB) + OD’(€)7

0 pette 2 0 Muyo «

e = — ;Mloél + Er (Hy — H3) + M,6(x — 2*) + Opi(e), (2.62)
dpeu? & 0K,y *
200w Bt )+ Kol =) + 0,

where

K; =V(po + Ei) + 2poViVe Bui(03;) + Vi(Vi Bz + 2V2 E1) B (07;)
+ Va(VaE1 + 2V1 E2) B (03), i=1,2,
Ky =R(U(x — ¢a0) + V1 + ‘/2)2311(014)
— U?(z — ¢a0) ((E1 4+ B2 — R)(z — ¢a0)Bi1(041)
+ 2po(z — ©30)B11(034))
and K, M, are smooth functions from the Schwarz space.

We do not present the explicit formulas of K, and M, since they are huge. It is
important only that K, and M, depend on ¢;2, @ = 1,2 via convolutions By;(0;;)
only since 0 = (¢i0 — ¢j0)/e + piz — @j2-

Substituting the expressions (2.45), (2.60) and (2.62) into the definition (2.1)),
we derive our main relations for obtaining of the asymptotic solution parameters

2 d¢i0 dR 6M40

Z( el Mio)d; + (E 5 )(H4 — H3)

- ) (2.63)
+ (%o, Z(Ei%'z)/ + Ly + M,)6(x — z*) = Opr(e),

i=1

ddio , - TN dMy  OKy  ,0R

Z( Mio — K COEZ)52+< dt * ox +CO(9$
+(L5 + K*)§($ — .7;*) = OD/(E).

(2.64)

)(H4 — Hs)
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3. ANALYSIS OF THE SHOCK WAVE DYNAMICS

Let us consider the system obtained by setting equal to zero the coefficients of
the functions §;

do;
j;to E; =Vi(po + E;) + (E1Va + ExV1)B11(04), (3.1)
doio
7 (Vilpo + E;) + (E1Va + E3Vh)Bi1(o%))

= V2(po + Ei) + 2p0ViVa Bu1 (033) + Vi(Vi By + 2V Ey) By (o) (3-2)
+ VQ(VQEl + 2V1E2)Bﬁ(0'n‘) + CgEi, 1=1,2.

Lemma 3.1. Let the assumptions mentioned above hold. Then the second assump-

tion (2.10)) holds and system (3.1)), (3.2]) describes the confluence of the shock waves

for T — o0.

Proof. Let us denote

and divide equations (3.1) by E;. Obviously, we obtain
dgio _ . ) .
P Zi(pO + El) + Ei(Z1 + 22)311(0”), i=1,2. (34)

Subtracting equation (3.4]) for ¢ = 1 from (3.4)) for ¢ = 2 and changing the coefficient
of the §(x —2*) function in (2.63)) we derive the following equation for the difference

021 = (2 — #1)/e
¢ot% = ZZ{PO (1 - %) + (Br + EQ)(l - (1 B %)311(021)) }’ (8:5)

since
d021

d
E(QSZ - (151) = 1/10t?~
Note that the assumptions (2.7)) require the scattering—type ”initial” datum
091/T|r—o—0o — 1. (3.6)

Next, using notation (3.3]) and equations (3.1)) again, we can rewrite equations (3.2))
in the form
2
(2i(po + Ei) + Ei(21 + z2) Bui(03;))
= Cg —+ EZZ,?(pO —+ Ez) —+ 2p02122E§Bll(071-) + E%(Z% + 22122)812(0@) (37)
+ E1E2(212 + 22122)321(071-), Z = 17 2

Therefore, treating E; as known coefficients we obtain two algebraic equations for
the functions z; and zs. To solve them let us subtract one equation (3.7) from
another one. Obviously, we obtain a homogeneous quadratic equation. Solving this

equation and choosing the sign using the first two assumptions (2.7)), we pass to
the equality

zZ1 = ,CZQ, (38)



14 R. FLORES-E., G. A. OMEL’YANOV EJDE-2005/148

where

L= (\/ b2 + ajag —b)/al,

2
2
a; = (PO + Ej + EjBll(O'jj)) — Ej (po + EjBH(Ujj)Z + ZEiBﬂ(Ujj)),
=1

b=(E + E2311(021))2 - (B2 + E1B11(012))2 + E1Eo(1 — 2By1(021))
— (E1 + E2)(E1B21(021) — E2Ba1(012)).

