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TRANSMISSION PROBLEM FOR WAVES WITH FRICTIONAL
DAMPING

WALDEMAR D. BASTOS, CARLOS A. RAPOSO

ABSTRACT. In this paper we consider the transmission problem, in one space
dimension, for linear dissipative waves with frictional damping. We study the
wave propagation in a medium with a component with attrition and another
simply elastic. We show that for this type of material, the dissipation produced
by the frictional part is strong enough to produce exponential decay of the
solution, no matter how small is its size.

1. INTRODUCTION

A number of authors have studied the wave equation with dissipation. We men-
tion for example, the work of Zuazua [5] where it was obtained the uniform rate
of decay of the solution for a large class of nonlinear wave equation with frictional
damping acting in the whole domain. In this direction, the natural question that
arises is about the rate of decay when the dissipation is effective only in a part of
the domain. It is the purpose of this investigation, at least in part, to answer this
question. We consider the wave propagation over a body consisting of two different
type of materials. This is a transmission (or diffraction) problem. It happens fre-
quently in applications where the domain is occupied by several materials, whose
elastic properties are different, joined together over the whole of a surface. From the
mathematical point of view a transmission problem for wave propagation consists
on a hyperbolic equation for which the corresponding elliptic operator has discon-
tinuous coefficients. Even though we consider a case of space dimension one and
linear equations with constant coefficients, the problem studied here is interesting
by its own.

Existence, regularity, as well as the exact controllability for the transmission
problem for the pure wave equation was studied in [2]. The transmission problem
for viscoelastic waves was studied by Rivera and Oquendo [4] who proved the expo-
nential decay of solution using regularity results of the Volterra’s integral equations
and regularizing properties of the viscosity. The asymptotic behavior for a coupled
system of equations of waves was studied by Raposo [3] by the same method used
in this paper.
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Let k1, ko and « be positive real numbers and 0 < Ly < L. The system considered
here is
Ut — k1Uge +auy =0, x € (0,Lg), t >0, (1.1)
Ve — kovge =0, x € (Lo, L), t >0, (1.2)
satisfying the boundary conditions
u(0,t) =v(L,t) =0, >0, (1.3)
the transmission conditions
u(Lo,t) = v(Lo,t), kiug(Lo,t) = kovy(Lo,t), t>0, (1.4)
and initial conditions
u(z,0) = u’(z), wu(x,0) =u(z), = c(0,Ly),
v(z,0) =0°(z), wv(x,0)=v'(x), x€ (Lo, L). (15)

We are concerned with the asymptotic properties of the system above. The main
result of this paper is Theorem [3.6] which shows that the solution of the transmission
problem (L.I)—(L.5) decays exponentially to zero as time goes to infinity, no matter
how large is the difference L. — Ly. The approach we use consists of choosing
appropriate multipliers to build a functional of Lyapunov for the system.

The notation used throughout this work is the standard one. For instance H™,
L? = H° W™P and W™ > denote the usual Sobolev Spaces (see Adams [1]). By
V we denote the space

V= {(u,v) € H'(0, Lo) x H' (Lo, L) : u(0) = v(L) = 0, u(Lo) = v(Lo)}
which together with the inner product
Lo L
(o), (2t o= [ dot [ ket
0 L

0

is a Hilbert space. The energies associated to the equations (1.1)) and (L.2)) are:

1 Lo
B = [ Tl + kil da,

1 L
Bat) = 5 [ P + kolosf?)do

0
respectively. We denote E(t) = E1(t) + E2(t) the total energy associated to the

system 7.

The remainder of this paper is organized as follows. In Section 2 we show the
existence of weak and strong solutions for the system 7, and in Section 3
we show the exponential decay of such solutions.

2. EXISTENCE OF SOLUTIONS

We begin this section defining what is meant by weak solution to our transmission
problem.

Definition 2.1. The couple (u(x,t),v(z,t)) is a weak solution of the system (|L.1)—
(1.5) when
(’U,, U) € L™ (07 Ta V) n Wl,oo(o, T7 L2(Oa LO) X LQ(LOa L))a
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and satisfies

Lo Lo
—/ ur (0 )dm—/ (0 dm—/ / uspy dx dt — / / vetpy da dt
Lo Lo
Lo Lo
+ kl/ / Uz Py da:dtJrkg/ / vx1/)xd:cdt+a/ / updx dt =0
Lo

for any
(¢,70) € L>=(0,T;) N Wh>(0,T; L*(0, Lo) x L*(Lo, L)),
such that
(&(T),»(T)) = (0,0).

