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EXISTENCE AND CONCENTRATION RESULTS FOR
FRACTIONAL SCHRODINGER-POISSON SYSTEM VIA
PENALIZATION METHOD

ZHIPENG YANG, WEI ZHANG, FUKUN ZHAO

ABSTRACT. This article concerns the positive solutions for the fractional Schrodinger-
Poisson system

e25(=A)*u+ V(z)u+ ¢u = f(u) inR3,

e2(=A)¢p=u? inR3

where € > 0 is a small parameter, (—A)® denotes the fractional Laplacian of
orders a = s,t € (3/4,1), V € C(R3,R) is the potential function and f : R — R
is continuous and subcritical. Under a local condition imposed on the potential
function, we relate the number of positive solutions with the topology of the
set where the potential attains its minimum values. Moreover, we considered
some properties of these positive solutions, such as concentration behavior
and decay estimate. In the proofs we apply variational methods, penalization
techniques and Ljusternik-Schnirelmann theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In recent years, a great deal of work has been done on the semiclassical standing

waves for the fractional Schrédinger equation

L OV 2s s 7 : 3

zha =h (=AU +V(z)T — f(|¥]) inR° xR, (1.1)
where 7 is the imaginary unit, % is the Planck constant, 17(30) = V(x) 4+ E is the
potential function with the constant E and f(exp(i6)£) = exp(if)f(£) for 6, € R
is a nonlinear function.

Equations of type were introduced by Laskin [21] [22], and come from an
expansion of the Feynman path integral from Brownian-like to Lévy-like quantum
mechanical paths. It also appeared in several areas such as optimization, finance,
phase transitions, stratified materials, crystal dislocation, flame propagation, con-
servation laws, materials science and water waves (see [8], [12]).

An interesting Schrodinger equation appears when it describes quantum (non-
relativistic) particles interacting with the electromagnetic field generated by the
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motion, that is a fractional nonlinear Schrédinger-Poisson system (also called frac-
tional Schrodinger-Maxwell system),

m‘l‘f = B2 (=A)*U + V(2)U + ¢¥ — f(|¥]) in R? x R,

) (1.2)
R?H(—A)g = [¥|* in R3.

A solution of the form e~*#t/"q(z) is called a standing wave and (e ~*#*/"u(x), ¢(z))

is a solution of (1.2)) if and only if (u(x), ¢(z)) satisfies

e2(—=AYu+V(z)u+ ¢u= f(u) in R3,

e2?(=A)'p =u? inR> (1:3)

For s =t =1, Equation (|1.3)) gives back the classical Schrédinger-Poisson equa-
tion
—?Au+V(z)u+ ¢u = f(u) in R

—2A¢p=u? inR3, (1.4)

which was proposed by Benci and Fortunato [6] in 1998 for a bounded domain, and
is related to the Hartree equation [23]. Recently, to better simulate the interaction
effect among many particles in quantum mechanics, a nonlinear version of the
Schrédinger equation coupled with a Poisson equation have begun to receive much
attention, we refer the interested readers to [2, B, [4, O, 14, 17, B35, 41] and the
references therein.

When s,t € (0,1) to the best of our knowledge, there are just a few references
on the existence for the fractional Schrodinger-Poisson systems, maybe because the
standard techniques developed for the local Laplacian do not work immediately.
Teng [34] considered the fractional Schrodinger-Poisson system with subcrit-
ical and critical nonlinearity and he established the existence of ground state solu-
tions. For other existence results we refer to [19, 241 27] [38] [40] and the references
therein.

Assuming f(u) ~ |u|P72u(4 < p < 2¥) and the global condition

0 < inf V(z) < liminf V(z) = V,
z€ER3 |z|— 00
firstly introduced by Rabinowitz [29], the authors in [25] obtained the multiplicity
and concentration of positive solutions for the system

e (=A)u+V(z)u+ du = f(u) +[u*2u in R?,

e?(-A)p=u? inR3 (15)

via the standard Nehari manifold method. The concentration behavior of ground
state solutions for subcritical and critical cases with two competing positive poten-
tials was obtained in [39] 37].

Different from [25] 37, [39], in this paper, we establish the existence and con-
centration of positive solutions for the fractional Schrédinger-Poisson system
when the potential function V € C(R3,R) satisfies the following conditions:

(A1) There is constant Vi > 0 such that Vi = inf,cgs V (),
(A2) there is a bounded domain € such that

Vo < min V.
o0
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Without loss of generality, we assume that M = {z € Q : V(z) = Vo} # 0 and
0e M.

Moreover, we assume that the continuous function f vanishes on (—o0,0) and
satisfies

(A3) f(u) =o(u®) as u — 0.

(A4) There is p € (4,2}) such that

lim f(w) =

u—oo yP—1

(A5) There is 6 € (4,27%) such that
0<0F(u)= 9/ f(r)dr < f(wu, Yu>0.
0

(A6) The function f(u)/u® is increasing on (0, 00).

Remark 1.1. In view of (A4) and (A5), we have 4 < 27 = 3%, which implies
that s > %. Moreover, if s,t € (3/4,1), then we have that 2s + 2t > 3.

We remark that the nonlinearity f is only continuous, we can not use standard
arguments on the Nehari manifold as in [25]. To overcome the nondifferentiability
of the Nehari manifold, we shall use some variants of critical point theorems from
Szulkin and Weth [33]. Now we state our main results as follows.

Theorem 1.2. Assume that (A1)-(A6) are satisfied with s,t € (3/4,1). Then for
each 6 > 0 such that

M ={z € R : distz, M) < 6} C Q,

there exists €5 > 0 such that has at least cat pq, (M) positive solutions for any
e € (0,e5). Moreover, if u denotes one of these positive solutions and n. € R? its
global mazimum, then

lim V' (n.) = Vb,

e—0

and there exists a constant C > 0 (independent of €) such that

C€3+25

3
u(z) < S TR T, Vx € R°.

This article is organized as follows. In section 2, besides describing the functional
setting to study problem , we give some preliminary Lemmas which will be
used later. In section 3, influenced by the work [I0] and [32], we introduce a
modified functional and show it satisfies the Palais-Smale condition. In section 4,
we study the autonomous problem associated. This study allows us to show that
the modified problem has multiple solutions. Finally, we show the critical point
of the modified functional which satisfies the original problem, and investigate its
concentration and polynomial decay behavior, which completes the proof Theorem
L2

2. VARIATIONAL SETTING AND PRELIMINARY RESULTS

Throughout this paper, we denote || - ||~ the usual norm of the space L"(R?),
1 < r < o0, B.(z) denotes the open ball with center at = and radius r, C' or
C;(i = 1,2,---) denote some positive constants may change from line to line. —
and — mean the weak and strong convergence.
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2.1. Functional space setting. Firstly, fractional Sobolev spaces are the conve-
nient setting for our problem, so we sketch the fractional order Sobolev spaces, the
complete introduction can be found in [II]. We recall that, for any « € (0,1), the
fractional Sobolev space HY(R?) = W*2(RR?3) is defined as follows:

HY(R®) = {u € L*(R%) : /W (IEPYF(u)? + | F(w)[?)dé < oo},
whose norm is defined as
20( 5 = 2ozf 2 f
Il = [ (€21 + 17w

where F denotes the Fourier transform. We also define the homogeneous fractional
Sobolev space Do‘vz(R‘g) as the completion of C§°(R?) with respect to the norm

Jul Jut@) Z w1 0" —
D2(R3) ‘= s ms | — y[Pree T ay = [U]H(R?)-

The fractional Laplacian, (—A)®u, of a smooth function u : R? — R, is defined
by

?)de,

F((=A)"u)(€) = [g** F(u)(€), &R
Also (—=A)%*u can be equivalently represented [I1] as

(~8)%ulo) = ~3Cla) [ MEEMTLEZINZD) 4y v e,

_ -1
C(Oé) = (/]RS wdg) ) 5 = <§1a§27§3)-

Also, by the Plancherel formula in Fourier analysis, we have

2 [e%
[ulFremey = 7 1(=2)*2ull3.

