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LP-L9 ESTIMATES FOR DAMPED WAVE EQUATIONS WITH
ODD INITIAL DATA

TAKASHI NARAZAKI

Dedicated to the memory of Professor Tsutomu Arai

ABSTRACT. We study the Cauchy problem for the damped wave equation. In
a previous paper [I6] the author has shown the LP-L9 estimates between the
solutions of the damped wave equation and the solutions of the corresponding
heat equation. In this paper, we show new LP-L9 estimates for the damped
wave equation with odd initial data.

1. INTRODUCTION
Consider the Cauchy problem for the damped wave equation
02— Au+2a0u =0, (t,x) € (0,00) x R™ (1.1)
with initial data
u(0,2) = po(x), Owu(0,z) =pi(x), =€ R", (1.2)

where a is a positive constant, 0, = 0/0t, 9; = 0/dz; for j = 1,2,...,n and
A = 02 + ... + 92 is the Laplace operator in R". Here and after we denote
0% =07 ...09 and |a| = a1 + - - - + o, for a multi-index of non-negative integers
a=(ay,...,an), and Vh = (O1h,...,0,h).

Several authors have indicated the diffusive structure of problem f as
t — oo; see for example [I] [7, 10, 2], [16] 17]. Recently the author has shown the
LP-L7 estimates of the difference between the solution of problem 7 and
the solution of the corresponding heat equation

2001 — Ap =0, (t,z) € (0,00) x R" (1.3)
with initial data
?(0,z) = po(x) + p1(x)/2a, x € R™. (1.4)
We use the standard function spaces LP = LP(R"), LP = HS and Hy =
Hy(R") = (1 - A)~*/2LP equipped with the norms

1 ey = 1Fllsp = IF 7L+ 1EP) 2 )y
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where || f||, denotes the usual LP-norm. F denotes the Fourier transformation:

ENO=F©O =" [ i@

F~! denotes an inverse of F, and * denotes the convolution with respect to x;
(fxg)@)= | [flz—y)gy)dy.
RTL

Let X; N---N X, be the normed space equipped with norm | - || x,n..nx,, =
I-llx, + -+ |llx,, for normed spaces Xi,..., X, and let [u] denote the greatest
integer that does not exceed p.

To illustrate the decay profiles of problem (1.1)—(1.2) we set wo(x) = @1(z) =
71 ...xqexp(—alz|?/2), where d € [0,n] is an integer. Let u and ¢ be the solutions

of problem (|1.1))—(1.2) and problem (|L.3)—(1.4)), respectively. Since

—n/2—d alz/?
o(t,x) = (1+1/2a)(t +1)""/* %2y .. xgexp (—

2(t+1))’

it follows that
l(t, ), = C(1+ ) /20=YP)=d/2 " 1 < p < 00,t > 0.
Hence, Theorems below show that
Cr(1+ ) =P =d/2 <yt )|, < Co(1 + ) ~/20-1/p)=d/2 (1.5)

for any p € [1,00] and sufficiently large t > 0, where C~'1 and C~'2 are positive
constants that depend only on n, d, p and a. When d = 0, indicates that
the optimal decay rate of LP norm of the solution to is (14 t)~"/20=1/p)
as t — oo. When d > 1, also shows that the solution decays faster than
solutions with general initial data. This faster decay seems to be caused by the fact
(0/0€)“u(t,0) = 0 for |a] < d. When the initial data are odd in the sense of
below, the solution u of satisfies (0/0¢)“u(t,0) = 0 for || < d. Hence, we
may expect a new LP-L? estimates of the solutions of problem —, when
initial data are odd.

The aim in this paper is to show the new LP-L? estimates to the solutions of

problem (1.1)—(1.2)), when the initial data (¢q, 1) are odd in the sense of (1.6).
These new LP-L? estimates imply the new decay estimates to the solution of prob-

tem (L) (D).