A simple analysis of the convolutions B;;(c) and the Hélder inequality result in the
statement

Lemma 3.2. The function B? (o) — Bi2(0) is even and negative. The inequality
2811(0') - Bgl(U) >0
holds uniformly in o.
Therefore,
Bty (0j3) + Bai(03;) = 1+ Bii(0;3) — Bia(oy3) < 1.
This implies the inequality
a; =po (p() +E; + 2E3B11(Ujj)) + E1 E, (zBll(O’jj)Q — Bgl(Ujj))
+ E7 (1= B},(0}7) — Ba1(03;)) >0, j=1,2,
and the existence of the function L.
Now we can write out the solutions z; of equations (3.7)) as functions of Ey, Fs,
and o091,
zZ1 = C()EM, Z9 = C()M, (39)
where
M = {041,62 + 20[2£ =+ 043}71/2,
o1 =po (Po + Fy + 2EzB11(021))
+ E1E5(2B11(021) — Ba1(021)) + E3BYi (021),
oz = E1Eo(Bi1(021) — Ba1(021)) + E3 (B} (021) — Bi2(021)),
ag = E3 (B} (021) — Bia(o21)).
Furthermore, considering £ and M as functions of o9 and using the properties of

the convolutions B;;(c21), one can prove the following statement.

Lemma 3.3. Let E;(t) > 0 uniformly in 7. Then the function L = L(o21) de-
creases from the value L_o, > 1 to the value Lo < 1 as 021 goes from —oo to oo
and Ll|gy =0 = 1, where

_VmTETE , _ Jm
- VPo 7 > po + E1+ Es

Conversely, the function M = M(o21) increases from the value M_ to the value
Mo as 021 goes from —oo to 0o, where

[SE

2
) N

Moo = ((po+ EV)(po+ S E)) 2, Muo = Pt

i=1 \/po (poEr + (po + E2)?)
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At the point o901 = 0, M = M, where

N

Mo = (po(po + ZEI))_ :

=1

Using the first two assumptions (2.7) we find now the limiting values M and %;
of M and z;

M :1/\/p1p2, 21 ZCo/\/popl, ) ZCo/\/,Ol,OQ as 091 — —OQ. (311)
Therefore, we obtain the limiting value of the right-hand side F' = F(7,021) of
equation ({3.5)), namely

F — F =co(\/p2 — /po)//p1  as 021 — —o0. (3.12)
According to formulae (|1.3]), (1.5) and (2.30), the limiting right-hand side (3.12]) is

equal to ¥g;. So that

(3.10)

091 — T as T — —o0, (3.13)
which justifies the existence of a solution with the property (3.6).
Next, z; = 29 at the point 0917 = 0. Thus, F' = 0 at this point since B;1(0) = 1/2.
Moreover, close to this point

F =091 F'(1,0), F'(1,0) <0.

Therefore, the value o917 = 0 can be reached only as 7 — oco. Furthermore, stabi-
lization of E; requires the vanishing of the derivative F! as 7 — oo. Respectively,
one can prove that all derivatives of I’ vanish as 7 — oo. Hence,

091 — 0 as 71 — o0. (3.14)

It remains to show that system , coincides with the standard Rankine-
Hugoniot conditions as 7 — +o0o. Indeed, let 7 — —o0. Since z; = e;/v;, the last
two equalities in present the standard formulas for the velocities u; and
ug. It is obvious now that formulas define in this limit the same values of o,
as by standard formulas (L.5).