C(a)

As a consequence, the following three norms are equivalent on H%(R3):

2 u(y)? 1/2
(fotras s [ e e)

([ Q=17 + 17 ae)
([ 1 do s -ay72az) "

Making the change of variable « — ex, we can rewrite system (1.3)) as the equivalent
system

(—A)*u+V(ex)u+ ¢u= f(u) in R,
(=AY =u? inR3>.
If u is a solution of (2.1)), then v(x) := wu(z/¢) is a solution of (1.3]). Thus, to study

the system (1.3)), it suffices to study the system (2.1). In view of the potential
V(z), we introduce the subspace

(2.1)

H. = {u € H*(R?): /Rg V(ex)u? dr < —Foo}7
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which is a Hilbert space equipped with the inner product
(u,v)g. = / (=A)*2u(=A)2vde+ [ V(ex)uvde,
R3 R3
and the norm

Jul, = () = [ |-8)"uP dot [ V) da.
R3 R3

For convenience, we denote ||- ||z, by ||-||e. For the reader’s convenience, we review
some useful result for this class of fractional Sobolev spaces.
Lemma 2.1 ([I1]). Let 0 < a < 1, then there exists a constant C = C(a) > 0,
such that

”uHi%’; (R3) < C[“]?{“(D@)
for every u € H*(R?), where 2%, = 3_62a is the fractional critical exponent. More-
over, the embedding H®(R3) < L"(R®) is continuous for any r € [2,2%] and is
locally compact whenever r € [2,2%).

Lemma 2.2 ([30]). If {u,} is bounded in H*(R3) and for some R > 0,

lim sup / [un|? dx = 0,
Br(y)

n—oo yEJR3

then u, — 0 in L"(R3) for any 2 <r < 27.

Lemma 2.3 ([28]). Let u € D*2(R3), p € C§°(R3) and for each r > 0, ¢, (z) =
©(T). Then

up, — 0 in D3R asr — 0.
If, in addition, ¢ = 1 in a neighbourhood of the origin, then
wp, — u in D¥*(R3)  as r — 4o0.

2.2. Reduction method. It is clear that system ([2.1)) is the Euler-Lagrange equa-
tions of the functional J : H. x D“2(R?) — R defined by

1 1 1
Ty =gl =5 [ 18y Popdns g [ o= [ Pade. (22

It is easy to see that J exhibits a strong indefiniteness, namely it is unbounded
both from below and from above on infinitely dimensional subspaces. This indefi-
niteness can be removed using the reduction method described in [6]. First of all,
for each fixed u € H,, there exists a unique ¢, € D»?(R3) which is the solution of

(-A)'¢ =u? in R®.
We can write an integral expression for ¢! in the form
2
t u”(y) 3
z)=C —= —dy, VreR’
d)u( ) t/]R3 |I*y|372t Y
which is called ¢-Riesz potential (see [20]), where
1 T(3-20)
T or3/2 22tr(s) :
Then (2.1]) can be reduced to the first equation with ¢ represented by the solution
of the fractional Poisson equation. This is the basic strategy of solving (2.1). To

Cy
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be more precise about the solution ¢ of the fractional Poisson equation, we collect
some useful Lemmas.

Lemma 2.4 ([34]). For each u € H*(R?) and 4s + 2t > 3, we have:

(i) ¢, = 0;
(i) ¢ : H*(R3) — D“2(R3) is continuous and maps bounded sets into bounded
sets;

(1) 108 ey = fo 0 d < Sl

(iv) if up — w in H*(R?), then ¢!, — ¢! in D"?(R?);

(v) if un — u in H*(R3), then ¢f, — ¢! in D"*(R®) and [gs ¢!, uZdx —
Jas D u? de.

We define N : H*(R3) — R by
N(u) = ¢t u? da .
R3

It is clearly that N(u(- +y)) = N(u) for any y € R3, uw € H*(R3) and N is weakly
lower semi-continuous in H*(R?). Moreover, similarly to the well-know Brezis-Lieb
Lemma ([7]), we have the next Lemma.

Lemma 2.5 ([34]). Let u, — u in H*(R3) and u,, — u a.e. in R® with 2s+2t > 3.
Then

(i) N(up —u) = N(un) = N(u)+o(1);

(ii) N'(un —u) = N'(up) — N'(u) + o(1), in (H*(R3))~t.

Putting ¢ = ¢!, into the first equation of (2.1), we obtain a nonlocal semilinear
elliptic equation
(—A)*u+V(ex)u+ ¢ u = f(u) in R,

The corresponding functional I : H., — R is defined by

1 1 1
I(u) = = (=AY 2u? da + = / V(ex)u? dx + ~ ¢t u? do — F(u)dx.
2 Jrs 2 Jrs 4 Jgs R3
Note that if 4542t > 3, then 2 < 3257 < 2%, and thus H*(R?) — L5t% (R?3). Then

by Hélder inequality and Sobolev inequality, we have

/W ohu? di < (/RS ME:: dx)“é”(/w 16t

. 1/2%
2% dx) '
342t

<7 ( [ it an) ol o

< OllulZ[1¢%, I pr2 < oo

Therefore, the functional I is well-defined for every u € H.. Next, we consider
critical points of I using a variational method.

3. MODIFIED PROBLEM

In this section, we adapt for our case an argument explored by the penalization
method introduction by del Pino and Felmer [10]. In fact, from (A3) and (A6) we

have
A
u—0 U
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and the map u — % is increasing in (0, 00).

Now we fix some notation. Let K > 2, a > 0 be such that @ = Y% where V}

K
is given by (Al). We define

oy ) flw if u < a,
flw) = {Vou/K ifu>a,
g(x,u) = xa(2) f(u) + (1 - xa(@)) f(u),

where x is characteristic function of a set €. From hypotheses (A3)—(A6) we have
that g is a Carathéodory function and satisfies the following properties:

lim 9(z,) =0 uniformly in z € R?; (3.1)
u—0 U
lim 9(z,u) =0 uniformly in z € R3; (3.2)

u—oo uP—1

0 <0G(z,u) := 9/ g(z,7)dr < g(x,u)u, Vr e, Yu>0,
0

3.3
0 <2G(z,u) < gz, uw)u < %tz, Vo € R3\Q, Yu > 0. .
— % is increasing for v > 0. (3.4)
Moreover, from definition of g, we have
g(w,u) < flu), Yu € (0,+00), Vo € R,
g(z,u) =0, Yué€ (—o0,0), Vo € R>.
Now, we study the modified equation

(—=A)su+ V(ex)u + ¢u = g(ex,t) in R, (3.5)

(-=A)'p =u® in R

Note that positive solutions of (3.5) with u(x) < a for each z € R3\(). are also
positive solution of (1.3, where Q. = {x € R3 : ex € Q}. The energy functional
associated with (3.5]) is

1
I(u)= = / (I(=A)*?u)? + V (ex)u?) dz + 7/ dtutde — | Gex,u)dx
2 Jps 4 Jps R3

which is of C' class and whose derivative is given by
(Il (u),v) :/ ((=A)*2u(=A)*2v+V (ex)uv) dm+/ ¢t uv dw—/ g(ex, u)v dz.
R3 R3 R3

for all v € H, and associated norm || - ||.. Hence the critical points of I, in H. are
weak solutions of problem ([3.5)).
Now, we denote the Nehari manifold associated to I. by

Nz = {ue H\{0} : (IL(u),u) = 0}.

Obviously, N, contains all nontrivial critical points of I.. But we do not know
whether N, is of class C' under our assumptions and therefore we cannot use
minimax theorems directly on N.. To overcome this difficulty, we will adopt a
technique developed in [32], [33] to show that A is still a topological manifold,
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naturally homeomorphic to the unit sphere of H., and then we can consider a new
minimax characterization of the corresponding critical value for I..

For this we denote by H the subset of H. given by

HY ={ue H. : |supp(u™) N Q.| > 0}

and SI = S. N HX, where S. is the unit sphere of H,.
Lemma 3.1. The set HI is open in H..
Proof. Suppose by contradiction there are a sequence {u,} C H.\H} and u € H}
such that u, — w in H.. Hence |supp(u;’) N Q.| = 0 for all n € N and v, (z) —
ut(z) a.e. in z € Q.. So,

ut(z) = 1Lm uf(x) =0, ae. in z € Q..

