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ABSTRACT. The controllability of time-periodic solutions of a n-dimensional
nonlinear wave equation is established with n = 2,3. The result is used to
establish the existence of time-periodic solutions of a nonlinear wave equation.

1. INTRODUCTION

The purpose of the article is to establish the existence of time-periodic solutions
of a nonlinear wave equation in bounded domains of R™ with n = 2,3, using con-
trollability. Following the pioneering work of Rabinowitz [8, [0] on time-periodic
solutions of the one-dimensional nonlinear wave equation, extensive studies of the
problem were done by Berti-Bolle [I}, 2], Brezis-Nirenberg [3] and others. Control-
lability and fictitious domains were used by Glowinski and his collaborators [5],
Glowinski-Rossi [0] to treat numerically the existence of time-periodic solutions of
the linear wave equation in cylindrical domains. For higher spatial dimensions,
Berti and Polle [3] used The Nash-Moser iteration to study T-periodic solutions of
the problem

v — Au+ mu = eF(wt, z,u)
u(t,z) = u(t,x + 2km) Vke Z"

where F' is 27 /w periodic in time and 27-periodic in z;, j =1,...,n.

In [I0, II] the author established the existence of time-periodic solutions of a
nonlinear wave equation in non-cylindrical domains of R™, n = 2,3 with the forcing
term in a non-empty subset of K+ with

T
K= {v:ve L2(0,T: I2(G)), / o(- B)dt = 0}
0

In this paper we shall show that for any f in K there exists a time-periodic solution
of a nonlinear wave equation in cylindrical domains. The proof is carried out in
Section 5.Notations and the basic assumption of the paper are given in Section 2.
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Given f in K+ and ug in H}(G) N LP(G) we shall establish the existence of a
control g¢(ug) in (H(G) N LP(G))* and a time-periodic solution of the nonlinear
wave equation

u" — Au+ |uP2u = f —gr(ug) in G x(0,T),
u=0o0ndG x(0,T), {u,u'},_,={uu}|,_,={uo, 0}

The solution and its derivative take prescribed values at t = 0 and at t = T..

In Section 4 we consider a semi-exact controllability problem. Given f in K+
and v in H}(G) N LP(G), we shall prove the existence of (i) a control g¢(ug) and
(ii) a time-periodic solution of the problem

W = Aut [ufu = f— gg(ug) in G x (0,7),
uw=0o0n 0G x (0,T), u(0)=up=u(T), ' (0)=u(T).
As the solution u takes a prescribed common value at ¢t = 0 and at ¢t = T, its

derivative u’ is not required to take a specific value at the two end points, we shall
call it a semi-exact controllability problem.

Notation. Let G be a bounded open subset of R"” with n = 2,3, and let
T
K ={v:veL*0,T; L*Q)), / v(.,s)ds = 0}.
0

The set K is a closed convex subset of L2(0,T;L?(G))and let J, be the duality
mapping of L?(0,T;L?(G)) into L?(0,T;L?(G)) with gauge function ®(r) = r.
The penalty function

B(v) = J(v — Pgv)
where Pk is the projection of K onto L?(0,T; L?(Q)), is well-defined. For a given
win L2(0,T; L*(G)) there exists a unique Pru in K such that

lu = Pxull20,1;02(c)) < |l = Kl[L20,7;02(6)) k€ K.

In this article, we denote by (-,-) the various pairings between L?(G), LP(G) and
their duals.

Assumption. We assume that 2 < p < oo if G C RZand 2 <p <4if G C R3.

