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EXISTENCE OF SOLUTIONS OF A NONLINEAR SYSTEM
MODELLING FLUID FLOW IN POROUS MEDIA

ADAM BESENYEI

ABSTRACT. We investigate the existence of weak solutions for nonlinear differ-
ential equations that describe fluid flow through a porous medium. Existence
is proved using the theory of monotone operators, and some examples are
given.

1. INTRODUCTION

In this paper we study a system of nonlinear differential equations that describes
the flow of a fluid through a porous medium. A porous medium, roughly speaking,
is a solid medium with lots of tiny holes. For example think of limestone. Such
medium consists of two parts, the solid matrix and the holes. The flow of a fluid
through the medium is influenced by the relatively large surface of the solid matrix
and the closeness of the holes. If the fluid carries dissolved chemical species, a
variety of chemical reactions can occur. Among these include reactions that can
change the porosity. This process was modelled by Logan, Petersen, Shores [§] by
the following system of equations in one dimension:

wt,)u(t, z) = a- (Ju(t, ) |ug(t, ) s

+ K(w(t,))p(t, 2)us (t,2) — ku(t, x)g(w(t, z)) (L.1)
wi(t,z) = bu(t,x)g(w(t,z)) (1.2)

(K(w(t, #))pa(t, x))e = bu(t, z)g(w(t, x)), (1.3)
v(t,z) = —K(w(t,z))p(t,x), t>0, ze(0,1), (1.4)

with initial and boundary conditions
u(0,2) =up(z), w(0,z)=wo(x) z€(0,1),
u(t,0) = u1(t), wu.(t,1)=0 ¢t>0,
p(t,0) =1, p(l,t)=0 t>0

where w is the porosity, u is the concentration of the dissolved solute, p is the
pressure, v is the velocity, further, «, k, b are given constants, K and g are given
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real functions. For the details of making this model see the cited paper and the
references there. Observe, that v is explicitly given by w and p in equation
thus we can eliminate equation by substituting it into . Further, observe
that for fixed u equation is an ordinary differential equation with respect to
the function w; for fixed w and p equation is a parabolic problem with respect
to the function w; and for fixed w and v equation is an elliptic problem with
respect to the function p. This shows that the above system is a hybrid evolu-
tionary/elliptic problem, thus theorems of ,,usual” systems of partial differential
equations do not work. In [5] a similar model was considered by using the method
of Rothe, further, some numerical experiments were done, however correct proof
on existence of solutions were not made (and one can hardly find papers dealing
with such kind of systems in rigorous mathematical way). In the following, we
investigate a generalization of the above system by using the theory of operators
of monotone type. We define the weak form of the system and prove existence
of weak solutions. The main idea consists of two parts. First the choice of the
appropriate spaces for the weak solutions (for the elliptic equation it will be not
the usual space because of the time dependence). The second is the idea of the
proof which is to apply the so called successive approximation (known e.g. from
the theory of ordinary differential equations) and combine this with methods of the
theory of monotone operators (can be found, e.g., in [2, B, [ [@, [7, @, 10]. At the
end of this paper, some examples are given.

1.1. Notation. In this section we introduce some notation. Let @ C R™ be a
bounded domain with the uniform C! regularity property (see [1]), further, let
0<T < o0, 2< py,py < oo be real numbers. In the following, Q1 := (0,T) x Q.
Denote by W1Pi(2) the usual Sobolev space with the norm

. " ) 1/pi
ol = ([ (0P + 30 1D,0))
j=1

where D; denotes the distributional derivative with respect to the j-th variable
(later we use the notation D = (D, ..., D,)). In addition, let V; be a closed linear
subspace of the space W1%i(Q) which contains W,**(Q) (the closure of C5°(€2)
in W1Pi(Q)), and let LPi(0,T;V;) be the Banach space of measurable functions
u: (0,T) — V; such that [|u]|{} is integrable and the norm is given by

X 1/Pi
]‘”/:dt) )

T
oy = ([ Nt

The dual space of LPi(0,T;V;) is L%(0,T;V;*) where i + % = 1 and V;* is the
dual space of V;. In what follows, we use the notation X; := LPi(0,T;V;). The
pairing between X; and X is denoted by [, ], and D;u stands for the derivative
(with respect to the variable t) of a function w € LPi(0,T;V;). It is well known (see

[10]) that if Dyu € X} then u € C([0,T], L3(Q)) so that u(0) makes sense.
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1.2. Statement of the problem. Let us consider the following nonlinear system
(in @Q7) which is the generalization of the system introduced in the first section:

Dw(t,z) = f(t,z,w(t,z),u(t,z)), w(0,z)=ws(z), (1.5)

Dyu(t, x) ZD a;(t, z,w(t,x), u(t, z), Du(t, z), p(t,x), Dp(t,))]

=1 (16)
+ ap(t, z,w(t,x),u(t,z), Du(t,z), p(t,x), Dp(t,x))

=g(t,z,w(t, ), u(0,2) =0,

— ZDZ (t, o, w(t,z),u(t, z), p(t,z), Dp(t, x))]

+ bO(t’ T, w(tv 33)7 (ta ‘T)v p(t, l’), Dp(tv l’))
= h(t,z,w(t, z),u(t, x)).

(1.7)

with boundary conditions homogenous Dirichlet or Neumann, for example

> ait, z,w(t,z),ult, ), Du(t, ), p(t, ), Dp(t,z))v; =0,
=1

p(t,z) =0 z€0Q,t>0,

where v is the unit normal along the boundary. (The variable p is written by
boldface letter for the purpose of distinguishing it from exponents p1, p2). Moreover,
if 0Q = S; U S, where S1 NSy = ), then we can pose different boundary conditions
on the elements of the partition. That is the case in the model (L.1)~(1.4) where
the partitions are the endpoints of the interval [0,1]. Clearly, we can assume the
boundary conditions to be homogeneous by subtracting a suitable function from
the unknown function The above system is indeed a generalization of the problem

i 1 since (as we showed in the introduction) v can be eliminated form
, and in PrOpOblthH we show that by some assumptions the solution
w of equatlon (1.2 ) is strictly p051t1ve hence we can divide equation (1.1)) by w.
By using this observation that the above equations are three types of dlﬁerentlal
equations we can give natural conditions on functions a;, b;, f, g, h which (as we
will see) imply existence of weak solutions of the above system. Before giving these
assumptions let us introduce a notation. In the following, a vector & € R"*1 is
written in the form & = (o, () where {, € R and ¢ = ((1,...,(n) € R™.

