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UNIFORM EXPONENTIAL STABILITY OF LINEAR
ALMOST PERIODIC SYSTEMS IN BANACH SPACES

D. N. CHEBAN

ABSTRACT. This article is devoted to the study linear non-autonomous dynamical
systems possessing the property of uniform exponential stability. We prove that
if the Cauchy operator of these systems possesses a certain compactness property,
then the uniform asymptotic stability implies the uniform exponential stability. For
recurrent (almost periodic) systems this result is precised. We also show application
for different classes of linear evolution equations: ordinary linear differential equations
in a Banach space, retarded and neutral functional differential equations, and some
classes of evolution partial differential equations.

INTRODUCTION

Let A(t) be a continuous n x n matrix-function and H(A) be the family of all
matrix-functions B = lim A, , where {t,} C R, A; (t) = A(t, +t) and the

n—-+o0o
convergence A; — B is uniform on every compact subset of R. The following

result is well known.

Theorem [25,2,6]. Let A be a bounded and uniformly continuous matriz-function
on R, then the following conditions are equivalent:
1. The trivial solution of equation

' = A(t)r (0.1)

is uniformly exponentially stable.
2. The trivial solution of equation (0.1) is uniformly asymptotically stable.
3. The trivial solution of equation (0.1) and every equation

y'=B(t)y (BeH(A)) (0.2)

is asymptotically stable.

For equations in infinite-dimensional spaces conditions 1, 2, and 3 are not equiva-
lent; see examples in [10, 24, 15]. However, in the general infinite-dimensional case
condition 1 implies condition 2, and condition 2 implies condition 3.

Linear non-autonomous dynamical systems satisfying one of the conditions 1, or
2, or 3 are studied in [10]; see also Theorem 1.1 below. In this article we show that
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if the operator corresponding to the the Cauchy problem for (0.1) satisfies some
compactness condition, then condition 3 implies condition 1 (see Theorems 2.3 and
2.4).

For recurrent (almost periodic) systems this result is made precise in Theorems
3.2, 3.3 and 3.4. Applications of this result to different classes of linear evolution
equations (ordinary linear differential equations in a Banach space, retarded and
neutral functional differential equations, some classes of evolution partial differential
equations) are given.

1. LINEAR NON-AUTONOMOUS DYNAMICAL SYSTEMS

Assume that X and Y are complete metric spaces, R is the set of real numbers,
Z is the set of integer numbers, T=Ror Z, Ty ={t € T:¢t >0} and T_ = {t €
T|t < 0}. Denote by (X, T, n) a semigroup dynamical system on X and (Y, T, o)
a group dynamical system on Y. A triple ((X,Ty,n),(Y,T,0),h), where h is a
homomorphism of (X, T, 7) onto (Y, T, o), is called a non-autonomous dynamical
system.

Systems (X, T, 7) have be classified as follows: (see [7,9])
e Point dissipative, if there is K C X such that for all x € X

Jim p(at, K) =0, (1.1)

where zt = wlz = 7 (t, ).

e Compactly dissipative, if (1.1) holds uniformly with respect to = on compact
subsets of X.

e Locally dissipative, if for any point p € X there is §, > 0 such that (1.1) takes
place uniformly with respect to € B(p,6,) ={z € X : p(z,p) < p}.

Let (X, T, m) be compactly dissipative and K be a compact set that is attractor of

all compact subsets of X, and let

J = Q(K) == mtzouTZtﬂ'TK.

Then the set J does not depend on selection of the attractor K, and is charac-
terized by the properties of the dynamical system (X, 7T, 7) only; see, for example,
[7,9,19,20]). The set J is called the Levinson centre of the compactly dissipative
system (X, T, 7).

A non-autonomous dynamical system ((X, Ty, ), (Y, T,o),h) is said to be point
(compactly, locally) dissipative, if the autonomous dynamical system (X, T, 7) is
S0.

Let (X, h,Y) be alocally trivial Banach fibre bundle over Y [3]. A non-autonomous
dynamical system ((X, T, ), (Y, T,o),h) is said to be linear if the mapping 7* :
Xy, — Xy is linear for every t € T, and y € Y, where X, = {z € X|h(z) = y}
and yt = o(t,y). Let | - | be some norm on (X, h,Y) such that | - | is co-ordinated
with the metric p on X (that is p(z1,22) = |21 — z2| for any z1,22 € X such
that h(z1) = h(x2)). Point, compactly, and locally dissipativity criteria for linear
systems are obtained in [10].

The entire trajectory of the semigroup dynamical system (X,T,,7) passing
through the point z € X at t = 0 is defined as the continuous map v : T — X that
satisfies the conditions v(0) = x and 7'y(s) = y(s +t) for all t € T, and s € T.
Let ®, be the set of all entire trajectories of (X, T, 7) passing through z at ¢t =0
and & = U{®, : z € X}
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Theorem 1.1 [10]. Let (X, Ty, n),(Y,T,0),h) be a linear non-autonomous dy-

namical system and Y be a compact set. Then the following assertions hold:

1. (X, T4,m),(Y,T,0),h) is point dissipative if and only if t_13+moo |zt] = 0 for all
zeX.

2. The non-autonomous dynamical system (X, T, ), (Y,T,o),h) is compactly dis-
sipative if and only if (X, Ty, m), (Y, T, o), h) is point dissipative and there exists
a number M > 0 such that the inequality

|zt| < M]z] (1.2)

takes place for all x € X andt € T,.

3. The non-autonomous dynamical system (X, T4, n),(Y,T,0),h) is locally dissi-
pative if and only if there exist positive numbers N and v such that the inequality
|zt| < Ne "'|z| takes place for all x € X and t € T.

From the Banach-Steinhauss theorem it follows that point dissipativity and com-
pact dissipativity are equivalent for autonomous linear systems. An example of lin-
ear autonomous dynamical system which is compactly dissipative, but is not locally
dissipative is constructed in [10].