But, this contradicts the fact that uw € HX. Therefore H} is open. O

From definition of SI and Lemma [3.1| it follows that ST is a incomplete C'*-!-
manifold of codimension 1, modeled on H. and contained in the open H_. Hence,
H. =T,5F ®Ru for each u € ST, where T,,S+ = {v € H. : (u,v). = 0}.

In the rest of this section, we show some Lemmas related to the function I. and
the set H. First, we show the functional I, satisfying the mountain pass geometry.
Lemma 3.2. The functional I, satisfies the following conditions:

(i) There exist a, p > 0 such that I.(u) > o with ||ulls = p;
(ii) there exists e € H. satisfying |ellc > p such that I.(e) < 0.

Proof. (i) For any u € H:\{0}, it follows from (3.1)) and (3.2) that there exists
C > 0 such that

lgez,u)| < |ul® + CluP~!, forall z € R® ueR,
1
|G(ex,u)| < i|u|4 + ClulP, for all z € R} u € R.
By the Sobolev embedding H. < L"(R3) for r € [2,2%], we have

1 1
I.(u) = 3 /R3 (I(=A)*?u)? + V (ex)u?) dz + 1) ¢! u* dr — /}R3 G(ez,u) dx

1
> Slullz = Cullullz = Calull?

1
= 5lull2(1 = Crllull® = e = Caful?)
Therefore, we can choose positive constants «, p such that
I.(u) > a with ||Ju|. = p.

(ii) For each v € H} and 7 > 0 we have

7_2

4
I.(tu) = 2/, (|(—A)5/2u|2 + V(ex)u®) dz + TZ /]R3 ot u? do — . G(ex,Tu)dz

IN

2 1
%||u||§ + TZ / ¢t u? dx — Cy7? / lu™|? da 4 Cy| supp(ut) N Q..
R3

QE

Since 6 € (4,2%), conclusion (ii) follows. O

Since f is only continuous, the next two results are very important because they
allow us to overcome the non-differentiability of N and the incompleteness of SZ.
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Lemma 3.3. Assume that (A1)—(AG6) are satisfied. Then the following properties
hold:
(1) For eachu € HY, let hy : RT — R be given by h, (1) = I.(tu). Then there
exists a unique T, > 0 such that hl, (1) > 0 in (0,7,) and A, (7) < 0 in
(7, 00);
(2) there is a ¢ > 0 independent on u such that 7, > o for all u € ST.
Moreover, for each compact set W C ST there is Cyy > 0 such that 7, <
Cy for allu e W;
(3) The map . : HY — N given by m.(u) = T,u is continuous and me =

el g+ is a homeomorphism between S and Ne. Moreover, mZ1(u) = Tl

Proof. (1) From Lemma[3.2] it is sufficient to note that, 1, (0) = 0, hy(7) > 0 when
7 > 0 is small and h,(7) < 0 when 7 > 0 is large. Since h, € C1(R* R), there
is 7, > 0 global maximum point of h, and h/(7,) = 0. Thus, I/(t,u)(r,u) = 0
and T,u € N.. We see that 7, > 0 is the unique positive number such that
h!,(my) = 0. Indeed, suppose by contradiction that there are 7 > 7o > 0 with
hl,(m1) = hl,(m2) = 0. Then, for i = 1,2 we have that

T?HuH?—i—Tf/ ¢Zu2dm:/ g(ex, Tyu)Tu de.
R3 R3

Therefore,

2
£ .
||u|2‘5 +/ d)ZuQ d$:/ g( vazu)u4d$
Ti R3 R3

(riu)?
which implies that

1 1 glex,mu)  glex, mu)
( 2 - 2)||u|‘g:/ ( 3 - 3 )U4d.’17,
71 T R3 (T1u) (T2u)

contrary to (3.4). Thus, (1) is proved.
(2) Suppose u € S, then from (3.1) and (3.2) and Sobolev embeddings we
obtain

Tu < / g(ex, Tyu)ude < eC’lef + C.CytP.
R3

From previous inequality we obtain o > 0 independent on wu, such that 7, > o.
Finally, if W C S is compact, and suppose by contradiction that there is
{un} C W such that 7,, := 7,, — o0. Since W is compact, there is v € W such
that u, — u in H,. It follows from the arguments used in the proof of Lemma [3.2
that
I (thuy,) — —oo.
On the other hand, by v, := 7,u, € N and and we deduce that

Is(Un)

= I (vn) — %I;(Un)vn
0—2 1 1 1
> 59 a2 + (Z - 5) /]R3 ¢t u? de + 7 /]1@3\9 (9(ex,vn)vy — 0G (e, vy)) da
0—2 0 — 2 ||vn |2
> L2 2 - 22
20 20 K

_ 1 0 —2 9
_( _K) 20 HUTL||57
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which yields a contradiction. Therefore (2) is proved.

(3) First of all we observe that 1., m. and m_ ! are well defined. In fact, by (1),
for each uw € HT, there exists a unique 7, > 0 such that 7,u € N, hence there is a
unique M (u) = 7,u € Nz. On the other hand, if u € N then u € HF. Otherwise,
we have |supp(ut) N Q.| = 0 and by Lemma [2.3| and we have

1 2
0 < Jlul? < / glex,u)udr < — V(ex)u? dr < s
R3 R3\Q. K
which is impossible since K > 2 and u # 0. Therefore, m-!(u) = i € SF, is
well defined and it is a continuous function. Since
U
mZt(me(u)) = mZ (t,u) = Tull u, Yu € ST,

Tullulle

we conclude that m, is a bijection.

To prove m. : H} — N is continuous, let {u,} C H} and u € H} be such
that u, — w in H.. By (a2), there is a 79 > 0 up to a subsequence such that
Tn i= Ty, — To. Since Tpu, € N we obtain

Tg””ﬂ”i"'ﬁi/ ¢Znuid$:/ 9(ex, Tnun)Toun dz,  Vn € N.
R3 R3

By Lemma [2.4] and passing to the limit as n — oo, it follows that
78wl —i-Té/ ¢t u? da :/ g(ex, Tou)Tou dz,
R3 R3

which means that Tou € N and 7, = 79. This proves M. (u,) — . (u) in HF. So,
M., m. are continuous functions and (3) is proved. (]

Now we define the functions ¥, : HX — R and ¥, : S+ — R, by
Uo(u) = I (e (u), o= T |gs.

The next result is a direct consequence of Lemma [3.3] The details can be seen in
[33]. For the convenience of the reader, here we do a sketch of the proof.

Lemma 3.4. Assume that (A1)-(A6) are satisfied. Then
(1) ¥. e CY(HF,R) and

Wlé(mg(u))v, Yue H, Vv e H..

(2) V. € CY(SH,R) and

U (u)v = ||me(u) || IL(me(u))v, Vv € T,ST.

(3) If {un} is a (PS). sequence of W, then {mc(un)} is a (PS). sequence of
I.. If {u,} C N: is a bounded (PS). sequence for I., then {m-*(u,)} is a
(PS). sequence of V..

(4) w is a critical point of V. if and only if, m.(u) is a critical point of I..
Moreover, corresponding critical values coincide and

U’ (u)v =

inf U, =infI,.
Sg’ Ne
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Proof. (1) Let u € HY and v € H.. From definition of ¥, and t, and the mean
value theorem, we obtain

\i/&-(u + hU) - = a (Tu—i-h'u U+ hv)) - IE(Tuu)
(Tu+}w U+ hv)) — I (Tutno)

| /\

2 (Tugno(u+ Ghv))Tu_,_hUhv

where |h| is small enough and 6 € (0,1). Similarly,

(w4 hv) = U (u) > I (1, (u + hv)) — I (myu) = I.(74(u + chv)) 7, ho,
where ¢ € (0,1). Since the mapping u — 7, is continuous according to Lemma
we see combining these two inequalities that

] _
lim c(u hv)
h—0 h

quE 7 £
W) _ o el
[[ulle
Since I, € C1, it follows that the Gateaux deriyative of W, is bounded linear in v
and continuous on u. From [36] we know that ¥, € C'(HS,R) and

U (u)v = WI;( <(u)v, Yue HI, Vv € H..