Assumptions.

(A1) Functions a;: Q7 x R x R*"™t x R"*! - R (i =0,...,n) are Carathéodory
functions, i.e. they are measurable in (¢, z) € Qr for every (w, u, Du, p, Dp)
in R x R"*! x R"*! and continuous in (w, u, Du, p, Dp) € Rx R*! x R*+1
for a.a. (t,z) € Qr.

(A2) There exist a continuous function ¢; : R — RT and a function k; € L (Qr)
such that

|ai(t7xaw7uaDu7p7Dp)|
< er(@) (Jul ™ + |Dul” =+ [p| + [Dpl + kn(t,2)),

for a.a. (t,7) € Qr and every (w,u, Du,p, Dp) € R x R**! x R+ (j =
0,...,n).
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(A3) There exists a constant C' > 0 such that for a.a. (t,z) € Qr and every
(wa COa <7p7 Dp)’ (w7<07773 p; Dp) €eRx R x Rn+1

NE

(ai(ta$7waC07Cﬂp7Dp) - ai(t7$7W»C07777P7DP)) (CZ - 777,) Z C- |C - 77|p1-
i=1

(A4) There exist a constant c; > 0, a continuous function v: R — R and a
function ko € L'(Qr) such that

Zai(taxawa CO? C,p,Dp)Cl > Co (‘<0|p1 + ‘C|;D1) - V(w)kQ(tﬁﬂ)
i=0
for a.a. (t,x) € Qr and every (w, (o, ¢, p, Dp) € R x R*1 x R+,
(B1) Functions b;: Qr x R x R x R**! — R (i = 0,...,n) are Carathéodory
functions, i.e. they are measurable in (¢,x) € Qr for every (w,u,p, Dp) €
R x R x R"*! and continuous in (w,u,p, Dp) € R x R x R"*! for a.a.
(t,l’) € Qr.
(B2) There exist a continuous function é; : R — R* and a function ky € L%2(Qr)
such that

i(t, 2,0, 0,9, Dp)| < é1(w) ([~ + DD~ ful & + iy (1,)

for a.a. (t,z) € Qr and every (w,u,p, Dp) ER x R x R"*! (i =0,...,n).
(B3) There exists a constant C' > 0 such that for a.a. (t,z) € Qr and every
(OJ,U, CO)C)) (w7 Uu, 77()’77> ER xR x Rn+1
Z (bl(tv T, w,u, <07 C) - bz(t7 €T,w,u,To, 77)) (gl - Th)
i=0
> C - (|60 — mol™* +1¢ —nlP?).
(B4) There exist a constant ¢; > 0, a continuous function 4: R — R and a
function ko € L*(Q7) such that

Zbi(t,mvwvuv CO? C)Cz Z é2 (|<0‘p2 + |<|p2) - ’3/((41) (|u|p1 + ]%Q(Ll'))
=0

for a.a. (t,x) € Qr and every (w,u,(p,¢) € R x R x R*H1,
(F1) Function f: Qr x R? — R is a Carathéodory function, i.e. it is measurable
in (t,z) € Qr for every fixed (w,u) € R? and continuous in (w,u) € R?
for a.a. (t,x) € Qr. Further, for every bounded set I C R there exists a
continuous function K;: R — R such that
(i) there exist nonnegative constants dy, ds such that | K (u)] < dl\u|% +
dy for all u € R,
(i) for a.a. (t,z) € Qr and every (w,u), (@,u) € I xR
lft, zw,u) — f(t,z,0,u)] < Ki(u) - |w—&|.

(F2) There exists a continuous function K3: R — RT such that for a.a. (¢,z) €
Qr and every (w,u), (w, @) € R?
lf(t, 2, w,u) — f(t z,w, )| < Ko (w) - Ju— 4.

(F3) There exists w* € L°() such that for a.a. (t,z) € Qr and every (w,u) €
R? (w—w*(2)) - f(t,z,w,u) < 0.
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(G1) Function g: Qr x R — R is a Carathéodory function, i.e. it is measurable
in (¢t,2) € Qr for every w € R and continuous in w € R for a.a. (t,2) € Q7.

(G2) There exist a continuous function cs: R — R™ and a function k3 € L7 (Qr)
function such that

|g(t7x7w)‘ < C3(w)k3(t?x)

for a.a. (t,2) € Qr and every w € R.
(H1) Function h: Q7 x R? — R is a Carathéodory function, i.e. it is measurable
in (t,z) € Qr for every (w,u) € R? and continuous in (w,u) € R? for a.a.

(t7 .’IJ) € QT-
(H2) There exist a continuous function c4: R — RT and a function k4 € L92(Qr)
such that

h(t, z,w,u)| < c1(w) (|u|% + k;4(t,x))

for a.a. (t,z) € Qr and every (w,u) € R%

2. WEAK FORM
Let us define the operators A: L>®(Qr) x X1 x X9 — X§, B: L>®(Qr) x X1 X
Xo— X5, G: L™(Qr) — X5, H: L>®(Qr) x X1 — X as follows:

=[S alt, 0t 2), ult,z), Dult, z) dt dz, p(t, z), Dp(t, z)) Div(t, 2)
Qr =1

—|—/Q ag(t,x,w(t,z),u(t, z), Du(t, z), p(t, z), Dp(t, x))v(t, x) dt dz,

= Z bi(ta Z, w(ta (E), u(tv .’t), p(ﬁ, CL’), Dp(t7 :C))Dﬂ)(t, l’) dt dx
Qr =1

+/ bo(t, x,w(t,x),u(t,z), p(t,z), Dp(t, x))v(t, x) dt dz,
[G(w),v] ::/ g(t,z,w(t,x))v(t, z) dt de,

[H(w,u),v] := . h(t,x,w(t,z),u(t, z))v(t, ) dt dx.

In addition, let us introduce the linear operator L : D(L) — X by the formula
D(L)={u € X1: Dyu e X7, u(0) =0}, Lu= Du.

