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GRADIENT ESTIMATES FOR TRANSMISSION PROBLEMS
WITH NONSMOOTH INTERNAL BOUNDARIES

YUNSOO JANG

ABSTRACT. In this paper we obtain an interior gradient estimate for a weak
solution of a transmission problem with nonsmooth internal boundaries. The
coefficients are assumed to be merely measurable in one variable and have small
BMO semi-norms in the other variables on each subdomain whose boundary
satisfies the so-called d-Reifenberg flat condition. Under these assumptions,
we prove a Calderén-Zygmund type estimate.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this study, we are interested in the regularity result for transmission problems.
Transmission problems are related to inhomogeneities of conditions and regularity
theory for transmission problems has been developed in various ways, see [2], 3] 8]
12], 14, [15], 16l 22], 23], 27] and references therein.

To study these problems, let Q be a bounded connected open set in R™ with
n > 2 and nonempty connected components Q1 and 2~ of Q be disjoint open
subsets of ) satisfying

o0t N =00 NQ,
Q=0"uQ U2t NQ).

We set
A3 () = AL (@) xar (@) + AL (2) - xa- (@),

where yq+ is the indicator function of Q* and Af}’g’i R*" - Rforl <a,f<n
and 1 < 4,7 < m with m > 2. With these notation we consider the following
Dirichlet problem for an elliptic system in divergence form:

Do (A (2)Dpu? (z)) = Do Fi(x) in £2, (1.1)

for each i = 1,...,m, where the inhomogeneous term F = {F’} is a given matrix
valued function. The tensor coefficients A(x) = {A%ﬂ (x)} is assumed to be uni-
formly elliptic and uniformly bounded, namely, we assume that there exist positive
constants v and L such that

Vgl < AP ()€l and AT || o ge gmnxmny < L, (1.2)
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for all matrix £ € R™" and for almost every x € R™. With these settings, we say
that u = (u',...,u™) € HY(Q,R™) is a weak solution of ([L.1]) if

/A;}ﬁpﬁujDaqsidx:/FgDawdx, Vo = (¢, ..., 0™) € Hi (Q,R™).
Q Q

Now, we introduce some notation to be used throughout this paper.
e An open ball in R™ with center y and radius r > 0 is defined by

B.(y)={zeR": |z —y|<r}
e An open ball in R ! with center 4/ and radius r > 0 is defined by
Bl(y)={a' eR" |2/ —¢/| <7}
e An elliptic cylinder in R™ with center y = (y/,y,) € R"™! x R and size
r > 0 is defined by

Qr(y) = BL(y) X (Yn — 7, yn +71).
If the center is the origin 0 = (0, 0), then we denote, for simplicity, @, (0) =
B/(0)) x (=r,7) by Q, = Bl. X (—7r,7).
e The integral average of ¢ € L'(U) over a bounded domain U in R™ is

denoted by
1
g = [ a@do = 7 [ gla)da,
U Ul Ju

e For each z,, € R and for each bounded subset E’ of R"~! the integral
average of g(-,x,) over E’ is denoted by

1
gg (zn) :][ g(a' z,) da’ = —; / gz, x,) dx’.
Jor £ Jer

In this work, we want to obtain the Calderén-Zygmund type regularity result
for transmission problems with very rough internal boundaries, including Lipschitz
continuous functions or even fractals. These problems are physically very natural
and have many applications in multiple fields, such as electrochemisrty related to
rough electrodes or transfer across irregular membranes, etc., see [I] and references
therein. Because of the understanding of recent researches on the regularity results
with respect to measurable coefficients, see [4, Bl 6] [7, [TT1, T3] 18, 20, 21, 25] and on
the geometric properties of Reifenberg domains, see [19, 28], it is possible to prove
the WP regularity for a weak solution of . For this, our main assumption is
the following.