€
The item (1) is proved.

(2) This item is a direct consequence of the item (1).

(3) We first note that H. = T,,SF ®Ru for every u € ST and the linear projection
P: H. — T,St defined by P(v+ Tu) = v is continuous, namely, there is C' > 0
such that

lvlle < Cllv+71ulle, YueSH veT,SH TeR. (3.6)
Moreover, by (1) we have
IWll= sup  W(uo=|uwlle sup  I(w)o, (3.7)
vETL ST ||v]l-=1 vETL ST, ||vfle=1

where w = m¢(u). Since w € M, we conclude that
I'(w)u = I'(w)—2— = 0. (3.8)

[[wl|e

Hence, from (3.6 and ( we have

Il (w)v
1T ()| < w2 (w)l| < Cllwlle  sup == = C| W (w)],
vET, SF\{0} ]l

which shows that
1L ()] < wlle [ T2 (w)]| < CI¥L(u)ll, Yu e ST (3.9)
Since w € N;, we have ||w| > v > 0. Therefore, the inequality in (3.9 together
with I.(w) = U, (u) imply the item (3).
(4) Tt follow from (3.9)) that ¥’ (u) = 0 if and only if I’(w) = 0. The remainder
follows from definition of W.. ([l

As in [33], we have the following variational characterization of the infimum of
I, over N.:

ce = uien/\ffg I.(u) = ulerg; max I.(tu) = uiensf;f max I.(tu) > 0.
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The main feature of the modified functional is that it satisfies the Palais-Smale
condition, as we can see from the next results.

Lemma 3.5. Let {un} be a (PS). sequence for I. with ¢ > 0, then {u,} is bounded
in H..

Proof. Since {u,} be a (PS). sequence for I, then there is C' > 0 such that

Ct lunlle = I (un) — ST (tn)ut.

9 g
From ({3.3) and (3.4) we have
1.0-2
>(1- =)—= .
Ot e = (1= )72 a2
Therefore, {u,} is bounded in H, by the fact that K,0 > 2. O

Lemma 3.6 ([I6]). Let {un,} be a (PS). sequence for I., then for each & > 0, there
is a number R = R(&) > 0 such that

limsup/ (|(7A)S/2un|2 + V(ez)ul) dx < &
R3\Bg

n—oo

Lemma 3.7. The functional I. verifies the (PS). condition with ¢ >0 in H..

Proof. Let {u,} C H. be a (PS),. sequence for I.. From Lemma [3.5] we know that
{un} is bounded in H.. Passing to a subsequence, we may assume that

U, —u in H*(R3),
up, —u in L] (R®),2<r <2, (3.10)
un(z) = u(x) a.e. in R3,

By Lemma we have for any £ > 0, there exists an R = R(§) > 0 such that

hmsup/ (|(—A)S/2un|2 + V(ex)ul) dx < €. (3.11)
n—00 RS\BR
and so
/ (J(=2)*2u* + V(ex)u?) da < €. (3.12)
R3\Bg

By - -, and the Sobolev’s Imbedding Theorem, we have that for any
€ [2,2%) and any £ > 0, there exists a C' > 0 such that

/ |un—u|de—/ | n—u|rd$—|—/ [y, — u|" dax
R3\Bpr

< on(1) + Clllunllm. wa\Br) + llullm.®e\BR)) < C¢.
Hence. we have proved that
u, —u in L"(R?),2 <r < 2% (3.13)
Observe that

N, —ul|? = (IL(un) — IL(uw), up — u) + /RB (g(sx,un) — g(ez,u))(un —u)dx

f/<;%f¢mwwwmw
R3
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It is clear that

(I'(up) — IL(u),un, —u) = 0 as n — +oo.

According to assumptions (3.1) and (3.2]) and the Holder inequality, we obtain
/ (9(ex, up) — glex, u)) (un — u) dz
R3
= / Clun + [ul + JunP~" + [ulP ) un — ul dz
R3

< Cllunllze + lull 2l — ullze + ClunllZa® + lulfs ) lun — ullzs.

Since u,, — u in L"(R3) for all r € [2,2%), we have that
/ (g(ex,un) — g(ex, u)) (uy —u)dz — 0 as n — +oo.
R3

By Holder inequality, the Sobolev inequality and Lemma [2:4] we have

[ ot =)ol <[,

peillunll g llun = w22

< CI%, llpralunll, 3 un —
< Cllunl? s, lunll, g ltm = w2,

where C' > 0 is a constant and we have used the fact that 2s + 2¢ > 3. Again using
up — u in L"(R3) for any 7 € [2,2%), we have

/ ¢l U (up —u)dz — 0 as n — oo,
RS
Similarly, we obtain

At u(u, —u)dr — 0 asn — oo.

R3
Thus
/ (¢F, un — QLu)(uy, —u)dz — 0 asn — oo,
R3
so that |lu, — u|l: = 0 and consequently u,, — u in H.. O

Lemma 3.8. The functional V. satisfies the Palais-Smale condition in ST .

Proof. Let {u,} C St bea (PS). sequence for U.. Thus, ¥.(u,) — cand | V|, —
0, where ||+ ||« is the norm in the dual space (T,,, S)’. Tt follows from Lemma [3.4{3)
that {m.(u,)} is a (PS). sequence for I, in H.. From Lemma [3.7| we see that there
is a u € ST such that me(u,) = m.(u) in H.. From Lemma 3), it follows that
up, — u in ST O

4. MULTIPLICITY OF SOLUTIONS FOR THE MODIFIED PROBLEM

4.1. Autonomous problem. Since we are interesting in giving a multiplicity re-
sult for the modified problem, we start by considering the limit problem associated

to (3.5), namely, the problem
(=A)*u+Vou+ ¢u = f(u) in R3,

(-=A)'p =u? in R #1)
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which has the associated functional
1

Ip(u) = f/ (J(=A)*%u|? + Vou?) d + 1/ ¢t u? dr — F(u)dx.
2 R3 4 R3 R3

The functional is well defined on the Hilbert space Hy = H*(R?) with the inner
product

(u,v)p = / (=AY 2u(=A)* %0 dx —|—/ Vouv de,
R3 R3
and the norm
Jul|2 = / [(—A)?u)? da +/ Vou? da.
R3 R3
We denote the Nehari manifold associated to Iy by
No = {u € Ho\{0} : (I} (u),u) = 0},

and the open subset

Hy = {u € Hy : |supp(u')| > 0},

and Sg' =5N HS’ , where Sy is the unit sphere of Hy.

As in section 3, S is an incomplete C'*!-manifold of codimension 1, modeled
on Hj and contained in the open HS'. Thus, Hy = TUSSr @ Ru for each u € Sar,
where T,,Sg = {v € Hy : (u,v)o = 0}.

Next we have the following Lemmas, their proofs follow from a similar argument
the one used in Lemmas B.3] and 3.4

Lemma 4.1. Let Vj be given in (A1) and (A3)—(A6) be satisfied. Then the following
properties hold:

(1) For eachuw € Hf, let g, : RT — R be given by g, (1) = Io(Tu). Then there
exists a unique T, > 0 such that g, (1) > 0 in (0,7,) and g, (7) < 0 in
(Tu, 00).

(2) There is a 0 > 0 independent on u such that 7, > o for all u € S .
Moreover, for each compact set W C Sy there is Cyy > 0 such that 7, <
Cw for allu e W.

(3) The map v : Hi — Ny given by m(u) = T,u is continuous and m := m|30+

is a homeomorphism between S and Ny. Moreover, m™*(u) = Tl

lo~
We define the applications g : Hy — R by Wo(u) = Iy(1h(u)), and ¥ : S§ — R
by \IJO = \I/0|Sg—.
Lemma 4.2. Let V; be given in (A1) and (A3)—(A6) be satisfied. Then:
(1) ¥y € CY(H{,R) and
! (u)v = ”mgﬁ)hfé(m(u))v, Yu € Hy Yo € Hy.
0
(2) ¥y € CH(Sq,R) and
Uy (u)v = [[m(u)|lo I (m(u))v, Yo € T,Sq .
(3) If {un} is a (PS). sequence of Wy, then {m(u,)} is a (PS). sequence of
In. If {un} C Ny is a bounded (PS). sequence for Iy, then {m~=*(u,)} is a
(PS). sequence of Uy.
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(4) w is a critical point of Vo if and only if, m(u) is a critical point of Iy.
Moreover, corresponding critical values coincide and
inf \I’() = inf I().
st No
As in the previous section, we have the following variational characterization of
the infimum of Iy over Ny:

cv = uler}\ffo Ip(u) = ug}l,f0+ max Ip(Tu) = ulensfgr max Iy(Tu) > 0.

