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FAST HOMOCLINIC SOLUTIONS FOR DAMPED VIBRATION
SYSTEMS WITH SUBQUADRATIC AND ASYMPTOTICALLY
QUADRATIC POTENTIALS

YIWEI YE

Communicated by Claudianor C. Alves

ABSTRACT. In this article, we study the nonperiodic damped vibration prob-
lem

(t) + q(t)u(t) — Lt)u(t) + VW (¢t u(t)) =0,
where L(t) is uniformly positive definite for all ¢t € R, and W (¢, ) is either
subquadratic or asymptotically quadratic in z as |z| — co. Based on the min-
imax method in critical point theory, we prove the existence and multiplicity
of fast homoclinic solutions for the above problem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

This article concerns the existence and multiplicity of homoclinic orbits for the
damped vibration problem

i(t) + q(t)u(t) — Lt u(t) + VW (t,u(t)) =0, (1.1)

where t € R, u = (uy,us,...,uy) € RV, g€ C(R,R), L € C(R, RN2) is a symmet-
ric matrix for all t € R, W € C1(R x RN R) and VW (t,z) denotes the gradient
of W with respect to z. As usual, we say that a solution u of problem is
homoclinic to 0 if u(t) — 0 as [t| — oco. Furthermore, if u # 0, then u is called a
nontrivial homoclinic solution.

Homoclinic orbits play an important role in the study of qualitative behavior of
dynamical systems. They may be “organizing centers” for the dynamics in their
neighborhood. Under certain conditions, their existence may imply the existence of
chaos nearby or the bifurcation behavior of periodic orbits. Such orbits have been
studied since the time of Poincaré, but mainly by perturbation techniques. During
the last twenty more years, critical point theory and variational methods have been
widely used in homoclinic motions.

If ¢(t) = 0, problem reduces to the second order Hamiltonian system

ii(t) — Ltu(t) + VIW(t,u(t)) =0, teR. (1.2)

There are many papers devoted to the study on the existence and multiplicity of
homoclinic orbits of system (1.2]) under various hypotheses on the nonlinearity, see,
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for example, [3, (6] [7, 8, [T0, 12], 13} 15, 16l 17, 18, 19 2T, 22, 23] and the references
therein. If ¢(t) # 0, only a few results are known for problem (1.1)). Damped
vibration problems with constant coefficient of the form

ii(t) + Au(t) — L(tyu(t) + VW (t,u(t)) =0, VteR, (1.3)

have been studied by Zhang and Ruan [24], where the authors prove the existence
of one nontrivial homoclinic orbit under the following conditions:

(A1) L € O(R,RV 2) is a symmetric and positive definite matrix for all ¢ € R and
there exists a function a € C'(R, (0,00)) such that a(t) — +oo as [t| = oo
and

(L(t)z,2) > at)|z]?, V(t,z) € R x RY;

(A2) W(t,z) = a(t)|z]”, where 1 < v < 2 is a constant and a € C(R,R) N

L%(R,R) such that a(tg) > 0 for some ty € R.
Zhu [26] assume that L € CO(R,R¥N*¥) is T-periodic with T > 0, W(t,z) > 0
and there exist a symmetry T-periodic matrix valued function M € C(R,RV*Y)
such that |[VW (t,z) — M (t)z|/|z] — 0 as |x| — oo and prove the existence of one
homoclinic orbit of problem . The proof is based on a version of mountain
pass theorem and the concentration-compactness principle. See also [20, [24] for the
related results. Inspired by [I], Zhang and Yuan [25] introduce the concept of fast
homoclinic orbits and investigate the existence of fast homoclinic orbits of a special

case of problem (|1.1)),
i(t) + cu(t) — L(t)u(t) + VIV (t,u(t)) =0, teR, (1.4)
where ¢ > 0 is a constant. Precisely, they make the following assumptions:

(A1) L € C(R,RNQ) is a positive difinite symmetric matrix for all ¢ € R and
there is K; > —c?/4 such that

(L(t)z,x) > Ki|z|*, V(t,z) € R x RY;

[(A2) W(t,z) = a(t)|z|’, where 1 < v < 2 is a constant and a € L?/?77(e) such
that a(tp) > 0 for some ¢y € R.

Theorem 1.1 (see [25]). Assume that L(t) satisfies (Al) or (A1’) and W(t,x)
satisfies (A2’). Then problem (1.4) has at least one nontrivial fast homoclinic so-
lution.