Let d € [1,n] be an integer, and = = (2/,2") = (x1,...,2d, Td+1,---,Tn). A
function f(z) defined on R™ is said to be odd with respect to ' when it satisfies
fley,..,—zj,. o xn) = —f(z1, ..., x5, ., 2n), ((=1,...,4d). (1.6)
Define the weight function P(-) by
Pla) =1 +a)2 o (1+ad) 2 (1.7)

Our first result is as follows.

Theorem 1.1 (Estimate of the low frequency part). Let 1 < ¢ < p < 0o, € > 0,
and let b > 0 be constants. Let v be the solution of (1.1) with initial data

v(0,2) = vo(z), Ow(0,z)=vi(x), =x€ R"
Let V' be the solution of with initial data
V(0,2) = vo(x) +vi(x)/2a, z€ R".
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Assume that the function v; is odd with respect to ' and it satisfies
P()v; € L%, supp®; C {& (¢l < b} (i =0,1).

Then, for any 0 € [0,1], for a multi-indez o = (a1, ..., a,) and for a non-negative
integer k, the following estimates holds:

IP(-)°0F g (u(t,-) = V(E, )l
< O(1+ t)7 e =lal 20822 P(Juglg + | P(vilg)

for some constant C = C(p,q,€) > 0, where §(p,q) = 1/2q —1/2p. When 1 < g <
p<oo,p=occandq=1 orp=q=2, we may take ¢ = 0 in the above estimates.

The decay property of the solution to ([L.3) with odd initial data (Proposition
below, see also [13]) shows the following estimates.

Corollary 1.1. Under the assumptions of Theorem |1.1
1P() F a5 u(t, )y < C(L ) 0w lel2=k=0=042 (P (g | + (| P(Jva ).
Similar arguments to ones in [16] give the following estimates.

Theorem 1.2 (Estimate of high frequency part). Let 1 < ¢ <p < oo and § =0, 1.
Assume that P(-)%w; € L9, suppw; C {&;|¢] > 2a} fori = 0,1. Then the solution
w of with initial data

w(0,z) = wo(z), Ow(0,z) =wi(z), ze&R"
satisfies
1P()? (w(t, ) — e F~H(Mo(t, ) @o + Ma(t,)@n))ll,
< Cp, )™ (1L + N (IP() wollg + [1P() willq)

for some constant N = N(n) > 0 and C(p,q) > 0, where

1 : (D)% ok ey2e
e — t|€ tFO(¢
/€2 — a2 (sm | |0§k<(zn—l)/4 (2Kk)! ©)

(-1)F
e 3 A o)
0<k<(n—3)/4

Kk
Mot —eostle] Y Cetere
0<k<(n+1)/4 ’

Ml(t7€) =

. —1)k
dsinde] 3 G oM i (ne)
0<k<(n—1)/4 ’

and ©(8) = O([¢]) = [¢] — VI¢* —a®.

Corollary 1.2. Let m = [n/2] and max(0,1/2 — 1/2m) < 1/p < min(1,1/2 +
1/2m). Under the assumptions in Theorem the following estimate holds;

IP() w(t, )llp < Ce=*2(IP() woll1p + |1 P() wrllp).
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2. PRELIMINARIES

In this section we state the preliminary results necessary for the proofs. J,(s)

is the Bessel function of order u. We shall denote ju(s) = J,(s)/s* according to
Levandosky [9]. Here and after we denote g(s) = O(|s|?) when |g(s)| < C|s|° for a
constant o.

Lemma 2.1 ([9, [16]). Assume that p is not a negative integer. Then it follows
that:

(1) s (s )= Tu=1(s) = 21T (s).
2 J ( —sJup1(s).

(3) J_1/2 = /5 coss .

(4) If Rep is fized, then

|[Tu(s)| < Cemtm HL (1] < 1),

Ju(s) = Cs™ /2 cos(s — %T( - %) + O(eFtm ml|s|=3/2) (|| > 1).

(5) 12pTus1(rp) = — 25 Tu(rp) -
The following lemmas are well-known.

Lemma 2.2 ([I8]). Assume that f € LP (1 < p < 2) is a radial function. Then

f@)=c / g Tas(alp) o, gl = FGO).