Definition 1.1. We say that (A?jﬁ, U) is (6, R)-vanishing of codimension 1 if for
every point 2o € U and for every number r € (0, 3R] with

dist(z0,8U) = min _dist(zo, z1) > v2r,
r1€0U

then there exists a coordinate system depending on xy and r, whose variables we
still denote by = = (2/,2,) = (z1,...,Zn—1,%,), so that in this new coordinate
system

(03 [e% 2
f (A (2 ) — ATP L ()| da < 6%, (1.3)
Qs VEr
while, for every point 2y € U and for every number r € (0,3R] with

dist(zo,0U) = miélU dist(zo, z1) < V2r,
r1€
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there exists a coordinate system depending on xy and r, whose variables we still
denote by x = (¢/,z,) = (z1,...,Tn_1,Ty), so that in this new coordinate system

Qs N{(2',20) : 2y > 310} C Q3. NU C Qs N{(2', ) : wp > =318},  (1.4)

a qaB 2
][ | AP (', 20) fAijﬁBér(xn)‘ dz < §2. (1.5)

Remark 1.2. This means that if (A?jﬁ,U) is (9, R)-vanishing of codimension 1,

then at each point and at each scale Afjﬂ are allowed to be merely measurable
in one variable while they have small BMO semi-norms in the other variables in
some appropriate coordinates and at the same time U is (§, R)-Reifenberg flat.
Reifenberg flatness condition of U written in is a generalization of Lipschitz
domains with small Lipschitz constant and includes even fractal structures, so this
definition is meaningful when 0 < § < 1/8, see [B] [7, 26, [28]. In addition since
has a scaling invariance property, the constant R can be taken as 1 or any
other constants greater than 1. However, the constant ¢ is a small positive constant
which is still invariant under such scaling. This small number will be selected later.

The following is our main result in this article.

Theorem 1.3. Suppose that F € LP(Q,R™) for some 2 < p < oo, for & € Q,
Q150(2) C Q and u € H'(Q,R™) is a weak solution of (L.1)). Then there ewists
a small positive constant § = §(v, L,m,n,p) such that if (A%—B’i,Qi) are (,25)-
vanishing of codimension 1, then

Du € LP(Q1(&), R™™)

with the estimate

/ |DulP dx < c/ |u|P + |F|P dx (1.6)
Q1(2) 5(2

)

where the constant ¢ depends on v, L,m,n,p.

Remark 1.4. In the case p = 2, estimate ([1.6)) a classical one. If we have estimate
(1.6) in the case 2 < p < oo, then the estimate follows from a duality in the case
1 < p < 2. For these reasons, we will consider the case 2 < p < oc0.

It is well-known that with the basic structural conditions such as , wtp
regularity holds for only when p is close to 2, see [I7]. However, in this study, we
want to get estimate for the full range 1 < p < oo, so we need some additional
smoothness assumptions on both the coefficients and the boundaries of subdomains
as Theorem [[.3] The concept of coefficients in Definition [I.I] was studied in some
previous works, see [} [5 [7, 13 [I8] 20, 21] and related papers. However, in those
works, they only considered the case that the coordinate system described in Def-
inition can be chosen in one fixed way at every point in the domain, while for
our problem at some internal boundary point the coordinate systems with respect
to QT and Q= may not coincide. For this reason, we additionally use geometric
properties of §-Reifenberg domains to obtain our main result. Finally, we note that
our problem is not in the case of the counterexample in [24]. The counterexample
in [24] says that the coefficients cannot be allowed to be measurable in two inde-
pendent variables for the regularity theory considered in this direction. However,
in our situation, even though we have to consider two measurable directions at
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the internal boundary point, because of such geometric properties of d-Reifenberg
domains, it is possible to prove Theorem [I.3] see Section [3]and Section

2. PRELIMINARIES

In this section, we introduce analytic and geometric tools which will be used later
in the proof of main theorem. In a technical point of view, Our approach is based
on the Hardy-Littlewood maximal function and Vitali type covering argument that
is developed from [10} 29] and used in [6} [7].