This result has been extended in [4, 5] to more general situations. Particularly,
Chen and Tang [5] constructed the existence and multiplicity of fast homoclinic
orbits of problem (|1.1)) under the following assumptions:

(A3) L € C(R,RY") is a positive definite symmetric matrix of all ¢ € R, and
there exists 8 > 0 such that

(L(t)x,x) > Blz?, V(t,z) € R x RV,
(A4) There exist two constants 1 < 3 < 72 < 2 and two functions a; €
Lﬁ(eQ(”), as € Lﬁ(eQ(”) such that
W (ko) < ar(B)la, V(t,2) €R xR, o] <1,
[W(t,z)| < ag(t)|z|?, Y(t,z) € R xRN, |z| > 1.
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(A5) There are two functions b € L= (eQW) and ¢ € C(RT,R*) such that
VW (0] < be)elal), V() €R x RV,

where ¢(s) = O(s7 1) as s — 0.
(A6) There is an open set J C R and two constants v3 € (1,2) and n > 0 such
that

W(t,x) > nlz[®, V(t,z)eJ xRY, |z <1

Theorem 1.2 (see [5, Theorems 1.3 and 1.4]). Assume that conditions (A3)—(A6)
hold and Q(t) := fg q(s)ds satisfies

Q(t) = +oo  as |t| — oo. (1.5)

Then (L.1)) has at least one nontrivial fast homoclinic solution. If moreover W (¢, x)
is even in x, then (L.1)) has infinitely many nontrivial fast homoclinic solutions.

Motivated by [Il [, B 25], in this article, we try to obtain new existence and
multiplicity results of system by imposing general subquadratic conditions on
the potential W. Furthermore, we consider the situation where W is asymptotically
quadratic as |z| — oo, and also establish the existence and multiplicity.

Before stating our main results, we describe some properties of the weighted
Sobolev space E on which the variational functional associated to problem
will be defined. Let

E:={ucHRR"): / COa(t) 2 + (L(tyu(t), u(t))ldt < +o0},

where Q(t) is given in (1.5). Then E is a Hilbert space with the inner product and
norm

(u,v) = / @O (a(t), o(t)) + (L(tyult), o)t lul = (u,u)'/2.
R
Define
LP(e9®) .= {u : R — RVis Lebesgue measurable, |[ul, < +o0},
where

1/p
pr:(/kqmmmwg L 2<p<too
R

Clearly, under (A3), the embedding of E < L?*(e?®) is continuous, and hence
there exists 7 > 0 such that
lull2 < llull, VueE. (1.6)

Definition 1.3. If (1.5 holds, then a solution u (€ E) of problem (1.1)) is called
a fast homoclinic solution.

We use the following hypotheses:

(AT) There exist constants o, v € (1,2) and functions m € L%(eQ(t))7 h e
L7 (e2®) such that

VW (t,z)] <m(t)|z|°~ + h(t)|z]" ", V(t,z) € R x RY.
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(A8) There exist tg € R, two sequences {6,}, {M,} and constants a, 6, d > 0
such that 6, > 0, M,, > 0 and

lim §, =0, lim M, = +o0o,

n—oo n—oo
|| 2W (t,z) > M,, for |t —to| < d and |z| = 6,,,
|| 72W (t,z) > —a for |t —to| < d and |z| < 6.
Theorem 1.4 (Subquadratic case). Assume that (A3), (A7), (A8) hold and q(t)
satisfies (1.5). Then (L.1|) possesses at least one nontrivial fast homoclinic solution.

If moreover W (t, x) is even in x, then (L.1)) possesses infinitely many nontrivial fast
homoclinic solutions.

Remark 1.5. Comparing Theorem with Theorem [1.2] our condition (A8) is

much weaker than (A6), since (A6) implies lim,_o W‘z% = +o00 uniformly for
telJ.

Next we study the asymptotically quadratic problem. Let A := —d?/dt?> —
q(t)d/dt + L(t),

Wt ) = %(VW(t,x),x) _W(ta), V(t,z)eRxRY,

and denote the spectrum of A in L2(R,R") by o(A). We assume the following:
(A9) W (t,x) >0 for all (t,z) and VW (¢,z) = o(|x|) as  — 0 uniformly in ¢.
(A10) VW (t,2) = Loo(t)z+VR(t, z), where L (t) is a bounded continuous N x N
matrix-valued function and VR(¢, x) = o(|z|) uniformly in ¢ as |z| — oo.
(A11) lo := infyep |g)=1(Loo(t)x, x) > inf o (A).
(A12) v < B, where v := SUD |y >4, w20 | VW (t, 2)|/|z| for some o > 0.
(A13) Either (i) 0 & 0(A — L), or (i) W(t,z) > 0 for all (t,z) and W (t,z) > &
for some 0y > 0 and all (¢,x) with |z| sufficiently large.
From conditions (A9)—(A13) we infer that for every ¢ > 0, there exists C: > 0
such that

VW (t,z)| < ela| + CclaP~, (1.7)
[W(t,z)| < €|l’|2 + Celz|? (1.8)

for all (¢,z) € R x RN, where p > 2. Let m denote the number of eigenfunctions
with corresponding eigenvalues of A lying in (0,ly). We have the following theorem.

