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A nonexistence result for a system of quasilinear
degenerate elliptic inequalities in a half-space *

Mokthar Kirane & Eric Nabana

Abstract

We show that a system of quasilinear degenerate elliptic inequalities
does not have non-trivial solutions for a certain range of parameters in
the system. The proof relies on a suitable choice of the test function in
the weak formulation of the inequalities.

1 Introduction

For N >2,let Q =RY = {(2/,zn) : 2/ € R¥"! 2y > 0} and 99 its boundary.

On this domain, we consider the system
—|x[*Au = [v]?,
—|a|”Av > Jul?,

(1.1)

which can be viewed as the elliptic part of a system of wave equations where
the velocity in each equation vanishes near x = 0. This accounts for the effect
of a medium that is dense near z = 0.

Definition The couple (u,v) is called a solution of (1.1), if

we LMo NLL (Q,|z|Pdx), ve LY (0Q)NLE (Q,|z|~®dx),

loc loc

ou/dv, Ov/ov € L, (09).

and for every positive regular function 1,

o [ Do [ Lz [upie,
Q aq OV aq Ov Q

v [ Sus [ Soz [ i,
Q aq OV Q

an OV

NOTATION. We let L™ (€, |z|~° dx) be the set of all functions f :  — R such

loc

that for every compact set K C Q, [, [f|™ |2|7° dz < occ.
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Before we present our results, let us dwell a moment on some previous in-
teresting articles.
In their celebrated article, Brézis and Cabré [1] considered the problem
—|zfAu>u?, ze€D,
u=0, ondD,
where D is a smooth bounded domain of R containing 0. They proved that

it admits as a weak solution only the trivial solution. Moreover, they gave
nonexistence results of weak positive solutions for general equations of the form

—Au = a(z)g(u) + b(x), x €D,

under some assumptions on a(z) and b(x), with g a continuous function on R,
nondecreasing on R, such that [(1/g(s))ds < oc.
On the other hand, Esteban and Giacomoni in [3] studied the structure of
the set of solutions to the problem
—|z]PAu = u+g(u), ze€B={zecRY:|z] <1},
u>0 in B,
uw=0, ondB.
Concerning equations posed in a half-space, Chipot, Chlebik, Fila and Shafrir
[2] considered the problem
—Au=auP, onQ=RY,
—ﬂ =u?, on 09,
6%‘1\[

where a > 0 and p,q > 1. They proved the existence of positive solutions, for

N+2
> — d >
P=N—y "0 1=y

and obtained nonexistence results for a > 0 when one of the following require-
ments is satisfied:

(i) p< &2 and ¢ < &5 with at least one strict inequality,

(iii) ¢ < -
Concerning our results, they can be summarized as follows: In section 2, we
show that (1.1) cannot admit nontrivial solutions (u,v) for some range of p and

q whenever
/ (u+wv)dz’ >0.
{zN=0}

However in section 3, we treat the particular case of positive solutions to (1.1)
and obtain different results under conditions different from those of section 2.
This is due to the methods employed. Furthermore, in each section, nonexis-
tence results are extended to systems of m > 2 inequalities.
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2 Nonexistence via Young’s inequality
Theorem 2.1 Assumep>1,q¢>1, a <2, 3<2, and that

pt+l-a q+1—ﬁ)
p—1 " q¢-1 /)

N < min (
Then, there exist no nontrivial solutions (u,v) of the problem (1.1) such that
(1 + 0)]ayco € LRV, / (u +v)dz’ > 0. (2.1)
{zn=0}

Remark 2.2 Observe that in the usual case where @ = 3 = 0, we have nonex-
istence for N > 2 and

N+1 N+1
1<p§min(q,N1L1) or 1<q§min(p,Nj1>.

Remark 2.3 For a = 3 and 1 < p = ¢, there is no solution if

N+1—-« p+1—«a
{—— — N<{——.
P="N" =1

Proof of Theorem 2.1 The proof is divided into two steps. First, we con-
struct a suitable test function and make some estimations. Then, we introduce
a re-scaling technique as in [4, 5].

