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QUASI-GEOSTROPHIC EQUATIONS WITH INITIAL DATA IN
BANACH SPACES OF LOCAL MEASURES

SADEK GALA

ABSTRACT. This paper studies the well posedness of the initial value problem
for the quasi-geostrophic type equations
o0 +uvVl + (—A)0 =0 on R¥x]0, 40|
0(x,0) = Op(z), =eR?

where 0 < v < 1 is a fixed parameter and the velocity field u = (u1,u2,...,uq)
is divergence free; i.e., Vu = 0). The initial data 6y is taken in Banach spaces
of local measures (see text for the definition), such as Multipliers, Lorentz and
Morrey-Campanato spaces. We will focus on the subcritical case 1/2 < v <1
and we analyse the well-posedness of the system in three basic spaces: L%/™°
X, and Mp’d/r7 when the solution is global for sufficiently small initial data.
Furtheremore, we prove that the solution is actually smooth. Mild solutions
are obtained in several spaces with the right homogeneity to allow the existence
of self-similar solutions.

1. INTRODUCTION

We analyse the well-posedness of initial value problems for the quasi-geostrophic
equations in the subcritical case. Mild solutions are obtained in several spaces with
the right homogeneity to allow the existence of self-similar solutions. Singularities,
global existence and long time behavior for models in fluid mechanics have become
an important topics in the mathematical community in the last decades. Under-
standing these features in incompressible Navier-Stockes (NS) and Euler equations
in 3D in yet unsolved. Lower dimentional models have been deduced, not only for
the simplification that might bring up in the mathematical approaches, but also
because of the great resemblance that some of these models have with respect to
the original incompressible NS equations and the mathematical insight their study
may produce. The dissipative 2DQG equations are derived from general quasi-
geostrophic equations (see [I4]) in the special case of constant potential vorticity
and constant buoyancy frequency (see [4]). Quasi-geostrophic equations are not
only important as a simplification of 3DNS but also since they appear as a natural
reduction for vertically stratified flows (see [14]). Well posedness in several spaces
and long time behavior of the solutions of the dissipative QG equations in different
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cases have been studied in ([3], [4], [5], [10], [T7], [I8]). The objective of this paper
is to study the well posedness of the initial value problem for 2-dimensional of the
quasi-geostrophic type equations

00 +uVh+ (—A)"0 =0 on R¥x]0, +oc], (1.1)
0(2,0) = Op(x), x€R? (1.2)
where 0 < 7 < 1 is a fixed parameter. The velocity field u = (uy,uz,...,uq) is

divergence free; i.e., Vu = 0) and determined from the potential temperature 6 by
linear combinations of Riesz transforms; i.e.,.

d
up =Y apR;0, 1<k<d
j=1

where R; = @-(—A)*%. Let us remark that suitable choices of a;;, assures that the
velocity field is divergence free, that we will assume throughout this paper. The
Riesz potential operator (—A)7 is defined as usual through the Fourier transform
as - R
(—A)7f(€) = €7 f(€)

It is well-know that QG equation is very similar to the three dimensional Navier-
Stokes equations (see [4]). Besides its similarity to the three dimensional fluid
equations, (see [14]). The case v > 1 is called sub-critical, and the case v = 1
is critical, while the case 0 < v < % is super-critical, respectively. Our aim is to
show existence and uniqueness and regularity of solutions for the quasi-geostrophic
equations in the sub-critical case — when the initial data is taken in Ba-
nach spaces of local measures, such as Multipliers, Lorentz and Morrey-Campanato
spaces.

2. SHIFT-INVARIANT SPACES OF LOCAL MEASURES

We consider in this paper a special class of shift-invariant spaces of distributions
was introduced by Lemarié-Rieusset in his work [I2]. The spaces which are invariant
under pointwise multiplication with bounded continuous functions.

Definition 2.1. (A) A shift-invariant Banach spaces of test functions is a Ba-
nach space E such that we have the continuous embeddings D(R?) C E C
D'(RY) and so that
(a) for all zo € RY and for all f € E, f(x — o) € E and

£l = [1f(x = zo)lle
(b) for all A > 0, there exists C > 0 so that for all f € E, f(Ax) € E and

IfQ2)e < Callfle
(c) D(R?) is dense in E.

(B) A shift-invariant Banach spaces of distributions is a Banach space E which
is the topological dual of a shift-invariant Banach of test functions space
E©) of smooth elements of E is defined as the closure of D(R?) in E.

(C) A shift-invariant Banach space of local measures is a shift-invariant Banach
space of distributions E so that for all f € E and all g € S(R?), we have
fg€E and

If9lle < Cellflzllgllze
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where Cg is a positive constant which depends neither on f nor on g.

Remark 2.2. An easy consequence of hypothesis (a) is that a shift-invariant Ba-
nach space of test functions F satisfies S(R?) C E and a consequence of hypothesis
(b) is that £ — S’(R%). Similarly, we have for a shift-invariant Banach space
of distributions E that S(RY) ¢ E(® ¢ E — S'(R%). In particular, E® is a
shift-invariant Banach space of test functions.

A shift-invariant Banach spaces of distributions are adapted to convolution with
integrable kernels.

Lemma 2.3 (Convolution in shift-invariant spaces of distributions). If E is a shift-
invariant Banach space of test functions or of distributions and ¢ € S(RY), then

for all f € E, we have f*xp € E and
If = elle < [ fllelellr (2.1)

Moreover, the convolution may be extended into a bounded bilinear operator from
E x L' to E and we have for all f € E and for all g € L', the inequality

If*glle < [Ifllellgl

The proof of the above lemma can be found in [I2]. Now, we introduce the
functional spaces relevant to our study of solutions of the Cauchy problem for
system —, we list some facts about convolution and we discuss the notion
of solution in these spaces.