With the operators introduced above, we define the weak form of system (1.5)—(1.7)
as

w(t,z) = wo(x) +/0 f(s,z w(s, ), u(s,x))ds (2.1)
Lu+ A(w,u,p) = G(w) (2.2)
B(w,u,p) = H(w,u). (2.3)

It is well known (see e.g. [7]) that one gets the above weak forms by considering
sufficiently smooth solutions and then using Green’s theorem, after that one con-
siders the equations in the spaces X;. It is clear that if the boundary condition is
homogenous Neumann than V; = W1Pi(Q) (since the boundary term vanishes in
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Green’s theorem) and if we have homogeneous Dirichlet boundary condition then
Vi = Wy?'(Q) (in order to eliminate the boundary terms in Green’s theorem). Fur-
ther, if we have a partition then for example in our one dimensional equation
with homogenous boundary conditions V; = {v € WP1(0,1) : v(¢,0) = 0}, and in
addition Vo = Wy*2(0,1). In the next section we prove that the earlier introduced
assumptions imply existence of solutions of the above system.

2.1. Existence of solutions.

Theorem 2.1. Suppose that conditions (A1)-(A4), (B1)-(B4), (F1)-(F3), (G1)-
(G2), (H1)-(H2) are fulfilled. Then for every wy € L>®(§2) there exists a solution
w € L>®(Qr), ue D(L), p € LP2(0,T;V3) of problem ([2.1)—(2.3).

First we prove some statements which we will use in the proof of the theorem.

Proposition 2.2. Assume that conditions (F1), (F3) are satisfied. Then for every
fized uw € LP*(Qr) and wo € L>®(Qr) there exists a unique solution w € L*™(Qr)
of the integral equation , further, for the solution the estimate ||w||po (@) <
llwoll oo () holds.

Proof. First we make an observation which we will use many times in the paper.
Namely, from (F3) and the continuity of f, it follows that f(¢,z,w*(z),u) = 0 for
a.a. (t,z) € Qr and every u € R. Now note that if equation has got a solution
w then w is continuous in variable ¢ (moreover it is absolutely continuous). Now let
us fix a point € Q. If w(ty,x) > w*(z) for some tg € (0,T) then w(t,x) > w*(x)
for all t € [to, to + €] where € is sufficiently small. Then by condition (F3) we obtain
flt, z,w(t,x),u(t,z)) <0 thus

w(t,x) = wo(x) —|—/0 f(s,z,w(s,z),u(s,x))ds

:wo(x)—l—/o0f(s,x,w(s,x),u(s,a:))ds—i—/t fls,z,w(s, z),u(s,x))ds

§w0($)+ v f(sawi(svx)’u(sax))ds
0

= w(to,x),

that is, w is decreasing in variable ¢. Similar to this, if w(to,z) < w*(x) for some
to > 0 then w is locally increasing in t. From this it is easy to see that w(t,x) €
[w*(z),wo(z)] (or [wo(z),w*(x)]) for a.a. (t,z) € Qr thus |w(t,z)| < |wo(z)| +
lw*(z)| for a.a. (t,z) € Qr hence [|w||r=(0r) < llwollLoe () + [|w*[| Lo ()

Let us define a function f: Qr x R2 — R by

f(t’x’w’u)
f(t,z,w,u), if |w] < [|wollLee (@) + lw*||Le= (),
= f(t, 2, [|wollzoe (@) + [[w* (Lo (@), w), i w > [lwolloe (o) + lw*]|Lee ()

ft,z, —|lwollLoe ) — W[z (@), u), if w < —[lwollzoe (@) — lw*|| Lo (@),

and consider the following problem instead of ([2.1)):

w(t,z) = wo(x) —l—/o f(s,z,w(s, x),u(s,x)) ds. (2.4)
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Obviously f also fulfils condition (F2), (F3), further, by choosing interval

I=[—|wolle() — llw*llL=(@), llwoll o) + [lw* || Lo ()]

in condition (F1), we obtain that with some function K;

lft, z,w,u) — ft,z,0,u)] < Ki(u) - |w—&|

for a.a. (t,z) € Qr and every (w,u) € R? since f was extended as a constant
function outside of I. This means that function F satisfies condition (F1) globally.
It is clear that if problem has got a solution w then ||w|| (@) < [[woll L)+
llw*|| Lo (). Since f equals with f on interval I, every solution of is a solution
of and converse. From the above arguments it follows that it is sufficient to
show that the problem has a unique solution w € L*®(Qr). In other words,
we may assume that condition (F1) is fulfilled by function f globally.

Existence. We use the method of successive approximation. Let wq(t, x) := wo(x)
((t,z) € Qr), further,

t
wi+1(t, ) == wo(x) +/ f(s,z wi (s, x),u(s, x)) ds. (2.5)
0
Now fix a point x € Q. We show that with suitable constant ¢, > 0
St
o * L k1 P2
wir1(t, @) — wi(t, 2)| < (lwollpe= () + lw* L= (q)) - ¢z [k + 1)i/pe (2.6)

We proceed by induction on k. For k = 0 we have
jwi(t, ) — wo(t, )| dt = | /Ot (s, 2,w0(x), u(s, z)) ds|
= I/Ot (f(s,z,00(2), uls, x)) = f(s, 2,0 (x), u(s, z))) ds|
< /Ot [K1(u(s, 2))| - lwo (@) +w (2)] ds

t
< (llwollz=(a + "= - / K (u(s, )] ds.

Using condition (F1), Holder’s inequality and u € LP*(Qr) we obtain

' g /g ¢ 1/p2
/0 | K (u(s, z))|ds < (/0 |K1(u(s7$))|des) (/0 1p2>
< (/Ot <d1|U(8,x)|% + dQ)qz d3> e . 41/p2

T 1/g2 1
< const - (/ (Ju(s,z)|P* +1) ds) 1/
0

=g /P2

2.7)

From the above two estimate follows (2.6) for & = 0. Now let us suppose that
estimate (2.6)) holds for k£ — 1. Then using condition (F1) and the assumption of
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induction we get

|wh1 (8 2) = wi(t, )]

§/ |F(s, 2, wk(s,x),u(s,z)) — F(s,z,wi—_1(s,x), u(s,z))|ds
0

< /0 | K1 (u(s, )| - |wi(s,z) — wi—1(s,z)| ds

t
S/O (151 (u(s, 2))] - (lwoll e () + lw* [z (@) - €5 - p ) ds

) T 1/q2 tsk 1/pz
< (ol + i) - ([ 1Eatatsanizas) ™ ([ 5as)

k41

t p2
G D7
The induction is complete. From estimate (2.6)) it follows that for a.a. = €  and
every t € (0,7