Theorem 1.6 (Asymptotically quadratic case). Assume (A3), (A9)—-(A13) hold

and q(t) satisfies . Then possesses at least one nontrivial fast homoclinic
solution. Moreover, if W (t,x) is even in x, then possesses at least m pairs of
nontrivial fast homoclinic solutions.

The rest of this article is organized as follows. In Section 2 we introduce some
preliminary results and prove Theorem Section 3 is concerned with the asymp-
totically quadratic case and the proof of Theorem is complete. Finally, we give
two typical examples to illustrate our results.

Throughout this article, we denote by ¢ and ¢; (i = 1,2,...) various positive
constants, which may vary from line to line. “—” (resp. “—”) denotes the strong
(resp. weak) convergence.



EJDE-2019/43 FAST HOMOCLINIC SOLUTIONS 5

2. PrROOF OF THEOREM [1.4]
Lemma 2.1. Ifu € E, then

[ulloo < ﬁliﬂlull = \/;W(Aewuu(t)ﬁ + (L(t)u(t),u(t))]dt)l/z,
€p €p

where ||ul|o = ess,sup;cg [u(t)| and ey = e™M{QOFER}E

Proof. Fix t € R. For each k € N, we have
|wn=ézwammw+ww,|Wﬂ=[g@$wmwﬂwwn

Thus

t

ﬂWW§A2W$Mm®+/2W@W@W+MWPHM%W

—k

k
< /k2lu(S)IIU(8)IdS+IU(k)\ + |u(=F)[%.

Letting & — oo, we obtain

w(t)]? u(s)||u(s)|ds

I@NSAIUHUM
Siﬁé@@ﬁﬂ%@m@
si%AWMW+u@mammws

1 eQ(t) 1)82 Suls). uls .
s [ O TP + (Esyuts) )] a

<
for every t € R, where ey = e™™QM*ER}  Thig completes the proof. O

We remark that the above lemma was stated in [5] without proof. We include
its proof here for the readers’ convenience.

Lemma 2.2. Suppose that (A7) is satisfied and u,, — u in E. Then

VW (t, un) — VW (t,u) in L*(e2®). (2.1)

Proof. By the properties of the functions m and h, we have that for every € > 0,
there exists T, > 0 such that

2—y

(/ QO] =) < VE, (/ QW [h()|dt) T < VE
[t|>T

[t|>T.
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Hence, using (A7), the boundedness of (u,) and Holder’s inequality, we obtain

/ QO (£, 1) — VIV (¢, ) 2dt
[t|>T:
< [ RO m)ual ) ) a7 ) P
[>T
<af O a7 i
[>T

+4 / QDR (1) (fun Y2 + [u[>7~2)dt (2.2)
[t|>T
2—0o
<4 (/ eQ(”m(m*“‘“) (ltn 272 + [uf]22)
[t|>T:

2=y
+4 ( / eQ<t>|h<t>|22~dt> (o (T
|t|>Te

< ce.

It follows from the boundedness of (u,,), Lemmal[2.1]and the dominated convergence
theorem that

/|<T COITW (t,u,) — VW (t,u)|?dt — 0 asn — oo,
t|<Te
which, together ;ith , shows that holds. [l
Consider the functional ¢ defined on (E, || - ||) by
ol = 5l = [ COWu(e)i
It follows from (A7), and the Holder inequality that
/ReQ(t)W(t,u)dt < /ReQ(t)(m(tW + () |ul)dt

2—o

¢ = dt) eV "
- (/Reczw\m(m dt) (/R A0 u(t) 2at (2.3)

2\ /2

+( / QO] dr) T ( / QOL(r) )’
R R
< 7% lmll 2l + 7 [l o ful

Hence ¢ is well defined. In addition, we have the following lemma.

Lemma 2.3. Let (A3) and (A7) be satisfied. Then ¢ € C*(E,R) and
(@' (u),v) = /ReQ(t) (@), o(8)) + (L(t)u(t), v(t)) — (VW (¢, u(t)), v(t))]dt

for all u, v € E. The critical point u of ¢ is a classical solution of problem (1.1)
with u(+o00) = 0.