Theorem 2.2. Let us take (u®,v°) € (H?(0, Lo) x H*(Lo, L))"V and (u',v') € V
verifying the transmission conditions. Under this conditions the solution (u,v) of

f satisfies
2

(u,0) € () WHEe2(0,T; H*7*(0, Lo)) x H*"*(Lo, L).
k=0

Proof. The existence is proved using Galerkin method. In order to do so we take a

basis {(¢Oa¢0)a (¢1a1/)1)7 (¢27w2)a t } of ¥ and let
(ugmvgw)v (u}nvvrln) € Span{(¢0,w0)7 ((blv’(/}l) e (¢m’wm)}

be a projection of the initial state on a finite dimensional subspace of V. Standard
results on ordinary differential equations guarantee that there exists one and only
one solution

(w™(t) = hym(6) (47
Jj=1

of the approximated system,

Lo . L ‘ Lo 4 L . Lo '
/ U P dx—i—/ vt dax+ kq / Uz by, dx + ko / Vg dx—l—a/ u ' dr =0
0 Lo 0 Lo 0
(2.1)
1=0,1,2,...,m, with initial data
(um(())vvm(o)) = (unggz)v (u;n(o)7vzn(0)) = (u}nvvrln)
We show next that the above solution remain bounded for any m € N. In order to

do so, we first multiply equation (2.1)) by A}, (¢) and then sum up in i, to obtain

d Lo s
aEm(t) = fa/o |uy*|® da.

Integrating the identity above from 0 to ¢, we get
E™(t) < E™(0)

showing that the first order energy E™(t) is uniformly bounded for m € N.
Now we denote the second order energy by

1 [ho 1 [t
en() =g [P+ khiPde+ 5 [ g+ ki de

0
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Differentiating equation (2.1) with respect to ¢, we get

Lo _ L 4 Lo ,
/ U @' dx + / V" dx + ky / Uyt Py, dx
0 L 0

0

L _ Lo ‘
+ ko / Vs, dx + a/ up @' dx = 0.
0

Lo
Multiplying equation by h;’,m(t) and summing up in 4, we obtain
d Lo
G0 = o [y e
which integrated from 0 to ¢ furnishes
EM(t) < &E™(0).

The next step is to estimate the second order energy. Letting t — 0% in equation
(2.1), multiplying the limit result by A’ (t) we get

Lo L

/ W (0)? di + / o (0)? de
0 Lo

L

Lo
= —k; / unt (0)uny, (0) de — ko /
0 L

Integrating by parts the equation above, we get

Lo L
| R [ o) d
0

Lo

Lo
vt (0)vis, (0) do — a/ uy* (0)uzy (0) dex.
0

0

L Lo
W™ ()07 (0) dr — o /0 W (0)ur™ (0) da.
(2.3)

Lo
_ / W™ (0)u(0) d + ko /

0 Lo

After application of Young’s inequality in equation ([2.3)) we find

Lo L
| R [ o d
0 Lo

Lo L Lo
< c{ / ™ (0)|? da: + / o™ (0)[2 dm} + c/ " (0)[2 dz.
0 Lo 0
which implies that the initial data
(u(0),v*(0)) is bounded in L?(0, Lo) x L*(Lo, L)),
and so is £™(0). Whence we have
E™(t) is bounded for every m € N.

The first and second order energy boundedness implies that there exists a subse-
quence of (u™,v™), which we still denote in the same way, such that

(u™,v™) = (u,v) in L>=(0.T;V),
(u, o) = (ug,vp)  in (0.5 V),
(U, o) 2 (ug,ve)  in L°°(0.T5 L?(0, Lo) x L*(Lg, L))).
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Therefore the couple (u,v) satisfies

Upp — k1Ugy +ouy =0

Vit — kngx =0.