< (lwoll e (o) + lw* oo (a)) - it -

Kt s
* % T2
wisi(t, ) —wr(t, ) < D (lwoll =@y + 1wl =) e 0
i=k+1 ’

as k,l — oo, hence (wi(t,z)) is a Cauchy sequence, therefore it is convergent to
some w(t,z), wy — w a.e. in Qr, moreover wi (-, ) — w(-,z) in L>(0,T) for a.a.
x € Q. We show that w is a solution of equation . Observe that the left hand
side of the recurrence ([2.5) converges to w a.e. in Qr, so it suffices to show that
the right hand side of a.e. tends to the right hand side of equation . But
this is true since

| /0 (f(sasz(svx)vu(sax)) - f(s,x,wk(s,x),u(s,m)))ds{
< /Ot | K1 (u(s,2))] - |w(s,x) —wg(s,z)|ds
T

< [ 1 uts ) lds - flotts2) = )l oy
0
< |w(x) —wre(2) |00y — 0 as k — oo.
Uniqueness. Suppose that w,& € L>(Qr) are solutions of problem (2.1)). Then
by condition (F1)
t
|W(t, 'T) - ('N‘)(tvx)‘ S / ‘f(S,ZC,CL)(S,JI),U(S,l‘)) - f(sa [II,L:J(S,JU),’LL(S,ZIJ)”C[S
0

< [ it ot o) — (o)l ds

1/p2

< K (u(+ 2) || Lz (@r) - (/Ot lw(s, z) — &(s,z)|P? ds)
hence

t
|w(t, z) — ot z)|P? < b2 - / lw(s, z) — &(s, z)|P2ds.
0
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Then Gronwall’s lemma yields |w(t,z) — ©(t,x)] = 0 for a.a. (¢,z) € Qr which
means that w = . d

Proposition 2.3. Assume (F1)-(F3) and let (uy) C LP(Qr), further, let wy be
the solution of (2.1) corresponding to uy. If up — w in LP*(Qr) then wy — w a.e.
in Qr where w is the solution of (2.1) corresponding to w.

Proof. Suppose that uy — u in LP*(Qr). Then for a.a. € Q ug(-,x) — u(-,x) in

LP1(0,T). Let wg,w € L=(Qr) be the corresponding solutions of (2.1). Now fix a
point & € Q. Since (wg) is bounded in L>*(Qr) by Proposition we can apply

condition (F1), (F2) and we obtain
|Ct)k(t, JT) - W(t, $)|

< / (52,1 (5, 2), ux (5, 2) — £(5, 2,0 (5, 7), u(s, )| ds
< / (153 (x5, 2))] - [wr (5, 2) — w(5,2)| + [ K (w(s,2))] - [us(5,2) — u(5, 7)) ds
< ([ matsoieas) " ([ ots.o) - wts ) s

Ko 2) o - / jur(s, ) — u(s, z)| ds.

By choosing u = uy and ¢t = T in estimate and by using the convergence of
ug (-, ) in LP*(0,T) we get that the first term containing uy on the right hand side
of the above inequality is bounded. In addition, by using the continuity of function
K> it follows that ||Ka(w(-,))| = (0,r) is finite. From the above arguments we
obtain

|wk(t7 17) - w(ta ‘T)|p2
t
< const [ fu(s.0) — (s )P+ comst - ) = e )

By Gronwall’s lemma |wg (¢, ) — w(t, 2)|P? < const - |ug (-, x) — u(~,x)||’£"1(0’T) -0
as k — oo which immediately yields the a.e. convergence of (wy). O

Remark 2.4. Since (wy) is bounded in L*°(Qr) and a.e. convergent, from the
Lebesgue theorem it follows that (wy) is convergent in L*(Qr) for arbitrary 1 <
a < 00.

Proposition 2.5. Suppose that conditions (F1)-(F3) hold, further, |wo| > 0 a.e.
in Q and wo - w* > 0 (that is they have the same sign). Then for the solution w of

(2.1) |w(t,x)| > 0 holds for a.a. (t,x) € Qr.

Proof. Fix a point x € Q. Without loss of generality assume that wo(z) > 0. First
suppose w*(x) > 0. In the proof of Proposition we have shown that w(t,z) €
[w*(x),wo(z)] for a.a. t € [0,T] consequently w(t,z) > min(w*(z),wo(x)) > 0.
Now suppose that w*(z) = 0. Define ¢* := inf {¢ > 0 : w(t,z) = 0}. Then for every
t < t* we have w(t,z) > 0. By using condition (F1), (F3) it follows that for
w>w*(x) =0, f(t,z,w,u) > —K;(u)w. Then for a.a. t € (0,t*)

W (t,3) = Fltsa,w(t @), ult, @) = —Ki (u(t, 2) (@t 2)w.
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(Note that w is absolutely continuous in variable ¢ thus for a.a. (¢,z) € Qr there
exists w'(t,x).) By the definition of ¢* we can divide by w(t,2) and we obtain
W' (t,x)/w(t, ) > —Ki(u(t,z)). Observe that the left hand side of the previous
inequality equals to (logw(t,x))" thus by integrating the inequality in (0,t) we
obtain logw(t, ) — logwp(z) > — fg Ki(u(s,x))ds. By taking the exponential of
both sides it follows

W(t, x) > WQ(x) e f(f Kl(u(s,z))ds.

From the above estimate it follows that w(t, z) > 0 a.e. in [0, T]. The case wg(z) < 0
can be treated the same way. O

Remark 2.6. This proposition shows that if |wp| is a.e. positive and wp, w* has
a.e. the same sign, then for the solution w of , % is a.e. finite. Consequently
operator A and B might depend on terms which contain % The above proof also
shows that if the absolute value of the initial value wy is a.e. greater than a positive
constant, further, |w*| is greater then a positive lower bound, or K is bounded,
then the absolute value of the solution w of equation is also greater than a

positive constant a.e. in Q7 thus L € L>=(Qr).

Proposition 2.7. If assumptions (A1)-(A4), (G1)-(G2) hold then for every fized
w € L>®(Qr) and p € Xo there exists a solution u € D(L) of problem (2.2).