Proof. In view of Lemma and ((1.6), the proof is standard and we refer to
hel 0

We shall use the following two propositions to prove Theorem [1.4]
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Proposition 2.4 (see [13]). Let E be a real Banach space and ® € C*(E,R) satisfy
the (PS) condition, i.e., (u,) C E has a convergent subsequence whenever {®(uy,)}
is bounded and ®'(u,) — 0 asn — oo. If ® is bounded from below, then ¢* = infg ®
s a critical value of ®.

To prove the existence of infinitely many homoclinic orbits, we require the new
version of symmetric mountain pass lemma by Kajikiya (see [I1]). Let F be a
Banach space and

I':={A C E\{0} : A is closed and symmetric with respect to the origin}.
We define I'y, := {A € T': v(A4) > k}, where
v(A) :=inf {m € N: 3h € C(A,R™\{0}), —h(z) = h(—2z)}.
If there is no such mapping h for any m € N, we set v(A) = +oc.
Proposition 2.5 (Symmetric mountain pass lemma). Let E be an infinite dimen-

sional Banach space and ® € C*(E,R) be even, ®(0) = 0 and satisfies the following
conditions:

(i) @ is bounded from below and satisfies the Palais-Smale condition (PS).
(ii) For each k € N, there exists an Ay € T'y, such that sup,c 4, ®(u) <O0.
Then either one of the following two conditions holds:

(1) There exists a sequence {ur} such that ®'(ur) = 0, ®(ug) < 0 and {ux}
converges to zero.

(2) There exist two sequence {ur} and {vi} such that ®'(ux) =0, ®(u) =0,
up # 0, limg_ooup = 0, &' (vg) = 0, (vg) < 0, limg_yoo @(vy) = 0 and
{vr} converges to a non-zero limit.

Remark 2.6. From Proposition we deduce a sequence {uy} of critical points
such that I(ug) <0, up # 0 and limy_, o0 ux = 0.

Lemma 2.7. Let (A3) and (A7) hold. Then ¢ is bounded from below and satisfies
the (PS) condition.

Proof. By (2.3), we obtain
1 (o8 o
(u) = Sllul® = (7 lmll 2l + 7 [1A] 2 [lel])
for all u € E. Since o, v € (1,2), it follows that

o(u) = 400 as |lul]| = oo. (2.4)

Hence ¢ is bounded from below.

Let (uyn) C E be a (PS)-sequence of . From (2.4)), we know that (u,,) is bounded,
and then, passing to a subsequence, u,, — u in F for some u € E. By Lemma
we have

llun — U||2
= (¢ (un) = ¢'(u), un —u) + / QO (VW (t,un) — VW (t,0), un — w)dt
R
<N’ ()l llun — ull = (@' (w), upn — )
1/2 1/2
+ (/eQ(t)WW(t,un) VW (1, w) ) (/eQ<t>|un—u|2dt) 50
R R

as n — o0o. Therefore the (PS) condition holds. O
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Proof of Theorem[1.} (Existence) Lemmas [2.3] and 2.7 enable us to apply Propo-
sition to o to get a critical point u* such that p(u*) = infg . Now we show
u* # 0. Without loss of generality, we set to = 0. Choose ug € (Wy>(J) N E)\{0}
with ||ugllee < 1 and |ug(t)| = 1 for t € [—d/2,d/2], where J = [—d, d]. Hence, for

¢ €(0,6) (6 is given by (A8)), we obtain
2
p(Gun) = ol = [ eQOW(, Cunh
R
2
= 3 lluoll* — / QW (t, Cug ) dt
J

<2 d/2
< Sl = [ COWt Cun)dt + ag? [ Q0 gy
2 —d/2 I\[=d/2,d/2]
by (A8). Substituting ¢ = d,, and noting that |5, uo(t)| = oy, for ¢t € [—d/2,d/2], we
obtain

o ( lluol? Q) " o
o(dnug) < 65 (7 +a e“\Mdt — M, e dt).
2 I\[=d/2,d/2] —d/2

Since d,, — 0 and M,, — 400, we can choose ng > 0 large enough such that the
right side of the above inequality is negative. So

p(u”) < W((SNOUO) <0,

which implies that u* # 0. Hence u* is a nontrivial homoclinic solution of problem
[L1).

(Multiplicity) From Lemmas and the evenness of W, we know that
¢ € CY(E,R), satisfies the condition (i) of Proposition and o(—u) = p(u). Tt
remains to verify that condition (ii) of Proposition is satisfied. We adapt an
argument in [11].