Theorem 1.2 [7,8]. Let (X, T4, n),(Y,T,0),h) be a linear non-autonomous dy-

namical system, Y be a compact set. Then the following assertions take place:

1. If (X, T4, m) is completely continuous (i.e. for all bounded subset A C X there
exists a positive number | = I(A) such that 7' A is precompact), then from point
dissipativity of (X, T4, m), (Y, T,0),h) follows its local dissipativity;

2. If (X, Ty, ) is asymptotically compact (i.e. for all bounded sequences {x,} C X
and {t,} — 400 the sequence {x,t,} is precompact if it is bounded), then from
compact dissipativity of (X, T4, m),(Y,T,0),h) results its local dissipativity.

Recall that a measure of noncompactness [20, 27] on a complete metric space X is a
function g from the bounded sets of X to the nonnegative real numbers satisfying:
(i) B(A) =0 for A C X if and only if A is precompact

(i) B(AUB) = max[3(4), B(B)]

(i) B(A+ B) < B(A) + B(B) for all A, B C X if the space X is linear.
The Kuratowski measure of non-compactness « is defined by

a(A) = inf{d : A has a finite cover of diameter < d}.

The dynamical system (X, T, ) is said to be conditionally [-condensing [20]
if there exists o > 0 such that 3(r%°B) < B(B) for all bounded sets B in X
with B(B) > 0. The dynamical system (X,T,,7) is said to be [(-condensing if
it is conditionally 3-condensing and the set 7’ B is bounded for all bounded sets
B CX.

According to Lemma 2.3.5 in [20, p.15] and Lemma 3.3 in [7] the conditional
condensing dynamical system (X, T, ,7) is asymptotically compact.

Let X = ExY,AC X,and Ay = {z € A: prox =y}. Then A =U{A4,:y e Y}
Let fly = priA, and A= U{fly :y € Y}. Note that if the space Y is compact,
then a set A C X is bounded in X if and only if the set A is bounded in E.
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Lemma 1.3. The equality a(A) = a(A) takes place for all bounded sets A C X,

where a(A) and a(A) are the Kuratowski measure of non-compactness for the sets
ACX and AC E.

Proof. Let e > 0 and A be a bounded subset in X, then there are sets A1, Ao, ..., A,
such that A = U{4; : i = 1,2,...,n} and diam 4; < a(A) +¢. Note that A =
U{4; : i = 1,2,...,n} and diam A; < diam A4; < a(A) + ¢, and consequently,
a(A) < a(A).

Let ¢ be a positive constant, A be a bounded set in X, A = U{flk k=
1,2,...,m} and diam A, < oz(fi)—i—e. Since Y is compact, there are sets Y1,Y5,...,Y;
such that YUY, U---UY, = Y and diamY; < e (j = 1,2,...¢). Let A; =
prit(4;) N A, and

Ayj = pry H(pra(pri (A NA) NY)) N A; .
Note that A;; C A; x Y;, and that
diam A;; < diam A; + diamYj < a(A) + &+ ¢ = a(A) + 2.

Since A =U{A4;; :i=1,2,...,n,j =1,2,..., 4}, it follows that a(A4) < a(fi) and

a(A) = a(A). wich concludes the present proof.

Let E be a Banach space and ¢ : T, X E XY +— E be a continuous mapping with
¢(0,u,y) = u and (t + 7, u,y) = @(t, @(1,u,y),0(r,y)) for all u € E, y € Y and
t,7 € Ty. The triplet (E,p,(Y,T,o0)) is called a continuous cocycle on (Y, T, o)
with fibre E.

The dynamical system (X, T, 7) is called a skew-product system [25] if X =
ExY and 7 = (p,0) (ie. w(t, (u,y)) = (¢(t,u,y),0(t,y)) forallu e E, y €Y
and t,7 € Ty).

A cocycle ¢ is called conditionally a-condensing if there exists £y > 0 such that
for any bounded set B C F the inequality a(¢(tg, B,Y)) < a(B) holds if a(B) > 0.
The cocycle ¢ is called a-condensing if it is a conditional a-condensing cocycle and
the set ¢(to, B,Y) = U{p(to,u,Y)|u € B,y € Y} is bounded for all bounded set
BCE.

A cocycle ¢ is called conditional a-contraction of order k£ € [0,1), if there
exists to > 0 such that for any bounded set B C E for which ¢(to,B,Y) =
U{ep(to,u,Y)|lu € B,y € Y} is bounded the inequality a(¢(to,B,Y)) < ka(B)
holds. The cocycle ¢ is called a-contraction if it is a conditional a-contraction
cocycle and the set p(tg, B,Y) = U{¢(to,u,Y)|u € B,y € Y} is bounded for all
bounded sets B C E.

Lemma 1.4. LetY be compact and the cocycle ¢ be a-condensing. Then the skew-
product dynamical system (X, Ty, 7), generated by the cocycle p, is a-condensing.

Proof. Let A C X be a bounded subset, tg > 0 and a(A4) > 0, then

7(to, A) = U {n(to, Ayly € Y}

~ (1.3)
=U{(p(to, Ay, y), yt)ly € Y} C p(to, A,Y) X Y.
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Since A is bounded, A is also bounded in E and according to the condition of
the lemma the set ¢(tg, 4,Y) is bounded and, consequently, 7(¢g, A) is bounded.
According to Lemma 1.3 and (1.3) we have

a(n(to, A)) = a(W{(¢(to, Ay, y), yto)ly € Y}) < alp(to, 4,Y)) < a(4) = a(A).
The lemma is proved.

Theorem 1.5. Let E be a Banach space, ¢ be a cocycle on (Y, T, o) with fibre E

and the following conditions be fulfilled:

1. o(t,u,y) =Yt u,y) +v(t,u,y) for allt e Ty,u € E andy €Y.

2. There exists a function m : Ry — R, satisfying the condition m(t) — 0 as t —
+oo such that |(t,u1,y) — P(t, ue,y)| < m(t)|uy —us| for allt € Ty uy,us € E
andy €Y.