Proof. Since ¢; and v are continuous functions, for a fixed w € L*(Qr) func-
tions ¢1(w),v(w) are in L>®(Qr). On the other hand, from p € X, it follows
that \p|% + \Dp|% € L1(Qr). This means that for fixed w € L>®(Qr) and
p € X5 conditions (A1)—(A4) are similar to the Léray-Lions conditions for the op-
erator A(w,-,p): X1 — X;. It is not difficult to verify that these conditions imply
that operator A(w,-,p): X1 — X7 is bounded, demicontinuous, coercive and pseu-
domonotone with respect to D(L) (see [2, 4, [7]). In addition, G(w) € X7 since by
Holder’s inequality and condition (G2)

)/ g(t,x,w(t,x))v(t,x)dtdaj‘

1/
<const- ([ lgttmalt.)matdr) " Jolx, 28)
Qr

< const - |le3(w)||Le (@) - E3llLar (@r) - V]| x, -

Then problem Lu + A(w,u,p) = G(w) has a solution v € D(L) for every fixed
w € L*(Qr) and p € Xs. O

Proposition 2.8. Under assumptions (H1)-(H2), (B1)-(B4), for every fized w €
L>(Qr) and u € Xy problem (2.3) has unique solution p € Xs.

Proof. Since ¢q,% are continuous functions, for fixed w € L*°(Qr), the functions
é1(w) and 4(w) belong to L (Qr). Further, u € X; implies that |u|% € L2(Qr)
and |u|P* € LY*(Qr). Thus conditions B1-B4 are the Léray-Lions conditions for
operator B(w,u,-): Xo — Xj. From this it follows that for fixed w € L>®(Qr)
and u € X; operator B(w,u,-): X9 — X3 is bounded, demicontinuous, coercive
and uniformly monotone (see [I0]). In addition, H(w,u) € X; because Holder’s
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inequality and condition (H2) yield

‘ h(t, z,w(t,x), u(t, z))v(t,x) dt dx‘
Qr

1/q2
< ( / Bt @, w(t @), u(t, @)= dtdz) o]z on) (2.9)

T
pP1
< const - [lca (W) Lo (Qr) - (||u||z§)1(QT) + ||k4||Lq2) vl x, -

From the properties of operator B(w,u,-) it follows that problem B(w,u,p) =
H(w,u) has got a unique solution p € X, for every fixed w € L>°(Qr) and u €
X, 0

Now let us turn to the proof of theorem

The proof of Theorem[2.1] The idea is the following. We define sequences of ap-
proximating solutions of problem 7, then we show the boundedness of the
sequences. After choosing weakly convergent subsequences we show that the weak
limits of the subsequences are solutions of the problem. For simplicity, in the proof
we omit the variable (¢, z) of functions a;, b; if it is not confusing.

Step 1: approximation. Define the sequences (w), (uk), (px) by the follow-
ing. Let wo(t,x) = ug(t,x) = po(t,z) =0 ((t,z) € Qr) and for k = 0,1,... let
Wk41, Uk+1, Pk+1 be a solution of the system

t
wrt1(t, ) = wo(x) —|—/ f(s,z,wir1(s, ), up(s,x))ds (2.10)
0
Lug11 + A(wk, upt1, Pr) = G(wi) (2.11)
B(wg, g, Prs1) = H(wr, ug). (2.12)

By propositions 2.2] 2.7 2.8} for given wy,uy, pr there exist solutions wy41 in
L>®(Qr), ug+1 € X7 and pgy1 € Xo of the above system. By the above recurrence
we obtain the sequences (wy) C L>®(Qr), (ur) C X1, (pr) C Xa.
Step 2: boundedness. We show that the above defined sequences are bounded.
It is obvious that (wy) is bounded in L (Qr) since by Proposition for fixed wg €
L>(92) for the solution of equation estimate |lwpy1llze(@r) < llwollze () +
||w*||Loo(Q) holds.

Now let us consider the sequence (uy). By choosing the test function v = w41
in and by using condition (A4) and the monotonicity of operator L we obtain

(G(wk), k1] = [Lugs1, ups1] + [A(Wk, Ukt1, Pr), Ukt1)
> o / (ks [P + [Dutgr P* — A(wp)ks)
T

> ¢ (luns1 1%, — (@il (@r) - Ik2llLr@r))

where the term ||v(wr)|| Lo (1) - k2]l 21 (@) is bounded because of the boundedness
of (wg) in L*°(Qr). In addition, similarly to (2.8)) we have

(Glwr), unia] < const - les(@n)llz=(@r) - Thalln @u) - lupsallxs (213)
By combining the above two inequalities we obtain
lurs1ll%, < const - (uptallx, +1)-

From this inequality, it follows that (ug) is a bounded sequence in the space Xj.
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Let us see now sequence (pg). By substituting the test function v = pg41 in
(2.12) and by using condition B4 we get

[H (wk, uk), Pry1] = [B(Wk, uk, Pry1), Prg] = const - (Iprga |5, — [Jurlly, +1)

where the term (as we have shown just before) [lug ||, is bounded. On the other
hand, similarly to estimate (2.9) we have

P1
|[H (wre, ur), Pres ]l < conste[|prallxs llea(@i) | @ry (1l 3 (@ H1Eall L2 (1)) -

Since (wg) is bounded in L*°(Qr) and (uy) is bounded in X, therefore the terms
on the right hand side of the above inequality, not containing px+1, are bounded.
Then the previous two estimates yield

[Pl < const - ([prailx, + const).

This means that the sequence (py) is bounded in the space Xs.
We need also the boundedness of the sequence (Luy) in X7. By (2.11)) it suffices

to show that |[Lug41,v]| = |[A(wk, uk+1, Pr) +G(wg), v]| < const-||v] x,. By (2.13),
|[G(wk),v]| < const - ||v]|x,. In addition, by Hélder’s inequality

|[A(C()k, Uk41, pk)7 U]| S (Z Hai(wk7 Uk+1, D’U/k+1, Pk, Dpk)lqul (QT)) : ||UHX1
i=0
(2.14)
Observe that from condition (A2) it follows that for all 4,

||ai(wka U’k-‘rl? Duk+17 Pk, Dpk:)||LQ1 (QT)

< comst - [|ex (W) | (@ry (lur+1ll%, + 1Pell%, + E1ll Lo (@r)) -

The right hand side of the above inequality is bounded because of the bound-
edness of the sequences (wg), (ur) and (pg) (and by the continuity of the func-
tion ¢1). Combining this with estimate we obtain the desired estimate
I[A(wk, uk+1, Pr), V]| < const - ||v||x, thus (Luyg) is a bounded sequence in the space
X7,

Step 3: convergence. In the preceding step we showed that the sequences
(uk), (Lug), (pr) are bounded (in reflexive Banach spaces) therefore each has a
weakly convergent subsequence (which will be denoted as the original sequence for
simplicity), so there exist u € X1, w € X7 and p € X5 such that

up — v weakly in Xy;
Lup — w  weakly in X7

Pr — p weakly in Xo.