2.1. Pointwise multipliers X,. In this section, we give a description of the mul-
tiplier space X" introduced recently by Lemarié-Rieusset in his work [12]. The
space X" of pointwise multipliers which map L? into H~" is defined as follows:

Definition 2.4. For 0 <r < d/2, we define the homogeneous space X" by
X" ={fel} :Vgec H fgelL?}
where we denote by H’“(Rd) the completion of the space D(RY) with respect to the
norm |[ul g = [|(=A)"?u]| 2.
The norm in X" is given by the operator norm of pointwise multiplication

[flxr = sup [lfgllr
lgllzr <1

Similarly, we define the nonhomogeneous space X" for 0 < r < d/2 equipped with
the norm

[fllxr = sup |[fgll2

lgll <1

We have the following homogeneity properties: For all zg € R?,

1f(z 4+ zo)llxr = | fllx-
1 f(@ +x0)ll xr = I fll -

1
IFQ)llxr < Zlfllxey 0<A <1

1
1f(Az) [l 5 < VHfIIXT, A>0.
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The following imbeddings hold
d d
Lt C X", 0§r<§, 0o<t<r.

L7 c X, 0<r<s.
We now turn to another way of introducing capacity.
Capacitary measures and capacitary potentials. In this section, we give the notion
of capacity which will develop in term of Riesz and Bessel potentials.
Definition 2.5. Let d > 2 and x € RY. The Riesz kernel is defined by

ko(z) = C(d,a)|z|*™¢, 0<a<d,

where the constant C(d, ) is chosen so that kq * kg = katp.

The natural question arises: When is ko *kg defined? There are obvious problems
at infinity. Assume |z| < R, where R is a constant and = # 0. We have then

R
wisr YIS e —yl4=F s lylPieP

o0 oo
~ / pd—1=2d+a+B gy _ / fo+B—d—1gy
R R

which is convergent if and only if « + 5 < d.The Bessel kernel G,., r > 0 is defined

as that function whose Fourier transform is
Gr(x) = (2m) =2 (1 + |2]?) /2

It is known that G, is a positive, integrable function which is analytic except at
x = 0. Similar to the Riesz kernel, we have

G, *xGs=Grys, 1,52>0.

Remark 2.6. The Riesz potential leads to many important applications, but for
the purpose of investigating Sobolev functions, the Bessel potential is more suitable.
For an analysis of the Bessel kernel, we refer the reader to [15].

The Riesz capacity cap(e; H") of a compact set e C R? is defined by (sce [I])
cap(e; H") = inf{||lul%, : u € C(RY), u > 1 sur e}

The Bessel capacity cap(e; H") of a compact set e C R? is defined in a similar
way, with the kernel k, replaced by G,. Since G,(z) < k.(z) (z € R?), it follows
immediately from definitions that for 0 < r < d, there exists a constant C(d,r)
such that

cap(e; H') < C(d, r) cap(e; H").
A brief outline of the theory of A, weights is given in this section. A complete

expositions can be found in the monographs by Garcia-Cuerva and Rubio de Francia
[8].
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A, weights. The class of A, weights was introduced by Muckenhoupt in [I3], where
he showed that the A, weights are precisely those weights w for which the Hardy-
Littlewood maximal operator is bounded from L? (R%) to L? (R?), where 1 < p < oo
and from Ll (RY) to weak-L! (R%), when p = 1. We begin by defining the class of
Ay, weights. Let 1 <p < oo. A weight w is said to be an A, weight, if there exists
a positive constant C), such that, for every ball B C R,

p—1
dac / N lda: < Cp, (2.2)
IBI/ IBI :

ifp>1,or
|B|/ x)dr < KeSSelélf’w( x)), (2.3)

if p = 1. The infinimum over all such constants C is called the A, constant of w.
We denote by A4,, 1 < p < oo, the set of all A, weights. Below we list some simple,
but useful properties of A, weights.

Proposition 2.7. (1) Ifwe A, 1 <p < oo, then since w(z)_p%l 1s locally
integrable, when p > 1, and i is locally bounded, when p = 1, we have
LP(w(z)dz) C L (RY).

(2) Note that if w is a weight, then, by writing 1 = w%w_%, Holder’s inequality
implies that, for every ball B

171 (g foe=ee)”
x = =t x
IBI IBI

when p > 1 and similarly for the expression that gives the Ajcondition.It
follows that if w € Ay, then the constant of w is > 1.

(3) If w e Ay, where 1 < p < oo, then W € Ay, and conversely.

(4) It is not so difficult to see that a weight w € Ay if and only if Mw(z) <
Ajw(z) a.e.

(5) It follows that if w € Ay, then there is a constant C such that

C
v TR

for a.e. x € RY. In fact, if v € R and R = 2max(1, |x|), then

1 / 2—d
= w(y)dy > 7/ w(y)dy
R Jp(R o) (I + 12N B0

so Mw(z) > C(1+ |z])~¢
(6) If w is a weight and there exist two positive constants C' and D such that
C <w(z) < D, for a.e. x € R?, then obviously w € Ay forl<p<oo.

We will need the following theorem, which shows that many operators of classical
analysis are bounded in the space of multipliers.

Theorem 2.8. Let 0 < r < d/2. Suppose that a function h € L2 . satisfies

/|h(:c)|2dm < C'cap(e) (2.4)
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for all compact sets e with cap(e) = cap(e; H"). Suppose that, for all weights
p e A17

[ Jot@)Pode < i [ n(o)fpda (2.5)
Rd Rd

with a constant K depending only on d and the constant A in the Muckenhoupt
condition. Then

Jlst@)Pdz < C cap(e)
for all compact sets e with C = C(d,r, K).