The next Lemma allows us to assume that the weak limit of a (PS). sequence is
non-trivial.

Lemma 4.3. Let {u,} C Hy be a (PS). sequence with ¢ > 0 for Iy with u, — 0.
Then, only one of the following statements holds.

(i) up, — 0 in Hy, or
(ii) there exist a sequence {y,} C R® and constants R, 3 > 0 such that

n—-+oo

liminf/ “7% de > > 0.
BR(yn)

Proof. Suppose (ii) does not occur. Then, for any R > 0, we have

lim sup / u? dx = 0.
n—-+oo y€R3 BR(y)
Since {u,} is bounded in Hy, by Lemma[2.2] we have
U, — 0 in L™ (R3) for r € (2,27).
Thus,
/ fup)uy, de = / F(up)dx — 0 asn— 4oo.
R3 R3

Recalling that I} (u,)u, — 0 and Lemma [2.4] we obtain

lun I = 0 (1).

Therefore the conclusion follows. O
From Lemma we can see that, if u is the weak limit of a (PS).,, sequence

{un} for the functional Iy, then we can assume u # 0. Otherwise we would have
u, — 0 and once it doesn’t occur u, — 0, we conclude from Lemma [4.3| that there
exist {y,} C R® and R, > 0 such that

n—-+oo

liminf/ u2dx > > 0.
Br(yn)

Then set v, () = up (2 + yr ), making a change of variable, we can prove that {v,}
ia also a (PS).,, sequence for the functional Ip, it is bounded in Hp and there is
v € Hy such that v,, — v in Hy with v # 0.

In the next Lemma we obtain a positive ground state solution for the autonomous

problem (4.1).
Theorem 4.4. Problem (4.1)) has a positive ground state solution.
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Proof. Let {u,} C Ho be a (PS).,, sequence for Iy. Arguing as Lemma we
have that {u,} is bounded in Hy. Then, up to a subsequence, we have

U, —u in H*(R3),
up, —u in L] (R®),2<r <2,

loc
un(z) = u(x) a.e. in R3,

Similar to the proof in Lemmas and we know that the functional Iy has the
mountain pass geometry and satisfies the (PS )CVo condition. So problem has
ground state solution from [36].

Next we prove that the solution w is positive, which is a ground state solution
of the equation

(—A)*u+ Vou + ¢tu = f(u) in R3. (4.2)
Using v~ = max —u, 0 as a test function in (4.2) we obtain
(—A)Fu(=A)7u™ da + / Volu™|? dz +/ ot (u™)?dx = 0. (4.3)
R3 R3 R3

On the other hand,

/Rg(—A)%u(—A)%u* dx =

(u(z) —u(y) (v (z) —u"(y))
C(s) //D@X]R3 dz dy

o = g

1
2
o [ el
2 /{u<0}><{u>0} (“(x)x—_u;%)ggs_ .

Thus, from (4.3) and Lemma (7), it follows that v~ = 0 and v > 0. Moreover,
if u(zo) = 0 for some o € R® and the regularity of solutions [I8] we have that
(=A)*u(xp) = 0 and by [II, Lemma 3.2], we have

C(s) / u(zo +y) + u(ro — y) — 2u(wo)
2 RS |y|3+2s

>

—_

dx dy

— N

dx dy > 0.

(=A)u(xo) = — dy;

therefore,

/ u(zo + y) + u(zo — y)
RS

y[B+2s dy =0,

yielding v = 0, a contradiction. Therefore, u is a positive solution of the system
(4.1) and the proof is complete. O

The next result is a compactness result on autonomous problem which we will
use later.

Lemma 4.5. Let {u,} C Ny be a sequence such that Io(u,) — cv,. Then {u,}
has a convergent subsequence in H.

Proof. Since {u,} C N, it follows from Lemma [4.1(3), Lemma [£.2(4) and the
definition of cy, that

_ U
Vp =M 1(un) = HunHO € SJ, Vn € N7
n
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\Ifo(’Un) = Io(un) — Cy, = in+f \IJQ.
So

Although Sar is incomplete, due to Lemma we can still apply the Ekeland’s
variational principle [I3] to the functional ©g : H — R U {co}, defined by ©¢(u) =
Vo (u) if u € S§ and Og(u) = o if u € Sy, where H = S is the complete metric
space equipped with the metric d(u, v) := [[u—v||o. In fact, take ¢ = ;% in Theorem
1.1 of [I3], we have a subsequence {v,, } C {v,} such that

1
cvy < ¥(vn,) Sevy + 45
From [I3, Theorem 1.1], for A\ = 1/k, there exist a sequence {?} C S¢ such that
- 1 . 1
O0(0r) < Op(vn,) < ey, + = and  ||vn, — Ukllo < T

In particular, for any u € S;” we have
- 1 -
\Ilo(u) > ‘Ifo(vk) — EHu — ’UkH().

Hence, similar the proof for [I3] Theorem 3.1], we have that there exists A\, € R
such that

. i 1

olUk) = Akgo(Vk)llo = 7,
W6 (k) = Argo(@)llo < +
where go(u) = ||ul|3 — 1. Which means that

= Tz Tow), @) + 0n(D), - (@) = b,

From Lemma 1),
Ae = (U(0k), 0} + 0k (1) = 7o, (I (t5,0), i) + 01 (1) = 0 (1).

Therefore, we can conclude there is a sequence {¥,} C Sg such that {5,} is a
(PS)ey, sequence for ¥o on Si and

Ak

[tun = Tnllo = 0n(1).

The remainder of the proof follows from Lemma [£.2] Theorem [4.4] and arguing as
in the proof of Lemma[3.8] O

4.2. Technical results. In this section we will relate the number of positive solu-
tions of to the topology of the set M. For this, we consider § > 0 such that
M C  and by Theorem we can choose w € Ny with In(w) = cy,. Let n be
a smooth nonincreasing cut-off function defined in [0, +00) such that n(¢t) = 1 if
0<t<$andn(t)=0ift>¢. Foreachye M, let

ET — Y

).

Then for small € > 0, one has V., € H.\{0} for all y € M. In fact, using the

change of variable z = x — £, one has

e?

Ve y(2) = n(lex — yl)w(

er —y

V(en)VZ ,(2)dv = | V(ex)n*(lex — ylw?(—
R3 R3

= /]R3 V(ez + y)n(lez))w?(2)dz

) dx
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<C | w2)dz < +oo.
R3

Moreover, using the change of variable 2’ = 2 — £,2' = 2 — £, we have

[(=2)*20 |3
_La n(lex — yw(Z2Y) — n(lez — y)w(Z=Y)|”
2 //]RSXR3 dxdz

‘ Z|3+25

2

i [nea’ @) —nle= D),

=3¢ [, o — 7 s
= I(=)"n(lealyw(z) I} = [(~A)/ 2.l

where 7. (z) = (| |) By Lemma [2.3] we see that n.w € D*?(R?) as ¢ — 0, and
hence U, , € D*%(R3) for ¢ > 0 small. Hence ¥, € H.. Now we proof ¥, , # 0.

In fact,
[ e y@de= [ e —ghu ) i
RS R3

3

ET — vy

:/ ez -yt (EY) da
lex—y|<d 3
> / n(lezl)w?(2)dz

|z|<6/2e

> / w?(2)dz
Bo(d/2¢)

—>/ z)dz >0

as € = 0. Then ¥., # 0 for small € > 0. Therefore, there exists unique 7. > 0
such that

m%{I‘S(T\II&y) =I.(r.%.,) and 7.U., € N..

