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PERMANENCE OF PREDATOR-PREY SYSTEM WITH
INFINITE DELAY

JINGAN CUI, YONGHONG SUN

ABSTRACT. In this paper we consider a predator-prey system with periodic
coefficients and infinite delay, in which the prey has a history that takes them
through two stages, immature and mature. We provide a sufficient and nec-
essary condition to guarantee the permanence of the system. The system has
a positive periodic solution under this condition. Some known results are
extended to the delay case.

1. INTRODUCTION

In this paper, we consider the following periodic predator-prey system with in-
finite delay and stage structure
0

Z1 = a(t)xe — b(t)zy — d(t)z? — p(t)z, [ k12(s)y(t + s) ds,
Ty = c(t)xy — f(t)x3, (1.1)
g=y[—9@) +h) [ Fka(s)er(t+s)ds - q(t) [ kaa(s)y(t + s) ds],

where 7 and z denote the density of immature and mature population A(prey)
respectively, and y is the density of the predator B that prey on x1. The coefficients
in are all w-periodic and continuous for ¢ > 0, a(t),b(t), c(t),d(t) and f(t) are
all positive, p(t), h(t) and q(t) are nonnegative, and [" q(t)dt > 0, [° g(t)dt > 0.
The functions k;;(s)(i,j = 1,2) defined on R_ = (—o00,0] are nonnegative and
integrable, f_ooo k;ij(s) = 1. The biological background for can be found in
[, [14].

Predator-prey systems have been studied in many articles; see for example [5]
6, 8, @ M0]. However, for the predator-prey systems with stage structure and
infinite time delay, we have not obtained necessary and sufficient conditions for
its permanence. In the natural world, however, there are many species whose
individual members have a life history that take them through two stages, immature
and mature. In particularly, we have in mind mammalian populations and some
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amphibious animals, which exhibit these two stages. Recently, autonomous systems
with stage structure of species have been considered in [I} 2, 13} [14], in particularly,
the effect of dispersal on the permanence of a single species with stage structure
was discussed in [11]. And two species predator-prey Lotka-Volterra type dispersal
systems with periodic coefficients and infinite delays have been studied in [IT].

In this paper, we consider system with periodic coefficients. Our purpose
is to establish sufficient and necessary conditions of integrable form for the perma-

nence of system ([1.1]) .

2. MAIN RESULTS

When f(t) is a continuous w-periodic function defined on [0, +00), we set

t>0 t>0

Au(f) :w_l/o fydt, M =maxf(t), fL=minf(t).

Let set Cy ={¢ = (¢1,d2,d3) : ¢;(t) is continuous and nonnegative on R_ and
$;(0) > 0,i=1,2,3}

Definition The system & = F(t,z), x € R™ is said to be permanent if there are
constants M > m > 0 such that every positive solution z(t) = (z1(t),...,z,(t)) €
R} ={(x1,...,2n) :2; >0, i =1,...,n} of this system, satisfies

m < liminf 2;(¢) < limsup;(t) < M.

t—o0 t—o00
Lemma 2.1 ([4]). The system
71 = a(t)xe — b(t)z — d(t)x3,
ay = ct)ry — f(t)r3

has a positive w-periodic solution (x5 (t),z5(t)) which is globally asymptotically sta-
ble with respect to R%y = {(z1,22) : x1 > 0,25 > 0}.

(2.1)

Lemma 2.2 ([12]). For the well-known periodic logistic equation
= ufa(t) — b(t)u] (2.2)

where a(t) and b(t) are w—periodic continuous functions, b' > 0 and A, (b) > 0,
there is a constant M > 0 such that every positive solution u(t) of (2.2) satisfies
limsup,_, ., u(t) < M.

Theorem 2.3. System (L.1)) is permanent if and only if

w 0
/ [—g(t) + A(t) / Far () (¢ + 5) ds]dt > 0, (2.3)
0 —o0o
where (x5 (t), x5(t)) is the positive w-periodic solution of (2.1)).

To prove this theorem, we need several Lemmas. In this paper we always assume
that solutions of system (|1.1)) satisfy the initial conditions:

zi(s) = pils),y(s) = (s), (i=1,2), (¢1,92,¢) € Cy, s € (—00,0].
Lemma 2.4. There exist positive constants M, and M, such that

limsupz;(t) < Mg, limsupy(t) < M,.
t—oo

t—o0



EJDE-2004/81 PERMANENCE OF PREDATOR-PREY SYSTEM 3

Proof. Obviously, R% is a positively invariant set of system (L.I)). Given any posi-
tive solution (x1(¢),z2(t), y(t)), we have

71 < a(t)zy — b(t)xy — d(t)x?,
Zy = c(t)xy — f(t)a2.