Similar results are obtained for the homogeneous multipliers space X7. To show
this theorem, we need some facts from the equilibrium potential of a compact set e
of positive capacity [I]. The equilibrium potential of a measure p € M7 is defined
by

P=P. =G (G.p).

Lemma 2.9 ([1]). For any compact set e C R%, there exists a measure p = ji. such
that

(i) supppu Ce

i) p(e) = cap(e, H")

Gopll2 = cap(e, HY)

v) P.(z) > 1 quasi-everywhere on e

v) P.(z) < K = K(d,r) on R?

(vi) cap{P. >t} < At=Lcap(e, H") for allt > 0 and the constant is independent

of e.

The measure p, associated with e is called the capacitary (equilibrium) measure
of e. We will also need the asymptotic (see [I])

Gp(z) ~ |z|"~%, ifd>3, |z| — 0;

—~

iii

)
)
(iif)
(iv)
)
)

e T

—~

<

- (2.6)
Go(z) ~|z| = e 1, ifd>2, |z] — +oo.

Sometimes, it will be more convenient to use a modified kernel

C?,. (x) = max(G,(z),1)
which does not have the exponential decay at co. Obviously, both G, and C?r are

positive non-increasing radial kernels. Moreover, GG, has the doubling property

~

G, (25) < Gy (s) < e(d)Gr(25)
The corresponding modified potential is
P(x) = G, * p()
The rest of the proof of theorem [2:8]is based on the following proposition.

Proposition 2.10. Letd > 2 and let 0 < § < df%. Then ]ND lies in the Mucken-

houpt class Ay on R, i.e.,

M(Taé(x)) <o, d)?ﬂé(x), dz p.p

where M denotes the Hardy-Littlewood mazimal operator on R?, and the corre-
sponding Ay —bound C(d,d) depends only on d and 6.
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Proof. Let k: Ry — R, be a non-increasing function which satisfies the doubling
condition

k(2s) < ck(s), s>0.
It is easy to see that the radial weight k(|z|) € A; if and only if

R
/ EO(t)t?1dt < cRU(R), R>0 (2.7)
0

Moreover, the A;-bound of k& is bounded by a constant which depends only on C'
in the preceding estimate and the doubling constant ¢ (see [16]). It follows that

é,(s) ~|s|"7% ifd>3for0<s<1

and

~

Gr(s)~1 fors>1.

~&
Hence, k(|s|) = G,.(s) is a radial non-increasing kernel with the doubling property.
By Jensen’ inequality, we have

Nél N(SQ

Gr € A1 implies Gr S A1 if 61 Z 62

Clearly l) holds if and only if 0 < § < ﬁ. Hence, without loss of generality,

we assume 1 < 4§ < ﬁ. Then by Minkowski’s inequality and the A;-estimate for
~8
G, established above, it follows

~0

M(P () < M((E,)" » P

1)) < C(5,d)(Gr 1)’ (x) = C(6,d)P ().

(ST

We are now in a position to prove theorem [2.8

Proof of Theorem[2.8. Suppose v, is the capacitary measure of e C R? and let
¢ = P is its potential. Then, by lemma [2.9] we have

(i) ¢(z) > 1 quasi-everywhere on e

(ii) p(z) < B = B(d, 7’) for all x € R?

(iii) cap{p >t} < Ct~!cap(e) for all t > 0 with the constant C is independent
of e.

Now, it follows from a proposition that ©° € A;. Hence, by (2.5)),
| @R <& [ n@Petar
Rd

Applying this inequality with (z) and (i7), we get
/|g V2dx < / lg(z) 20 dx < C/ |h(z)|?p’de = / / |h(x)[2dxt®Ldt .
p>t
By (2.4) and (iii),
C
/ |h(2)|?dx < Ceap {p >t} < — cap(e).

p>t t

Hence,

B B
/\9($)|2d$ < C/ t~" cap(e)t®dt = Ccap(e)/ t072dt .
€ 0 0
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Clearly, for all 0 < r < d/2, we can choose ¢ > 1 so that 0 < § < 7%-. Then

B 6—1
/ t072dt = B < 00
0 5—1

which concludes [ |g(z)|?dz < C cap(e).

z;

We will need the boundedness of the Riesz transforms R;f = f I

d+1
1,2,...) in the spaces of functions defined by the capacitary condition (2.4]).

Corollary 2.11. Let 0 <r < d/2. Then

R, f|*dx 2dx
where the suprema are taken over all compact sets in RY.
Proposition 2.12. If f € X", then e =27 f ¢ X",
Proof. Let g € H". Then

e gl = [] [ @~ vlgtalh, (w)dy| do

//Ifx— 2)[2k, (y)dy da
/k; /|f g(u+y)Pdydu < Cllg| .

since H" is invariant under translation.

xagp(ﬁ;;o) GHT

(j:172a"')a

with a norm = ¢ % llol] g

O

(=

O

2.2. Morrey-Campanato spaces. We first recall the definition [1I]: For 1 < p <

q < 400, the Morrey-Campanato space is the set

Myq={f €Ll :fllm,, = sup sup RYVP| f(y)1 g r)(Y)llLr(ay) < o0}

zelR? 0<R<1

(2.8)

Let us define the homogeneous Morrey-Campanato spaces an forl<p<g<+o0

by

£, = sup supRVs=/n( [ ey
’ zeRI R>0 (z,R)

It is easy to check the following properties

1
IfAz)lln,, = PIIfHMp,qa 0<A<L

1
150D, = 1l - A> 0

We shall assume the following classical results [11].
(a) For 1 <p <p', p < ¢ <400 and for all functions f in M, , N L,

fllyr, < < 1~ IIfH

PQ*

(2.9)



EJDE-2005/63 QUASI-GEOSTROPHIC EQUATIONS 9

(b) For p,q,p’,q" so that 117—&— i <1, %4— % <1, fe an, g€ Mp/ﬂ/. Then
) 111 1 1,1 _ 1
ngMp”7q” with E+F—F, q 77T
(¢c) For1<p<d ar.1d all A > 0, we hfwe )‘f()‘x)”M,,,d = ”fHMpd
(d) If p < p, then My 4 C Mpq and My g C My g
(e) If g2 < ¢q1, then M, 4, C M, 4, and LY =M, , C M, 4, p<gq

We have the following comparison between and Morrey-Campanato spaces multi-
plier spaces.