We introduce the map @, : M — N by setting ®.(y) = 7.¥.,,. By construction,
. (y) has a compact support for any y € M and ®. is a continuous map.

Lemma 4.6. The functional ®.(y) satisfies
lir% I.(®:(y)) = cv, wuniformly iny € M.
E—r

Proof. Suppose that the result is false. Then, there exist some 69 > 0, {y,} C M
and €, — 0 such that

e, (Pe,, (yn)) — cv| = 0. (4.4)
From the definition of 7., we have

0<r? / (~A) 2, Pt 72, / V(ena) V2, da
R3 R3
< / (A2, Pt 72, / V(ena) V2 da
R3 R3
+72 / Dy o2 y, 4
]R3 nsYn nsysdn

= Tsn/ Q(Envasn\IJSn,yn)‘I’smyn dx.
R3
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It follows from (4.5)) that 7., /4 0; then 7., > 79 > 0 for some 75 > 0. If 7., — +00,
by (A6 ) and the boundedness of ¥, .. , we obtain

/ (8)20, P et [ View) / B, V2, d
g(fnvas v, y ) 4
— n nsydn W dx%_i_m
/RS (Ten\Ijsn n )3 En,yYn

as n — 400. But the left side of the above inequality tends to [;, ¢f,w? dx since
Te, — +00 as €, — 0, which is impossible. Hence, 0 < 79 < 7., < C. Without loss
of generality, we may assume that 7., — 71" > 0.

Next we claim that 7"= 1. By Lemma and Lebesgue’s theorem we have

im 12, g, 1, = ol
: t 29 tp2
nglfoo s \Ilan,ynmemyn dr = /]R3 by |w|* d, (4.6)
nll)rfoo f( Enﬂln) EnyYn dx = RS f(w)w dm?
Therefore,
1 1 f(Tw)
= —A)w*d f/v 2d tw? de = Ydr. (4.7
7 [N Pl e g [ Vowtdes [ dhwtie = [ Gutan @)
Since w is a ground state solution of (4.1)), then
[(—A)% 2w)? der/ Vow? dx + ¢! w? de = fw)wdx. (4.8)
R3 R3 R3 R3

Combining ([4.7)-(4.8)), we have

5/2 2d /V 2d
T2 /| w|® dx + . w x)

4.9
:/ ( — f(Tw))w4dx o
RS w3 (Tw)3 '
By (3.4), we deduce that T'= 1. It follows from (4.6, we have
m L (P, () = Ty () = v, (4.10)
which contradicts (4.4)). This completes the proof. ([
Let p = p(§) > 0 be such that M C B,(0). Consider x : R* — R? be defined
as x(z) = z for |z| < p and x(z) = ‘ for |x| > p. Finally, let us consider the
barycenter map 8. : N. — R? given by

fR3 x(ex)u?(x) do
Jgs u?(x) dx

Lemma 4.7. The functional . satisfies lim._,o B:(P(y)) = y uniformly iny € M.

€ R3.

Be(u) =

Proof. Suppose by contradiction that there exist 6o > 0, {y,} € M and &, — 0
such that

B2, (P, (yn)) = Yn| = do. (4.11)
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Using the change of variables z = E”’fc_i:”” and the definition of 3., we have

Jes (X(enz + ) — yn) In(lenz)w(2) | da
Jrs In(lenz)w(2)|? dz
Since {y,} C M C B,(0) and X}B = id, we conclude that
P

|Be,, (Pe, (Yn)) — yn| = on(1),
which contradicts (4.11)) and the desired conclusion holds. ]

Lemma 4.8. Let e, — 0 and {u,} C N, be such that I, (u,) — cv,. Then,
there exists a sequence {§in} C R3 such that v,(x) = u,(x + §,) has a convergent
subsequence in Hy. Moreover, passing to a subsequence, Yy := €nln — Yo € M.

Proof. By Lemma [3.5 {u,} is bounded in Hy. Note that cy, > 0, and since
llunlle, — 0 would imply I, (u,) — 0, we can argue as in the proof of Lemma
to obtain a sequence {f,} C R® and constants R, 3 > 0 such that

5sn ((I)s-:,,, (yn)) =Yn +

lim inf ui dx > 5> 0.
n—+oo Br(in)
Define v, () := un(x + §p), then {v,} is also bounded in Hy and up to a subse-
quence, we have v, — v # 0 in Hy.
Let 7, > 0 be such that @, := 7,v, € Ny and set y,, = €,9,. Because {u,} C
N, , we have

CVUSIO({M)
1
<3 [N et 5 [ View +y)itde
2 ]R3 2 RS

1
—i—f/ o ﬂidm—/ G(enT + Yn, Un) da
4 RS R3

72 -2
= —” |(—A)s/2un\2da: + —"/ V(enz)u? da
2 Js

/ ¢unun dx — G(En;v, Tnln) dz

= I, (Thun)
< I, (un) = cy, + on(1).

This implies lim,,— 4 oo I0(9,) = cv,. Because 9, € Ny, we obtain {7, } is bounded in
Hy. Tt follows from the boundedness of {v,} in Hy that {7} is bounded, without
loss of generality, we may assume that 7, — 79 > 0. If 79 = 0, in view of the
boundedness of {v,} in Hy, we have v, = 1,v, — 0 in Hy. Hence Iy(0,) — 0,
which contradicts ¢y, > 0. Thus, 79 > 0 and the weak limit of {o,} is different
from zero. Hence, up to a subsequence, we have ¥, — Tov := ¥ # 0 in Hp by
the uniqueness of the weak limit. From Lemma we know that v,, — ¥ in Hj.
Moreover, 7 € N.

Now, we show that {y,} is bounded in R®. Suppose that after passing to a
subsequence, |y,| — +00. Then, by Fatou’s Lemma and Lemma we have

CVO = Io(ﬁn)

< liminf ( |( A)* 25,2 da + = / V(enz + yn)0; da

n—oo
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1 ¢ ~2 ~
+- | ¢5 0de— | F(v,)dx
4 Jps " R3

T2 T2
= lim inf (—"/ [(=A)*2u, | dx + l/ V(epw)ul do
2 R3 2 R3

n—oo

4
+Ti/ ¢, uidm—/ F(Tnun)dx)
4 Jps '™ R3

< liminf I, (mhun)
n—o0

<liminf I, (un) = cyy,
n—oo

which yields a contradiction. Hence, {y,} is bounded and up to a subsequence,
Yn — Yo in R3. If yg ¢ M, then V < V(yo) and we obtain a contradiction by the
same manner as above. So, yp € M and the proof is complete. O

Let h : RT — RT be a positive function satisfying h(¢) — 0% as ¢ — 0F. Define
the set
Ne={ueN.:I(u) < ey, +h(e)}.
Given y € M, from Lemmawe conclude that h(e) = sup, e o [Le(Pc(y)) —cv, | —
0 as ¢ — 0T. Thus, ®.(y) € Nz and N # @ for € > 0.

Lemma 4.9. For any d > 0, it holds that

li inf —yl=0.
sﬂuseuiyé% |B=(u) — y

Proof. Let {e,} C R be such that e,, — 0. By definition, there exists {u,} C Nz,

such that

inf |B. (u,) —y|l= su inf u) — y| + 0,(1).
56 e (i) =0l = suping (82, =]+ on()

So, it suffices to find a sequence {y,} C M satisfying
lim [, (un) = yn| = 0. (4.12)

n—-+oo
Since u, € Nz, C N.,, we obtain
Cv, < Ce,, < Ian (un) < cy, + h(sn)-
It follows that I, (un) — cv,. Thus, we can invoke Lemmato obtain a sequence
{#,} C R3 such that y,, = e,9, € M for n large enough. Then
+ fRS (X(En® + Yn) — Yn) |tn(z + gn)‘Q dx
fRi’» ‘un@ + gn>|2 dx

For all x € R3 fixed, since e,x + ¥, — y € Ms, we have that the sequence {y,}
satisfies (4.12]). This completes the proof. O

Ben (un) = Yn

4.3. Multiplicity of solutions for (3.5). Next we prove our multiplicity result
by presenting a relation between the topology of M the number of solutions of the
modified problem ({3.5)), we will apply the Ljusternik-Schnirelmann abstract result
in [31] 33].