3. v(t,A,Y) is compact for all bounded A C X and t > 0.

Then the cocycle ¢ is an a-contraction.

Proof. Let € > 0 and A be a bounded set in F, then there are sets A1, As,..., A,
such that A = U{4; : i =1,2,...,n} and diam A; < a(A4) + ¢ for i =1,2,...,n.
Since Y is compact, then there are a sets Y1, Ys, ..., Y,, such that Y{UY5U---UY,, =
Y with condition diamY; < ¢ for all j =1,2,...,m.

Let to be a positive number such that m(tp) < 1. We note that

SO(tO’A’Y) g d)(tO’A’Y) + fY(th Aa Y)

= U{e(to, A, )i = 1,2,...,n;5 = 1,2,..,m} +7(to, A,Y). (14)
According to the conditions of Theorem 1.5, a(y(to, A4,Y)) = 0 and
diam ¥ (to, A, y) < m(tp) diam A;
for all y € Y. Thus we have
9 (to, u1,y1) — P(to, uz, y2)| < [(to, ur, y1) — ¥ (to, uz,y1)| (1.5)

+ ‘d)(thuQ’yl) - ¢(t0,U2,y2)’

and, consequently,
diam ¥ (to, A;,y) < m(to)diam A; + diam(tg,us,Y;) forall yeY;. (1.6)

Since Y is compact, from (1.5)-(1.6) follows the inequality

diam 1/}(t0,Ai, Y;) < m(to) diam A,L < m(to)(a(A) + E)
and, consequently, a(¢(to, 4,Y)) < m(to)a(A). The theorem is proved.

2. EXPONENTIAL STABLE LINEAR NON-AUTONOMOUS DYNAMICAL SYSTEMS

Lemma 2.1 [14]. Let m: Ty — T satisfy the following conditions:

1. There exists a positive constant M such that m(t) < M for allt € T.

2. m(t) — 0 as t — +o0.

3. m(t+7) < m(t)m(r) for allt,7 € T4.

Then there exist two positive constants N and v such that m(t) < Ne™** for all
t G T+.
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Theorem 2.2. Let (X, Ty, 7),(Y,T,0),h) be a linear non-autonomous dynamical

system, Y be a compact set. Then the following conditions are equivalent:

1. The non-autonomous dynamical system (X, T4, ), (Y, T,0),h) is uniformly ez-
ponentially stable, i.e. there exist two positive constants N and v such that
|m(t,z)| < Ne V|z| for allt € Ty and v € X.

2. |7t = 0 as t — +o0, where ||rt|| = sup{|r'z|: z € X, |z| < 1}

3. The non-autonomous dynamical system (X, T4, x),(Y,T,0),h) is locally dissi-
pative.

Proof. According to Theorem 1.1, conditions 1 and 3 are equivalent. Now we will
prove that the conditions 1 and 2 are equivalent. It is clear that from 1 follows 2.
According to condition 2 there exists L > 0 such that

I <1 (1.7)

for all ¢ > L. We claim that the family of operators {n* : ¢ € [0, L]} is uniformly
continuous, that is, for any € > 0 there is a §(¢) > 0 such that |z| < § implies
|zt| < e for all ¢ € [0,L]. On the contrary, assume that there are ¢g > 0, d,, > 0
with 8§, — 0, |z,| < d, and t,, € [0, L] such that

|mntn| 2 €0 (18)

Since (X, h,Y) is a locally trivial Banach fibre bundle and Y is compact, the zero
section © = {6, : y € Y, 0, € X,,]0,] = 0} of (X,h,Y) is compact and, con-
sequently, we can assume that the sequences {z,} and {t,} are convergent. Put
zog = lim x, and ¢y = lir—ir-loo tn, then zo = 0,, (yo = h(xo)). Passing to the

n—-+oo n—
limit in (1.8) as n — 400, we obtain 0 = |zotg| > €¢. This last inequality contra-
dicts the choice of g, and hence proves the above assertion. If v > 0 is such that
|mtx| <1 for all |z| < and t € [0, L], then

1
|zt| < —|z| (1.9)
v

for all t € [0,L] and z € X. We put M = max{y~!,1}, then from (1.7) and (1.9)
follows
7t < M (1.10)

for all ¢ > 0 and z € X. Consider the function m(t) = ||x’|. We note that
m(t+7) < m(t)m(r) for all t,7 € T4 and m(t) < M for all ¢t € T4 and m(t) — 0
as t — +00. According to Lemma 2.1 there exist positive numbers N and v such
that m(t) < Ne *! for all t € Ty. Thus |r(t,z)| < ||7t|||z] < Ne *t|z| for all
t € T4 and = € X. The theorem is proved.

Let B = {x € X : 3y € &, such that sup |y(t)| < +oo}.
teT

Theorem 2.3. Let (X, Ty, 7),(Y,T,0),h) be a linear non-autonomous dynamical

system, Y be compact and (X, T4, m) be conditionally a-condensing. Then the

following assertions are equivalent:

1. The non-autonomous dynamical system (X, Ty, n),(Y,T,0),h) is point dissi-
pative and this system doesn’t admit non-trivial bounded trajectories on T, i.e.

BCoO={0,:ycY, b, cX,|0, =0}
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2. The non-autonomous dynamical system (X, T4, ), (Y,T,0),h) is uniformly ex-
ponentially stable.

Proof. Denote by © = {60, :y €Y,0, € X,,|0,| = 0} the zero section of the vector
fibering (X, h,Y’). Since (X, h,Y) is locally trivial and Y is compact, the zero sec-
tion O is compact and an invariant set of the dynamical system (X, T, 7). Taking
into account that the dynamical system (X, T, ) is conditionally a-condensing,
according to Theorem 2.4.8 [20] the set © is orbitally stable and in particular there
exists a positive constant N such that |zt| < N|z| for all t € T, and z € X. By
virtue of Theorem 1.1 the dynamical system (X, T, ) is compactly dissipative and
according to Theorem 1.2 (X, T, ) is locally dissipative. It follows from Theorem
2.2 that (X, Ty, ) is uniformly exponentially stable.