By the vector comparison theorem [7], we obtain

.’I?l(t) < fl(t) (’L =1, 2)
for all ¢ > 0, where Z(t) = (Z1(t), Z2(t)) is the solution of (2.1) with z(0) = z(0).
By the global asymptotic stability of *(t), there is a Ty > 0 such that for all ¢ > Tj,

Zi(t) < M, (i=1,2);
hence, for all t > Ty,

zi(t) < M, (i=1,2). (2.4)
Consequently, limsup,_, . z;(t) < M, i = 1,2. Let &(t) = —g(t) + 2M,h(t) and
Hy = sup{z1(t+s) + a2t +s) |t > 0,s <0} and let the constant 7 > 0 be such
that

Ho/ ka1(s)ds < My, (2.5)
-
/ koo (s) exp(e™s) ds > 0. (2.6)
From (2.4)), for any t > Ty 4+ 7 we have
0
§< a0 +hle) [ ka(s)oae+ ) ds

0
ka1(s)Hods + h(t) / ko1 (s) M, ds]

-7

—T

<yl g0+ n(o) |

— 00
< yl=g(t) + 2M,h(t)] = ye(t).
Hence, for any t > ¢t + s > Ty + 7 we obtain

t+s
y(t+s) > y(t) exp/t é(u)du > y(t) exp(e™s).

From this, for any ¢ > T + 27, we have

§ < yle(t) — a(t) / kaa(s)y(t + 5) ds]

<ylet) = q(t) | kas(s)y(t + s) ds]

-7

0

< yle() - a(t) / Faa(s) exp(e™s) ds y(t)]-

—T
Let u(t) be the solution of the auxiliary equation
0

= ule(t) — q(t) / kao(s) exp(e™s) dsu]

-7

with the initial condition u(Ty + 27) = y(Tp + 27). Then we obtain
y(t) < u(t) (2.7)
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for all t > Ty + 27. From Lemma, 2.6)), ¢(t) > 0 and A, (¢) > 0, we know that
there is a constant M, > 0 such that

limsup u(t) < M,.

t—oo
Consequently, by (2.7) we have
limsupy(t) < M,. (2.8)
t—oo

Lemma 2.5. There is a positive constant 8, (0, < M, such that

litm inf x;(t) > d,.

Proof. There exists a constant ¢ > 0 such that

H1/ k12(s) ds < My,

—0o0

where Hy = sup{y(t+s) | t > 0,s < 0}. From (2.8)), there is a constant T} > 0
such that for all ¢ > T3 y(t) < M,. For every t > T + o, we have

—0

71 = a(t)xy — b(t)zy — d(t)z? — p(t)z, / k12(s)y(t + s) ds

— 00

—p(t)x /0 ki2(s)y(t + s)ds
> a(t)zy — b(t[;xl —d(t)z} — 2Myp(t)z1,
Ty = c(t)xy — f(t)z3.
Consider the auxiliary system
iy = a(tyuz — [b(t) + 2Myp(t)]ur — d(t)ui,
Uiy = c(t)uy — f(t)u3.

Let u(t) = (u1(t),u2(t)) is the solution of system ([2.9) with the initial condition
u(Ty + o) = z(Th + o), then for all t > T} + o,

By Lemma2.1] (2.9) has a positive w-periodic solution u*(t) = (u(t), u3(t)), which
is globally asymptotically stable. By the global asymptotic stability of u*(t), there
exist constants d, > 0 and T > T} + o such that for all t > T5,

Hence, for all ¢t > T5, x;(t) > 0,. So we have

(2.9)

litm inf z;(t) > 6.

Lemma 2.6. There is a positive constant 8 (8 < M,) such that
limsup y(t) > B. (2.10)

t—o0
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Proof. By (2.3)), we can choose constant €9, 0 < g9 < 1, such that

w 0
/O [—g(t) + h(t) / For ()27 (£ + 8) ds — 2h(t)eo — 2q(D)zoldt > 20, (2.11)

—o0

Consider the following equations with a positive parameter «,

1 = alt)zs — [b(t) + 2ap(t))e; — d()a?,

Ty = c(t)xy — f(t)23.