Let 7 — o0. Using the limiting value of M it is easy to derive the following
relations:

Co doio  — po+ E1+ Es

, TR ¢, =: Co e (3.15)

Zi — 2 =:

\/Po(Po + E1 + E)

FE1+ FEs
\//)o(Po + E1 + E)

Therefore, we obtain again the standard formulas but for an alone shock wave. This
completes the proof of Lemma [3.1 (]

Vi+Va—=Vi+Vy=i¢ (3.16)

The statement of this lemma describes qualitatively the behavior of the system

(13.1), (3.2) solution and justifies our main assumptions ( [2.10). However, actually
we do not need to solve this system exactly. Indeed, according to formulas (3.3)),

(3-15) and (3.16)) we can specify
Vi(r) =vi + (Vi —0i)Ca(7),  pa(1) =8u&i(1), i=1,2, (3.17)

where

Vi=ZE;, ©,= (aot — @io,) /Yo, (3.18)
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and (1(7), &(7) are smooth functions that increase monotonically from zero to
unit as 7 goes from —oo to co. Obviously, functions , satisfy the
corresponding assumptions 7 and . Moreover, the analysis drawn
above imply that the differences of the left and right hand sides of equalities (3.1),
3.2) become soliton-type functions after substitution V; and ;1 of the form ,
%D. Therefore, according to the statement of Lemma these differences can
be supplemented to the coefficients of the d(z — z*) functions in relations (2.63)
and .

So we define V; and ¢;1, ¢ = 1,2, by formulas , ( Consequently, we

obtain the equalities
doio def doqo 2
Ei—Mao)| € Ga, (S2Mio— K - GE;)
(G B Mo)| 2 G (5 @
where the stars mean the substitution of V}, ¢;1, j = 1,2, mentioned above and

G, = G(7) are soliton-type functions. As for the amplitudes F;, they remain
indeterminate on this stage.

= Gi27 (319)

*

4. ANALYSIS OF THE CENTERED RAREFACTION

Considering the centered rarefaction terms in and we will use the
statement of Lemma 2.3 again. However, we can not neglect soliton type terms
now, since the functions U and ( are not bounded uniformly in ¢ as € — 0. Hence,
we should take into account some soliton terms as the coefficients of §(x — z*)
functions.

Let us start with some algebraic transformations.

Lemma 4.1. Let functions U, 8 and ¢;, j = 3,4 be such that

E+ 9z = I, (4.1)
where Fy is a soliton-type function. Then
dMyy 0Ky 2OR
T FIE
R U e— o — U (%01 20 R
*R{(dt +U?)(z— ¢a) = U( T Vi VQ)}JFCOQQ; @2
— {(E1 +E2)((@ +U2)(x*¢4) *U%>
dt dt

+Rmm+w&BMMQ+5:a

Here Fy is the soliton-type function defined by

By == {U(22 95— 60)(U(Ey + B2 — R+ 2p0 - 2‘%@ — 1))

— NQBH(O'34)) + UQ(ZE — ¢4)(R3 + Ry — 2R) + dj\g;ml }811(0'34)
+ Fi{Vi + Vo + U((z — ¢4)B11(043) — (z — ¢3)B11(034)) },

and No, Myo, Myo1 are defined in formulas (2.27)), (2.57)).

To prove this statement it is sufficient to eliminate the term dR/dt from the
derivative dMyo/dt using the equality (4.1)).
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Let us analyze equations (4.1) and (4.2) beforehand. To this aim, consider
equation (4.1) on the curve x = ¢3. Neglecting soliton - type functions we obtain
the equation

d U
dgso el
dt B
Considering the left-hand side of equation (4.3]) for 7 — £o0 and taking into account
the geometric assumptions (2.11)), , we derive

—+
d U — — =
(530 + ¢ o—ﬁ U+(<p30 —@40)—(V1+Va)=0 as7— o0, (4.4)