Proposition 2.13. For 0 < r < d/2, we have
X"CM,s and X" CM,a.

Proof. Let f€e X", 0< R<1,z0€R%and ¢ € D, =1 on B(%,1). We have

. v
R d(/lzrxo<Rf(x)|2dx) R</|y’i$|<1

r 5, \ /2
<w( [ 1stmotra)
< B f(By) x|
<17 @)l
< ClfW)lx.

We observe that the same proof is valid for homogeneous spaces. (I

/
7By Pay)

We will need a result concerning the Calderon-Zygmund-type integral operators
on Morrey-Campanto spaces. The Riesz transform is a particular example of these
types of singular integral operators.

Lemma 2.14. The Riesz transform R; = 8j(—A)_1/2, j=1,2,...,dis continuous
in Mpgq forl <p<ooandl <gq< oo.

A proof for this lemma can be found in [I1].

2.3. Lorentz spaces: LP'?. Associated with a function f, we define its distribution
function

A(s) = {z € R?:|f(z)| > s} |

where s > 0. Given a real function As(s), we define its rearrangement f*(¢) as
[r(t)=inf{s > 0: Af(s) <t},t>0

It is easy to check that f* and Af(s) are non-negative and non-increasing functions.
Moreover, if A is strictly decreasing and continuous, then f* is the inverse function
of Ay and both f* and f have the same distribution function. From this fact, we
deduce that

|f ()] s
/ \f(x)|pdz=/ / ptpfldtdx:/ / /@Af(t)ptpfldtdx
R4 ra Jo 0 Jrd

:/ooptp_l/\f(t)dtz/Ooptp_l/\f*(t)dt (2.10)
0 0
- [C@rorg

0

We may now introduce the Lorentz spaces.
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The Lorentz spaces LP4(R?) is defined as the set of all functions f such that
[1£1l70.a < +00, with

1
Ul = (L7 [ 7] %) i0<p< 400, 0<q<+00
Lr.a —
SUP;~ [t%f*(t)] if0<p<+oo, g=+00
We observe that LPP = LP, [P>>° are called the Marcinkiewicz spaces or weak-LP
spaces. Moreover, LP'9 C LP% for 0 < ¢1 < g2 < 4o00. The quantity ||f||}.q
give a natural topology for LP4(R%) such that LP4(R9) is a topological vector

space. However, the triangle inequality is not true for || f||5,... As a natural way of
metrizing the space LP4(R?) is to define

(@) / f*(s)ds fort >0

which can be computed [H] as
()= sup / |f(z)|dz |
m(E)>t m

Hence, we define the norm

Lp: t 1 +o00o —+00
Supt>(; [tpf= (t)}7 if < P < +OO, q= -

The spaces L9 endowed with the norm || f||1».« are Banach spaces and
p
[flzra < 1 fllLra < o1 TN ze.a -

An alternative definition of the norm ||f||pr. is

[fllzree = iggtl{x e RY: [f(2)] > t}|'/”

Lorentz spaces have the same scaling relation as LP spaces, i.e., for all A > 0, we
have

I fOA2)||Loa = A"V f]| oo

where 1 < p < +o00, 1 < ¢ < 4+00. We first need an interpolation result in Lorentz
spaces [12].

Lemma 2.15 (Interpolation of linear operator). Let pg, p1 € [1, +00] with pg # p1.
Let 0 €]0, 1] and let % = 1;09 + 1%. If T is a linear operator defined from LP° 4 LP!
to Banach space E such that T € L(LP°,F) (with the operator norm My) and
T € L(LP',E) ( with the operator norm M), then T is bounded from LP*° to E

and the operator norm M is controlled by

M S C(pOaplv G)M&_GMIG

Proof. We just write f = g + h with

M, M,
(52 Mallzeo + ()" Whles < Cl S~
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Then, we have T'f = Tg + Th where

ITflle < ITglle +[ITh| e

Mo _0 MO 1-0
<C p.oo (Mo (— + My (—
£l (o377 + 20 (52) )
= 20My " MY || f|| o=
which proves the lemma. ([l

Now, we deal with the continuity of operators in Lorentz spaces and in particular
continuity of the Riesz transform in LP*°, 1 < p < +00.

Corollary 2.16. The Riesz transform R; = @(—A)_%, j=1,2,...d is continuous
in LP*>° forp > 1.

Proof. We know that the Riesz transform is continuous in LP, p > 1. Now, take
1 < po, p1 < oo and using that LPo = LPo-Po [Pt = [P1:P1 and lemma we
deduce that

R fllLea < C|fllLra

where % =101 9 4nd 1< g < +oo. Taking ¢ = +00, the proof is complete. [

A
Po P

Finally, let us prove a proposition which will be useful in the study of the QG
equations in lorentz spaces.