We first recall the Hardy-Littlewood maximal function and its basic properties.
Let g be a locally integrable function on R™. Then the Hardy-Littlewood maximal

function is given by
1
(Mg)(z) = sup >—— l9(y)ldy.
r>0 |Qr(2)] Jo, ()

If g is defined only on a bounded subset of R™, we define as
Mg = Mg,

where g is the zero extension of g from a bounded set to R™. We also use the
notation

Mag = M(xag)

if ¢ is not defined outside 2. The Hardy-Littlewood maximal function has two
basic properties that we will use in this paper: one is the weak 1-1 estimate and
the other is the strong p-p estimate.

e (weak 1-1 estimate) For g € L*(R"), there is a constant ¢ = ¢(n) > 0 such
that

n c
[{z € R™ : (Mg)(2) >t} < Zllgller@n), ¥t >0.
e (strong p-p estimate) For g € LP(R™) for some p € (1,00), it holds Mg €
LP(R™) with the estimate
1
lgllzr@ny < IMgllzoeny < ellglize@n (2.1)
for some constant ¢ = ¢(n,p) > 0.
We need the following classical measure theory.

Lemma 2.1 ([9]). Assume that g is a nonnegative and measurable function defined
on a bounded domain Q@ C R™. Let @ > 0 and A > 1 be constants. Then for
0 < g < oo,

gELIQ) < S=) M|{zeQ:g(z) >0} < oo
k>1
and
1
ES < ||9||%q(9) < C(|Q| +9), (2.2)

where the positive constant ¢ depending only on 6, X\, and q.

We will use the following version of Vitali covering lemma for the proof of our
main theorem.
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Lemma 2.2 ([29]). Assume that C and D are measurable sets, C C D C Q1, and
that there exists a small € > 0 such that

C] < €|@u] (2.3)
and for each x € Q1 and r € (0, 1] with |C N Q,(x)| > €|Qr(z)|,
Q. ()N Q1 C D. (2.4)

Then |C| < 2v/2(10)"¢| D).
3. COMPARISON ESTIMATES

In this section, we use an approximation lemma which plays an important role
in our perturbation argument. We start with a simple interior case, see [5, Lemma
3.3].

Lemma 3.1. Assume that Qs C Q1 or Qs C Q™. Let u € HY(Q5,R™) be a weak
solution of

Do(A’Dgw’) = DoF.  in Qs,
fori=1,...,m, under the assumption

][ \Dul? dz < 1.

Then, there exists ny = ni(v, Lym,n) > 1 so that for 0 < € < 1 fized, we can find
a small 61 = 61(e,v, L,m,n) > 0 such that if

Y

AP (! ) — AP (zn)Pda < 62 and F|2dz < §2
17 1 1
5 5

hold for such a small 8y, then there exists a weak solution v € H'(Q4,R™) of

Dy, (A%BBé (zn)Dpv?) =0 in Qu, (3.1)
fori=1,... m, such that

2 2 2 2
][ [D(u—v)|"de <€ and |[Dvl|f=(g,) <17
2

For the case when two subdomains are involved, to construct our appropri-
ate map, for simplicity we assume that 0 € QT N Q = 90~ N Q and then
there exists an appropriate coordinate system depending on r, whose variables

x = (z1,...,2n), such that in this z-coordinate system the measurable direction of
AP s (0,...,0,1) and

QrzN{xy < =10} CQ NQpy C Qg N{xy, <rd}. (3.2)
In addition, one can also find a coordinate system depending on r, whose variables
y = (y1,...,Yn), such that in this y-coordinate system the measurable direction of
APP* s (0,...,0,1) and

Qry N {yn > 10} C Ot N Qry C QryN{yn > —1d}. (3.3)

Here, we denote @, . as the @, cylinder with respect to z coordinate system.
We observe that comparing two measurable directions of A%ﬁ '~ and Af}ﬁ oat
0 is equivalent to comparing two straight lines. Therefore, we can further as-
sume that the measurable direction (0,...,0,0,1) in the y-coordinate system is
(0,...,0,—sin#, cosf) for some small § > 0 in the z-coordinate system. In fact,
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the special case 8 = 0, which means that = coordinate system coincides with y
coordinate system, was previously treated in [5] with Lemma
Next we define the “curved cylinder” @, in the z-chart with the notation

2=(21,. . Zn-2,%n-1,%n) = (2", 2n_1,2n) ER" 2 x R x R,

QT:{(z”,zn_l,zn):—rgzigrforizl,...,n—land
0

—r<z, < —Qrtan(i)}

U {(z", Zp—1 €080 — 2, 8in 6, 2, _18in 0 + 2, cosh) :
0
—rSzi§rfori:1,...,n—1and2rtan(§)§zn§r}
0

u {(z", —2r + (2p_1 + 2r) cos ¢, (zp_1 + 2r) sin p — 2r tan(i)) :

frgzigrforizl,...,nfland0<¢><9}.