Let now the non-autonomous dynamical system (X, T, 7), (Y, T,0),h) be uni-
formly exponentially stable, then according to Theorem 2.2 it is locally dissipative.
Let J be its Levinson’s centre (i.e. maximal compact invariant set of dynamical
system (X, T, 7)) . We note that according to the linearity of non-autonomous dy-
namical system ((X, T, ), (Y, T,o),h) we have J = ©. Let ¢ be a entire bounded
trajectory of dynamical system (X, T, 7) . Since the non-autonomous dynamical
system ((X,T,n),(Y,T,0),h) is conditionally a-condensing, in particulary, it is
asymptotically compact and the set M = ¢(T) is precompact. In fact, the set M
is invariant Q(M) = M and in view of Lemma 3.3 [7] the set M is precompact.
We note that ¢(T) C J = © because J is the maximal compact invariant set of
(X, T4, m). The theorem is proved.

Remark 2.4. Theorem A in [26] implies a version of Theorem 2.3 under slightly
stronger assumptions.

Theorem 2.5. Let (X, T,,m),(Y,T,0),h) be a linear non-autonomous dynamical
system, Y be compact and (X, T, ) be completely continuous, i.e. for any bounded
set A C X there exists a positive number £ such that ©°(A) is precompact. Then
the following assertions are equivalent:
1. The non-autonomous dynamical system (X, T4, m), (Y, T,0),h) is uniformly ez-
ponentially stable.
2. lim |r'z| =0 for allz € X.
t——+oo
Proof. 1t is clear that condition 1 implies 2. Now we will show that condition 1
follows from 2. According to Theorem 1.1 the non-autonomous dynamical system
(X, T4, m),(Y,T,o0),h) is point dissipative. Since the dynamical system (X, T, )
is completely continuous, by virtue of Theorem 1.2 the dynamical system (X, T4, )
is locally dissipative. To prove the theorem it is sufficient to refer to Theorem 2.2.

3. LINEAR NON-AUTONOMOUS DYNAMICAL SYSTEM WITH A MINIMAL BASE

In this section we study a linear non-autonomous dynamical system ((X, T, 7),
(Y, T,o),h) with compact minimal base (Y, T, o).

Theorem 3.1 [4,5]. Let (X, T,,n),(Y,T,0),h) be a linear non-autonomous dy-
namical system and the following conditions hold:

1. 'Y is compact and minimal (i.e. Y = H(y) ={yt:t € T} forally €Y );

2. for any x € X there exists C, > 0 such that |zt| < C, for allt € T, ;
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3. the mapping y — ||z is continuous, where ||7}| is the norm of the linear
operator W; =
system.

Then there exists M > 0 such that

wt|x,, for every t € T or (X, T4, n) is a skew-product dynamical

|m(t,z)| < M|x| (3.1)

holds for allt € T, and x € X.

Theorem 3.2. Let (X, T,,x), (Y, T,0),h) be a linear non-autonomous dynamical
system and the following conditions hold:

1. 'Y is compact and minimal.

2. The dynamical system (X, T, m) is asymptotically compact.

3. The mapping y — ||z is continuous, where ||zl | is the norm of the linear

t

operator m,

system.
Then the non-autonomous dynamical system (X, Ty, m), (Y, T,o),h) is uniformly
exponentially stable if and only if

=n'|x,, for every t € T4 or (X, T4, ) is a skew-product dynamical

lim |r'z| =0 (3.2)

t—-+o0

forallz e X.

Proof. It is clear that from uniform exponential stability of the non-autonomous
dynamical system (X, T, n),(Y,T,o0),h) follows the equality (3.2).

From condition (3.2) and minimality of (Y, T,o) by virtue of Theorem 3.1 it
follows that for the non-autonomous dynamical system (X, T, 7),(Y,T,o),h) the
inequality (3.1) holds and according to Theorem 1.1 this system is compactly dis-
sipative. Since the dynamical system (X,T,,n) is asymptotically compact, to
finish the proof of the Theorem it is sufficient to remark that according to The-
orem 2.13 [8] every compactly dissipative and asymptotically compact dynamical
system is locally dissipative. Thus a linear non-autonomous dynamical system
(X, T4,m),(Y,T,o0),h) is locally dissipative and, consequently, it is uniform expo-
nentially stable. The theorem is proved.

Theorem 3.3 [5]. Assume that (X, T,,x),(Y,T,0),h) is a linear non-autonomous

dynamical system, generated by a cocycle v, (X, T4, m) is asymptotically compact,

and there is an M > 0 such that |p(t,u,y)| < M|ul| for all (u,y) € X = EXY and

t € Ty. Then the following assertions hold.

(i) For any (u,y) € B = {& € X : 3y € &, such that sup |y(t)| < +oo} the set
teT

D (u,y) consists of a single entire recurrent trajectory.

(i) B is closed in X.

(iii) (X, T4, ) induces a group dynamical system (B, T,7) on B.

(v) (B,h,Y) is a finite dimensional vector subfibering of (X,h,Y), i.e. dimB, does
not depend ony €Y.

Theorem 3.4. Suppose that the following conditions are satisfied:

1. A dynamical system (Y, T,o)is compact and minimal.

2. A linear non-autonomous dynamical system ((X, T4, m), (Y, T,0), h) is generated
by cocycle ¢ (i.e. X =E XY, m=(p,0) andh=pro: X —Y).
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3. The dynamical system (X, T, m) is conditionally a-condensing.