For simplicity, we assume that tp = 0 in (A8). For arbitrary k& € N, we shall
construct an Ay € I'y satisfying sup,c 4, ¢(u) < 0. Divide [—d,d] equally into k
closed subintervals and denote them by I; with 1 <4 < k. Setting a = 2d/k, then
the length of each I; is a. For 1 < ¢ < k, let t; be the center of I; and J; be the
closed interval centered at t; with length a/2. Choose a function ¢ € C§°(R,RY)
such that |£(t)| = 1 for t € [—a/4,a/4], £(t) =0 for t € R\[—a/2,a/2] and [£(t)] < 1
for t € R. Now for each 1 <7 < k, define &; € CSO(R,RN) by

&it)y=¢t—-1t;), tekR

We see that
supp&; C I;, supp& Nsupp&; =0 (i # j), (2.5)
&) =1 (te€ J;), and |§(t)] <1 (t €R). Let
Vk:{(sl,SQ,...,sk)Gszlrgxgxk|si|:1}, (2.6)
k
Wy = {Zsi&(t) 2 (81,82, --,8k) EVk}. (2.7)
i=1

Since V}, is homeomorphic to the unit sphere in R* by an odd mapping, we obtain
v(Vi) = k. Besides, v(Wy) = v(Vi) = k because the mapping (s1,$2,...,8k) —
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Zle $;€;(t) is odd and homeomorphic. Noting W}, is compact, there exists Cy > 0
such that

lu|| < Ck, Yue€ Wyg. (2.8)
For 0 < ¢ < ¢ (0 is the constant given in (A8)) and u = Zle si&i(t) € Wy, we
obtain

k
p(u) = glculP = [ @OW (13 i)

i=1

< CjC2 - zk:/ eQOW (L, ¢s:i(t))dt
=~ 2 k P Ii 9 15

by (2.8) and (2.5). Noting ([2.6]), there exists an integer ig € [1, k] such that |s;,| = 1.
Then it follows that

k
Z/, eCOW (L, Cs:,(t))dt
i=1 /1

/.]7;0

+> / cQOW (¢, Csi6i (1)) dt.
iio /L
By (AS8), one has
d
/ ePOW (L, Csin&iy (£)dt + H / eQOW (t,¢s:6(t))dt > —al? / et
Iig\Jig iio Y i —d
Combining this with (2.9), (A8) and the fact |(s;,&;, ()| = ¢ for t € J;,, we have

eQOW (t, €4y, (1)) dt + / eQOW (t, Csiy&i, (1)) dt (2.9)
Lig\Jig

2 d
p(Onu) < %”c,ima,% / e dt — / eQDW (t, 684, (1)) dt
—d Ji

2 d
< 53(% + a/ QW at — Mn/ eQ(t)dt).
—d Ji()

Since §,, — 0 and M,, — 400 as n — 0o, we can choose nj > 0 large enough such
that the right side of the last inequality is negative. Take

A = 0n, Wy.

Then we have y(Ag) = v(Wy) = k and sup,c4, ¢(u) < 0. Consequently, by
Proposition problem (1.1) has infinitely many nontrivial homoclinic solutions.
This completes the proof. ([l

3. PROOF OF THEOREM [L.Gl
It follows from (A3) and (1.7)) that the functional ¢ : E — R given by

1
() = ~[lull? — / COW (1, u)dt
2 R
is of class C', and

(' (u), v) =/ReQ(t)[(ﬂ(t),®(t))+(L(t)u(t),v(t))—(VW(t,U(t))w(t))]dt (3.1)
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for all u, v € E. The critical point u of ¢ is a classical solution of with
u(£o0) = 0.

We shall apply the following two propositions to prove Theorem The first
one is Rabinowitz’s mountain pass theorem which can be found in [14], and the
second is a result by Bartolo et al. [2, Theorem 2.4]. In the linking theorem it is
usually required that the functional ® satisfies the stronger Palais-Smale condition.
Nevertheless, the Cerami condition is sufficient for the deformation lemma, and
hence for the linking theorem to hold (see [2]).

Proposition 3.1 (see [14]). Let E be a real Banach space and ® € C*(E,R) with
®(0) = 0. Suppose that

(i) there are constants p, a > 0 such that ®|pp, > a;
(ii) there is an e € E\B, such that ®(e) < 0;
(iii) ® satisfies the (C) condition, i.e., (u,) C E has a convergent subsequence
whenever {®(uy,)} is bounded and (1 + ||un])||®' (un)]] = 0 as n — oo.

Then ® has a critical value ¢ > a given by

= inf P
€7 gerseo) (9(5)),

where I' = {g € C([0,1], E) : g(0) =0, g¢g(1) =e}.