We also define Q') for a € (2rtan(%),r) by
A@ = {(z",zn_l,zn) c—a<z;<afori=1,...,n—1
and —a <z, < —2rtan(g)}
U {(z”7 Zp—10080 — 2, sin 6, z, _1sinf + z, cos ) :

0
fagz,-§af0ri:1,...,n71and2rtan(§)§Zn§a}

) :

(NGRS

U {(z”, —2r + (2n—1 + 2r) cos ¢, (zp—1 + 2r) sin ¢ — 2r tan(

fagzi§afori:1,...,n71and0<¢<0}.

Now, we fix r = 5. Then we shall construct a Lipschitz map @ : 65 — @5 with
inverse U = ®~ ! : Q5 — Q5. To do this, we define ¥ as follows:

\I}(zna Zn—1, Zn)
(Z”7ZTL—15‘ZTL)7 if Zn S —10tan(g),

(2", zp—1cos — z, 8in 6, z,,_1 sin @ + z, cos ), if z, > 10 tan(g);
2]
0 (= +10t2an(g))9
_ 0 i (Enf10tan(3))0
10tan(g5) 4 (2n—1 + 10) sin 20 tan(2) )»

if —10tan(4) < 2, < 10tan($)

and note that

6
det D® =det DU =1 for 10tan(§) <|zn| <5,
1

6
£ <detD® <5 for |z,| < 10tan(§).
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Going back to (3.2)-(3.3) with » =5, we now assume that

(lﬂaxn—lyxn) = (Z//,Zn_l,Zn), (3 4)
V' Yn—1,yn) = (z”, Zn—1 €080 — 2, sinf, z,,_1 sinf + z, cos 9). ’

Actually, in the above construction, = coordinate system and z coordinate system
are same. However, to avoid confusion, we use x coordinate system and z coordinate
system separately in context.
Remark 3.2. Under the settings (3.2) and (3.3)), one can easily see that

0

3 < tan(g) <4, thatis, 0 <26. (3.5)

In fact, since
Q5,2 N{an = =50} C Q™ NQs.4,
Q5,5 N{yn =56} C QT NQs,y,
Q" Nt =0,
we observe that
(@5, N {zy = —56}) N (Qs,y N {yn = 56}) = 0. (3.6)

From (3.6]), we know that the angle § between x and y coordinate systems must be
dependent on § and we can derive from the geometry of @5 that

5tan(g) < 56.

This shows (3.5)).

We next consider a mapping ~ : [—5,5] — R"™ defined by ~v(¢t) = ¥(0,...,0,t).
Then since 7 is a regular C* curve, the > unit tangent vector of y is well-defined. As a
consequence, we see that for each z € Q5 one can find a unique t € [—5, 5] such that
z is on the (n — 1)-dimensional hyperplane which is normal to the tangent vector
of v at t. We then let P;_,(t) the (n — 1)-dimensional sphere of radius 5 centered at
~(t) in the (n — 1)-dimensional hyperplane which is normal to the tangent vector

of v at t.
We now define
Bl (z) = Da<I>"(\I!(z))Af“jﬁ(\Il(z))DgCI)T(\I/(z)) for z € Qs, (3.7)
O (w) = Dy (@(w))BY  ,(®(w)) D7 (D(w))  for w € Qs (3.8)

Note that BYT . ,(2) = Bf , ,(2n) as a function of z € @5 depending only on z,.
5 5

Lemma 3.3. Assume @;, C Q. We further assume that

= of,— qaB— 2 9
Gl Sy . A5 @) = AT (@) de <% (3.9)
5. §
! aB A+ 2
Oé[j’+ aﬁq‘i’ 2
@ Qs.,NQ+ |Aij (', yn) = Aij Bl (y")| dy < 6. (3.10)
5,y Y
Then we have .
@ o }A%ﬁ(w) - Ogﬁ(w)ﬁdw <chd (3.11)
5 5

for some positive constant ¢ = ¢(L, m,n).