4. There exists a positive number M such that |o(t,u,y)| < M|u| for allt €Y and
t E T+.

Then there are two vectorial positively invariant subfiberings (X°, h,Y) and (X*,h,Y)

of (X,h,Y) such that:

a. Xy =X, +X; and X)N X5 =0, forally € Y, where 0, = (0,y) € X = ExXY
and 0 is the zero in the Banach space E.

b. The vector subfibering (X°, h,Y) is finite dimensional, invariant (i.e. mtX° =
X0 for all t € Ty ) and every trajectory of the dynamical system (X, Ty, m)
belonging to X° is recurrent.

c. There exist two positive numbers N and v such that |¢(t,u,y)| < Ne “t|u| for
all (u,y) € X° andt € T

Proof. Let X° = B, then according to Theorem 3.3, statement b holds. Denote by
P, the projection of X,, = h™!(y) to B, = BNh™*(y), then P, (u,y) = (P(y)u,y) for
all u € E,P?(y) = P(y) and the mapping P : Y — [E] (y — P(y)) is continuous,
where by [E] denotes the set of all linear continuous operators acting on F. Now
we set X, = Q(y)X, and X° = U{X; : y € Y}, where Q(y) = Idg — P(y). We
will show that X* is closed in X. In fact, let {z,} = {(un,yn)} C X® and zy =
(uo,y0) = lim z,. Note that Py (zo) = (P(yo)uo,%0) = (lim P(yn)un,y) =
n—oo n—oo
(0,40) = 0y, and, consequently, zo € X; C X°.

Let (X*, T4, ) be the dynamical system induced by (X, T, 7). It is clear that
under the conditions of Theorem 3.4 the dynamical system (X*, T, ) is asymp-
totically compact and every positive semi-trajectory is precompact and, conse-
quently, tlgglo |7(t,x)| = 0 for all x € X* because the dynamical system (X*, T, )

doesn’t have a non-trivial entire trajectory bounded on T. In fact, if we sup-
pose that it is not true, then there exist g = (up,yo) and ¢, — +oo such that:

lug| # 0, lir}rl 7(tn, ) = o and through point zy pass a non-trivial entire trajec-
n——+0oo

tory bounded on T. This contradiction proves the necessary assertion. Thus we
can apply Theorem 2.3 according which there exist two positive constants N and
v such that |o(t,u,y)| < Ne "*|u| for all (u,y) € X* and ¢t € T,. The theorem is
proved.

4. SOME CLASSES OF LINEAR UNIFORMLY EXPONENTIALLY
STABLE NON-AUTONOMOUS DIFFERENTIAL EQUATIONS

Let A be a complete metric space of linear operators that act on a Banach space E
and C'(R, A) be the space of all continuous operator-functions A : R — A equipped
with the open-compact topology and (C(R,A),R,o) be the dynamical system of
shifts on C'(R, A).

Ordinary linear differential equations. Let A = [E] and consider the linear
differential equation
u = Alt)u, (4.1)

where A € C(R,A). Along with equation (4.1), we shall also consider its H-class,

that is, the family of equations
v' = B(t)v, (4.2)

where B € H(A) = {A; : 7 € R}, A.(t) = A(t+ 7) (t € R), and the bar denotes
closure in C(R, A). Let ¢(¢,u, B) be the solution of equation (4.2) that satisfies the
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condition ¢(0,u,B) = u. We put Y = H(A) and denote the dynamical system of
shifts on H(A) by (Y,R, o). Then the triple ((X,R;,7), (Y,R, o), h) is a linear non-
autonomous dynamical system, where X = E x Y, m = (p,0); i.e., n((v,B),7) =
(p(r,v,B),B;) and h=pro : X —-Y).

Lemma 4.1 [11,13].
(i) The mapping (t,u, A) — @(t,u, A) of Rx Ex C(R,[E]) to E is continuous, and
(i1) the mapping A— U(-, A) of C(R,[E]) to C(R,[E]) is continuous, where U(-,A)
is the Cauchy operator [17] of equation (4.1).

Theorem 4.2. Let A € C(R,A) be compact (i.e. H(A) is a compact set of

(C(R,A),R,0) ), then the following conditions are equivalent:

1. The trivial solution of equation (4.1) is uniformly exponentially stable, i.e. there
exist positive numbers N and v such that |U(t, A)U(r, A)~|| < Ne=t=7) for
allt > 1.

2. There exist positive numbers N and v such that ||U(t,B)U(r,B) || < Ne~(¢=7)
forallt > 71 and B€ H(A).

3. t_l}frnoo sup{||U(t,B)| : B€ H(A)} = 0.

Proof. Applying Theorem 2.2 to the non-autonomous system (X, R, 7), (Y,R,0),h),
generated by equation (4.1), we obtain the equivalence of conditions 2 and 3. Ac-
cording to Lemma 3 [11] conditions 1 and 2 are equivalent. The theorem is proved.

Theorem 4.3. Let A € C(R,A) be recurrent with respect tot € T (i.e. H(A)
is a compact and minimal set of (C(R,A),R,0) ), the non-autonomous system
<(X7 R+77r)7

(Y,R,0),h) generated by equation (4.1) is asymptotically compact. Then the fol-

lowing conditions are equivalent:

1. The trivial solution of equation (4.1) is uniformly exponentially stable, i.e. there
exist positive numbers N and v such that ||U(t, A)U(r, A)~|| < Ne= =7 for
allt > 1.

2. t_l}gloo sup |¢(t,u, B)| =0 for every u € E and B € H(A).

Proof. According to Lemma 4.1 the mapping U(t,-) : [E] — [E] is continuous
and, consequently, the mapping B +— ||U(t, B)|| is also continuous for every t €
T. Now applying Theorem 3.2 to non-autonomous system ((X,R,7), (Y,R,0),h)
generated by equation (4.1), we obtain the equivalence of conditions 1. and 2.. The
theorem is proved.

We now formulate some sufficient conditions for the a— condensedness (in par-
ticular, asymptotical compactness) of the linear non-autonomous dynamical system
generated by equation (4.1).