The proof is by contradiction. For, suppose that problem (1.1) admits a
nontrivial solution (u,v) such that

/ (u+v)dz" > 0.
{zn=0}

Let ¢ be a positive test function in C%(Q), ¢ decreasing, and p(z) = ¢} (|z|/R),
where (R > 0) and
1 ifo<e<1
po(§) = {O if €3> 9.

The parameter \ will be specified later.
Let ¢(z) = xn¢(x) > 0. Then

N _ Iy _
Erv o(x) + N Sen Vo) = NVer @,
821/1 821/1 ag@ 824,0 2
axN ; = + IN G2 2 + N Z O 2
Since f{ 3u/8u) =0 and 0y/Jv = —0¢/0zy, from the above definition

we obtaln

~[ava- [ Pz [epleew.
Q {zx=0} OTN 0
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Since 0v¢/0x N (2',0) = ¢, we have

/|v|p|:c|-ws—/Awu—/ o
Q Q {zn=0}

Then it follows that

p —a
/Q [of? |2~ + /{IN_O}WS /Q N (2.2)

4| p| =P A i 2.3
/Q|u| 2] w+/{m_o}ws/9| Blo] (2.3)

Now, using (2.2), (2.3) and Young’s inequality, we obtain

We have also

/ ful*Jo] ™% + / puse / [0l 2]~ + C(e) / APt [ o),
Q {zn=0} Q Q

with p +p’ = pp/, and

/|U|p\$|7a111+/ <puss/ |u\‘1|x\*ﬁw+()(s)/ |Ap|9 ' = ||Pla 1)
Q {zn=0} Q Q

with g + ¢’ = q¢’. Therefore,

() [l 0 =) [ et [ o
gc(g)/ |A¢‘p’w1—p/|x|a(p’—1)+C(€)/ |Aw‘q'¢1—q'|x‘ﬁ(q’—l).
Q Q

Hence for 0 < € < 1, there exists C' > 0 such that

[ultlel o+ [ pplal v+ [ oy
Q Q {zn=0}
<o [ 1avk vt a0y [ apu e D). )
Q Q
At this stage, we introduce the scaled variables:
n= (771’ . 77)N) — Rilx _ (Rflzl’Rflxz’ . 7R71IN).
We have

(09 .
Ag =R (267% +anAgy) = RTLAG).

It is clear that the support of d¢y/Ony and the support of Ag; are subsets of
C={neR:1<|n <2}
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The relation (2.4) is then written

/ 2] 52 + / folPle| = + / (u+ )

< ClRN+p'(a*2)+(1*a) + C’QRNJrq/(ﬁ*?)Jr(l*ﬂ).

where for A > 1,

d77§01<00,

/ |A(n)[?' || @D
1 A /_

¢ [nn P =1y ()

/ |A(n)|? |n|P@—Y)

C

’ Mg’ —1
|9 =10y Y ()

dn < Cy < 0.

Since condition (2.1) implies f{zNZO} (u+wv)p > 0 for R large enough, it follows
that

J s [eplerevs [ wropsorm @)
Q Q {zn=0}

where v; = max ((a -2 +1—a,(0—-2)¢ +1— ﬁ). It is easy to see that

p+l—a q—l—l—ﬂ)
p—1 7 q-1 7/
For N 4+, <0, we let R — oo in (2.5) to obtain

/ ]z 8 + / fofPlz] = = 0
Q Q

which implies u = v = 0. This is a contradiction.
For N + v, = 0, we deduce from (2.5) that

[1udelal s < oo [ fopla < oc
Q Q

Nim<0 < Ngmin(

since condition (2.1) implies f{xN:O} (u+v)p > 0 for large R. It follows that

lim lu|?|z| P = lim [v|Pla| = = 0.
R—00 J{R<|z|<2R} =00 JIR<|z|<2R}

Now, we use Holder’s inequality in the right-hand side of (2.2) and (2.3) and a
scaling argument as in (2.5) to obtain

/ w+/|v|p|x|—w
{ZEN:O} Q
5 1/q B 1)1~ 1/q
<( [ puptat20) ([ 1aui a0y (26)
Q Q

s(/ |u|q\x|—ﬂ¢)1/q (C2RN+q/(ﬂ—2>+<1—ﬁ>)1/q :
supp Ay
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and