Lemma 2.3 (Young). Let 1 < ¢ < p < oo satisfy 1 —1/r = 1/q — 1/p, then the
following estimate holds for any f € LY and g € L":

I1F* gllp < Cll.fNlqllgll--

Lemma 2.4 (Hardy-Littlewood-Sobolev). Let 1 < ¢ < p < oo satisfy 1 — 1/r =
1/q — 1/p. Assume that |g(x)] < Alz|~™/", where A is a constant. Then the
following estimate holds for any f € LP:

I1f *glly < Clp, ) All fllg-

3. ProOOF oF THEOREM [I]]
Let V' be the solution of the heat equation
2a0;V (t,x) — AV (t,z) =0, t>0,z € R" (3.1)
with initial data
V(0,2) = Vo(z), =€ R" (3.2)

Assume that the function Vj is odd with respect to 2’ and Vy € L9 for some
1 < g < oo0. Then, V(¢,-) is also odd with respect to z’. Arguments similar to
those in [I3] and [I6] give the following result.

Proposition 3.1 (Meier [13]). Let 1 < ¢ <p<00,0<60,...,04 <1 andb >0
be constants. Assume that Vy is odd with respect to ', P(-)Vy € L9 and Vo(€) = 0
for |€] > b. Let V be the solution of the Cauchy problem 7. Then, for
t >0, V(t,-) is odd with respect to ' and V (t,£) = 0 for |£] > b. Moreover, for any
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multi-index of non-negative integers o = (o, ..., an) and for any integer k > 0,
the following estimates hold;

(1 +2)" /2 (L ad) 2ofag v (e, )|l

< C(1 4 t)"M PO =k=lal/2=(0=00)/2==1=00)/2|| ()Y |,

where 6(p,q) = 1/2q — 1/2p.

Choose a function x; of class C* satisfying x1(p) = 1 for p < a/2 and x1(p) =0
for p > 2a/3. Define the functions ©; and g by

O1(p) = o , (33

B 2a(a + +/a? — p?)?

g(t,p) = (exp(~1O1(p)) — 1) exp (- %)- (3.4)

Here and after we denote x1(£) = x1(|€|) and g(t, &) = g(¢,|£]). For the proof of
Theorem (1.1} we need the following lemmas. Let Z be the set of all multi-indices
a=(ai,...,op)satisfyinga; =0, 1for j=1,...,dand a; = 0 for j = d+1,...,n.

Lemma 3.1. Let1 < g <p<o0 andb >0 be constants, and let x11 be a function
of class C™ satisfying x11(§) = 0 for |£| > b. Then, the estimates
IPOF (xuh)lly < Cosup >~ (98X (E)IIIP()hllg
£ jal<ntd+

hold for any h satisfying P(-)h € L1.

Proof. Since P(x) < C1 ), o7 2% < CoP(x) and F(z* f)(§) = cadg f(€), it follows
that

IPOF )y <Y e F  xanh)ll, <6 > 1F 19 x110h) .

a€l a€l B+y=«
(3.5)
Since (1 + |=|)~ (™) € L' and supp x11 C {€ : €] < b}, it follows that
1771 @iz < CIA+ ) F @ xa) oo
<C > 1ogadxa
la<nt1
<Csup Y [920¢x11(8)].
jof <nt1
Hence, for any f satisfying |3| < d,
177 @ xa)llpinpe < Csup Y [9Exa(€)]: (3.6)
la|<n+d+1

Since
F O x1107h) = cF 10 x11) * F1 (97 h),
IF=H@¢)lg < CIIP(R]lg: v €T,
Lemma and estimates (3.5)—(3.6) give the desired estimate. a
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Note that the function

1

It2) = 7 (aglt @) = G2 [ e Sa(@ae.e) de

is a radial function and belongs to S(R™) for any ¢ > 0.
Lemma 3.2. For any t > 0, the following two estimates hold
sup [I(t,z)| < C(1+t)~"/271, (3.7)
sup [(1 4 |z))"T21(t, )| < C(1 +t)~3/4. (3.8)