Theorem 4.4. Let A € C(R,[E]), A(t) = Ai(t) + Az(t) for allt € R, and assume
that H(A;) (i = 1,2) are compact and the following conditions hold:
(i) The zero solution of the equation

u = Ay (t)u (4.3)

is uniformly asymptotically stable, that is, there are positive numbers N and v
such that
U (¢, AU (r, Ay)|| < Nem (=7 (4.4)
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for allt > 7 (t,7 € R), where U(t, A;) is the Cauchy operator of equation (4.3).
(ii) The family of operators {As(t) : t € Ry} is uniformly completely continuous,
that is, for any bounded set A C E the set {A2(t)A :t € Ry} is precompact.
Then the linear non-autonomous dynamical system generated by equation (4.1)
18 an a-contraction.

Proof. First of all we note that the set ¢(¢,A,Y) is bounded for every t > 0
and bounded set A C E. Let B € H(A). Then there are {t,} C T such that
B(t) = Bi(t) + Ba(t) and B;(t) = t_lgrn A;(t+t,). Note that

ot v, B) = U(t, Bo)o + /O Ut B)U= (v, B)Bs()o(r, v, B)dr.  (4.5)

By Lemma 4.1,

U(t, Bl) = lim U(t, Aitn)y Aitn (t) = .Al(t + tn),

t——+4o00

and the equality
U(t, A1, U (1, Ave,) = Ut + t, AU T + ty, A1)
and inequality (4.4) imply that
|U(t, B) U (7,By)|| < Ne7t=7) (4.6)

for all ¢ > 7 and By € H(A;). By Theorem 1.5, Theorem 4.4 will be proved if we
can prove that the set

{ /0 Ut BU=(r, B)Ba(7)o(7, v, B)dr : (v, B) € A}

is precompact for every ¢ > 0 and every bounded positively invariant set A C ExY.
We put

K'Y = {By(1r)p(r,v,B) : 7 €[0,1], (v, B) € A}

and we note that the set K is compact. Really, the set ¢([0,t], A) = U{p(T,v,B) :
7 € [0,t],(v,B) € A} is bounded because |p(7,v,B)| < eMir for all 7 € [0,1]
and (v,B) € A, where r = sup{|v| : 3B € H(A), such that (v,B) € A} and
M = sup{||A(t)|| : t € T}. Then

/0 U(t, B)U (1, By)Ba(7)p(T,v, B)dr

€t conv{U(t, B))U Y (1,B))w:0 <7 <t,By € H(A),we K4}. (4.7)

Since H(A;), H(A), and K are compact sets, then formula (4.7), condition (ii
of Theorem 4.4 , and Lemma 4.1 imply that {U (¢, B1)U " (7,B1)w: 0 < 7 < t,B; €
H(A,),w € K4} is compact, which completes the proof of the theorem.
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Theorem 4.5. Let H(A) be compact and assume that there is a finite-dimensional
projection P € [E] such that
(i) the family of projections {P(t) : t € R}, where P(t) = U(t, AAPU(t, A), is
precompact in [E], and
(ii) there are positive numbers N and v such that

|U(t, AQU (1, A)|| < Ne v¢t=7)

for allt > 7, where Q@ =1 — P.
Then the linear non-autonomous dynamical system generated by equation (4.1)
18 an a-contraction.

Proof. Since the family of projections P(t) = U(t, A)PU~*(t,.A) is precompact
in [E], the family H = {P(¢) : ¢t € R} is uniformly completely continuous, where
the bar denotes closure in [E]. Indeed, let A be a bounded subset of E, {z,} C
{QA : Q € H}, and &, | 0. Then there are ¢, € R and v, € A such that
|z, — P(ty)vn| < €. Since the sequence {P(t,)} is precompact, we can assume

that it converges. Let L = lir}rl P(ty,). Then L is completely continuous, which
n— 400

implies that the sequence {z/,} = {Lv, } is precompact. Note that
|2 — 23| < |Zn — P(tn)vnl + |P(ta)vn — Lon| < en + | P(tn) — L||vnl,

which implies that |z, — z/,| — 0 as n — +o00. Hence, {z,,} is precompact.
Assume that B € H(A) and {t,} C R are such that

=LA PE) = By PlA),
where P(A;,) = U(t,, A)PU~(t,, A). The assertions proved above imply that the
family {P(B) : B € H(A)} is uniformly completely continuous. Note that Q(B) =
lim Q(A:,), where Q(B) = I — P(B) and Q(A;,) = I — P(A;,). Moreover,

n—-+o0o

condition (ii) of Theorem 4.5 implies that
U (t, A, ) QU (7, Ay, )| < Nem"(77) (4.7)

for all t > 7. Passing to the limit in (4.7) as n — +oo and taking into account
Lemma 4.1, we obtain that

U, B)QU~ (7, B)|| < Ne~¢~7)

for all t > 7 and B € H(A). We complete the proof of the theorem by observing
that U(t,B)Q(B) + U(t,B)P(B) = U(t,B) and applying Theorem 1.5.

Theorem 4.6. Suppose that the following conditions are satisfied:

1. The operator-function A € C(R,[E]) is recurrent with respect to t € R.

2. The linear non-autonomous dynamical system ((X, T4, x),(Y,T,0),h) generated
by equation (4.1) is conditionally a-condensing.

3. the trivial solution of equation (4.1) is uniformly stable in the positive direction,
i.e. there exist a positive number M such that

U, AU (1, A)| < M (4.8)
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forallt > 7.

Then there are two vectorial positively invariant subfibers (X°, h,Y) and (X*,h,Y)

of (X,h,Y) such that:

a. Xy =X)+X; and X)N X5 =0, for ally € Y, where 0, = (0,y) € X = ExXY
and 0 is the zero in the Banach space E.

b. The vectorial subfiber (X° h,Y) is finite dimensional, invariant (i.e. 7t X° = X°
for allt € Ty ) and every trajectory of a dynamical system (X, Ty, ) belonging
to XY is recurrent.

c. There exist two positive numbers N and v such that |p(t,u, B)| < Ne “*|u| for
all (u,B) € X® and t € T, where ¢o(t,u,B) = U(t, B)u.