Further, from the properties of operator L (see [10] it follows that w € D(L) and
w = Lu. Thus by applying the well known embedding theorem (see [7]) it follows
that there exists a subsequence of (uy) which is convergent in LP* (Qr) hence it has
got an a.e. convergent subsequence. In what follows, we use these subsequences,
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that is, we suppose that

up — u  weakly in Xy;
up — u in LPY(Qr);
up — u  a.e. in Qr;
Diuy, — Dyu weakly in X7
Pr — p weakly in Xs.

Now we show that w,u, p are solutions of problem 7.

We start with equation . Since up, — w in LP(Qr), further, wgy; is the
solution of equation , by Proposition it follows that wy — w a.e. in Qr
and functions w, u satisfy the integral equation .

Now let us consider equation (2.12). First we show that p, — p in Xj. By
condition B3 we have

[B(wk, e, Prt1) — B(we, we, P)s Pretr — P] = C - [prs1 — PR, (2.15)
On the other hand,

[B(wk, Uk, Pr+1) — B(wk, Uk, P); Pr+1 — P
= [B(wk, Uk, Pk+1); Pht1 — P] + [B(w,u,p) — B(wy, ur,P), Prr1 — P]  (2.16)
- [B(w7uap)7pk+l - p]a

and we show that each term of the right hand side tends to 0. The last term
evidently converges to 0 since (pg) is weakly convergent in Xs. In order to verify
the convergence of the second term, observe that

|[B(wk7uk>a p) - B(OJ,U, p)a Pr+1 — p”

& (2.17)
< Z Hbi(wk7uk7p7Dp) - bi(W7U7P7DP)||L‘12(QT) : ||pk+1 - p||X2
=0

and by condition (B2)

‘bi(wkv Uk, P, Dp) - bi(wv u, p, Dp)|q2
< const - (|6 (@) + 161 (@)*) (1B + [DpI™ + g + ful? + [k

Since (wy) is bounded in L*°(Qr) and (uy) is convergent in LP*(Qr), therefore the
right hand side of the above inequality is equi-integrable (see [4]) hence the left
hand side is equi-integrable, too. In addition, the left hand side a.e. converges to
0 (becuase of the a.e. convergence of (wy) and (ux)), therefore by Vitali’s theorem
the left hand side converges in L'(Qr) to the zero function. From this (and from
the boundedness of (py)) it follows that the right hand side of tends to 0. By
recurrence we have B(wg, ug, Pr+1) = H(wg, ug), further, pgr1 — p weakly
in X5 hence in order to prove the convergence of the first term of the right hand
side of it suffices to show that H(wg,ur) — H(w,u) in XJ. By Holder’s
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inequality

‘[H(wk’uk) - H(w,u),v“

< (/ |h(t, @, wi(t, z), up(t, z)) — h(t, z,w(t, z),u(t,z))|? dtdx)l/q2 vl x,

T

1/g2
:(/ be(ta)ded) " - ollx,.

T

It is clear from the above inequality that ||H (wy,ux) — H(w,u)|lx; < ||bk||1L/1q(2QT)

so we only have to prove that (bs) converges to 0 in L*(Qr). By condition (H2) we
obtain

x| < comst - (|ea(wr)|® + [ea(W)|®) (Jur "t + ul"* + [q]%2) .

The right hand side of the above inequality is equi-integrable in L'(Qr) (because
of the convergence of (uy) in LP*(Qr) and the boundedness of (wy) in L>®(Qr))
thus (bg) is equiintegrable, too. Besides, (bg) a.e. converges to 0 since up — u
and wy — w a.e. in Qr and H is continuous in these variables. Then by Vitali’s
theorem (by) tends to 0 in L'(Qr). From the above arguments it follows that
H(wy,ug) — H(w,u) in Xj so the right hand side of the equation converges
to 0 thus implies that pyy1 — p in Xs. This means that pxy1 — p in
LP2(Qr), too, so we may assume that pyr; — p a.e. in Qr.

Now we show that B(wg, ug, Pr+1) — B(w,u, p) weakly in X3. Then from recur-
rence we obtain B(w,u,p) = H(w,u) (we have seen earlier that H (wg, ur) —
H(w,u) weakly in X3) i.e. w,u,p are solutions of problem (2.3). In order to verify
the weak convergence B(wy, uk, Pr+1) — B(w,u, p) observe that

|[B(kauk,pk+1) - B(w,u7p),v]|

- (2.18)
<) 1Ibi(wk, ks Prr1, DPr11) = bi(w,u, P, DP)l| o2 @) - 0] x5
1=0

and by condition (B2)
|bi(wkv Uk, Pk+1, -Dpk+1) - bl(wv u, p, Dp)|q2
< const - ¢ (wg)|?2 <|pk+1|p2 + | Dpr+1|P? + |ug|Pt + |/;1|q2)

+ const - |¢1 (w)| 2 (\p|p2 + |Dp|P? + |u|P* + ‘];1|Q2) :

The right hand side of the above inequality is equi-integrable in L!(Q7) (because of
the strong convergence of (py) in X5 and the boundedness of (¢1(wg)) in L=(Q7))
thus the left hand side is also equiintegrable. Moreover, by the Carathéodory
conditions the left hand side is a.e. convergent to the zero function thus from Vitali’s
theorem it follows that the right hand side of tends to 0. Consequently
B(wg, uk, Pr+1) — B(w,u, p) — 0 weakly in X3.