The rest of the proof is a matter of routine. O

3. EXPONENTIAL STABILITY

With a view toward proving the main result of this paper we formulate and prove
a series of five lemmas. They will provide some technical inequalities which play
fundamental role in the proof of Theorem

Lemma 3.1. The total energy E(t) satisfies

d Fo
%E(t) = —a/o |ug|? da.

Proof. Multiplying equation (1.1)) by u; and integrating in (0, Ly) we have

Lo Lo Lo
/ Uty dx — Ky / Uplhpy AT = —a/ |ug | da
0 0 0

which integrated by parts leads to

d1

Lo Lo
**/ [Jue|? + k1 |ug|?] do = —a/ g |2 d + krua (Lo)ug (Lo). (3.1)

Multiplying equation (1.2)) by v; and performing an integration in (Lg, L) we get

L L
/ ViV dx — k‘g/ ViUge dx = 0.
Lo Lo

After integrating by parts we arrive at

d1 [F
53 | Il + el do = koo, (Lo)un( o), (32
Lo

Adding (3.1)) with (3.2)) and using the transmission conditions (|1.4)) we conclude

d Lo
—EB(t) = —a/ |ug|? da. (3.3)
dt 0

O

Lemma 3.2. There exist positive constants Cy and C1, independent of initial data,
such that the functional defined by

Lo
Ji(t) = / (x — Lo)uguy dz
0

satisfies
k1Lg

d Lo
*Jl(t) < *ClEl(t) +CQ/ |ut|2dx+
0

2
¥ 1 0) .
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Proof. Multiplying equation (1.1)) by (x — Lg)u, and performing an integration in
(0, Lo) we get

Lo Lo Lo
/ (x — Lo)ugug do — ky / (z — Lo)ugtyy de = —a/ (x — Lo)ugus de. (3.4)
0 0 0

Note that

d
a(x — Lo)ugus = (x — Lo)uzuy + (x — Lo)ugryg. (3.5)
Now using (3.5 in (3.4) we get
d " Lo 1.d
i ), (x — Lo)ugus de = /o (x — L0)§[%|ut|2] dx

Lo
[ Log Il

and performing integration by parts we get

I PN L e B e
— x—Louutdx.:—f/ Ut dm——/ Uy |* dx
dt J, * 2 Jo 2 Jo 7

Lo k
— a/ (z — Lo)ugus dz +
0

from which it follows that

ki L
= s (0.

d Lo
aJl(t) < —ClEl(t) + Co/ |ut|2 dr +
0

O

Lemma 3.3. There exists a positive constant Cs, independent of initial data, such
that the functional defined by

L
Jo(t) = / (x — Lo)vgv, dx
Lo
satisfies
d ko(L — Lo)
—Jo(t) < —CoEy(t) + ————=
51 72(0) < —C2Bs(t) + 5
Proof. Multiplying equation (1.2)) by (z — Lo)v, and performing an integration in
(Lo, L) we get

o2 (L)[%.

L L
/ (x — Lo)vgvy do — kg/ (z — Lo)vgvgy dz = 0. (3.6)
Lo Lo
Notice that J
%(Jc — Lo)vgve = (& — Lo)vpvp + (€ — Lo)vgtvs. (3.7)
Now using (3.7) in (3.6) we get
a (* L 1.d L 1.d
— - L dr = — Lo)=[+|v|*] dz + & — Lo)=[=|vz|*] d
i | @ Lo = [ = Lo)gl vl de s ks [ o = o) (el de
and performing integration by parts we get
da [t 1t ke [* ko(L — L
pn 5 (x — Lo)vgvs da. = —2/LO |vg|? do — 52 /L(, v, |? da + %h&@)ﬁ
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from which it follows that
d ko(L — L
D n) < ~Comy(r) + L0

(D)2
o vz (L)]

(]

Now we must control the punctual terms |u,(0)[* and |v,(L)|? present in the
inequalities given by the lemmas and respectively. In order to do so we
introduce the two following lemmas.