2
U(ps — ¢a) — (Vi + V2) Bri(o14) — coﬂip2 ZEI =0. (4.3)

%-‘r @U——O as T — —00. (4.5)
dt Pzﬂ

Next, consider equation (4.2) on the curve & = ¢4. Neglecting soliton - type
functions we obtain

Ei+ E, doso B _
(1 — TBH(UM)) I + COE — (Vi + V2)Bi1(014) = 0. (4.6)
Therefore,
—=+
d

P40 + oﬁ —(V1+Vy)=0 asT— o0, (4.7)

dt "
% P257 =0 asT— —00. (4.8)

dt Po U

Now let us consider equations (4.1) and (4.2) on the curves x = ¢4 and = = ¢3
respectively. Neglecting soliton - type functions again and using the equalities (4.3]),
(4.6) we derive the following equalitites:

(¢30 — ¢40){£ +UB(1 - 2311(034))} 0,

. (4.9)
(¢30 — ¢40){7 + U2}
This implies the desired equations for the limiting functions
d d
%+U 37 =0, %+U =0 asT — o0. (4.10)
Therefore,

Br=U"=@-t)! T — 00, (4.11)
which coincides with formulas (2.41)), (2.42)) and ( . Moreover, formulas ([2.52))
and (4.11)) allow to rewrite equations (4 D and (4.7] ) as follows

dpso dow = | =
o _ _ . 4.12
0 U — CQ, o Vi+Vy—cg as7T— o0 ( )

It is clear now that (30 and @49 are the standard characteristics which go to the
left in the media with the velocities u = us and u = V1 + V5 respectively.
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Now let us consider the situation as 7 — —oo. Equations (4.5) and (4.8) imply
the congruence of the curves x = ¢35, and = = ¢, if and only if

)=y

Extracting the root and taking into account geometric assumption (2.11]) we obtain

the condition
U
2P s . (4.13)
B po
At the same time, equations (4.9)) do not prescribe anything as 7 — —oo. Therefore,
we can try to define the functions $ and U in an arbitrary manner preserving the

properties (4.11) and (4.13]) to within O(e). To this aim we use the representation
(2.41) and (2.51)) setting

g1 =14 p)\/T2+7G(—7), g2 =14 po)\/7% + 73 Cu(—7), (4.14)

where v; > 0 are arbitrary constants, (;(7) > 0 are smooth functions such that
Gi(t) = 0as 7 — —o0 and (;(7) — 1 as 7 — o0, i = 3,4. Moreover, let

(3(0) = (14 p2)~",  Ca(0) = (14 po) " (4.15)

It is easy to check that this choice of g; guarantees the fulfillment of both the
inequalities 371(7) > const > 0 and U~1(7) > const > 0 for any 7 € R!, and the
limiting relations , (4.13)).
This representation of 3, U and formulas , have as consequence the
equations
% = % =—cyp asT — —0Q. (4.16)

Obviously we obtain that ¢,,, i = 3,4, are the standard characteristics which go to
the left in the media with the velocity u = 0.
Completing the preliminary analysis we define the functions ¢;g, i = 3,4, by

formulas (2.5)), where ;9 are determined in (4.12)) and

Ug V1 + Vg
—7), —
wlt 53( ) o ¢1t

Here &;(7), i = 3,4, are smooth functions which increase from zero to unit.

Now we need to justify the choice (4.12), (4.14) and (4.17). To this aim let us
substitute these formulas into the left-hand side of equality and denote the
result of substitution by F;.

Lemma 4.2. Under the choice 4.12), (4.14) and (4.17) the following relation
holds:

P31 = — &u(—T). (4.17)

Fi(Hy — H3) = F{6(x — z¥) + Op/(e), (4.18)
where Fy = Fy(7,¢€) is a function from the Schwarz space.