[ wet [ fuprial
{CEN:O} Q
_ 1/p , ' 1) 11—’ 1/p’
<( [ttt w) ([ 180 al 0y 27)
Q Q
([ epleimew) " (cumveemsomm)
supp Ay

Since suppy C {R < |z| < 2R}, then for N + p'(a = 2) + (1 —a) = 0 or
N+¢d(B-2)+(1—-08) =0, welet R — oo in (2.6) and (2.7) to obtain, as
before,

/'“|q|f|’ﬁ+/|vl”\w|‘“§0 — u=0v=0.
Q Q

This completes the proof of Theorem 2.1. O
Without difficulties, we can extend the results to the system of m inequalities

—lz|* Au; > |uip1Pt, z€Q, 1<i<m,

(2.8)

Um+1 = UT.
Theorem 2.4 Let p; > 1. If p; and o; are such that

(pH-l—OZi)

2< N < min
pi—1

1<i<m

then problem (2.8) does not admit nontrivial solutions (u1, us, . .., Um) satisfying
S Uilen=o € LY(RNTY), f{xN:O} S uda’ > 0.

3 Nonexistence of positive solution via Holder’s
inequality
Theorem 3.1 Suppose p>1,q>1, and o, 3 satisfy

pg+1—B+(2—a)g pq+1—a+(2—ﬁ)p>
pg—1 ’ pg—1

1 < N <max (
Then system (1.1) does not admit nontrivial positive solutions.

Proof of Theorem 3.1 This proof is done by contradiction. Suppose that
(1.1) admits a nontrivial solution (u,v) such that « > 0 and v > 0.

Let ¥ be the same test function as in the proof of Theorem 2.1. Then,
relations (2.2) and (2.3) become, respectively,

/vp |x|—a¢g/ A, (3.1)
Q Q
/uq |x\—%g/|A¢\v. (3.2)
Q Q
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Now, using Holder’s inequality in the right-hand side of the above inequalities,
we have

1/p / , , 1/p’

/Quq |:r|_ﬁg[1 < (/Ql)p‘xl—aw) (/Q|A1/J|p wl—p |x|a(p —1)) ,

1/q , / , 1/q'

/vﬂx\‘“zp < (/ uq|x|_31/1) (/ |A¢\q ¢1—q |x|ﬁ(q —1)) ,
Q Q Q

where p’ = p/(p—1) and ¢’ = ¢/(q¢ — 1). Therefore,

1-1/
(i)
Q
@' o y1=d" | 1B(a"=1) Yrd P 1=p" | (' —1) 1!
< ([ 18w ot a0 D) T At jafee )
Q Q

and

([ rtel=v) ™"
- (/Q T /Q Al g o) 7

Using the change of variable x = Rn and choosing A as in the proof of Theorem
2.1, it follows that

1-1/pq
([ ulel0) ™" < cum, (3.3)
Q
where .
A= p—q{N(pq— 1) —pq—1+5+(2—a)q},
and i .
(/ 0P|z zp) < CuRM, (3.4)
Q
where 1
Ay = p—q{N(pq—l) —pq—1+a+(2—6)p}.
Note that 1 9
M<0 = NPT _pfjl( g
and

pg+1—a+(2-PB)p
pg—1 '
For A; < 0 and A2 <0, letting R — oo in (3.3) and (3.4), we deduce u = 0 and
v = 0, respectively. This is a contradiction.
For Ay = 0 or A2 = 0, we can use the same argument developed in the last
part of the proof of Theorem 2.1 and show that © = 0 or v = 0, when R — oo.

AM<0 <= N
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Observe that, thanks to (3.1) and (3.2), when u = 0 then v = 0 and vice
versa. O

To obtain a generalization of Theorem 3.1 to the case of m inequalities, we
first analyze a system with three inequalities:

—lz|*Au > P, x € Q,
—|z)fAv > w?, zeQ, (3.5)
—lz|"Aw > u", xz €.