8 Y. JANG EJDE-2018/52

Proof. We recall (3.5) in Remark [3.2] and we compute as follows:
1 / 2
— [ A (w) — O (w)] dw
Qs| s ¥ !
1

|A2P (w) — O (w) | dw

|Qs| /{wePs.wu)lown(g)sss}
ol

+ =

|Q5] J{wePs ,(t)|~10tan(§)<t<10tan(§)}
1

+?/

|Qs] J{wePs (1) -5<t<—10tan(§)}

aB 2
A% (! ) — A?jﬁBé ()| da

| A2 (w) — O (w) | dw

v]

‘A%B(w) — Ciajﬁ(w)|2dw

< <
|Q5| Qs5,.NQ~
1

|@v5| ~/Q5ﬂ{—10tan(g)<zn<10tan(g)}

2
AT ) = AT, ()| dy

cL? dw

c
_l’_
|Q5| Qs5,,NOQT
<cd

where ¢ = ¢(L,m,n) > 0. O

Remark 3.4. Different from the previous works as [5] [7], in our case we can only
obtain that the left hand side of ([3.11] is less than ¢d instead of 62 because we
consider the case that = coordinate system does not coincide with y coordinate
system.

Now we are in a position to find an interior approximation lemma.
Lemma 3.5. Let u € H(Q5,R™) be a weak solution of
Do (A (w)Dgu? (w)) = Do Fi(w) in Qs C Q
under the assumption
][N | Du(w)|? dw < 1. (3.12)
5
There exists ng = na(v, L,m,n) > 1 so that for 0 < e < 1 fized, we can find a small

0 =46(e,v, Lym,n) >0 such that if (3.9), (3.10), and

ij |F(w)]? dw < §° (3.13)
Q

hold for such a small §, then there exists a weak solution v € Hl(Q?),Rm) of

Do (C2P(w)Dgv? (w)) =0 in QLY (3.14)
for eachi=1,...,m, such that
2 2 2 2
/?) |D(u —v)|*dw < e*  and ||Dv||LM(QA§)) < nj. (3.15)
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Proof. Under the change of variables w = ¥(z), from ([3.7) we see that
Dy (B (2)D-u”(2)) = Do (F)i(2) i Qs

where u'(2) = u(¥(2)) and (F')! (z) = Do®7 (¥ (2))FL(¥(z)). Also, by and
, we have

f |Du/(2)]? dz < c][N | Du(w)|* dw < ¢,
Qs Qs

][ |F'(2)|>dz < c][~ |F(w)]? dw < c6?

5 5

for some constant ¢. Moreover, by (3.7), (3.8) and Lemma 3.3 we obtain
oT oT 2 @ [e% 2
fQ | BT (2) = B ()| dz < Cfa |47 (w) = O (w) [ dw < ¢5
5 5

for some constant ¢ = ¢(L, m,n).

Since our equation is invariant under normalization, we can apply Lemma [3.1] to
our situation with small §. That is, there exists a weak solution v' € H!(Q4,R™)
of

D, (B%TBS,(zn)DTv’J(z)) =0 in Qu
such that

][ |ID(u' —v")[2dz < €2

1

and we have an interior Lipschitz regularity as
2
[ DV|[ L0 gy < €

where ¢ > 0 is a positive constant independent from v’, see [11].
Finally, we apply the change of variables z = ®(w) then we obtain that v €

Hl(QgL), R™) is a weak solution of

D, (C’f‘jﬁ(w)ngj(w)) =0 in le)
where v(w) = v'(®(w)) satisfying (3.15]). This completes the proof. O

4. WLP ESTIMATES

In this section, we prove the main theorem, Theorem [[.3] Since our problem
(1.1) is invariant under translation, without loss of generality, we prove Theorem
[1.3] only for & = 0.