In the case of equation we can apply the same argument as in the case
of eaquation . We have already shown that Lugy; — Lu weakly in X7.
Now we verify that G(wg) — G(w) in X7 and A(wg, ugt1,pr) — A(w,u, p) weakly
in X7 then these convergences from recurrence yield . To the strong
convergence G(wy) — G(w) observe that by Holder’s inequality

G (wr) = G(w),v]] < llg(-wr) = 9C, @)l Lar @) - Ivllx,
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which implies ||G(wr) —G(w)||x: < lg(-;wr) —g(-;w)||La1 (g~ From condition (G2)
and the boundedness of (wy) we have
) = g(t,z, w(t, )|

< const - (lles(wr) |z~ (@) + lles(@) o) - sl 2)

l9(t, 2, wi(t, )

thus the left hand side has a majorant in L% (Qr) hence by the a.e. convergence
of (wx) and the continuity of G, Lebesgue’s theorem yields the convergence of the
left hand side to 0 in L9 (Q7).

For the weak convergence A(wy,ugt1,Px) — A(w,u, p) we first show that ug —
w in X;. To this end, it suffices to show that Duy — Du in LP*(Qr) since we have
verified so far that up — w in LP*(Qr). By the monotonicity of operator L,

[Lug 1 — Lu, upqy — u] + [A(wk, g1, Pr) — AWk, U, Pr), Uk 11 — U]
> Z/ (ai(wr urt1, Dugy1, Py DPr) — ai(wk, uky1, Du, pr, Dpy))
T
X (Diu;ﬁl — DZU)

+ Z/ (@i (wk, k41, Du, Pi, Dpr) — ai(wi, u, Du, pi, Dpy)) (Diug+1 — Diu)
T

+/ (ao(wr, ug+1, Dugs1, P, Dpi) — ao(wk, u, Du, pr, Dpi) ) (up41 — w).
T

(2.19)
Observe that by condition (A3) the first term on the right hand side of the above
inequality is greater than C - |[Dugy1 — Dul|pr (g,). We show that the left hand
side and the integrals on the right hand side converge to 0, then the convergence
of (Dug) in LP*(Qr) immediately follows. Consider the decomposition

[Lugt1 — Lu, ukr — u] + [A(wk, ukt1, Pr) — A(wk, U, Pr), Ug+1 — ul

= [Ltgy1 + AWk, Whp1, Pr)s thr — u] — [Lu, gy — u] — [A(wp, 4, Pr), thsr — ).
The first term on the right hand side equals to [G(wg),ug+1 — u] because of the
recurrence (2.11]). By the strong convergence of (G(wy)) and the weak convergence
of (u) it follows that [G(wy), ug+1 —u] — 0. The second term tends to 0 since (ug)
is weakly convergent. By condition (A2), the a.e. convergence of (wg), the strong
convergence of (pg) it is easy to see (similar to the case of operator B, see (2.17))

that the third term also tends to 0 which yields the convergence of the left hand
side of (2.19) to 0. By Holder’s inequality

| / (a;i(wk, wks1, Du, pr, Dpi) — ai(wk, u, Du, p, Dpy)) (Diugs1 — D)
Qr
S Hai(wka Uk+1, D’LL, Pk, Dpk?) - ai(wk)a u, DU,, Pk, Dpk)HL‘ll (Qr)

X ||D1'uk+1 — Diu”LPl (Qr)

where the coefficient of the bounded term || Djug1 — Diu|| 1r1 (@,) converges to 0 by
Vitali’s theorem. In fact, (a;(wk, uk+1, Du, pr, Dpk) — ai(wk, v, Du, px, Dpg)) — 0
a.e. in Qr, further,

|a; (g, ki1, Du, pr, Dpr) — ai(wg, u, Du, pr, Dpr)|™*

< const - [ea(wi)] - (i + ™ + [pel? + [ia )
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where the right hand side converges in L*(Q7). In order to verify the convergence
of the last integral on the right hand side of (2.19)), we use Holder’s inequality and
condition (A2) and obtain

| ao (Wi Ukt 1, Duky1, P, DPi) — ao(wi, w, Du, P, Dpi)) (g1 — w)|

p1
< const - lea i)l z~(@r) - (uea I3, + Il + IPeIE, + rllzos o)
X g1 — ull e (1)

By the strong convergence of (px) in X and (ug) in LP*(Q7) and the by bound-
edness of (ux) in X; the right hand side tends to 0.

Now the weak convergence A(wg, ug+1, Pr) — A(w, u, p) in X5 follows easily by
condition (A2), the strong convergence and by Vitali’s theorem (the same as in the
case of operator B). So we have shown that w, u, p are solutions of problem (2.2)).

Summarizing, we have verified that w,u,p are solutions of system (2.1)—(2.3)
hence the proof of the theorem is complete.

Remark 2.9. From the above proof it is clear that if we suppose

(A3’) There exists a constant C' > 0 such that for a.a. (t,z) € Qr and every
(w,€0:¢, P, DP), (W, 70,7, P, Dp) € R x R x R

n

Z (ai(tvwiac()v C»vap) - ai(tvx7wv770) m, P, -Dp)) (C’L - 771)
=0

> C - (| — mol?? + ¢ — nl*?)

instead of A3, then the theorem remains true. Indeed, it simplifies equation (2.19)),
on the right hand side will stand |y — no|P2 + | — n|P=.

3. EXAMPLES

In this section we give some examples of functions a;,b; (i =0,...,n) that fulfil
conditions (A1)—(A4), (B1)-(B4). Let us start with a general example. Suppose
that functions a;, b; have the form

ai(t, z,w, o, ¢, p, Dp) = (P(w ) P(w)Q(p, Dp)) ai(t, z,¢)

_ ‘ (3.1)
( W)Q(p, Dp))ai(taxa C)a for i 7& 07
a/()(t7 Z,w, CO) Ca p, Dp) = ( ( ) + 7)( )Q(p7 Dp)) Oé()(t, Z, C07 C)
- - ~ 3.2
+ (B + PO, DD)) do(t..G0 ) )
bz(t7 z,w,u, <07 C) = (R(w) + R(W)S(U))ﬂl(t xz, <07 C)
(3.3)

+ () + R@)SW) Bilt,2,6,0), i =0,...,n

where the following hold.