Proposition 2.17. Let ¢ € L*(R?) such that [y, o(y)dy = 1. For each § > 0, we
define ps(x) = 5%90(%). Ifl<p<oo,1<qg<ooandf e LP9 then

lim s * f— fllLra =0

Proof. Using the change of variable §t = y and the fact that f]Rd ws(y)dy = 1, for
all § > 0, we have

(ot =) = [ eslfa =)= Faldy
= [ etlrte —t5) = f@ar.
Next, taking the norm ||.||z».«, we obtain
s = £ = flina < [ olt) (o= #9) = F@)] oact
< [1f(o = 18) = f @)z

Note that || f(z —t5) — f(x)||zr.a < 2||f]|zr.a. Since 1 < ¢ < oo, then
lim [|f(z = #3) = f(@)[lLra =0

and we can use the Lebesgue dominated convergence theorem to conclude the proof.
O
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3. THE SOLUTION OPERATOR FOR THE LINEAR EQUATION

Consider the solution operator for the linear equation
210+ (—A)0 =0, on RYx]0, +oo]
where v € [0,1]. For a given initial data g, the solution of this equation is given
by
0(t) = K, (t)0 = e 1 =20y,
where K., (t) = e "=2)" is a convolution operator with its kernel k. being defined
through the Fourier transform

/lgw(ac, t) = e tlel™

In particular, ky is the heat kernel for v = 1 and the Poisson kernel for v = 1/2.
The kernel k., possesses similar properties as the heat kernel does. For example,
for v € [0,1) and t > 0, k,(z,t) is a nonnegative and non-increasing radial function
and satisfies the following homogeneity properties

ko, t) =t 3k (t %72, 1)
(3.1)

(d+1)

(Voky)(@,8) =t 2 (Vaky) (¢ %2, 1)

This remarks lead to the following result.

Lemma 3.1. For allt > 0 and v € [0,1], K,(t) = e =2 s a convolution
operator with its kernel k., € L.

Proof. We have Eﬂy (x,t) = et ¢ L*; thus k. is a continuous bounded function.
Hence

[k ()] 12 = Ry (0,6) = 1
[}

Furthermore, the operators K, and VK, are bounded on L*. To prove this
fact, we need the following lemma.

Lemma 3.2. For any t > 0, the operators K., and VK, are bounded operators
from L to L*°. Furthermore, we have for any u € L™,

1Ky @ullee < llull Lo, (3.2)

IV K (£)ul| e < CE 37 Jul| =, (3.3)
where C' is a constant depending on ~y.
Proof. To prove , we have

1K (Bl e < sy o)l o
Estimate can be proved similarly by using the identity
Ol (2,) =t~ 3 ki (2, 1)

where %'v is another radial function enjoying the same properties as k. does. ([l

. —T,00

Now, we introduce a basic tool for this papier: The Besov spaces B, for
r > 0.
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3.1. Littlewood-Paley decomposition of tempered distribution. Defini-
tion of Dyadics blocks Let ¢ € D(R?) be a non negative function so that

€l < 5 = @€ =1and [¢§] 2 1= ¢€) = 0. Let (&) = @(§) — @(€). Let
Aj and S; be defined as the Fourier multipliers

F(5,0) = ¢(S)F() and F(A;0) = v(5)F ()

The distribution A;f is called the j-th dyadic block of the Littlewood-Paley de-
composition of f.
For all k € Z and for all f € S’(R%), we have
F=5uf+) NS
Jjzk

in S’(RY). This equality is called the Littlewood-Paley decomposition of the distri-
bution f. If, moreover, . lim Sif =0in &', then the equality
——00

f=2 A
JEZ
is called the homogeneous Littlewood-Paley decomposition of the distribution f.
Distributions vanishing at infinity. We define the space of tempered distribu-
tions vanishing at infinity as the space
So(RY) = {f € S'(RY) sothat f=» A;f inS'}
JEZ
We may now define homogeneous Besov spaces in the following way:
For s €] —o00, +00], p, ¢ € [1,400], the homogeneous Besov spaces B, Yis defined
as
B, = {f € 8'/CX]: 2°||A; fllr € 19(Z)}.
equipped with the norm
) 1/q
11,0 = (D114 fl1s)?)
JEL
and C[X] denotes the set of all multinomials.

Similarly, the inhomogeneous Besov spaces B;? are defined by

Byi(RY) ={f €S :|f]

Bz’q < OO},
where for ¢ # oo,
. 1/q
I lspe = (3718 120))
JEZ
and for ¢ = oo, _
1/l g = supj > 027°||A; f| .
If s < 0 and if f; satisfies supp f; C {¢ : % < €] < 2.27% and (27°||f;llor)jez €
1°°(Z), then 3, f; converges ip §'. Indeed, we have >, || fjll» < 400, but for
allge Sandall k € N: 37, 27F||Ajgll Ly < 4+00. We write for some M € N,

lgll e < Z Z Hf aié-ﬁgul/oo

lo| <M [B]<M
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We use the semi-group e *(=2)" operating on shift-invariant Banach spaces of dis-
tributions, it will be very useful to characterize the action of the kernel k. (¢) on

Besov spaces associated with such spaces [I2, Theorem 5.3, p.44-45].

Proposition 3.3. Let s <0 and T > 0. There exists a constant Cp > 0 such that

R dt\1/
A D) T < Cry (3.4)

T
B, "={feS& e A fe P, (/ (t %
0
for p, q € [1,400]. Moreover, the norm
le= A fll + ”t_g(e_t(_A)’Yf)”Lq(]O,oo[,%,LP)

and the norm Hf||;q are equivalent.
p

Let us return to the condition F — BO’O”X’. One of the purposes of this section
is, if possible, to show under a characterization (3.4]) that

feB™® etz A f e 12°]0,T[, L), forall T >0
That is, we want to know whether

1 N proe ~ e A Fllpae + 1672 (e 2 ) o 0,000, 1)

for every function f € BO_C’""X’ and all ¢ > 0. The proof uses exactly the same ideas

as in [I2] of theorem 5.4 in] and we omit the details here.