Proof. We prove only the case where n = 1. For the proof when n > 2, see [16]
Proposition 3.1]. Since

I(t,z) = \/z/ooo x1(p)g(t, p) cos plz| dp (3.9)

and
4 tp?
lg(t: p)| < Ctptexp (= =), (0<p <2a/3),
easy calculations show that

2a/3 tp2
|I(t,x)|§C/ tp4exp(—4—)d,0§0(1+t)_3/2.
0 a

Thus we have proved estimate (3.7). Since

1
cos ple| =~ ()7 cos .
Using integration by parts in (3.9)),
c [, 0 C _
Il < 5 [l ol de< a0 @0
x? Jy I x

where we have used
dg 0%g
— (¢ —(t < - < p<a).
Iap(,p)lﬂapQ(,p)l_Cexp( —), (0<p<a)

Estimates (3.7) and (3.10) show that

C
I(t,z)] < 141)712,
1(t,2)] < 15 (141
Therefore,
1 C
It,z) <O +t) 2V —— 1 +1)7V2)P < — (1 +1)7%/4
10,2)) < C(L+ ) (L) < o ()
Thus we have proved estimate (3.8]). O

Lemma 3.3. Let 1 < q < p < oo, and let k be a non-negative integer. Then
1O I(t,) * fllp < C(L+ )" PO=E=TR| £l ¢ >0

for any € > 0, where C = C(p,q,¢,k) >0 and §(p,q) = 1/2q — 1/2p. We may take
e=0whenl<g<p<oo,p=occandq=1orp=q=2.
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Proof. Consider the case where k = 0. Lemma [3.2] shows

I165,) = Flloe < A+ . (3.11)
Since
2 1 C
K ©9t.9)] < Cha@llettes (- 50 < Cmin(, < 1
it follows that
() # £l < Clhagn ()T < OO+ )7 (3.12)

Set r € [1,00] by 1 — 1/r = 2§(p,q), and set § = 2n/((2n + 1)r) € [0,1), then
Lemma [3.2] shows

[I(t, )| = [I(t,2)|°[I(t,z)|" 0 < C(1 + )o@ =L |g|n/7,
Hence Lemma [2.4] show
I1(t,) * fllp < C(L+4) @O £l (1< g<p< o). (3.13)

Since Lemma also shows |I(t,2)| < C(1+t)~ (1 +|z|) " 2¢ for 0 < e < 1/4,
it follows that

I1(t,)lh < Cle)t+1)7H, (0 <e<1/4).
Therefore, Lemma |2.3| gives
11(t,) * flly < CA+ )| fllp, (1< p<o00). (3.14)
Estimates (3.11)—(3.14)) give the desired estimate when k = 0.
Now consider the case where k > 1. Easy calculations show that
~ ~ &%t
OT(4.€) = 16 (B (O1(1.9) + Bea(@lePa@exp (- BL). 3.15)

where By 1, Bi 2 € C™ satisfying By 1(§) = Bg2(§) = 0 when [£] > 2a/3. Since
F 1By € S(R") for i = 1,2, the well-known estimate

_ £t b (pa)—h—
17 (1P e (~ S Pl < €0+ =051 gy,

hold for 1 < ¢ < p < co. Hence, the estimates when & = 0 and (3.15) give the
desired estimate in the case where & > 1. O

From Proposition [3.1] and Lemma [3.3] we obtain the next lemma.

Lemma 3.4. Let1 <q¢<p SAoo, 0<0<1 ande>0. Assume that f is odd with
respect to &', P(-)f € L9 and f(§) =0 for €| > a/2. We set

o~ 2 o~
i) = e (~ S0 7)., 120

Then, for any integer k > 0 and a multi-index «, estimates
1P OF O (I(t,-) * h(t, )l < C(1 A+ t) o= hlal2=0=0d2=14e (o £

hold, where C = C(p,q,¢€,k,a) and 6(p,q) = 1/2q — 1/2p. In the above estimates
we may take e =0 when 1 <g<p<oo,p=ocandq=1orp=q=2.
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Proof. Consider the case where § = 0. Since
OfoL(I(t, )« h(t,x)) = > clky, ko)Of I(t,x) 0202 h(t, ),
ki1+ko=k
Proposition [3.1] and Lemma [3.3] show that
H(‘)fag‘j(l(t, ) H;D <C Z +t —nd(p,q)—k1— 1+e||8k28a ( )”q
k1 +ka=k (3.16)
< C(1 4 t)~dPa)—k=lal/2=d/2=14e) p(y £l