Proposition 3.2 (see [2]). Suppose that ® € C'(E,R) is even, ®(0) = 0 and
there exist closed subspaces Ey, Fs such that codim E; < oo, inf ®(E; N Sp) >«
for some a, p > 0 and sup ®(Es) < +oo. If ® satisfies the (C). condition for all
¢ € [a,sup ®(Es)], then ® has at least dimEy—codimE; pairs of critical points with
corresponding critical values in [, sup ®(Es)].

Next we give Lemmas [3.3] and [3.4] which ensure that the functional ¢ satisfies
the (C) condition.

Lemma 3.3. Assume that conditions (A9)-(A12) are satisfied. Then any bounded
(C) sequences of ¢ has a strongly convergent subsequence in E.

Proof. Let (un) C E be a bounded sequence such that {¢(uy)} is bounded and
(1 + lun]Dll¢" (un)]] — 0 as n — oco. We claim that for any € > 0, there exists
R. > 2t; (the constant to appears in (A12)) and n. > 0 such that

/ eQO|i, |2 + (L(t)tn, up)]dt < e for all R > R, and n > n.. (3.2)
[tI=R

Indeed, choose {g € C*(R, [0,1]) such that

~J0, [t{ < R/2,
Er(t) = {1, > R, (3.3)

and there exists ¢y independent of R such that

d Co
—&r(M)| < = teR. 4
Ser®] <D, Ve (3.40)
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Since ¢'(u,) — 0 and (u,) C F is bounded, we obtain, for any € > 0, there exists
ne > 0 such that

% > <30,(un)7 £RUn>

:/ @O [ty [* + (L(t)un, un)|Epdt + / ¥ (n, un)dt  (3.5)
R R

- / QO (VW (£, wn), wn)Er dt
R
for n > n.. It follows from (3.3)), (3.4) and (A12) that there exists R. > 2ty such

that
/eQ(t)‘émeun”dt < Cﬂ/ eQ(t)(|iLn|2 + |un|2)dt
R R Jr

. . e (3.6)
0
< E(Hunllz + [lunll3) < 753
and
‘/eQ(t)(VW(t,un),un)fRdt’ S'y/ QW |2epdt
R t|>R/2
<7 / QW (L), ) Epdt (3.7)
B Jit>ry2
<7 / QO (L(t)un, un)Erdt
B Jr

for R > R.. Thus, combining (3.5)-(3.7) implies
(1= 0) [ COinf? + (L0) ) et < =
R

for all R > R. and n > n.. Hence holds.

Since (uy,) is bounded, we may assume that, up to a subsequence, u, — u in
E for some u € E. To prove our lemma, it suffices to show that ||u,| — |lu| as
n — oo. From , we obtain

0(1) = (' (ttn), ttn) = (tin, 1) — / QO (T (£, ), ),

o(1) = (¢’ (un),u) = (Un,u) — /ReQ(t)(VW(t,un),u)dt.

So showing ||u,|| — ||u|| is equivalent to proving that
/ eCO(VW (t,up), up — u)dt = o(1). (3.8)
R
By (3.2), we have
|/ QO (VW (¢, un), un — u)dt|
[tI=R

< 'y/ eQ(t)|un||un — uldt
[tI>R

c/ eQ(t)|un|2dt+c/ QW 2dt
[tI=R [tI>R

E/ eQ(t)(L(t)un,un)dt—I—c/ QO |u2dt < ce
B Ju>r >R

IN

IN
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for all R > R. and n > n. large enough. This, together with the compactness of
the embedding E — leoc(eQ(t)), implies (3.8]). This completes the proof. O

Lemma 3.4. Suppose that (A3), (A9)-(A13) are satisfied. Then ¢ satisfies the (C)
condition.

Proof. Let (un) be a Cerami sequence of ¢. In view of Lemma it suffices to
show that (u,) is bounded. Arguing indirectly, assume that ||u,| — oo. Take
Wy, = Up/ ||tn||. Then |Jw,| =1 and there is w € E such that

w, = win B, w, —win L2 (e?Y), w,(t) = w(t) a.e. t € R, (3.9)
after passing to a subsequence. We claim that
w(t) + q(t)w(t) — (L(t) — Loo(t))w(t) = 0. (3.10)
In fact, for each v € C§°(R, RY), there holds
o) = D _ gy [ o0 OO0y g
[ | R [[un]|

Noticing that |VR(t,z)| < c|z| for all (¢, ), |VR(t, un(t))|/|un(t)] — 0 if w(t) # 0
and ||wy e < ( 260\/3)’1 for all n, we have