Lemma 3.4. Let E a Banach space satisfying S — E <— &', for all zo € RY;
Ifllz = lf(x —z0)llz and so that

sup N'||f(Ax)|lg < C|fllg withr e R.
0<A<1
Then
E — B ">
Similarly, if
sup\'||f(Ax)||lg < C||fllg  withr € R,
0<A
then )
E — B ">

Proof. We shall prove only the first statement; the proof of the second is similar.
We may assume that

sup N |[f(A2)||le <C|fllg withr eR
0<A<1
Using the Littlewood-Paley decomposition, we have by noting Sy f = ¢ * f

1S0fllL = sup | [ o(y)f(x —y)dy| < sup |l¢llz1||flle
reRd JRA reRd

Moreover, for all j > 0, we have
274 fllpe =278 f(55) (27 0) [
SERA TN P
<C27f(H)lle < Cliflle
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We now establish estimates for the operator K, (¢) in Banach spaces of local
measures.

Proposition 3.5. For any t > 0, the operators K., (t) and VK, (t) are bounded
operators in Banach spaces of local measures and depend on t continuously, where
V denotes the space derivative. Furthermore, we have for u € E,

1Ky @ulle < llulle,
1
IVE,(t)ullp < Ct™ % [lul|p
The statement of the above proposition is easy to check.

4. WELL POSEDNESS IN BANACH SPACES OF LOCAL MEASURES

The result of Wu’s theorem may be generalized in a direct way to the setting
of spaces of local measures, such as Lorentz spaces, Multipliers spaces or Morrey-
Campanato spaces. Let us introduce suitable functional spaces to analyse the
Cauchy problem for system — based on the spaces of measures local.
Definition Let £x be the space of all function f(z,t), with t > 0 and x € R?, such
that

f@,t) € L=((0,00), E)
and therefore the norm in £g is defined by

Ifllex =sup [l £()lle
t>0
Let us also define by £, the space of all functions f(z,t), with t > 0 and = € R?,
such that
f(z,t) € L>((0,00), E),
t% f(x,t) € L%((0,00), L),
where 7 = 2y — 1 < 1. The norm in £ is
|l = sup [ £ )l + sup 37 [ (1) o= -
>0 t>0
Set
Boo =40/ t276 € L>=((0,00), L*>)}.
Let us make precise the notion of mild solution.

Definition 4.1. A global mild solution of the system (1.1)-(1.2)) in g and € is
a function #(t) in the corresponding space satisfying

t
0(t) = K, (t)bo(t) — B(6,0)(t) = K, (t)0o(t) — / Kyt —s)V(0u)(s)ds  (4.1)
0
and 6(t) — 6y as t — 0T, where the limit is taken in the weak-* topology of F.
We prove the following well-posedness results for mild solutions.

Theorem 4.2 ( well-posedness). Let 6y € E and v < 1 for d = 2. There exists
§ > 0 such that if ||0||g < 6, then the initial value problem for (L.I)-(1.2) has a
global mild solution O(x,t) € Eg. Moreover, if (0], < 28, then the solution is
unique in Eg.

Well posedness theorem will be a consequence of the following lemma for generic
Banach spaces [12]:
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Lemma 4.3. Let F be a Banach space with norm ||.|r and B: F x F — F be a
continuous bilinear operator, i.e., there exists K > 0 such that for all x,y € F, we
have

I1B(z,y)|lr < Kllz|rllyllr

Given 0 < § < 7= andy € F, y # 0, such that |ly||p < &, there ezists a solution
x € F for the equation x = y + B(z,z) such that ||z||p < 20. The solution is
unique in the ball B(0,268). Moreover, the solution depends continuously on y in
the following sense : if |y||lr < 0, T =y + B(z,%), and ||Z||F < 20, then

- 1 -
|z —2llp < m”y —yllr

As a consequence of the previous lemma, one needs to verify the continuity of the
bilinear terms in the integral form of the QG equation to obtain the well-posedness
theorem for the solutions of the integral equation. The weak-* continuity at 07 will
finally end the proof of well-posedness of mild solutions.

Proof of theorem To proceed, we write the QG equation into the integral
form

0(t) = K., (t)0y — /O K (t — 5)(uV0)(s)ds (4.2)

We observe that (uV6) = V.(uf) because V.u = 0. The nonlinear term can then
alternatively written as

Blu, 0)(t) = /O VI (t — 5)(ub)(s)ds (4.3)

We start by a series of lemmas in order to prove the continuity of the bilinear term
B(6,u) defined by (4.3). We will solve in £ and the following estimates for
the operator B acting on this type of spaces will be used. The three properties of
K, (t) that we shall use are the following obvious remarks.

Lemma 4.4. Given h € E. We have
[ K5t —s)hlle < |[hllEe,
K4t = s)h]le < C(t — 5) "% ||| g=re,
1K (t = )V < C(t—5)7 2

The proof of the above lemma is obvious.