2. EXACT CONTROLLABILITY TIME PERIODIC PROBLEM
The main result of the section is the following theorem

Theorem 2.1. Let {f,uo} be in K+ x {H}(G) N LP(G)} then there exist:
(i) g7(uo) in [Hg(G) N LP(G)]*
(i) {u,u'} in L°°(0,T; HY(G)NLP(G)) x L>=(0,T; L*(G)), solution of the prob-

lem
u" — Au+ ulP2u = f —gr(ug) in G x (0,T) 2.1)
u=0 on G x (0,T), {u,u'}|tzo = {u,u'}|t:T = {uy, 0}
We consider the initial boundary-value problem
u —eAul — Aug + |uc [P 2u. + e Bul) = f in G x (0,T), (29)

ue =u, =0o0n dG x (0,T), {uc,ul}|,_, = {uo,ur}.
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Lemma 2.2. Let {f, ug,u1} be in K+ x [H3(G)NLP(G)] x L3(G) then there exists
a unique solution ue of (2.2)). Moreover

lul ()1 72y + 2eIVUlll T2 (0,022 + IVue (D72

t
2 e (O ) + 257 / (B, ul)ds

t
< Jurll3ae + 1 Vuolaga) + 20~ uollZ gy +2 / (f.ul)ds

The standard Galerkin approximation method gives the existence of a unique
solution of (2.2)) with the stated estimate. We shall not reproduce the proof.

Lemma 2.3. Let u. be as in Lemma[2.3 then there exists a subsequence such that
{ue, ug, Bug)} — {u,v', 0}
in the space
{€0O.T:12(6) N [L*(0,T: HY(G) N 1 (G))]wear |
X [L2(0, T; L*(G))weak- % [L*(0, T; L*(G))]weak-
Furthermore B(u') =0, i.e. v’ in K and thus, u(-,0) = u(-,T) = uo.

Proof. (1) From the estimate of Lemma[2.2] and the Gronwalls lemma, there exists
a subsequence such that {u.,u.} — {u, v’} in

C(0,T; L*(G)) N[L>(0, T; Hy (G) N LP(G))wear= X [L(0, T; L*(G))]wear-
We have
1B(ue) 20,120 = 1 (u — Preul)llr20,7;02(0))
= O([luc — Pxuillr20,7522(6)))
= ||U/s - PKU,5||L2(O,T;L2(G))
< uillzzo,m:L2(a)) + |1Pruz — PrOllz20,7m:02(0))
< 2llucllzeqo,mi2() < M
Thus,
Bul) — x in (L*(0,T; L*(G)))weak-
(2) We now show that y = 0. From we have

T T T

75/ (u’s,go’)dt+62/ (Vu's,Vgo)dtJrs/ (Vue, Vip)dt
0 0 0
T T

e [upucpde+ [ (60), )i
0 0
T

—= [ (ot o€ CF 0.7 H(G) N 17(G)
0

Thus,

T
/0 (Bl), p)dt — 0 Vg € C3(0,T; HY(G) N LP(G))

Since B(ul) — x in [L%(0,T; L?(G)]weak, we deduce that y = 0.
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(3) We now show that B(u’) = 0. Since 3 is monotone in L2(0,T; L*(G)) we
have

T
/ (B(ul) — B("),u. —v")dt > 0 V' € LQ(O,T; LZ(G)),
0

in particular for all v with

v = /t o(.,8)ds, ¢ € L*(0,T; L*(Q)).
0
Thus,
T
| 6 = Bt = )t =0 ve € PO.TSIG).

From the estimate of Lemma 2.2l and from the above we have

T T
lim [ (B(ul)ul)dt = 0 = lim / (Bl), o)t
e—0 0 £ 0

Hence
T
_/ (B(p),u/ —@)dt >0 Vg € L*(0,T; I3(G)).
0

Take ¢ = u' + Aw, A > 0 and w in L?(0,T; L?(G)). We have
/OT(ﬁ(u’ + Mw), w)dt >0 VYw € L*(0,T; L*(G)).
Letting A — 0 we obtain
/OT(B(u'),w)dt >0 Ywe L*0,T; L*(G)).