Lemma 4.1. Letu € H'(Q,R™) be a weak solution of ([1.1)) and assume Q150 C €.
Then there exists a universal constant N > 1 so that for each 0 < € < 1 fized, one
can select a small § = §(e,v, Lym,n) > 0 such that if (A?;-’g’_, Q7)) and (A?jﬁ’+,Q+)
are (6, 25)-vanishing of codimension 1 for such ¢ and if for 0 <r <1 and z. € Q1,
the cube Q,(x.) satisfies

{z € Q1 : M(IDul?) > N?} N Qr ()] > €|Qr ()], (4.1)
then it holds

Qr(r)NQy C{x € Q1 : M(|Dul?) > 1} U{z € Q; : M(|F|?) > §%}. (4.2)



10 Y. JANG EJDE-2018/52

Proof. We prove this lemma by contradiction. To do this, suppose that
Qr(z.)NQ1 € {z € Qr: M(IDu*) > 1} U {z € Q1 : M(|F?) > §*}. (4.3)
Then there is a point 1 € Q,(z«) N Q1 such that

1 1
e |Dul*dz <1 and — |F|2dx < 6% (4.4)
1Qp(x1)| Jo,(@)ne 1Qp(z1)| Jo, (21N
for all p > 0.

We first prove the simplest case, when dist(z,, Q%) > 5v/2r, which means that
Q53 (22) C Q7 or Q5 5,(x.) C Q. Then according to Definition we may
assume that z, = 0 and

~aB 2
][ |A%ﬁ(z’,zn) — A%ﬁB, (zn)| dz < §2.
Qsvar sV2r
Since x1 € )., we observe that

Q53 C Q(ya110)r(@1) C Q15 (1)
and then by (4.4) we obtain

AT
][ |Dul? dz < |le,(1)|][ | Dul? da < 27
Qs 3, ‘QF)\/QT‘ Q1ovz, (1)

][ |F|? dx < 2762,
Qsﬂr(y)

To apply Lemma we define the rescaled maps

Similarly,

o _uW2re) o F(V2rz) G e
u(z) = 2 o F(z) = Jar A (2) = A3 (V2rz), (2€Qs).

Then @ € H'(Q5,R™) is a weak solution of

Da(A7(2)Dpi’) = Do Fy in Qs (4.5)
with
f |Dii(z)?dz <1 and f |F(2)]2dz < 6%
5 Qs

Then we are now in a position to apply Lemma for (4.5), which implies that
there exists n; = n1(v, L, m,n) > 1 so that for any 0 < n < 1 fixed, we find a small
0 =46(n,v,L,m,n) >0 and a weak solution ¢ of

Do (A3 L, (20)Dgt’) =0 in Q4

such that
g |D(@—9)]*dz <n* and [|D0]|7(q,) <73
2
We scale back and then there exists a function v defined in @3, /5, such that
][Q |D(u —v)[2dz < 2"p* and HD”H%OO(%ﬁT) < 2"n3. (4.6)
2v/2r

After letting N7 = 2"n?, we now claim that

{z € Q3 M(\Du|2) > NQ} c{ze Q3 ./\/leﬁr(|D(u — v)|2) > N12} (4.7)
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where N? = max{4NZ,3"}. To do this, we suppose that
w0 € {2 € Qs Ma, . (ID(u—v)P)(2) < N2, (48)
If p < V/2r, then from Q,(z0) C Q5. /5, (£.6), and (E3),

f |Dul?dz < 2][ [[D(u —v)]> + |Dv|?] dz < 4N7
Qp(wo) Qp(zo)