Definition The vector (u,v,w) is called a solution of (3.5), if
w € Lipe(99) N L, (, 2|77 da),
v € L, (09) N LE (9, |2 da),

loc
w € L} (99) N LE (o]~ da),

loc

and for any positive regular function ¢ we have
~ [usw- [ o+ / —u>/v”\xl*aw,
Q aQ 3”
/UA1/}— 7,/; —¢v>/wq|x\ By,
Q f3l9) aV a0 OV Q

/vap_ B au / _w>/9u’"|a;|—w.

Let % be defined as in the proof of Theorem 2.1. Then, using Holder’s
inequality, we have

1/r , , , /7'
/Q’Up|$‘_a’(/)§ (/Qur|x|—’yw) (/QlAw‘r ,(/)1—7“ |x"¥(r —1)) ,
[wteroo < ([ o) ([ a0 o)
/ur|x|—"/,¢)g (/wqm—gw)l/q(/ |A¢|‘1/¢1_q/|x\5(q,‘1)>1/‘1'.
Q Q Q

’ ’ , 1/r' , , , 1/p
= (/ |A1/)|T wlfr ‘x|7(r 71)) T ’ I — (/ |A1/}|p 1/)173” |x‘o‘(p 71)) P
Q@ Q

/ / / 1/q
= ([ 1l g )

Put

Then, we have

(par—1)/p (par—1)/q
(/ vp|x|—a¢) < I L I8, (/ wqm—%) < ITIE" I,
Q Q

(par—1)/q
(/ u”|x|—w) < I P12
Q
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The same change of variables used in the proof of Theorem 2.1 gives

!/ ! 1/””
AT Ip ' =1)
I — RN </ | (77)| |le_1) dn)
¢ Inn|" ey (n)

where A\ = (N +1—+)/r' + v — 2. For a suitable choice of A\, we have

A o1y (r —1)
PR T
¢ [nn]™ g (n)

Therefore, there exists a constant C; > 0 such that

I < C1RM.
Analogously we have
N+1-—
IQ < 02R>\27 with )\2 = ¥ + o — 2,
N+1-p

I; < 3R, with A= ——— + -2
r

It follows that

(/Up|x|_aw)(PqT—1)/P

Q

(/ wq‘xl_gw)(pqrfl)/q
Q

(/ UT|I‘*’Y¢) (par=1)/a < C’SRA1+>\2:D+/\3P¢1 — C’gRUS.
Q

A pA1gr+ia+Asq . A
CyRMIrtAetAsa —. ¢ RO

IN

2R)\11”+)\2p’r’+)\3 — CQRUQ,

IN

Note that
pqr + (2 —y)pg+ (2—-B)p+1—«

01 <0 <= NKL =1+ X,
pgr — 1
2 — 2 — 1-—
5y < 0 @ngqﬂr( a)gr + (2 —7)g + ﬁ=1+X2,
pqr — 1
2 — 2 — 1-—
03 <0 = N<PTEC-BApr+R-—ajrt Y gx,
pqr — 1
where
= 2=pa+ 2-Pp+(2-a)
1 pqr—l )
5, = 2= a)gr+(2-7)g+(2-5)
2 — )
pqr — 1
x. o 2= Bpr+2-a)r+(2-9)
3 =

pqr — 1
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are solutions of the linear system

1 —-p O X1 a—2
0 1 —q Xol=|B-2]. (3.6)
-r 0 1 X3 y—2

We have the following nonexistence result.

Theorem 3.2 Let (X1, Xo, X3)T be the solution of (3.6). Then, if N < X;+1,
or N < Xo+1, or N < X3+ 1, system (3.5) cannot admit nontrivial weak
solutions (u,v,w) such that w >0, v >0 and w > 0.

Now, we are able to announce the nonexistence result of positive solutions
for the system (2.8).

Theorem 3.3 Suppose p; > 1 for 1 < i < m. Let (X1, Xa,...,Xm)T be the
solution of the linear system

1 —P1 0 0 0 X1 a1 — 2

0 1 —p 0 0 X5 g —2

: 0o . - 0 ; = :

0 0 0 1 —Pm-1 Xm—1 Qo1 — 2
—DPm 0 0 0 1 Xm Ay — 2

Then, if N <1+ max(X;, Xo,..., X;), system (2.8) cannot admit a nontrivial
positive solution.
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