Changing w to —w and we deduce that 3(u') = 0i.e. v’ € K and u(-,0) = u(-,T) =
UuQ. O

Lemma 2.4. Let {u., u}, be as in Lemmas and . There exists gf(uo, u1)
in [HY(G) N LP(G)]* and associated with gf(ug,u1), a unique solution u, of the
problem

u” — Au+ |[uP"2u = f — gy(ug,ur) in G x (0,T), 23
u=00ndG x(0,T), {u,u'},_,={uo,ur} = {u(-,T),u} '
with
T T
/ (gf(uo,u1), p)dt = lim 671/ (B(ul), p)dt
0 e—0 0
for all p € C§°(0,T; HY(G) N LP(Q)). Furthermore,
liminf ul(t)|Z2(q) + I Vu)Z2 (@) + 207 Hu®7 o)

t
< flurll7z) + IVuollZa(gy + 20 Hluoll o) + 2/0 (f,u)ds.

Proof. (1) Since u. — u in C(0,T; L3(G)) N (L>°(0,T; LP(G)))weak+, a standard
argument gives

Jue P2 — |ufP?u i [L7°(0, T; LYG))weak-
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(2) Let ¢ be in C§°(0,T; HY(G) N LP(G)) then ¢’ is in K and we have

T T
/ (Bl — B )il — )it = / (Bul), ! — @)dt > 0.
0 0
It follows from that

T T
/0 (ul ul — ’)dt+/0 (V(eul +ue),V(u. —"))dt

T T
+ / (el 2ueid, — )t 4+ e~ / (Bl ul — ')dt (2.4)
0 0
T
- / (foul — ol)dt
0
Hence

[ul(D)I72(q) + 261Vl 220,220y + Vue (D72 + 207 ue (D706

T
-2 / (f ut)dt = {url3a) + I Vuol3aie) + 20~ luollfo e |
T T T
< 2/ (u?, " )dt + 2/ (V(eul + u.), V')dt + 2/ (|uec|P2ue — f,¢')dt
Letting €0—> 0, we obtain ’ ’
lim inf [[ul(T) |72y + Vu(T)72(q) + 20 (DI}
—{llulZ2(g) + IVuollizq) + 207 ol )}

T
§2/ <" — Au+ [ulP"2u — f,¢ > dt
0

for all p € C§°(0,T; HY(G) N LP(G)). We have used the fact that f € K and that
v isin K. Set

T
P(u, o) = 2/ <" — Au+ [ulP"2u — f,¢ > dt
0
and
E(u) = liminf [[ul(T) |7 ) + IVu(D) 122 (@) + 207 (D10 6y — lurllZa
= I VuollZzy = 207 Hluol7 ()
Then
E(u) < ®(u,¢’) Vo € C(0,T; Hy(G) N LP(Q)).
In particular
B(u) < ®(u,—¢') Vo € C5°(0,T; Hy(G) N LP(G))
Hence
E(u )<‘I>( ¢') < —E(u) Yy € G50, T Hy(G) N LP(G))
Let A > 0 then A~y is in C’O (0,T; H}(G) N LP(G)) and we have
AE(u) < ®(u,¢") < —AE(u)

Letting A — 0 we obtain

T
b (u, o) = /0 (u" — Au+ [u|P~2u — £, )dt =0
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for all ¢ € C§°(0,T; Hi(G) N LP(G)). Therefore
{u" — Au+|uP2u— f} =0 in D'(0,T;[H(G) N LP(G)]).
It follows that
u" — Au+ uP™% — f = g (uo,ur) in D'(0,T; [Hy (G) N LP(G)]Y) (2.5)

for any gy (uo,u1) in [HE(G) N LP(G)]*.
(3) We now show that gr(uo,u1) is uniquely defined. From (2.3]) we have

T T T
- / (ul, ')t + / (V(eu, +u.), Vig)dt + / (e P, ) dt
0 0 0

T T
vt [t - [ (Fppd =0
0 0
for all ¢ € C§°(0,T; HY(G) N LP(G)).
Letting € — 0 we obtain

T T
_/ (u'7g0/)dt+/ (Vu, Vi)t
0 0

T T
[l e+ time [ (Bl o)
T
— [ (o
0

for all ¢ € C§°(0,T; H(G) N LP(G)). Thus,
u” — Au+ |uP~u + lim e 'Bul) = f inD'(0,T;[H)(G)NLP(G)]*)
Comparing with and we have
lim e B(u) = gy (uo, ua) in D'(0,T; [Ho (G) N LP(G)]")
It is clear that if h is any other element of (HJ(G) N LP(G))* in then
h=gs(ug,ur) = iiir(l)e*lﬁ(u'g) in D'(0,T;[Hy N LP(G)]*)
(4) Suppose that v is a solution of the problem
V" — Av + ]P0 + g (ug,ur) = f  inG x (0,T),
v=0o0ndG x (0,T), v(-,0) =wug, v'(-,0) =1