Proof. Obviously,

Fi(Hy — H3) = fi(Hy — H3) + Opi(e), f1 = Fl(w($;¢4) 7w(x;¢3)).
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Next, using the representation (2.4)) of R we rewrite F in the form

L =— g{%(ﬂ(fﬂ — ¢3)) + B(Vi + Va)Bi1(o14) + U (z — ¢4)}
+ RU — U(El =+ E2)311(0'41) (419)

+ U{R(?x — ¢3 — ¢4)ﬁ + R3+ Ry — 2R}311(0'34).
co

Let us consider Fy for 7 >> 1. Since the convolutions Bji(041), B11(034) vanish
we derive the relation for 7 — oo,
=+
Fi = —Rﬁ—{(

€o

z — p30) dB _ dpso LTt
Tt dt

($—<P40)+V1+V2—Co}+.-~7

where the dots mean vanishing terms and terms of value O(g). Since § — U —

(t —t*)"!L as 7 — oo, it is clear now that formulas (4.12) and (4.14]) imply the
vanishing of F} as 7 — oo.

Next, considering F; for 7 < —1 we rewrite the equality (4.19)) as follows:

B R dj B dpzo
F=—(z ¢3)CO dt+(R pQ)CO it + Fi1,
where
_p(P2dds U B
Fua =0( 22750 + posg ) + 50 (6a0 — ds0) 5

1
+5U(p2+ Ra—=2(po + Ev + E2)) + ..,

and the dots denote small terms as 7 — —oo. Under the choice (4.14) and (4.17)
the function F}; vanishes. Furthermore,

|.’II— ¢3|(w(x B ¢4

€
Estimating R — py similarly we obtain that fi — 0 as 7 — —oo . Thus, we
can apply the statement of Lemma and obtain relation , where F} =
Z':(X4 - X3)f1|a::x* .
It remains to estimate F} for |7| < const. Obviously, to this aim it is enough
to estimate the maximum values of 8 and (z* — ¢3)df3/dt. Formulas (2.41)),
and imply the inequalities

) _w(x%%» < |pao — P30| — 0 as 7 — —oc.

d
ef < —wot, 5’(:1:* — ¢3)—5’ = 23%(1 + g}, )x3| < const.
Y1 dt
This completes the proof of Lemma [4.2 O

Considering in the same way the coefficients of the Heaviside functions in relation
(2.64)) we obtain the similar to Lemma [4.2] statement

Lemma 4.3. Under the choice (4.12)), (4.14) and (4.17)) the following relation
holds:

dMy 0Ky 2OR
{ dt + ox +CO(9:E

where F3 is a function from the Schwarz space.

}(H4 —H3) = F3d(x — ) + Opi(e), (4.20)
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Therefore, we define the functions 3, U, and ¢;o, j = 3,4, in accordance with
formulas (4.12)), (4.14), (4.17) and supplement the corresponding corrections to the
coefficients of §(z — «*) functions in relations (2.63)), (2.64). We stress that the
limiting values V; remain undefined and conditions main unique ones for
the functions (3 and (4.

5. COMPLETION OF THE CONSTRUCTION

Now we can complete the construction of the shock waves and the centered
rarefaction defining the functions E;, &;, and (;. To this aim let us consider the
continuity conditions (2.52)). For the exact solutions V; = V;(E;, Ey,7) of the

Rankine-Hugoniot conditions (3.1), (3.2) (see formulas (3.3)), (3.9)) system (2.52)

implies the appearance of a transcendental algebraic equation for E;. However, we
can simplify the procedure using the arbitrariness in representation of the functions
E;, Vi, gi and ¢;. Indeed, taking into account the exact formulas (2.4]), (2.6]) for
R, we pass to the algebraic equations
B (g
po+ E1 + By = pye” o0 (P17,
Vi4+ Vo =ug +U(ps — h3).