Lemma 3.4. Let us take p € C(0,Lg) with p(0) > 0 and p(Lg) = 0. Then,
there exist positive constants Cy, Cy, Ny independent of initial data, such that the
functional defined by

Lo
Jg(t) = NoJl(t) +/ PULUy dzr
0

satisfies
d Lo
ﬁjg(t) < —C4E1(t) + N()Co/ \ut\Q dx.
0
Proof. Multiplying equation (1.1)) by pu, and performing an integration in (0, Lg)
we get

Lo Lo Lo
/ puguy dr — kq / PUpUgy dT = —a/ P Uz U dT. (3.8)
0 0 0
Notice that d
ap UgUp = P UgpUsy + P UgpUsp. (3.9)
Now using (3.9) in (3.8) we get
d o
T | P Uy Uy AT

Lo 1.d, Lo 1 d ., Lo
:-/0 p§[£|ut|]daz+k1/0 p§[£|ux|]dx—a/o DUy Uy dT

and performing integration by parts we get

d [
7 ; P Uy Uy dT
1 [he k ko fho Fo
:—5/ p’|ut|2dx—§1p(0) |uw(0)\2—?1/ P |ug|? dx—oz/ pugus do,
0 0 0
from which it follows that
d o ky )
— puguy dr < ——p(0) |uy(0)]° + C3E1 ().
Denoting
Lo
Jd(t) = N()Jl(t) +/ PUtUy d.’E,
0
we have
d Nok1L k
STs(t) < ~NoCh By(8) + Gy Br(6) + ~ 2 [ (0)F = 2p(0) [ O

Lo
+ Ny Cy / g | da.
0
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Now taking Ny such that Ny Cy > C3 and choosing p(0) = NoLg we conclude that

d Lo
S I(1) < fC4E1(t)+NOCO/ g .
0
O

Lemma 3.5. Let us take ¢ € C*(Lo, L) with q(Lo) = 0 and q(L) < 0. Then,
there exist positive constants Cs and Ny independent of initial data such that the

functional defined by
L

J4(t) = Nljz(t) + / qUt Uy dx
Lo

satisfies %J;;(t) < —C5Es(t).

Proof. Multiplying equation (1.2)) by g v, and performing an integration in (Lg, L)
we get

L L
/ q gV dT — kg/ qUgVze dx = 0. (3.10)
Lo Lo
Notice that J
P A + q Uty (3.11)

Now using (3.11)) in (3.10) we get

d [* L' 1.4 L 1.4
— dx = v} dx + k ~[=—|ve|}] d
p Loqvxvtz /Loq2[d$|vt|}x+ z/LOq [mlvax

and performing integration by parts we arrive at

d/L VgV d;v——l/L v |2dx—|—@ (L) |v (L)|2—k2/L "Nvg|? dx
dt LOth - 2 LO(] t 2(1 x ) Loq x )
from which it follows that
d [t ko 2
pn qugvs dx < Eq(L) [ve(L)|* + C4Es(t).
Lo
Denoting
L
J4(t) = N1J2(t) + / qUtVy dx,
Lo
we have
d Niko(L — L k
7J4(8) < —N1C2 Ba(t) + Ca Eat) + % Joa (L) + 5 a(L) o (L)

Now taking N; such that Ny Cy > C4 and choosing ¢(L) = —N;(L — Lg) we
conclude that

d

Now we are in position to show the main result of this paper.

Theorem 3.6. Let us denote by (u,v) a strong solution of system (1.1))—(1.5)), as
in Theorem [2.3. Then there exist positive constants C and w, such that

E(t) < CE(0)e vt
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Proof. Let us define
L(6) = Na E(6) + Js(8) + Ja(t).
From Lemma [3.1] we have
d Lo
< B(r) = —a/o a2 d.
From Lemma [3.4] we have

d Fo
- J3(t) < ~CaEx (1) +NoCo/ g |? da.
0

From Lemma [3.5] we have

In fact we have

d Lo
4 £1) < ~Cala(1) — CoBa(t) + (NoCo Nga)/ a2 d.
0
Taking N, large enough it follows

4 et < B

Since L(t) is equivalent to E(t), we conclude that there exist positive constants C
and w, such that
E(t) < CE(0)e v
(]

Theorem [3.6]can be extended easily to weak solutions by using density arguments
and the lower semicontinuity of the energy functional E(t). This is the content of
the following corollary whose proof is omitted.

Corollary 3.7. Under the same hypotheses of Theorem there exists positive
constants C and @, such that

E(t) < CE(0)e “".
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