Then an argument as in Lions [IT), p.14-15], shows that v = v and completes the
proof. ([

Lemma 2.5. Let g¢(ug,u1) be as in Lemma then
19 (w0, wi)ll{mz 6)nLr (@
—1 —1 ~1
< C{1+ luollfn ) + lwllz2 gy + lwollzo) + 1flz20mc2 e}

Proof. Let h be in H}(G) N LP(G) and let ¢ be in C§°(0,T) with ¢ > 0. From
Lemma [2.4] we have

/OT C(gf(ug,ur), h) = /OT(f, Ch)dt + /OT(u',Q’h) — /OT(Vu, CVh)dt
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T
- / (lufP~2u, Ch)dt
0

Hence
al(gf(ug,ur), h)| < C{||fHL2(O,T;L2(G)) + [t/ || 20,7 22(6)) + VUl L2 0,702 (6))

-1
a2 o ripeay IRl iy
for all hin H}(G) N LP(G) and where

T
a:/ ¢dt > 0.
0

Since 2 < p, it follows from the estimate of Lemma [2.4] that
9 (w0, wi)ll iz 6)nLr @y

< C{l + lJuollga ey + llurllzz(a) + lluoll?, ) + 1 fllz2 (0,1 LZ(G))}

The proof is complete.
Lemma 2.6. Let u! be as in Lemma . Then

luZll 20,7513 (@) e (@) < C

where C' is independent of €. Moreover
ul — ' in C(0,T; [H(G) N LP(G)]*) N [L>°(0, T L*(G))]weakss
[ (T)|| 2(c) < liminf [[ul(T)] L2 (q)

Proof. Let ¢ be in C§°(0,T; Hi (G) N LP(G)) and set

T
Ye(p) = /0 (uZ, p)dt.
e Case 1: v.(¢) > 0. We have

hm|/ ul, p)dt]
*hm/ u” p)d
T

T T

2—/0 (Vu,Vap)dt—/o (|uP~%u, p)dt — lime /O(ﬁ(us),np)dt—i—/o (f,p)dt
T T T T

—— [ uveun- [ <|u|P*2u,so>dtf | st o+ [t

< C{llull 20,12 () + flull < o ey T Il fllz20,m502 (@) }
X H@HLz(o,T;H[}(G)nLv(G))
e Case 2: v.(¢) < 0. Then we have

T
tim| [ (u )it
0
T
zlim—/ (ul, )dt
0
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T T T T
_ p—2 _
- / (Y, Vp)dt + / (uP~u, o)dt + / (g7 (0, ur), )t / (f. )t

< Cllullpzo,r;m1 6y + ||UH§;1(0,T;LP(G)) + 1 flle2 00,1026
X ||90||L2(0,T;Hg(c)mm(c))

Hence
T
lim | /O (ul, p)dt| < M@l 2013 @)ner () Yo € Co°(0,T; Ho(G) N LP(G)).
Since C§°(0,T; HY(G) N LP(G)) is dense in L2(0,T; Hi (G) N LP(G)), we have
[u || 20,7513 (@) nLr (@) S M
The other assertions of the lemma are trivial to verify. ]

Proof of Theorem[2.1. Taking u; = 0, from Lemma there exists gf(uo) in
[H}(G) N LP(G)]* and
{u,u'} € L>=(0,T; H)(G) N LP(G)) x L>=(0,T; L*(Q)),
solution of the problem
u" — Au+ |uP"2u = f —gr(ug) in G x(0,T),
u=0o0ndG x (0,T), u(-,0)=u(-,T)=ug, u'(-,0)=0.
From the estimate in Lemma [2.4] we obtain
lu (T) 172y < 0

as f isin K+ and «’ is in K. Therefore

W'(-,0)=0=1d'(-,T).
The proof is complete. O

3. SEMI EXACT CONTROLLABILITY

In this section we shall establish the existence of time-periodic solutions of a
nonlinear wave equation with the solution taking a prescribed value at ¢ = 0.