Let us eliminate the term ¢4 — ¢3 from this system. Then we obtain the equation

(5.1)

8 u
po + E1 + Ey = pae zou (Vit+Ve—uz) (5.2)

Lemma 5.1. Under the choice ([3.17), (@.12)), (4.14) and [E.17) there exist mono-
tonic functions E;, i = 1,2, which satisfy equation (5.2) and

E; —e; asT— —o0, Ej+Fy— po(M3—1) asT— occ. (5.3)
Here the Mach number My is the solution of the equation
poM? = pge_{M_ﬁ_% (5.4)

and satisfies the inequalities

S < < )22 (5.5)
Po Po

Proof. First of all consider equation in the limit as 7 — oco. Representation
(3.17) of V; and formula imply the dependence of the right-hand side of
equation on E; + FE5. Let us use the standard notation M, for the Mach
number calculated before the shock wave front. In the case under consideration

V Po + FE1+ E>
VPo '

Since V1 +Va = co(Mo+1/Mp) and 3/U — 1 as 7 — oo, we see that equation
takes the form in the limit. The left-hand side of this equation is the mono-
tonically increasing function whereas the right-hand side monotonically decreases
with respect to M > 1. This implies the existence of a unique root M = My > 1 of
the equation since ps > pp and us > 0. Respectively, we derive the desired limiting
amplitudes

My =

By + By = po(M2 - 1), (5.6)
Note also that inequality My > 1 is the stability condition for shock waves.
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Next, let us set M = M* := /p1/po. Direct calculations and the exact formula
(1.3) of us show that

1 U9 €9

M o VPibz
Thus, the right-hand side of (5.4) is greater than p, whereas poM*? = p1 < p.
Therefore, M* < M, and we derive the first inequality in ([5.5)). To prove the second
inequality in (5.5) consider the number M, > 0 such that
1 U9
M, — — = —.
M* Co

Solving this equation and using formula (|1.3) again we deduce M, as a function

with respect to po, p1, and pe. Next, simple algebra shows that poM2 < py. Thus,
My > M,. Therefore,

M*

_ _ 1
Vi Vo= co(My — —) > us. (5.7)
My

This implies the desired inequality
poMg = pPo +F1 +E2 < p2. (58)
We stress that inequalities (5.7) and (5.8) guarantee the stability of the limiting
rarefaction wave.
Furthermore, in accordance with (2.7)) we have
po+Er+Es—py+er+e=py, Vi+Vo—wvi+va=uy asT— —o0.
This implies the consistency of equation (5.2) and assumptions ([2.7)).
Now we can use the arbitrariness of the functions F;, Vi, g; and ¢;. We set
Y1 =0v, 6>1 (59)
and fix a monotonic function 4. Then there exists a function (3 such that the ratio
(/U monotonically increases from pg/pa to 1. Let us fix a monotonic function ¢;
in representation (3.17)) of V; and define the amplitudes E; as follows
Ei = € + (Fz — ei)CQ(T)’ 1= 1, 27 (510)

where 0 < E; < e; are numbers such that equality 1) holds. Then formulas 1)
(5.7) and equation (5.2]) allow to define the function (3, namely

2
£o 2> . ( B, My—1 up )
1——M =1- - —(—— == . 5.11
(1= 2M)an) =1 - e (- 5 (S5~ a0 (5.11)
It is easy to check that (o is the smooth function which increases monotonically
from zero to unit. This completes the proof of Lemma [5.1 (Il

Furthermore, the second equation in (5.1)) allows to define the difference ¢4 — ¢3.
Indeed, this equation and (3.17)), (5.7) imply the equality

b1 — by = U N (Vi + Vo — ) = U~ (eo(Mo — Mio) Cw)a(r).  (5.12)

Thus, the difference ¢4 — ¢3 is positive and tends to zero as 7 — —oo. Moreover,
in accordance with (2.5)), (4.12)), (4.17) we have
$1—¢3 = (Vi+Va)(1 = &(-7)) —u2(l = &(—7))) (t = ") +e(paz — p32). (5.13)

The function U~ varies rapidly in a small neighborhood of the point ¢ = t* whereas
U™t ~t—t"and Ul ~ polt — t*] for t — t* ~ £e177, v > 0, respectively. It is
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clear now that we can set @32 = —p40 and choose @45 as a soliton—type function.
The equality

(61— 68—t = 2 (co(Mo — M%) )1 (0) (5.14)

shows that the amplitude of @49 is positive and proportional to s.