Proof. Assume that B € H(A) and {t,} C R are such that B = lim A4, , then

n—-—+oo

condition (3) of Theorem 4.6 implies that
Ut AU A Il < N (4.8)

for all t > 7. Passing to the limit in (4.8) as n — +oo0 and taking into account
Lemma 4.1, we obtain that

U, BU(r,B)| < N
for all ¢ > 7 and B € H(A) and, consequently,
U B) <N

for all ¢ > 0 and B € H(A). Now to finish the proof of Theorem 4.6 it is sufficiently
to refer on Theorem 3.4.

Partial linear differential equations. Let A be some complete metric space of

linear closed operators acting into Banach space £ ( for example A = {4y+B|B €

[E]}, where Ay is a closed operator that acts on E). We assume that the following

conditions are fulfilled for equation (4.1) and its H— class (4.2):

a. for any v € E and B € H(A) equation (4.2) has exactly one mild solution
o(t,v,B) (i.e. ¢(-,v,B) is continuous, differentiable and stisfies of equation (4.2)
) defined on R, and satisfies the condition ¢(0, v, B) = v;

b. the mapping ¢ : (¢,v,B) — ¢(t,v, B) is continuous in the topology of R} x E x
C(R; A);

c. for every t € Ry the mapping U(t,-) : H(A) — [E] is continuous, where U (¢, -) is
the Cauchy operator of equation (4.2), i.e. U(t,B)v = p(t,v,B) (t€Ri,veEE
and B € H(A) ).

Under the above assumptions the equation (4.1) generates a linear non-autonomous

dynamical system ((X,Ry,7),(Y,R,0),h), where X = E XY, 7 = (p,0) and h =

pro : X — Y. Applying the results from §2 and §3 to this system, we will obtain
the analogous assertions for different classes of partial differential equations.
We will consider examples of partial differential equations which satisfy the above

conditions a-c.

Example 4.7. A closed linear operator A : D(A) — E with dense domain

D(A) is said [21] to be sectorial if one can find a ¢ € (0, %), an M > 1, and a real

number a such that the sector

Sap ={A 1@ <larg(A—a)| < m, X #a}
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lies in the resolvent set p(A) of A and |[(A] — A)7'|| < M[A—a| ! forall A € S, .
An important class of sectorial operators is formed by elliptic operators [21,22].
Consider the differential equation

u = (A + As(t))u, (4.9)

where A, is a sectorial operator that does not depend on ¢ € R, and A € C(R, [E]).
The results of [21,23] imply that equation (4.9) satisfies conditions a.-c..
Example 4.8. Let % be a Hilbert space with a scalar product (-,-) = |-
|2, D(R,H) be the set of all infinite differentiable, bounded functions on R, with
values into H.
Denote by (C'(R,[H]),R,0) a dynamical system of shifts on C(R, [H]). Consider
the equation

/[< u(t), @' (t) > + < A(t)u(t), (t) >]dt =0, (4.10)

along with the family of equations

/ < ult), o' (8) > + < Bt)u(t), o(t) >]dt = 0, (4.11)

where B € H(A) = {A.|T € R}, A,(t) = (t + 7) and the bar denotes closure in
C(R, [H]).

The function u € C(R,,H) is called a solution of equation (4.10), if (4.10) takes
place for all p € D(Ry,H).

Assume that the operator A(t) is self-adjoint and negative definite, i.e., A(t) =
—Aq(t) +1iAx(t) for all t € R, where A;(t) and Ay(t) are self-adjoint and

(A1 (t)u,u) > alul? (4.12)

for all t € R and u € H, where o > 0. Let (H(A),R,0) be a dynamical system
of shifts on H(A), ¢(t,v,B) be a solution of (4.11) with condition ¢(0,v,B) = v,
X =H x H(A), X be a set of all the points (u,B) € X such that through point
u € H passes a solution ¢(t,u,.A) of equation (4.10) defined on R;. According
to Lemma 2.21 in [12] the set X is closed in X. In virtue of Lemma 2.22 in
[12] the triple (X,R,,7) is a dynamical system on X (where m = (p,0) ) and
(X,R4,m),(Y,R,0),h) is a linear non-autonomous dynamical system, where h =
pro: X — Y = H(A). Applying the results from [1] it is possible to show that for
every t the mapping B — U(t, B) (where U(t, B)v = ¢(t,v, B)) from H(A) into [H]
is continuous and, consequently, for this system Theorem 2.2 is applicable. Thus
the following assertion takes place.

Theorem 4.9. Let A € C(R,[H]) be compact, then the following assertion hold:

1. The trivial solution of equation (4.1) is uniformly exponentially stable, i.e. there
exist positive numbers N and v such that ||U(t,B)|| < Ne™** for all t > 0 and
BeH(A).

2. t_13+moo sup{||U(t,B)|| : B€ H(A)} = 0.

Proof. According to Lemma 2.23 in [12] from (4.12) follows the condition 1. In
virtue of Theorem 2.2 the conditions 1 and 2 are equivalent. The theorem is proved.
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We will give the example of a boundary value problem reducing to an equation of
type (4.10). Let  be a bounded domain in R™, I" be the boundary of 2, @ = R xQ
and S = R,y x I'. Consider the first initial boundary value problem in  for the
equation

ou

i L(t)u ult=0 = ¢, uls =0, (4.13)
where
"9 ou
Lityu =Y ——(ai;(t,x)5—) — al(t,z)u
=1 61‘1 61‘j

According to the Riesz theorem, the operator A(t) is defined by

n

(At)u, ) = — /[Z az‘j(t,w)%gi + a(t, x)up|dzx.

o =1

If a;;(t,z) = a;;(t,z) and the functions a;;(t,z) and a(t,z) are bounded and uni-
formly continuous with respect to ¢ € R uniformly with respect to = € 2, then for
equation (4.13) Theorem 2.2 is applicable for H = W3 ().

Linear functional-differential equations.