HUH
VR(t, uy,
< / o VRl
suppw | n| (312)
VR(t, uy,
S(/) +/‘ )QML—L——BIMWWt
suppypN{w=0} suppypN{w#0} ‘ ‘

—0 asn— o0,

by the dominated convergence theorem. It follows from the second limit of (3.9)
and Holder’s inequality that

‘/eQ(t)(Loo(t Wy, — w),1P)dt|
i

< c/ eQOw,, — w||tp|dt
supp

1/2 1/2
SC(/ emwmn_wgﬁ) (/ e@ﬂmﬁﬁ)
supp ¥ supp

— 0 asn— oo.
Combining this with (3.12) and (3.11)), we obtain

(w7¢) — lim Q(t) (VW(t un) ¢) dt
nooe Jy [[un|

= i [ OOt ) + T))

n—oo Jp [ |

= [ @Oty )
R
Therefore ((3.10) holds.

Jat
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For the function g given by (3.3)), we have
0(1) = <¢I(un)v£Run>
= / eQ(t)HunF + (L(t)un,un)]ngt =+ / eQ(t)éR(unaun)dt
R

R
- / OO (VW (L, un), wn)Erdt
R

which implies that

o(1) :/ReQ(t)HwnFJr(L(t)wmwn)]ngtJF/ReQ(t)éR(wmwn)dt
R Hun\l

Asin (3.2), by (A9) and (A12), for every e > 0, there exists R. > 2ty and n. > 0
such that

(3.13)
Epdt.

/ QO > + (L(t)wy,, w,)]dt < e for all R > R. and n > a..
[t>R
Combining this with (A3), we obtain
1
/ eQWw,, |2dt < f/ QO (L(t)wn, wy)dt < ce
[t|>R B Jit>r

for all R > R. and n > n.. This, jointly with the second limit of (3.9]), shows that
w, —w in L2(eQ®). (3.14)

Moreover, it follows from (A10) and the dominated convergence theorem that

|/ o (VR(t un),w dt|
Ju nll

w;éO ‘ n‘

as n — oo. Comblnlng this with ( -, - (with &g replaced by 1), (3.14) and
the Holder inequality, we obtain

[wy, — wl|®
= (Wn, wy) — (w,w) + o(1)
:/ Q(t) (VW(t U’n) wn)

[t

dt - / Q0 (L (t)w, w)dt + o(1)
R

< / ()1, W)t — / Q) (L (t)w, w)dt + o(1)
R
:/ —w),wn)dt—l—/eQ(t)(Loo(t)w,wn—w)dt+0(1)
R
< c(lwn — wll2flwnll2 + lwll2|lw, —w|2) +o(1)
=o(1),

ie., w, - win F and hence w # 0. This is a contradiction if (i) of (A13) holds.
Now we assume that (ii) is satisfied. Then W (¢,z) > 0 and there exists 77 > 0 such
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that W (t,z) > 6, whenever |z| > n. Thus there exists C; > 0 such that

Cl > SD(Un) - %(‘P/(Un)7un>

:/Remwe(vw@,un),un) —W(t,un))df

> 80/ W (t, u)dt
‘“n|277

> epdp meas{t € R : |u,(t)| > n},

and then o
meas{t € R : |u, (t)| > n} < ——,
€odo

where e is the constant appears in Lemma It follows form (3.10) and the
unique continuation arguments similar to Heinz [9] that w(t) # 0 a.e. t € R. Hence
there exist € > 0 and © C R such that |w(t)| > 2¢ in Q2 and Cy/(egdo) < || < +o0.
Since [|w, — W]l < (\/260\/5)71Hwn —w|| % 0, we obtain, for almost all n,
|wn ()] > € and hence |uy,(t)] > 1 in Q. Thus

C C
—L < measQ < meas{t € R : |u,(t)] > n} < —,
eodo eodo
a contradiction again. Consequently, (u,) is bounded in E. (]

Now we study the linking structure of . We arrange all the eigenvalues (counted
with multiplicity) of A in (0,lp) by 0 < p1 < po < -+ < piy < lo, and e; de-
notes the corresponding eigenfunctions, that is, Ae; = pje;, 1 < j < m. Set
E =span{ej,ea,...en}. Obviously,

i llullg < Jull® < pnllull3, Vu e E.
Lemma 3.5. If conditions (A3) and (A9) hold, then there exist p, a« > 0 such that
()] jjujj=p = @
Proof. By (A9), for any € > 0 (< 5/4), there exists § > 0 such that

VIV (t,x)| <elz|, VteR, |z| <0,

and then
(W(t,x)| <elz|?, VteR, |z <6
Hence, using (A3) and Lemma we obtain

1 2 € Q(t) 1 2
> — J— > -
o 2 gl = 5 [ L@ uat >
for u € E with [Ju|| < §v/2eqy/B. Taking p := §1/2e9y/B and «a := p*/4, we have
() |jul|=p > @ 0
Lemma 3.6. Suppose that (A3), (A9)—(A12) are satisfied. Then p(u) — —oc0 as
lu]]| = oo in E.