By Lemma (2.12)) has a positive w-periodic solution z¥(t) = (7, (¢), 25, (¢)),
which is globally asymptotically stable. Let 4, (t) = (214/(t), Z24(t)) be the solution
of (2.12)) with initial condition z,(0) = z*(0), where z*(¢t) = (x}(¢),x5(t))is the
positive periodic solution of (2.1]). Then for the above ¢g, there exists T > 0 such
that for all ¢ > Ty,

(2.12)

‘z;a(t)_zia(t)‘ <€0/4, = 1,2.

By the continuity of the solution in the parameter, we have x,,(t) — z*(¢) uniformly
in [Ty, T5 + w] as @ — 0. Hence for £y > 0, there exists ag = ap(eg) (0 < ap < €p)
such that

|Zia(t) —zf ()] <eo/4, i=1,2, 0 <a<ag, te[Ty,Tr+w|.
So we have
|zl (t) —z; ()] <eo/2, i=1,2,0<a<ag,te[ls,Ts+uw).
Since z} (t) and x*(t) are all w-periodic, we have
|zl (t) —zi(t)| <eo/2, i=1,2,0<a<ap t>0. (2.13)
Suppose that the condition is not true, then for any positive constant a < g

we have
limsupy(t) < a.

t—o0
So there exists T5 > 0 such that for all t > T3 y(t) < a. We can choose constant
70 > 0 such that

—7
Hg/ k(s)ds < a,

where k(s) = k12(s) + ko1(s) + kaa(s), Ho = Hy + max{zj(t)}. For any t > T3 + 79,
we have
0

1 = a(t)zy — b(t)r — d(t)a] — p(t)fﬂl/ ki2(s)y(t + s) ds

—70

- / T ki ()t + 5) ds

— 00

> a(t)zy — b(t)zy — d(t)z? — 2p(t)z o0
= a(t)wz — [b(t) + 2ap(t)]a — d(t)z,
Ty = c(t)xy — f(t)xa.
Then by the vector comparison theorem we obtain

mz(t) Z xia(t)7 i = 1323 t 2 T3 + 70, (214)
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where x4 (t) = (14(t), T24(t)) is the solution of (2.12]) with initial condition x,(T5+
70) = x(T5 + 79). By the global asymptotic stability of x? (t), there exists Ty >
T3 + 19 such that

|Zia (t) — 25, (1) < e0/2, i=1,2,t>Tj. (2.15)

Hence, by (2.13), (2.14)) and (2.15)

ml(t) Zz?(t)7507 7::1323 tZT4

Then for any t > Ty + 79, we have

0 0

ka1 (s)x1(t + s)ds — q(t) / kaa(s)y(t + s)ds

—T0

yZy[—g(t)Jrh(t)/

—70

—q®) /_ " kan(s)y(t + ) ds]

0 0

ba(s)(w (¢4 5) = c0)ds — a(t)a [ Faa(s)ds = a(t)a]

—7T0

zy[—g<t>+h<t>/

—70
0

> y[ —g(t) + h(t) [ ka1 (s)a}(t + s) ds — 2h(t)eo — 2q(t)eo] (o < o)

Integrating the above inequality from Ty 4+ 7o to ¢ (¢t > Ty + 79) yields

t 0
y(t) > y(Ty+70) exp /T e+ / ki ()27 (1 + 5) — 2h(t) e — 24(t) o] ds.

By (2.11)) we know that y — oo as t — oo, which is a contradiction. This completes
the proof. O

Lemma 2.7. There exists a positive constant 6, (8, < M,) such that
liminf y(t) > 6.
t—o0

Proof. Otherwise, there must exist a sequence {¢y} C C such that

litrgggfy( oK) < k:f—l k=1,2,....
By Lemma we have limsup,_, . y(t,¢r) > 3, k = 1,2,.... Hence, for each k
there are time sequences {5( )}and{tq )} satisfying 0 < s(k) < t(k) < sgk) (k) <
(k) t(k) . and sqk — 00 as ¢ — 00, such that
(k) 4(0) B 91
y(sg” on) =B, y(ty”, dn) = PR (2.16)
p
il <y(t,or) < B, te (S,Sk),tf]"))- (2.17)

By Lemma for a given integer k > 0, there is a T*) > 0 such that z;(t, ¢x) <
M, (i = 1,2) and y(t,¢x) < M, for all t > T®) . Further, there is a constant
o®) > 0 such that

—o®)

H{k)/ k(s)ds < M,,

o0
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where Hl(k) = sup{y(t + s,¢r) : t > 0,s < 0}. Because of sgk) — 00 as ¢ — 00,
there is a positive integer K{k) such that sék) >T® 45 as ¢ > Kﬁk). For any
t>71T0) 4+ O'(k), we have

W > y(t, or) [ — g(t) — q(t)/

—0a

| kaa(s)y(t + 5,01 ds

(k)

—q(t) /__U koo (8)y(t + s, dr) ds}

oo

> y(t, ) [ — g(t) — 2q(t)M,].