(E1) Functions i, @i, B Bt Qr x R — R (i = 1,...,n) are Carathéodory
functions, i.e. they are measurable in (¢,z) € Qr for every ( € R™ and
continuous in ¢ € R™ for a.a. (t,z) € Q7. Functions g, dg: Qr x R* Tt —
R are Carathéodory functions, i.e. they are measurable in (¢,2) € Qr for
every ((o,¢) € R*! and continuous in ({y,¢) € R**! for a.a. (¢t,7) € Q.
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(E2) There exist constants ¢1,é4 > 0,0 <r; <p; —1,0 <7y < pp —1 and
functions k1 € LY (Qr), k1 € L92(Q) such that
(a) lag(t,z, )| < cr|C]P " + ka(t,x), if 4 # 0,

( ) ‘Oéo(t,x,Co,CN < (|Co|p171 + ‘C|p171) =+ kl(taz)v

(c) |ai(t, =, Q)] < crl¢]™, if i # 0,

(d) |ao(t,z, o0, <) < e1 (JCo|™ +1¢]™), )

() 1Bi(t,z,Co, O < &1 ([GolP> 1 + [¢IP2 ") + ka(t, @), if i # 0,
() 1Bi(t, 2,0, Q)| < €1 (ICo|™ 4 [¢]™2), if i # 0

for a.a. (t,x) € Q7 and every ((p,¢) € R (i =0,...,n).
(E3) There exist constants C,C > 0 such that for a.a. (t,z) € Qr and every
(Cosm0), (S0, ) € R

() Yooy (it 2, Q) — ailt,z,m)) (G —mi) = C - —nlP2,
(b) >y (Gt z,¢) — au(t,@,m)) (G —n:) >0,
(e) i (Bilts ;0. C) = Bilt @, m0,m)) (G — i)
> C - (|€o — o[ + ¢ — nlP2),
(@) X (Bilt 20,0 = Bilt,,mo,m)) (G = mi) = 0.

(E4) There exist constants ca,é2 > 0 and functions ko, ko € L'(Q7) such that
(a) 2oy it 2, Q)G + ao(t, 2, Co, Qo = e2(|ColP* + [C[PY) — ka(t, @),
(b) 300y @it 2, )G + do(t @, o, )G 20
(c) ZLo@ (t, 2, Co, )G = E2(|Co[P2 + [C[P2) — ka(t, 2),

(d) >oim Bilt, x,60,¢)G >0
for a.a. (t,x) € Qr and every (¢o,¢) € R™.

(E5) (a) Functions P, P, P,P,Py: R — R, Q,Q: R — R are continuous,
P(w) 4+ P(w)Q(p, Dp) > 0 and there exists a constant ¢ > 0 such that
P(w) +Pw)Q(p, Dp) > ¢ for every w € R, (p, Dp) € R™"*L. Further,

pz(pl —r1) P2(P1 1-7r1)

Q is bounded, |Q(p,Dp)| < const - (|p| P1 + |Dp| )
where constant r; is given in (E2). .
(b) Functions R, R, R,R,S,S: R — R are continuous, R(w)+R(w)S(u) >
0 and there exists a positive constant c such that R( )+ R(w)S(u) > ¢
for every w € R and u € R, further, S is bounded and |S(u)| <
P1(pa—1-r3)
const - |u] % where constant 75 is given in (E2).
Proposition 3.1. If assumptions (E1)-(E5) hold then functions (3.1)~(3.3) fulfils
conditions (A1)-(A4), (B1)-(B4).

Proof. We verify only conditions (A1)—(A4), the other can be shown by using similar
arguments. From (E1) immediately follows condition (A1). In order to obtain (A2),

let us apply Young’s inequality with exponents p* = % and ¢* = 21—l

and
p1—1-71

use the growth condition imposed on &; and Q We obtain
|(Pw) +Pw)Q(p, Dp)) dilt,, )|
< const - (IP(@)|” + [P()|71Q(p, D)+ (1¢™) )

< const - (|P()| + [Pl - (Ip|% +|Dp| % ) + ¢ ).
In addition,
(P(@) + P(@)Q(p, Dp)) ai(t, 2, )| < const - (|P(w) + [P(@)]) - (7" + [k (t,)])
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Then using condition (E2) easily follows that
ai(t, 2, w,Co, ¢, P, DP)| < const - (|P(w)] + [P(w) + |P@)| + [Pw)|* +1)
p1—1 2 2
x (I + [k (8, 2)| + [p)# + 1Dpl i ),

and similarly holds for 4 = 0. This means that condition (A2) holds.
Now by the nonnegativity of P+ P(Q, the uniform positivity of the sum P+ PQ,
and by condition E3,

Z (11 t xr,w CO,CapaDp) 7a2(t z,w COanapaDp)) (417771)
i=1

n

= (P(w) + P(w)Q(p, Dp)) Z (@i(t,z,¢) — ai(t, ) (G — i)

+ (Pw) + P@)QP. Dp)) 3 (@i(t.2.¢) = dilt..m)) (G — )

EC'|C_77|p1a

hence condition (A3) also holds.
Conditions (E4) and (E5) yield

Zai(t7wia CO? C,P,DP)Q

=0

= (P + PIQP. DP)) - (D st O+ . 60: 1)

n

+ (P(w) +P@)Q(p. Dp)) - (Z (., Q)G + o (L, o, €)Co)
+ (150 p )ao(t x, Co,¢)Co
> ¢ (2 (1G] + IC7) = ka(t,2) + (Polw) = P@)) dolt,, o, o

By applying Young’s inequality two times and by condition (E2) we obtain
|(Pofw) = Plw))do(t, 2, o, )6o|
~ ~ ~ q1
< const - ()const(s) <|P0(w)| + |P(w)\) ao(t, x, Co, C)) + Pt |<0\p1)
- - @
< const - (const(e) || Po(w)| + 1P@)I|" "+ e 6ol + €7,

By choosing sufficiently small € > 0 we obtain from the above two estimates that

ai(taxawa <07 Cvpv Dp)C?

V-

const - (1ol + 117 — ka(t,2) = || Bofe)] + 1P| )

thus condition (A4) is fulfilled. O
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The simplest and most applied examples for functions oy, &;, G, Bl are the
following:

a;i(t,z, () = GICP2 (1 #0),  Bilt,x,$0,¢) = GICP*T (i #0),
ao(t, ,¢0,¢) = ColGl™ ™2, Bolt, z, 6o, <) = Colol> 72,
&(t,x,¢) = Gl (0 £0), Bilt, 7,60, ¢) = GICI™TT (i #0),

&o(t,@,0,¢) = ColGl™ %, Bolt,x,Co,C) = Coldol™ "
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