Proof. We suppose by contradiction that there exists a sequence (u,) C E with
|lun|| — oo such that ¢(u,) > —a for some a > 0. Take v, = wuy,/||u,||. Then
|lvn] = 1 and there is vg € E\{0} such that

Up = vo in E, v, — vy in L?(e20), vn(t) = vo(t) a.e. t € R,
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Since
[[voll* — / 9N (Lo (t)vo, v0)dt < [Jvoll> = lollvoll3 < pmllvoll3 — lollvoll3 < O,
R

there is L > 0 such that

L L
1- / e (Lo (t)vo, vo)dt = |Jvo]|*> — / e (Lo (t)vo,vo)dt < 0.  (3.15)
-L -L

From (A9) and (A12) it folows that |R(t,z)| < c|z|? for all (¢, ), and that
R(t, un(t))/[un () — 0

if ug(t) # 0. Hence, using the dominated convergence theorem and the fact ||v, |00 <

( 260\/5)_17
L L
t n . tv n
lim eQ(t)R(’iuQ)dt = lim eQ(t)R(iuz)h)ant =0. (3.16)
n—oo J_p, [[en | n—oo J_p, |t
Consequently, (3.16)), (3.15) and (A9) imply that
0< lim Pl
n—oo [[un|?
1 [T
= lim [f f/eQ(t)iw( ’UQ)dt}
noo 12 Jp [[un |
1 L W (t, up
< lim (,_/ BQ(t)MWszt)
2T L TP
11t
< - — f/ eQ(t)(Loo(t)vo,vo)dt <0,
2 2/,
a contradiction. O

As a special case, we have the following lemma.

Lemma 3.7. Suppose that (A3), (A9)—(A12) are satisfied. Then there is e € E
with |le|| > p such that p(e) < 0.

Proof of Theorem[1.6. (Existence) Lemmas and yield that ¢ possesses the
linking structure, and the (C) condition is satisfied by Lemma Hence, using
Proposition we know that ¢ has at least one nontrivial critical point.

(Multiplicity) Take E; = E and Ey = E. Assume that W is even in z, then
@ is even. Lemma says that ¢|z < +00. Therefore, ¢ has at least m pairs of
nontrivial critical points by Lemmas [3.4] [3.5] and Proposition [3.2] O
4. EXAMPLES
Example 4.1. Consider the second-order system
i(t) 4 2ta(t) — L(t)u(t) + VW (tu(t)) =0, teR, ueRY, (4.1)
where L(t) = (1 +t?)Iy, I denotes the unit matrix of order N and

—t2 | o in2 (1
Wt z) = [tle™"" |z|* sin (\z|5>’ z #0,
’ 0, z=0,
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¢ > 0 small enough and « € (1 +¢,2). A direct calculation shows that

2],

||

1
VW(t,z) = |t|e_t2 [a|z|* 2z sin® (‘ E
x

) — elz|* Pz sin (
for all (t,x) € R x RN, So it is easy to check that W satisfies (A7) and (A8) with
0 ¢ [to — d,to + d], m(t) = h(t) = [t]e™",
2 1/ 2n + 1)\ ===
Op = (7) E, M, = min |t|e*t2 (7( nt )W) .
(2n+1)w [t—to|<d 2

Hence Theorem [I.4] applies. However, it does not satisfy Theorem [I.2] because
(A6) fails.

Example 4.2. Consider the second-order system
i(t) + q(t)u(t) — L(t)u(t) + VW (t,u(t)) =0, VteR, ueRY,

where L(t) = In(¢? + )1y, q € C(R,R), Q(t) i= [ g(s)ds with limyy| o0 Q(t) =
+o00 and )

In(e + 1)
Here a € C(R, (0, 1]) with inf;eg a(t) > 0. A simple computation yields
1 ) n a(t)|2x|x

In(e + |z|) (e + |z]) In“(e + |z|)

W(t,z) = a(t)|x|2<1 - ) V(t,z) € R x RV,

VW (t,z) = 2a(t)1:<1 -

and
= a(t)|z|®

W(ta ‘T) = 2
2(e + |z[) In"(e + [z])
for all (t,7) € R x RY. Therefore, it is easy to see that conditions (A9)—(A13) are
satisfied, and Theorem [I.6] applies.
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