The last step of the construction is consideration of the coefficients of §(z — z*)
functions in the relations and . Taking into account the statements of
Lemmas and formulas we obtain the equations

2 2

7/’&(2 Eipi2) + L1 + M, + F} + ZG“ -0,

i=1 i=1 (5.15)

2
L5+K*+F3+ZG1‘2 =0.
i=1
Setting @19 = w22, W1 = W and using formulas (2.46)), (2.61]) we rewrite equations
(5.15) in the standard form

2

S22 g, M) g, (5,10
=1

where

12
a =2py + 3 ZEz(l +2B11(07))
pas . (5.17)

2
+(Rs — R.) > _ Bulos) + (R — Ra) > Bui(oa),
i=1 i=1
and f; are soliton-type functions.

Lemma 5.2. There exist such numbers vo, FEo and functions ¢, &, i = 1,2,3,
that equations (5.16]) have uniformly bounded in T solutions.

Proof. The solvability of the first equation is obvious since Fy+ FEy > const >
0 uniformly in 7. We specify ¢12 by the condition ¢13|,—¢ = 0. Note that the choice
12 = 2o implies the independence o9; of this correction and allows to write out
the difference ¢1 — ¢ in the form

¢1— d2 = {to, (1 — &) + (o, — ®10,)(E2 — &) (t* —1). (5.18)

Let &(7) = &1 (7). Then (t* —t)(¢1 — ¢2) > 0 accordingly to and the first
inequality in .

To prove the inequality a > const > 0 let us denote 7%, ¢ = 1,2, the time
instants of the intersections of the line x = z* and the curves = ¢3 and x = ¢4
respectively. Using the explicit formula ( of R it is easy to check that the
inequalities R3 > R. > R4 hold for 7 € [rf, 73], where R, = R|;—~. Thus, all
terms in are positive for such 7.

Furthermore, let us note the fulfillment of the relations
D3lr=0 = " — €p42(0) < ¥ < " + £942(0) = Py|r=0-

Hence, ¢3|r=0 — —0 and ¢4],—0 — +0 as 9 — 0 , whereas ¢1]|,—0 = z* and
this position does not depend on 5. Therefore, there exist such number ~» and
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functions &1, €3 that the inequalities
¢1|T:‘rf < IE*, ¢1|‘r:7'2* Z z* (519)

hold for any fixed (;. Then the formulas for ¢;, i = 1,...,4 and (5.18)) imply the
fulfillment of more precise version of geometric conditions ([2.11)) and (2.12

P2 < P1 < ¢P3 < Pg for " >7>-T,
b3 < Py < Pp1 < pg for 15 <7 <T,

(5.20)

where T' > max{—7{,75} is a constant and ¢o — ¢1 — 40, ¢4 — ¢p3 — +0 as
T — Zo00 respectively.
Let 7 € (75,T). Then Rs > R4 > R.. Simple transformations and the first

equality (2.52) allow to rewrite formula (5.17)) as follows:

1
5 +311(U21)) (R3 — ZBH (03i) + R. ZBH (044)

a Zpo(2

(5.21)
+ Eg(l — 2311(0'12)) + R4( + Bn 0’12 ZBH 041

The second inequalities in imply that Bii(o12) < 1/2 and Bji(041) < 1/2.
Moreover, Bii(c12) > Bi1(042) since o492 = 041 + 012. Hence, a > const > 0
for such 7. For 7 > T and sufficiently large T we obtain the desired estimate
a ~ pPo + R4 > 0 since 311(0'12) ~ 811(0'21) ~ 1/2 and Bll(gji) ~ O, j = 3,4,
i=1,2.
Let 7 € (=T, 7). Then R, > Rs > R4. Using the first equality ( again,
we rewrite formula in the form
1 2
a :P0(§ + B11(021)) + R, Z (Bll(UiB) - B11(0i4))
i=1