Theorem 4.10. Assume that conditions (A1)—(AG6) hold. Then, given 6 > 0 there
is €5 > 0 such that for any e € (0,&s), problem (3.5)) has at least cat rq; (M) positive
solutions.
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Proof. For y € M, set 7:(y) = mZ ! (®.(y)). It follows from Lemma[3.4]and Lemma
[4.6] that

lim W (12(y)) = lim L.(2.(5)) = ey, (4.13)

e—0

uniformly for in y € M. Let
St ={we st U (w)<ecy, + he)},

where h is given in the definition of N.. From , we know that there is a
number ¢ such that S+ # ) for € € (0, ).

For a fixed § > 0, by Lemmas [3.3] [4-6] [£.7] and [£:9] we know that there exists a
€ = &5 > 0 such that for any € € (0,&5), the diagram

~ m_l ~ m ~ -
Y I VAREING Ny VLENG Y
is well defined. From Lemma there is a function A(e,y) with [A(e,y)| < 3
uniformly in y € M, for all £ € (0,¢), such that 5.(P-(y)) := y + Mg, y) for all
y € M. Define H(t,y) = y+ (1 — t)\(g,y). Then, H : [0,1] x M — M; is
continuous. Obviously, H(0,y) = S(®-(y)), H(1,y) = y for all y € M. That is,

H(t,y) is homotopy between . o ®. and the inclusion map id : M — M. This
fact and [0, Lemma 4.3] implies that

catg+ e (M) > catag, (M).

On the other hand, using the definition of N and choosing &5 small if necessary,
we see that I, satisfies the (PS) condition in N, recalling Lemma By Lemma
and we obtain that W, satisfies the (PS) condition in SF. Therefore,
the standard Ljusternik-Schnirelmann theory provides at least cat g+ Ve (M) critical
points of U, restricted to Sj Using Lemma again, we infer that I. has at
least cat g, (M) critical points. Using the same arguments contained in the proof
Theorem we see that the system has at least cataq, (M) positive solutions.

|

5. PROOF OoF THEOREM [L.2]

In this section we will prove our main result. The idea is to show that the
solutions obtained in Theorem satisfy the following estimate u.(z) < a, for
all z € Q¢ for ¢ small enough. This fact implies that these solutions are in fact
solutions of the original problem . The key ingredient is the following result,
whose proof uses an adaptation of the arguments found in [I2], which are related
to the Moser iteration method [26].

Lemma 5.1. Let ¢, — 07 and u, € ./\75” be a solution of (3.5). Then up to a
subsequence, v, = u,(z + §,) satisfies that v, € L>®(R3) and there exists C > 0
such that

[vnllLoe®s)y < C, Vn €N,
where {§,} is given in Lemma[{.8
Proof. We define

h(ena,vn) = g(en® + Enln, Un) — V(EnT + €nln)Un — OL, Uy,
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From Lemma {v,} is bounded in H., and hence in L"(R?) for any r € [2,2?].
So there exists some C' > 0 such that

lonllg < C, VneN.
Since vy, is a solution of (3.5)), it follows that

'U2
zn<x>::j£ ”ﬁ§12tdy

s |z —y

:/ v%0@+/ g
(Je—yl<1} |2 — Y32 {o—y|>1} 17— y[372

v2(y)
S/ Py dy+/ 2 (y) dy
{|lz—y|<1} Y {|lz—y|>1}

1 1/q' 1/q
< —dy / v29(y) dy +C
(/{Iwy|<1} | — y|(3=20)a ) ( (lo—y|<1} )

<,
where ¢/(3 — 2t) < 3, 2q € [2,2}], L . + = 1 since 2s + 2t > 3. Therefore,

|h(enz,vn)| < C(|vn|+|vn\p’1) <O+ |va]=71 (5.1)

for n large enough.
For T > 0, we define

0, if £ <0,
H(t) =5, ifo<t<T,
BTP= Yt —T)+ T8, ift>T,

with 5 > 1 to be determined later. Since H is Lipschitz with constant Lo = 3771,

we have
(vn(2)) — H(va(y))? 1/2
[(H (vn)]ps2 = //]R3><R3 |a;— |3+2$ dwdy)

2 2 1/2
R3 xR3 |JU - y|3+23

= L() ['Un]'Ds,z.

Therefore, H(v,) € D*?(R3). Moreover, by the definition of H, we know that H

is a convex function; then
(=A) H(vy) < H'(vn)(=A) 0p (5.2)
in the weak sense. Thus, from H(v,) € D*?(R3) and (5.1) and (5.2)), we have

|mmm§s0/|emWHmmwm
S R:}

=C » H(vp)(—A)H(vy,) dz

<C | H(vn)H (vn)(—A) v, dx
R3

=C | H(vy)H (vp)h(enz,v,)dz
R3
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<C [ Hw)H (vp)dz+C | H(vy)H (v,)v2 " da.
R3 R3

Using that H(v,)H'(v,) < fv2?~! and v, H'(v,,) < BH (v,), we have

(/Rs (H(vn))™ dw)mz = Cﬂ(/w vfﬁ’lder/Rs (H(vp)) 022 d:c), (5.3)

where C' is a positive constant that does not depend on 5. Note that the last
integral is well defined for T" in the definition of H. Indeed

/ (H(v”))%i:d dr = / (lLI(vn))Qva:*2 dz + / (H(’U’n))21}72l.:*2 dx
° onsT v >T

< T2ﬂ*2/ v,zf dx +C U,Qf‘ dx < oo.
R3 R3

We choose now f in (5.3]) such that 25 — 1 = 2%, and we name it /31, that is
25 41
B = 9

Let R > 0 to be fixed later. Using last integral in (5.3)) and applying the Holder’s

inequality with exponents 7 := 275 and v :=

/ (H(vn))QUTQL:_2 dx
R3

:/ ) (H(vn))2vii—2dx+/ ) (H(vn))%fg—?dx
v <R vn >R
—

(H(U"))Q H2i—1 2* 2/2% 2* ‘52
S[Jnda TR- dz + (/RS (H(vy)) dac) (/vn>1%vn d:c) .

(5.5)

(5.4)

25
3iig, We have

By Lemma 4.8 we know that {v,,} has a convergent subsequence in Hy, therefore
we can choose R large enough so that

2% -2 1
2% 2%

Un® dw) Tl —

(/>R " 205,

where C is the constant appearing in (5.3). Therefore, we can absorb the last term
in (5.5)) by the left hand side of (5.3]) to obtain

([, e)® a)" < 20 ( [ ot do+ B U{S:))de)

Now we use that H(v,) < v2* and we take T — oo, to obtain

. 2/27 . . .
(/ vffﬁl dx) < 2061</ v?f dxr + st_l/ v?f dx),
R3 R3 R3

and therefore
v, € LEPL(RY). (5.6)
Let us suppose now (3 > (. Thus, using that H(v,) < v in the right-hand side
of (b.3) and letting T' — oo we obtain

. 2/27 - .
(/ v?fﬁdx> < Cﬁ(/ 2P de + R25_1/ p2P T 2dx). (5.7)
R3 R3 R3
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2:(25-1)

Set ¢y = 501 and ¢; := 28 — 1 — ¢g. Note that since 8 > B1, we have

0 < ¢p < 2%,c1 > 0. Hence, applying Young’s inequality with exponents v :=
2% /co and 7' 1= 2% /2% — ¢y, we have

2%c
261 co 2r 2; e
vy dr < — vp° dr + Un® dx
R3 2: R3 2: — Co JR3

S/ vi: dm—i—/ v?fﬁzddx
R3 R3
< C(l —l—/ UZBH:Q clac)7

]R3

with C' > 0 independent of 5. Plugging into (5.7,
. 2/2* .
(/ v?f‘ﬂd:v> < Cﬂ(lJr/ viﬁ—ms de),

R3 R3

with C' changing from line to line, but remaining independent of 8. Therefore,
* % 1 *_ %
(1 +/ o da) T < (0B) T (1 +/ 4T (5
R3 R3

Repeating this argument we define a sequence f3,,, m > 1 such that

2ﬁm+1 + 2: —-2= 2:61%

Thus,
Bsr — 1= (22)" (3, - 1).