Let r be a positive number, C([a,b],R™) be the Banach space of continuous
functions ¢ : [a,b] — R"™ with the supremum norm, and C = C([—r,0],R™). Let
ceR,a>0and u € C([oc —r,0+a],R"). For any t € [0,0 + o] we define u; € C
by ut(0) = u(t + 0), with —r < 8 < 0. Denote by 2 = 2((C,R"™) the Banach space
of all linear continuous operators acting from C into R™ equipped with the operator
norm. Consider the equation

u = At)uy, (4.14)

where A € C(R,2(). We put H(A) = {A, : 7 € R}, A,(t) = A(t + 7), where the
bar denotes closure in the topology of uniform convergence on every compact of R.
Along with equation (4.14) we also consider the family of equations

u = B(t)uy, (4.15)

where B € H(A). Let ¢:(v,B) be a solution of equation (4.15) with condition
¢wo(v,B) = v defined on Ry. We put Y = H(A) and denote by (Y,R,o) the
dynamical system of shifts on H(A). Let X = C xY and 7 = (¢,0) the dy-
namical system on X defined by the equality n(7, (v,B)) = (¢-(v,B),B;). The
non-autonomous dynamical system ((X,R;,7), (Y,R,0),h) (h=pro: X —Y)is
linear. The following assertion takes place.

Lemma 4.10[4]. Let H(A) be compact in C(R,2), then the non-autonomous dy-
namical system ((X,Ry, ), (Y,R,0),h) generated by equation (4.14) is completely
continuous.

Theorem 4.11. Let H(A) be compact. Then the following assertions are equiva-
lent:
1. For any B € H(A) the zero solution of equation (4.15) is asymptotically stable,
i.e. tliin loe(v,B)] =0 for allv e C and B € H(A)
— 400
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2. The zero solution of equation (4.14) is uniformly exponentially stable, i.e. there
are positive numbers N and v such that |pi(v, B)| < Ne "*|v| for allt > 0,v € C
and B € H(A).

Proof. Let ((X,Ry,m),(Y,R,0),h) be the linear non-autonomous dynamical sys-
tem, generated by equation (4.14). According to Lemma 4.10 this system is com-
pletely continuous and to finish the proof it is sufficient to refer to Theorem 2.5.

Consider the neutral functional differential equation

d

Dy = Atz (4.16)
where A € C(R,2) and D € 2 is an operator nonatomic at zero [19, p.67]. As
well as in the case of equation (4.14), the equation (4.16) generates a linear non-
autonomous dynamical system ((X,Ry,7),(Y,R,0),h), where X =C xY, Y =
H(A) and m = (p,0). The following statement takes place.

Lemma 4.12. Let H(A) be compact and the operator D is stable; i.e., the zero
solution of the homogeneous difference equation Dy; = 0 is uniformly asymptotically
stable. Then the linear non-autonomous dynamical system (X, Ry, ), (Y,R,0),h),
generated by equation (4.16), is conditionally a-condensing.

Proof. According to [20, p.119, formula (5.18)] the mapping ¢:(-,B) : C — C can
be written as

@i (-, B) = S¢(-) + Uy(-, B)

for all B € H(A), where Uy(-,B) is conditionally completely continuous for ¢t > r.
Also there exist positive constants N, v such that ||S;]| < Ne “!(t > 0). Then the
proof is completed by referring to Theorem 1.5.

Theorem 4.13. Let A € C(R,Q) be recurrent (i.e. H(A) is compact minimal
set in the dynamical system of shifts (C(R,2),R,0) ) and D is stable, then the
following assertions are equivalent:

1. The zero solution of equation (4.14) and all equations

d

where B € H(A), is asymptotically stable, i.e. t_13+moo lot(v,B)] = 0 for all v €
C and B € H(A) (¢t(v,B) is the solution of equation (4.17) with condition
0(v,B) = v).

2. The zero solution of equation (4.16) is uniformly exponentially stable, i.e. there
are positive numbers N and v such that |pi(v, B)| < Ne || for allt > 0,v € C
and B € H(A).

3. All solutions of all equations (4.17) are bounded on Ry and they don’t have
non-trivial solutions bounded on R .

Proof. Let ((X,R4,7),(Y,R,0),h) be the linear non-autonomous dynamical sys-
tem, generated by equation (4.16). According to Lemma 4.12 this system is condi-
tionally o condensing. To finish the proof of Theorem 4.13 it is sufficient to refer
to Theorems 2.3 and 3.4. The theorem is proved.
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Theorem 4.14. Let A € C(R,Q) be recurrent (i.e. H(A) is compact minimal in
the dynamical system of shifts (C(R,20),R,0) ), D is stable, and all solutions of all
equations (4.17) are bounded on R .

Let (X, Ty, 7),(Y,T,0),h) be the linear non-autonomous dynamical system gen-

erated by equation (4.16).

Then there are two positively invariant vector subfiberings (X°, h,Y) and (X*,h,Y)
of (X,h,Y) such that:

a. Xy =X+ X; and X)N X5 =0, forally € Y, where 0, = (0,y) € X = ExXY
and 0 is the zero in the Banach space E.

b. The vector subfibering (X°, h,Y) is finite dimensional, invariant (i.er*X? = X°
for allt € Ty ) and every trajectory of a dynamical system (X, Ty, ) belonging
to XY is recurrent.

c. There exist two positive numbers N and v such that |pi(v, B)| < Ne “*|v| for
all (v,B) € X*, where (v, B) = U(t,B)v and U(t, B) is the Cauchy operator of
equation (4.17).

Proof. Let ((X,T4,m),(Y,T,0),h) be the linear non-autonomous dynamical sys-
tem generated by equation (4.16). In virtue of Lemma 4.12 this non-autonomous
dynamical system is conditionally a-condensing. According to Theorem 1.6 [5]
there exists a positive number M such that | (v, B)| < M|v| for all t > 0,v € C
and B € H(A). To finish the proof of Theorem 4.14 it is sufficient to refer to
Theorem 3.4.
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