Proposition 4.5. Let % <y <1andt > 0. Assume that u and 0 are in Ex.
Then the operator B is bounded in E with

1B(u, )l < Csllullecllfllen



EJDE-2005/63 QUASI-GEOSTROPHIC EQUATIONS 17

Proof. Applying from proposition we estimate
B0~ < [ 1 V0o
<0 [t s o)l
<0 [t ) )i

t
1 _r
<ol Jula. [ (=5 FsFds
0
where in the last line we used the continuity of the Riesz transform. Therefore,
[1B(u,0)|| < CI(1)|0] 5 1l B

where the integral I(¢) in the right-hand side can be computed as

O

Remark 4.6. A sufficient condition for E to be continuously embedded in the

Besov space B "">for some r > 0 is the existence of constant C' > 0 so that for
all f € E, we have

sup Allf(Ax)||le < Cllf|z -
A>0

Proposition 4.7. If 0 and u belongs to £, then there exists C = C(d,v) such
that

1B(#.w)| & < Csupll6(t)]| (% suplfu(t)] =)-
t>0 t>0

Proof. The boundedness of B from &g X By, to &g and from By, x Eg to &g is
obvious, since

||K'v(t - 5)v~||L(E><E,E) <CO(t—s)" 2

and the invariance of E under convolution with L' kernels. Thus, we get
1Bl <C [ Kt — )9 (0u) ()] ds
<c / kst — 8)]20 1 (Bu) () s
<c / (= 5) 5 ) 110(3)] s

< C/O (t =)™ [u(s) | (57 [|0(5) | =) s

< Cllulles 10115 »
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where the continuity of the Riesz transform in E has been used, which gives the
result, since

t 1 T T
t—s) 2vs 2vds =1 (—)'(—
L= (F)T()
where I" being Euler’s Gamma function. O

A direct application of Lemma[d.3]in E completes the proof of the well-posedness
of the integral equation. To finish the proof of the well-posedness of mild solutions
in E by applying Lemma[4.3] it remains to check that the linear part of the integral
equation can be bounded in terms of the initial data and that solutions of the inte-
gral equation are indeed mild solutions by definition Following the arguments
in [2, lemma 6], it can be proved in a completely analogous way that B(u,0)(t) — 0
when t — 07 weakly-star in the topology of E. Now, it remains to verify that the
linear part takes the initial data and is bounded in the corresponding space.

Proposition 4.8. If 0y € E, then K, ()6 € Eg,
1K (t)boller < Clibolle,
K., (t)0g — 0o when t — 0%,

where the limit is taken in the weak-star topology of E. Moreover, if g € E N L™,
then

1K ()60l 5 < C(l[oll e + (|60l <)
where E = L>®((0,00), E N L*).
Proof. Using , we deduce
1K ()00l 2 < Cllk @) 160ll2 = Clibo]l &,
1K ()00l 2o < Cllky ()| |60l = Cll6o]| Lo -

To prove the weak-star continuity, note that for all ¢ € S(R?), we have

[ ()0 — B, )] = | / (% — 1), pde]

2y
(1 — eitlgl ) .~
= tgsuR% WHGOHE”KFVWHD(RQ
cRd
which converges to 0 as t — 0T, because

1 — e tliEl®”
sup (672) <supe *=1,.
£eRd t|§| v z>0

Since € S(R?) and R > 0,
|||§‘27@HL1(B(0,R)) < oo, wheny>0.
O

A direct application of lemmal[:3]in £ completes the proof of the well-posedness
of mild solution in spaces of local measures. We generalize Wu’s [I7] theorem to
shift-invariant Banach spaces of local measures by using the regularizing of the
kernel K (t).

Theorem 4.9. Let E be a shift-invariant Banach space of local measures.
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(a) Let € = L*>®((0,00),E) and Bo = {G/tﬁﬁ € L*((0,00),L>®)}. The
bilinear operator B defined by

B(6,u)(t) = /0 K, (t —s)V(0u)(s)ds

18 bounded from Eg X Bso to Eg and from By, X g to Eg. Moreover,
B(#,u) € C((0,00),E) and converges® -weakly to 0 as t goes to 0. If
lim;_t27 ||0]|z = 0, if 0 € Boo and u € Eg, then the convergence is
strong.

(b) If E is continuously embedded in the Besov space Bgo“oo for some r <1,
then the bilinear operator B is bounded as well from (Eg NBoo) X Boo t0 Boo
and from By X (Eg N Boo) to Bs. Hence, there exists a constant ég > 0
so that for all 0y € E (with V.0y = 0) with ||0o||g < dg, then the initial
value problem for - with initial data 6y has a global mild solution
O(x,t) € Ep N By

For the proof of the above theorem, we use the same ideas as in [I2] Theorem
17.2]. Then we can get the desired result, but we omit the details here.

Theorem 4.10 (Regularization). Under the assumptions of previous theorem,
there exists 0 < € < & such that if ||0o||g < €, then the solution of theorem
O(x,t) € Ea. Moreover, if ||0]le.. < 2¢, then the solution is unique in this class.

Proof. We just need to show the continuity of the bilinear form in the regularizing
norm supt?” ||.||s. For this, we have by proposition
>0

1B, O)llL~ < O3 |10 llulls.. ;

therefore, )
SUEWHB(%H)IILW < C|0]5.. [lullB.. -
>

This completest the proof of continuity of the bilinear form. O

A direct application of lemmal4.3]in £, completes the proof of the well-posedness
of the integral equation. Initial data are taken in the same sense as in theorem
and therefore, we have completed the proof of regularization in the solutions of
theorem We now show that the solution obtained in the previous theorem is
actually smooth. We adapt the arguments of Kato in [II] for proving that the
constructed solutions are C*°-smooth instantly.

Proposition 4.11. Let 0(x,t) € Ex be the unique global mild-solution in theorem
[4.10 Then

oForo(z,t) € C((0,00), E) (4.4)
As a consequence, the solution 0(x,t) is infinitely smooth in space and time.