and if p > v/2r, then Q,(x0) C Q3,(z1)
f |Dul?dz < [Qsp(0)] |Du|?dz < 3™.
Qp(a0) Qo (@0)lJ Qs ()
Thus we have that
z0 € {z € Q 3, : M(|Dul?)(z) < N*}
and our claim (4.7) follows. Then we observe that Q,(z.) in (4.3) is covered by
Q 3, in 2 = (2', z,) coordinate system to find that
{z € Qr(z.) : M(|Duf*)(z) > N?}|
<z € Quz, : M(IDuf?)(2) > N?}|
<z € Quz, : Maq, 4 (ID(u—v)*)(2) > N{}
< c/ |D(u —v)|*dz
QQ\/E’!‘
< en’|Qya,|
for some constant ¢ = ¢(v, L, m,n). By taking n small enough, we derive
{z € Qu s M(IDul?)(z) > N} N Qp(x.)| < € Qr(2.)]

which is a contradiction to assumption .

We now consider the case dist(z,, 9Q7) < 5v/2r or dist(x,, 007) < 5v/2r. With-
out loss of generality, we assume that x, € 7. By using Definition again, we
can choose appropriate z coordinate system satisfying

Qrsrp N{z 1 2p < =7570} C Qr5r,x N Q™ C Qs N{z : 2y < 75rd}, (4.9)

f' |ASP ™ (2! ) — AT mmfwgﬁ. (4.10)
Q757‘,w N -

*J W Bl

Note that Qis., contains Qg s, (z«) in this coordinate system. After fixing z
coordinate system, we can take y coordinate system at the origin satisfying

Q75r,y n {yn > 757“(5} C ot n Q75T7y C Q75T7y n {yn > —757“(5}, (4.11)
(e} « 2
f ’Aijﬁ,+(y/7yn) - Aijﬁ7+B/ (yn)’ dy < 5°. (4.12)
Q75r,yNOQT sy

We let 6 be the angle between x,, direction in x coordinate system and y,, direction
in y coordinate system. Since

(Q757«,x n {zn = —751"5}) n (Q75r7y n {yn = 757”5}) = @, (413)
with the same spirit in Remark [3.2] we can see that
0 0
<tan(=) <.

2 2/ =
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For this 6, we define Q/);; as in Section |[3| and note that Q/);;T C Q150 C Q2. We
recall from (4.4) that 1 € Q,(y) N to discover that

Qe C Q150r(x1).

Consequently, we obtain

1 .
7/ |Dul?dw < [@uzor ()] |Duf?dw < 5- 2",
|Q75| J Qs Q75| Q1s0r (1)

Here we use the fact that £|Q,| < |QT| < 5|Q,|. Similarly, we have
1

|Q75r | Q75N

|F|?dz < 52762

With the same scaling argument which is used for the previous case, we apply
Lemma [3.5] to our case. Then for 0 < n < 1 fixed, we can find a small § =

o(n,v, Lym,n) and a function v defined in Q(ﬁor) such that

][N |ID(u—v)[*dw <n* and | Dvl|? < N3 (4.14)
(307) (451
(30 L=(Qs5,")
where Ny = Ny(n,ng) similar to (4.6)).
Note that for small §, we assume that
157 207 /‘EOT
(75r ) c Qg5r ) - Q25r - Q75’l" .
Then, we claim that

—~—

fwe QD - M(IDu) > N?} € {w e QE : Moy, (ID(u—v)?) > N2},

(4.15)
where N2 = max{4N3,6"}. To do this, we suppose that
70 € {w € Q15" : M@, (ID(u—v)*)(w) < N3}, (4.16)

—_~—

If p < 5r, then from Q,(zo) C Q%ﬁ” C Qasr, (4.14] , and (| -7

][ | Duf?dw < zf (1D (u — v)2 + | Do?]dw < 4N2
Qp(z0) T

p( 0)

and if p > 5r, then Q,(z) C Qep(z1)

][ |Du|2dw < M | Du|?dw < 6".
Qp(wo) 1Qp(20)| ) g6, (1)

—_~

2o € {w € Q" : M(|Dul?)(w) < N2}

757

and our claim (4.15)) follows. Then we observe that Q,(x.) in (4.3 is covered by
Q%ir) to find that
{z € Qr(@.) : M(|Dul*)(z) > N}
157
< l{w € Q)" - M(IDul*)(w) > N*}

D(u—wv)|*)(w) > N3 }|

Thus we have

< lfw e Q) s Mgy (
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(307)

757
o
2 (157)
< en|Qrs, |

< 0772|Q15r\
for some constant ¢ = ¢(v, L, m,n). By taking n small enough, we derive
{z € Q1 : M(IDul?)(z) > N*} N Qr(x:)] < €|Qp ()|
which is a contradiction to assumption (4.1)). O

< C/N |D(u — v)|*dw
Q

Now, we are ready to prove the main Theorem.