1
+ Ry (Bi1(012) ZBH Tia) — *)

2

+p2(1— ZBll(UiS)) — E3(1 = 2B11(021)).
i=1

The location (5.20) of the phases ¢; implies the inequalities Bi1(oy3) > Bi1(0i4)
and Byi(o12) > 1/2. Thus,

1
a = 3P0 + p2(1 = 2B11(013)) — E2(1 — 2By1(021)).

Since pa > Es(7) > 0 uniformly in 7, the last estimate can be transformed to the
following form:

1
a > 5P0+ 2F>(Bi1(021) — Bi1(013)).

Now we use the remained arbitrariness in the choice of E5 and (;. Accordingly to
(5.11), ¢2(7y) will be an arbitrarily small number if ¢;(77) < 1. Therefore, we can
choose F5 and (;(7]) such that the inequality

Es|Bii(021) — 311(013)’) _ < zho (5.22)

T=T]
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holds. The trajectories ¢; and ¢o of the shock waves go to the right and have
different velocities, whereas the characteristic ¢3 goes to the left. So the distances
¢1 — P2 and ¢3 — ¢ increase with time when 7 decreases from 75 to —7". Therefore,
the convolutions Bjj(091) and Bij(013) vanish. The function Fs increases for such
7. However, we can specify (1(7) such that the rate of increasing of Es will be
smaller as the rate of decreasing of By1(021) and Byj(o13). Obviously, the estimate
similar to holds for any 7 € (=T, 7;) under this choice. Consequently, we
obtain the desired estimate a > const > 0. Evidently, a > po/2 for 7 < =T and
sufficiently large T'. It remains to specify Wj by the condition W7 — 0 as 7 — —o0.
This completes the proof of Lemma[5.2] and Theorem [2.1 (I

Conclusion. Let us indicate a way of generalization of the presented above con-
struction for strictly hyperbolic systems of conservation laws. Let, for simplicity,
the initial data be a superposition of two stable shock waves with constant ampli-
tudes. Obviously, to construct a uniform in time asymptotic solution we need to
involve into anzatz regularizations of all possible shock waves, contact discontinu-
ities and centered rarefaction. More or less simple algebra allows to represent the
nonlinearity again as a linear combination of these regularizations (see, for exam-
ple, Subsection 2.2). Therefore, to determine parameters of the anzatz we derive a
dynamical system with scattering—type initial data. The proof of the existence of a
special solution of this problem is the main obstacle to the construction. For exam-
ple, the direct substitution of the anzatz (2.3]) into the gas dynamics equations does
not allow to understand for problem , (1.2) almost anything. Many simplifica-
tions based on the statement of Lemma [2.3] allow to transform the corresponding
dynamical system to more reasonable form. However, the resulting system remains
very complicated. Another example is the interaction of shock waves with opposite
directions of motion [7]. We can prove there the solvability of the corresponding
scattering—type problem for a special case of initial amplitudes, whereas it remains
unclear till now, how to prove the same in the general case. It is clear that the
similar problem for general systems of conservation laws will be an insuperable
obstacle. So the approach proposed in the present paper can be the main tool to
avoid this difficulty. Indeed, changing the desired solution of the dynamical system
to appropriate approximation, we pass to a simpler existence problem for small
corrections. We guess that this problem can be solved in the general case similarly
to the example considered above.

As specifically for rarefaction wave in the problem 7 , we observe a
soliton—type deformation of the trajectories close to the interaction point as the
most unexpected result. This phenomenon shows that the mechanism of the rar-
efaction wave appearance is realized via formation of a regularization of a step—
type function with negative amplitude a little bit before the shock waves pasting
together.
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