Proof. We will just give the main steps of the proof since this is a small variation
of arguments found in [TI]. The proof is done by induction. We will focus in the
case k = 0 since the same induction argument one can derive the estimates for the
temporal derivatives (see [II] for details). Let 6 be the solution of theorem
Denote § = (7) for any 7 > 0. Let us remark that we have local existence, T'— 7
small enough, for the mild formulation

0(t) = K, (t — 7)5 — / VI, (t — 5)(OR[0])(s)ds (4.5)
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in the space L*((7,T), E). Denote

B.(6,0) = / VI, (t — 5)(OR[0])(s)ds

Let us perform an induction argument on m. The assertion (4.4) for k =m =0 is

true by theorem Let us assume that (4.4) is true for all m < N — 1, k = 0.

Our aim is to show that the mild formulation (4.5)) has a solution in the space X
defined by

#0(x,t) € L®(r,TLE), j=0,1,2,...N—1,
(t—1)20N0(x,t) € L=(|r, T[, E)
endowed with the norm
162y = sup [(t—7)% (0N 0]~ + |02 0] &) +
te(r,T)

d
(10261 Lo + (18261l 2)]
7=0

Note that K., (t — )3 € X since by induction hypothesis, we have 870(7) € E for
7=0,1,2,...N — 1 and by convolution

102 Ko (t =)l = [[(Duky (t = 7)) % 07~ 1

< OBk (t = 7)1 22105 B o
< Ot =) 50 Bl

and

10 K (t = 7)Bll e = [1(9eky (t = 7)) 07~ Bllm

< Cll(@uks (t =) L1107 Bll
<Ot =m0 Blle~

Now, given t € (7,T) and 6, u € Xy, we have

1B (6, w)(t)l|z= < C(T = 7)% sup [|0(t)l|z= sup [u(t)lz=,

te[r,T| te[r,T|
1B+ (0,u)(t)l|z < C(T —7)% sup [|0(t)]z sup |u(t)l|s
te[r,T| te[r,T|

Therefore, given 6, u € Xy, we conclude that

10287 (0, w)()| L= < C(T = 7)%7 sup_[|0(t)|z= sup [[ddu(t)]z,

te[r,T| te(r,T|
1080, u)(t)l|p < C(T —7)% sup [|0(t)|lz sup [[dhu(t)l|e
tel[r,T| telr,T|

forall j =0,1,2,... N—1. Now, we observe that O B, (6, u) is a linear combination
of terms of the form

J,%,T

oY, B (0,u)(t) = c/t 0. VK, (t — s)(0"0R[0"0])(s)ds
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with j +7 = N — 1. Thus, we can get the estimate
or 1 ;
102" B (6, w)(t)||1~ < C(T = 7)*77 2 sup [|020(t)||L~ sup ||33 Oz,

te[r,T| te[r, T
oL
102 B (0, w) ()|l < C(T = 7)% 77 sup [[956(t)|[z~ sup \\8£U(t)||E-
te[r,T| te[r,T|
Finally we conclude that

1B (0, w)(t)]lxy < C(T —7)%
By choosing T'—7 small enough, we are allowed to use lemma4.3]to obtain a solution
9(:10 t) in Xy of the mild formulation - Owing to the uniqueness of the mild

formulation in L>([r,T[, E), we have finally shown that 6(z,t) = 6(z,t) in
(1,T). Now, 1t is easy to perform all these arguments in a recursive finite collection
of equal-length time intervals A; such that (0,00) = U;A; where 4; = (13, T;)
concluding that

870 € C((0,00),E) forall j=0,1,2,...N.

As said above, the induction on temporal derivatives is done analogously and thus
0(x,t) has derivatives of all orders in F. O

5. SELF-SIMILAR SOLUTIONS IN F.

Assuming that 6(z,t) is a smooth solution of the QG equation (1.1)-(1.2)), it is
straightforward to check that

Ox(z,t) = A 71O(N 2, \t)

is also a Solution of . . In fact, we can look for particular solutions of the
system ([1.1] . satisfying

Ox(z,t) = 0(x, 1) (5.1)
for any t > 0, x € R? and A > 0. These particular solutions are called self-
similar solutions of the system and it is clear that taking ¢ — 0T formally in (5.1,
0(x,0) should be a homogeneous function of degree (1 — 27). This remark gives
the hint that a suitable space to find self-similar solutions should be one containing

homogeneous functions with that exponent. Moreover, in case such a self-similar
solution exists, its norm is invariant by scaling transformation, i.e.,

O(x,t) — Ox(x,t) = N2T71O(ND 2, At)

Now we show the existence and uniqueness of global in time non trivial self-similar
solutions in Banach spaces of local measures with the right homogeneity.

Theorem 5.1. Let 0y € E. Assume that 0y is a homogeneous function of degree
(1 —2y). Then, if ||6o|g < 6, the solution 0(z,t) provided by theorem[{.4 is self-
similar. The solution is unique if |0, < 26. Moreover, if the initial data is small,
160l < €, the previous unique self-similar solution becomes regularized.

Proof. All well-posedness theorem has been proved by ultimately using Lemma [.3]
One can check (see [12]) that the solution is obtained by a successive approximation
method. In fact, defining the recursive sequence

01 (2,1) = K, (£)6o(x)
0k+1({£,t) = Ql(x,t) - B(Gk,Gk)
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when k£ = 1,2,.... It is easy to verify that 6 (z,t) satisfies the self-similarity
property
01(z,t) = N0, (AN, L)

A simple induction argument proves that 6, has this property for all k. Therefore,
as the mild solution 6(z,t) is obtained as the limit of the sequence {6y}, we have
that 0(x,t) must verify

O(z,t) = N1\, At)

for all A > 0, all t > 0 and z € R2. The assertion of uniqueness results from
well-posedness theorem. (I
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