Integrating the above inequality from s((]k) to tgk), for any ¢ > K fk) we get

£
. 00) 2 ool oy exp [ [-(0) ~ 2a(6), .
Consequently
ln(kz + 1) k
10— s > 22T > KV, (2.18)

T1

where 7 = max;>o{|g(t)| + 2Myq(t)}. By (2.11), there are constants P > 0 and r
such that for any a > P we have

a 0
/0 [—g(t) + h(t) / ka1 (s)xi(t + s) ds — 2h(t)eg — 2q(t)eo]dt > 7.

— 00

Obviously, for any k there is Kék) > Kl(k) such that for all ¢ > Kg(k),

k) _ (k)
q® "k =
h (s)ds < =f3. (2.19)
oo 2
Further, we can choose a constant oy such that

H, /_UO k(s)ds < %ﬁ, (2.20)

—00

where Hy = M, + max;>o{x}(t) + x5(t)}. by (2.18), there is a integer N7 > 0 such
that tgk) — s((lk) > o9 for all £ > Ny,q > KQ(k). For any k& > Ni,q > Kék) and
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t e [t + 00,7, by @.17), @.19) and (2-20) we have

dml(dt b)) _ a(t)za(t, pr) — b(t)x1 (L, ¢r) — d(t)22 (¢, dr)

()
— p(t)as (t, ) / Faa(u— t)y(u, &) du

— 00
S0

—p(t)h(t,cbk)/ﬂ; kia(u — t)y(u, ¢r) du

~plt)na(t.n) [ ol — (s 61)du
> a(t)za(t, dn) — b(t)a1 (t, or) — d(t)zi(t, or)

T® ¢
— (b (b, ) <k>/ s (s) ds

(k) —t
— p(t)z1(t, i) M, kia(s

—p(t)z1(t, %) B /_ k12(s) ds

> a(t)wa(t, dr) — ()1 (L ¢r) — d(t)25(t, r) — 2p(t)x1(t, 61) 3
= a(t)zs(t, or) — [b(t) + 28p(t)]21 (8, dr) — d(t)z1(t, d),

B200) _ eyt 00) — F)3(0. 6.
Let zg(t) = (z15(t), z25(t)) be the solution of for a = 8 with the initial
condition xg(sgk) +0p) = x(sgk) + 00, ¢). Then by the vector comparison theorem,
it follows that
it o) > wip(t), i=1,2, t € s +og,t)]. (2.21)

From limg_ o sgk) = oo and Lemmas and ﬁ we obtain that for any k there is
Kék) > KQ(k) such that for any ¢ > K.
s Sl‘i(sz(;k)+00,¢k) <M, i=12

For the parameter a = 3, Equation has a globally asymptotically stable
positive w-periodic solution z;(t) = (274(t), 254(t)). (From the periodicity of
we know that the periodic solution xg(t) also is globally uniformly asymptotically
stable. Hence, there is a T5 > P, and 75 is independent of any k and ¢, such that

N 1
:Ew(t) > xiﬁ(t) — 580
for all t > T + sék) + 09 and g > Kék). Consequently, by (2.13)),
zig(t) > i (t) — o (2.22)
for all t > T + s( ) ¢ o9 and ¢ > K:gk). By([2.18)), there is a Ny > N; such that
t,(lk) — ,(]k) > 2W for all K > Ny and ¢ > K?(,k), where W > T + 0g9. Hence, from

and we finally obtain
zi(t, o) = @i (t) — €o. (2.23)
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for all t € [W + s t8), k > Ny and ¢ > K. Since, for any ¢ € [W + s{¥ +
o0, t%), k> Ny and ¢ > K| by [@2.23), [@.19) and (2.20), we have

% > y(t, én)[—g(t) + h(t)/ ka1 (s)z1(t + s, b1) ds

—oo
k)

) it
—q(®) / Foa(u — )y (u, é)du — q(#) /T |l (s 1)

— 0o

() / bl — 1)y, o)

0
>yt or)=g(t) + h(t) [ kan(s)(@i(t + 5, 0x) — o) ds

gty ® /

. —o00
—q(t)B / ki (s) ds]

sék)ft

Faa(s) ds — q(t) M, /_ Faa(s) ds

o0

T ¢

0

>yt 1) [—g(t) + h() / k()23 (t + 5, ) ds

— 00

— 2h(t)eo — q(t)%ﬂ - q(t)%ﬁ —q(t)p]

0
> y(t, dr)[—g(t) + h(t) / ka1 (s)a1(t + s, o) ds — 2h(t)eo — 2q(t)eo] -

— 00

Integrating from W + sgk) + o9 to tgk) for any k > N> and q > Kék) we obtain
()

y(t'9 1) > y(W + s + 09, o) eXp/
W45 400

[~ ()

0
+h() / ks (s)2 (¢ + 5. 0x) ds — 2h(1)z0 — 2a(t)eo] .