2
Replacing this in ((5.8)) one has

1
<1+/ Uflsﬂnwﬂ dl‘) 2 Bm4+1—1) < (Cﬁm—&-l)m(l""/
R3 RS
Defining Cy, 11 := CBps1 and

1
R3

we conclude that there exists a constant Cy > 0 independent of m, such that

1
2* B B =D
vnsﬂ dx) st

A, < H Cr7 D Ay < CoAy.

k=1
Thus,
lvn]loo < CoAr < 0, (5.9)
uniformly in n € N, thanks to . This completes the proof. O

Lemma 5.2. As |z| — o0, un(x) = 0 uniformly in n.
Proof. Note that u,, satisfies
(=A)Yup +up ="y, x € R3,
where
Yo (@) = un (@) = V(en(@ + Gn))un (@) = @7, un(2) + g(en(@ + Gn),un), = € R’
Putting T(z) = u(z) — V(yo)u(z) — ¢t u(z) + g(yo,u), by Lemma we see that
T, — Y in LY(R?), V q € [2, +00),
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and there exists a C' > 0 such that
||TnHL°°(R3) <C,VneN.
From [15], we have that

up(z) =G+ T, = Gz —y)Tn(y)dy,
R3

where G is the Bessel Kernel
1
Ty e
From [I5, Theorem 3.3] it is known that G is positive, radially symmetric and
smooth in R3\{0}, there is C > 0 such that G(z) < C/|z[>*2%, and G € L4(R3) for

all ¢ € [1, 377325) Now arguing as in the proof of [I, Lemma 2.6], we conclude that

G(z) = F(

unp(z) = 0 as |z| = oo, (5.10)
uniformly in n € N. (]
We are now ready to prove the main result of this article.

Proof of Theorem[1.3 We fix a small § > 0 such that Ms C Q. We first claim that
there exists some &5 > 0 such that for any € € (0,£5) and any solution u. € N, of
the problem , it holds

luell oo mo\ QL) < @- (5.11)
To prove the claim we argue by contradiction. Suppose that for some sequence
en — 0% we can obtain u, € N, such that I/ (u,) =0 and

[unllL @00 2 a (5.12)
As in the proof of Lemma we have that I, (u,) — cy, and we can obtain a
sequence {7,} € R? such that £,%, — yo € M.
If we take r > 0 such that B,(yo) C Ba,(yo) C © we have
1
Bi(giz) = ;Br(yO) C Q.

Moreover, for any z € B+ (gy), it holds

Yo - - Yo 1 2r

- —| < - Yn n— | < n 1)) < —

2= ) <l = gl 410 — 21 < S+ 0a1) < 2
for n large. For these values of n we have that B (§,) C €, ; that is, R*\Q,, C
R*\B = (§n). On the other hand, it follows from Lemma [5.2] that there is R > 0

such that u,(x) < a for || > R and all n € N. Then it follows that
Un(x — Gpn) < a for x € Bg(9n), n € N.
Thus, there exists ng € N such that for any n > ng and é > R, it holds
RN\Q., € RN\B_= (§in) C R*\ Bg(fn)-
Then, it holds
un(z) < a Vo e RN\Q. ,
which contradicts (5.12)) and the claim holds.
Let €5 be given by Theorem and let €5 := min{é;,&s}. We will prove the

theorem for this choice of 5. Let € € (0,e5) be fixed. By using Theorem m
we obtain cataq, (M) nontrivial solutions of problem (3.5). If v € H. is one of
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these solutions, we have that u € N, and we can use (5.11)) and the definition of
g to conclude that g(-,u) = f(u). Hence, u is also a solution of (2.1). An easy
calculation shows that w(z) = u(%) is a solution of the original problem (1.3). Then
(1.3) has at least cataq, (M) nontrivial solutions.

Now we consider €, — 07 and take a sequence u,, € H. of solutions of (3.5) as

above. To study the behavior of the maximum points of u,, we first notice that,
by the definition of g and (3.1)), (3.2)), there exists 0 < v < a such that

Vi
glenz,u)u < fouQ, for all z € R3, u < . (5.13)

Using a similar discussion as above, we obtain R > 0 and {#,} C R? such that
||un||Lx(B;(gn,)) <. (5.14)
Up to a subsequence, we may assume that
[unllLo(Br(ga)) = - (5.15)

Indeed, if this is not the case, we have |lu, ||~ <, and therefore from I (u,) =0

and ([5.13)) it follows that
2 Vo 2
llunllz < g(en®, up)up de < — u;, dx. (5.16)
" R3 K Jgs

The above expression implies that ||uy,llc, — 0 as n — oo, which leads to a contra-

diction. Thus, ([5.15)) holds.

By using (]@Ebnd we conclude that the maximal points p,, € R? of u,
belong to Br(,). Hence, p, = §n + g, for some ¢, € Br(0). Recalling that the
associated solution of is of the form wy(x) = u,(%), we conclude that the
maximum point 7. of v, i8 7. 1= €,Un + €ngn. Since {g,} C Br(0) is bounded and
Enln — Yo € M, we obtain

lim V(1) = V(y0) = V.

n— oo

Next we estimate the decay properties of w,,. For this, we first claim that there
exist C' > 0 such that

up(z) < ¢ Vr € R3.

— 1+ |x|3+2s’

Indeed, we can use [I5] Lemma 4.2 |, according to which there exists a continuous
function @ such that

C
o(r) < —— 1
0< w(x) — 1+ IIZZ|3+25’ (5 7)
(—A)sw + ?w =0 inR*\By(0) (5.18)
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for some suitable R > 0. Thanks to (5.10) we have that u, — 0 as |z| — oo
uniformly in n. Therefore, for some large R; > 0, we obtain

Vo

\%
(—=A)*u, + 701% = (=AY up + Vien (T + Jn))tn — (V(En(x +Un)) — 5 )un
. W
= 0}, tn + 9(en(@ + Gn) tn) = (V(en(@ +ya)) = 5 )un
\%
< g<5n(3j + gn)a“n) - ?Oun
Vo Vo
< Oy, — Ly, <
= Kun B) u, <0,
(5.19)
for € R3\Bg, (0). Now we take Ry := max{R, R} and set
b:= inf @©>0, 2, :=(m+ D — bu,, (5.20)

Br, (0)

where m := sup,,cy [|[un|[Le < c0. We next show that z, > 0 in R3. For this we
suppose by contradiction that there is a sequence {x7 } such that

inf z,(z) = lim 2,(zJ) <0, (5.21)
r€R3 Jj—roo

Notice that
lim @(z)= lim wu,(z)=0,

and so

lim z,(x) =0,
|z|—o00

uniformly in n € N. Consequently, the sequence {zJ} is bounded and therefore,
up to a subsequence, we may suppose that xJ, — x% as j — oo for some z} € R3.

Hence (j5.21]) becomes
inf z,(x) = z,(z)) < 0. (5.22)

TER3 "

From the minimality property of z, we have

(=) zn(a;,) = = Cés) /RS nltn ¥ 4) ¥ Z|Z|(fj2_ Y) =2l g <o, (5.2)

By (5.20), we obtain
zZn(x) > mb+o© —mb >0, in Bg,(0).
Therefore, combining this with ([5.22)), we see that

z} € R®\ Bg,(0). (5.24)
From (5.17)-(5.19), we conclude that
Vi
(=A)*z, + Eozn >0, inR?\ Bg,(0). (5.25)

Thinks to ([5.24)), we can evaluate (5.25)) at the point 7, and recalling (5.22)), (5.23),

we conclude that
v
—Ozn(z;) <0,

0< (~A)2(a}) + 5
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this is a contradiction, so z,(z) > 0 in R3. That is to say, u, < (m + 1)b~'@ with

(5.17) imply that

c 3

Therefore,

wn (@) = tn (= = )

En
C
=15 |£ _gn|3+23
Cedts
6%+23 4 |a: _ Engn|3+25
CEZJrQs

= E;’>L+2s + |{E — ., ‘3+25’

Ve R3.

Thus, the proof is complete. ([
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