Theorem 3.1. Let {f, uo} be in K+ x {HY(G) N LP(G)}. There exists
(i) g(uo) in [H(G) N LP(G)]*
(ii) a solution u of the problem
u" — Au+ |uP2u = f —gr(ug) in G x (0,7),

, , , (3.1)
u=0ondG x (0,T), {u,u }|t:0 ={u,u }}t:T = {ug,u'(0)}

with {u,u'} in L>(0,T; H} (G) N LP(G)) x L*>=(0,T; L*(G)).

Asu/(+,0) and v/(-,T) are not required to take a prescribed value and are allowed
to take the same value derived from the equation, we have only half of the exact
controllability condition.

A simple corollary of the theorem yields the existence of time-periodic solutions
of linear wave equations.
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Corollary 3.2. Let f be in K then there exists {a,w'} in L°°(0,T; H}(G)) x
L>(0,T; L*(@)), solution of the problem

@~ ANi+ia=f inGx(0,T), \s
@=00ndGx (0,T), {a,a'}|,_,={a1},_, (3:2)

Proof. Given f in K+ and a ug in H}(G) it follows from the theorem that there
exists g7(up) in H~!(G) and associated with it a solution u of the problem

W' —Au+u+grlug) =f inGx(0,T),
u=00ndG x (0,T), {u,u'}|,_,={u,u}|,_; = {uo,u'(0)}
Consider the elliptic boundary problem
—AG+14=gs(u) in G, 4=0ondG.

There exists a unique solution 4 in H{(G) of the problem. Set @ = u + @ and the
corollary is proved O

Proof of Theorem[3.1. (1) Let
{f,uo, w1} € K* x {Hy(G) N LP(G)} x L*(G)

then there exists g¢(ug,u1) in [H}(G) N LP(G)]* and associated with it, a unique
solution u of the problem

u” — Au+ |[uP"2u+ g (ug,ur) = f in G x (0,7T),
u=0o0ndG x (0,T), u(-,0)=uy=u(-,T), u'(-,0)=1u
Moreover Lemmas 2.5 and [2.6] show that

(3.3)

o' (D)1 226y < lluall7ze
(2) Let B = {v: |[v[|z2(e) < 1}. Then it is clear that B is a compact convex
subset of [H(G) N LP(G)]*. Denote by A the mapping of B into B given by

Alwr) = '(T) (3.4)

as f € K+ and ' is in K. The mapping is well-defined and takes B into B.

We now show that A is a [H}(G) N LP(G)]*-continuous mapping. Let u; , in B,
then corresponding to {f,uo,u1 .}, there exists g(uo,u1,) in [H}(G) N LP(G)]*
and u,, solution of the problem

ull — Auy, + |un P2 4+ gy (wo,urn) = f in G x (0,7T),
up =0o0n 9G x (0,T), un(0) =up =un(T), u,(0)=uiy
From Lemmas 2.6| we get
9 £ (w0, w1, )l (2 (@)nre @+ + [tnllLe 0,52 (G)nLr (@) + 1wy, | oo 0,702 (c)) < C
We have a subsequence such that
{n, upy, g (w0, urn) } — {u, ', gg (uo, ur)}

in

[L2°(0, T Hy (G) N LP(G))wear= % [L2(0, T3 L*(G)wear= % [Hg(G) N LP(G)]weak-
It is clear that {u,, u),} — {u,u'} in C(0,T; L*(Q)) x C(0,T;[H(G) N LP(G)]*),

and therefore
{un(0),u,(0), up, (1)} — {u(0),u'(0),u'(T)}
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in L2(GQ) x [H}(G) N LP(G)]* x [HE(G) N LP(G)]*. Hence u(0) = ug = u(T) and
u’'(0) = uy. A standard argument shows that
[ [P 2y — |u[P"2u in [L9(0, T; LY(G)]weak
and thus,
u" — Au+ |uP"2u+ g (ug,u) = f in G x (0,T),
u=0o0n9dG x (0,T), u(0)=ug=u(T),quadu’(0) = u,

It follows that A(u1) = u/(T).