—0o0
Hence, by ([2.16|) and (2.17) we finally have
g B £ e 0 . " ]
P Z o [, (00400 [ ki s00ds
— 2h(t)eg — 2q(t)50]dt
p
TR

t,(lk) - (W + s,(f) + 00) > T5 > P, which leads to a contradiction. This completes
the proof. 0O

Proof of main Theorem. The sufficiency of this theorem now follows from Lem-
mas We thus only need to prove the necessity of theorem. Suppose
that

/w[—g(t) + h(t) /0 k12(s)xi(t + s)ds]dt < 0.
0 —o0
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We will show that lim;_, y(t) = 0. In fact, we know that for any given 0 < ¢ < 1,
there exist €1 < € and ¢¢ > 0 such that

w 0 1
| o) [ k)it s) 4 2 ds = Satotelar
o e (2.24)
< 51/0 h(t)dt — 515/0 q(t)dt < —eo,
where | = fi}o koo (s)exp(e™s)ds, e(t) = —g(t) + h(t) fi}o kar(s)zi(t + s)ds +
h(t)e1. Since
"1.71 S a(t)xz — b(t)xl — d(t)x%,
@y = c(t)ry — f(t)z3,

for all t > 0. Let (t) = (Z1(t), T2(t)) be the solution of with initial condition
Z(0) = z(0). By the vector comparison theorem we obtain z;(t) < Z;(t) (i = 1,2),
t > 0. Obviously, by the global asymptotic stability of 2*(t), there is a Ts > 0 such
that Z;(t) < a}(t) + 3&1 (i = 1,2) for all ¢ > Tg. Hence, we have

1
ri(t) Sef(t) + e (=12) (2.25)
for all ¢ > Tg. Choose a constant 7 > 0 such that
o 1
HO/ k(s)ds < 561 (2.26)
o 1
/ kaa(s)exp(e™s)ds > 51' (2.27)
o

For any t > Ts + 11, by (2.25) and (2.26]) we have
o

0
y < y[ —g(t) + h(t) / ko1 (s)x1(t + s)ds + h(t) / ko1 (s)z1(t + s) ds]

—T1 —o0
0

<y[—glt)+ h(t)/_ ko1 (s)(z5(t + s) + %51) ds + %h(t)al]
< ye(t)

Hence, by (2.27)), for any ¢t > ¢t + s > T + 71 we obtain
0
y <yle®) —q(t) koo (s)y(t + s) ds]

-7
0

< y[e(t) —q(t) / kao(s) exp(e™s) ds y]

—T1

1
< yle(t) - 5la(t)y].
If y(t) > € for all t > Ts + 271, then we have
. 1
g < yle(t) — ilq(t)a}. (2.28)
Consequently, by (2.24) we obtain

y(t) < y(Ts + 27) exp/
Te+271

[e(u) — %lq(u)a]du -0
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as t — 0o, which leads to a contradiction. Hence, there is a t; > Tg + 27 such that

y(tl) < E.
Let M () = max;>o{|e(t)| + 3lq(t)e}. We know that M (e) is bounded for & €
[0,1]. We then show that

y(t) < eexp(M(e)w), t>t. (2.29)

Otherwise, there are t3 > to > t; such that y(t3) > cexp(M(e)w), y(t2) = € and
y(t) > e for all t € (ta,t3]. Let p > 0 be an integer such that t3 € (ta + pw, ta + (p+
1)w]. Then from (2.28)) we have

eexp(M(e)w) < y(ts)

< lta)exp [ [elt) = glat)eli

2
to+pw t3 1
Eexp(/ Jr/ )e(t) — §lq(t)€]dt
ta to+pw

t3

A

ewm[+ elt) — Sla(t)eldn
eexp(M(e)w).

This leads to a contradiction. Hence, inequality (2.29) holds. Further, by the
arbitrariness of € we obtain y(t) — 0 as ¢ — oco. This completes the proof.

IN
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