Proof of Theorem[I.3 Let u € H}(£2,R™) be the weak solution of under the
assumptions in Theorem We first fix p > 2 and take N > 1 as in Lemma
We denote the letter ¢ by the constant that can be explicitly computed in terms of
known quantities, v, L, m,n,and p. We assume that
lullze@s) + [1FllLr(qs) <0 (4.17)
by replacing u and F' by
U F

T and 5

5 lullze@s) + 1Fllzr@s) + 0 5Ulullzr@s) + 1Fllzr@s) +
for o > 0, respectively. We want to show that

| Dull e (g, < ¢
after letting ¢ — 0. However, in view of , it suffices to show that
IMUDU) |2 < e
To apply Lemma [2.2] we first define
C ={z€Q: M(|Dul?) > N?},
D={zx€Q: M(|Dul*) >1}U{z € Q : M(|F|?) > §*}.

For € € (0,1) to be determined later, by weak 1-1 estimates, the standard L?
estimates, and Holder’s inequality, we have

Cc
ICl < */ | Dul? da
N Jo,

C
g—/ uf? 4+ |FP? do
N2 Qs

C
< qzllzogs + I1F1IE0 @)

c6?
< Nz
So we take § > 0 so small that
c6?
C| < e < €|Q1| (4.18)

holds. This shows the first condition (2.3) of Lemma Moreover, its second
condition (2.4) is shown by Lemma[4.1] Then, by Lemma we see that

|C| < e1|D|  where €; = 2v/2(10)"e.
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Since our problem (|1.1)) is invariant under normalization, we can obtain the same

results for (&, %), (&, %z), (%, %5), - .., inductively. From this iteration argu-

ment, see [6, Corollary 4.10], we have the following decay estimates of M (|Dul|?):
Hz € Q1 : M(|Dul?) > N?*}|

k
< eilfr € Qu: M(IDuf’) > 1} + ) eil{z € Q1 : M(IF[*) > N2},
i=1

Applying Lemma [2.] to

g=M(Duf), A=N% o=1 ¢="

a direct computation yields

IM(|Duf?)|[2/

Lr/2(Q1)
< c(1 + 3 N5 |{z € Qi : M(|Duf?) > N%}\)

k>1

c(1+ Y N[z € Q1 : M(IDuf?) > 1}

k>1

+ ZN’“”Zell{m € Qu: M(FP) > 82N2F1Y))

k>1

=: 51+ 5.
We compute S; and Ss in the following way:
Sy < c(l + ZNkpelfo € Qy : M(|Dul?) > 1}|) < c(l + ZNkpelf)
k>1 k>1

and

k
Sp <y N'Y cil{z € Qu: M(IF]?) > 8 N2}

k=1 i=1
= CZZNkp€7i|{x (= Ql : M(|F|2) > 62N2(k7i)}‘

i>1 k>i

=Y (W) Y (NP e € Qs M(IFI?) > 62Ny

i>1 k>i

= (Ve SN € Qu s M%) > N

i>1 >0

) F
< CZ(Npel)lHMﬂgF)||LP/2(Q1)

i>1

< Z Np ”Lp Q5

i>1

<Y (NPey)

i>1
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Therefore we have

IMADU) 7 o, < (14 D (NPer)*)

k>1

where €; = 21/2(10)"e.
We first take € > 0 sufficiently small satisfying

NPe; < 1.

Then one can select a corresponding small 6 = §(v, L, m,n,p) > 0 from Lemma
This completes the proof. ([
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