An application of the Schauder fixed point theorem yields the existence of #; in
B such that A(41) = 4;. With ug given and with the fixed point @y, there exists
as in Lemma [2.4] a control g¢(uog, 1) = gf(uo) in [H(G) N LP(G)]* and associated
with the control, a solution of

" — At +|aP2a = f — gy (uo) in G x (0,7T),
a=0o0ndGx (0,7), {a,a'},_,={aa}|,_,
with 4(0) = 4(T) = up. The theorem is proved. O

4. PERIODIC SOLUTIONS

In this section we shall use ug of Theorem as a control to show that for any
given f € K1, there exists

{ .10, 97(0)} € K x Hy(G) N LP(G) x [Hy(G) N LP(G)]*
such that f = f — g§(tip). The main result of the section and of this article is the

following theorem.

Theorem 4.1. Let f be in K. Then there exists a solution {u,u'} in the space
L*(0,T; HH(G) N LP(G)) x L>=(0,T; L*(G)) for the problem

W — Au+ [ulP2u=f in G x(0,T),

4.1
u=0 on G x (0,7, {u,u/}|t:0 = {U’U/Ht:T' (4.1)
Proof. First we consider the initial boundary-value problem
w” — Aw + [w|P?w = f in G x (0,T),
(4.2)

w=0o0ndGx (0,T), {w,w'}|,_,={uo,u1}
It is known that for a given
[f w0, ur} € L2(0, T3 LA(G)) x {HH(G) N L7(G) x L*(G)},
there exists a unique solution of (4.2]) with
o' (O 326) + Vw226 + 2/plw(®) 2,
< e {llurlFa(qy + IVuoll7zq) + 2/plluollys ey + 1122070206}
Consider the optimization problem

a(f) = inf {||u(0) —u(T)| 2y + [|w/(0) — ' (T)| 2(c) : w is the solution of (4.2))

V{uo, w1} with [luoll i (@ynre() + lwillzz) < R}
(4.3)
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From Theorem we know that for each ug in H(G) N LP(G), for a given f in
K% there exists g¢(ug) in [H}(G) N LP(G)]* and a solution u of
v — Au+ JulP2u = f — gr(ug) in G x(0,T),
u=0o0ndG x (0,T), u(0)=ug=u(T), u(0)=d'(T).
Let
S =Userr{f ®{—gs(uo) : up € H}(G) N LP(G)}},
where gf(up) is as in Theorem and thus, a(f — gs(uo)) = 0.
The set S is non-empty and L*(G) = L?(G) ® 0 C S. Indeed L?(G) C K+ as
the stationary solution of the elliptic boundary problem
~Aw + |wP2w = f(x) in G, w=0ondG
is time-periodic. Thus a(f) =0 = a(f — gf) and gy =0, and hence f isin S.
We have
S C K@ Uperr {—gn(uo) : uo € Hy(G) N LP(G)}
Thus,
L*(G) = {L*(G) ® 0} N {K*+ &0}

cSN{K+ a0}

C{K* @ Uperr{—gn(uo) : uo € HY)(G)NLP(G)}} Nn{K*+ & 0}

CcKtaoo.
Indeed

0 € Upert{—gnlug) : up € Hy(G) N LP(G)}

as a(f) =0= g; for f € L*(@). Hence {K+ @0} C S.

Let fin {K+ @0} then there exists h in K+ and g5 (ug) for some ug in H} (G)N
LP(G) such that

f="h—=gn(w), olh—gn(u)) =0
and therefore a(f) = 0. Thus for f € K there exists i, solution of the problem

@' — Au+|aP2a=f in G x (0,T),
@=0ondGx(0,T), {u,a'},_,={wd},_,
The proof is complete. (Il
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