Thus we have obtained the desired estimate when 6 = 0.
Now we show the estimate of ||P(-)I(t,-) * h(t,-)|,. Easy calculations show

18]
X1(§)0% (exp (—101) — 1) = €7 " ct? €270 W ([¢[*) exp(—tO1),  (3.17)

Jj=1

for € T with |8| > 1, where o(j, 8) = max(2j — |8|,0) and ¥; is a function of
class C* satisfying ¥, (|¢]?) = 0 for |¢|*> > 2a/3 for j =1,...,|8],

2 2
8;’ exp (— %) = cthl¢7 exp (- %), (3.18)
for v € Z, and
2 2
exp(—tO1) exp ( — %) =g(t,&) +exp(— %) (3.19)

Let a € 7 be fixed. Since x1(§) = 1 on suppﬁ(t7~) for any t > 0, (3.17)-(3.19)
imply

F@OI() « h(t. )
= Y connl€Daf exp(—101) ~ 1] exp (~ D) opie, ¢

B+y+u=a
- 18] (3.20)
= Z Cv,ufwthlg(tvﬁ)agh(t,ﬁ) + Z Zcﬁ,v,u,jflpw
YHp=o B+y+p=a,|p|>1 =1

< eGP+ (g(1, ) + exp ( — 2L ))M(t 3)
Hence, Propomtwnﬂ Lemma“ and ({3.20) imply

e I(t, )« bt lp < C Y (L4 )RR Ea e g i |,
Bry+p=a
<C Z (1+t)|B|/2+|7|/2*n5(p,q)71+6*(d*|u|)/2||p(.)f||q
Bty+p=a

< C(1+) PO P() £,
Therefore, we obtain the following estimate for 1 < g < p < oo

IPC)I(E,) * h(t,)llp < C(L+ )PP fl. (3.21)
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Since
FLO102(1(t,) % h(t, ) }E)
= (o (1 ma(©) + ma(O e exp (— B )i ¢

for some functions my and my defined on R™ of class C'*° w1th compact support,

estimate shows that
||P(~)555§?(I(t,-)*h( Nl < O+ )7 PO=a=lel 2=y p (3.22)
Since
1P()° 0702 (L(t, ) * h(t, )l
< |P(-)8] 05 (I(t,) = ht, -))IIZIIafaﬁ(I(t, )% b))~
for 0 < 6 <1, estimates and (3.22)) give the desired estimate. O
Proof of Theorem[I.1. The Fourier transformation of (I.1] . yields

sinty/|€]? — a?

o(t,€) = e“”(cost €12 — a?0o (&) + V1€ — a2

(alo(§) +01(€)))  (3.23)
for ¢ > 0. Since
= (=) osinyz o (—2)F
Vi) mnr gz X (<6

cost/|€2 — a2 and sinty/|£]2 — a2//|€]? — a® are smooth functions of (¢,€) in
R x R™, and they satisfy

cost\/[¢2 — a? = §: KF a®)*,

sint /€2 —a? & (_1)kt2k+1 L
VI - *Z; i e - et

First we consider the case where b > a/2 and supp 0o Usuppv; C {&;a/3 < [€] < b}
Since

02 (|¢* — a®)*| < C

k! .
i EIDIER = @1, ol <k,

it follows that

o sinty /€12 — a? o 5 5
|3£ (W)|+|6§ COSt\/‘ﬂ —Qa ‘

Z (*1)]6 t2k+1(|§|2—a2)k‘+
< 2k + 1)!

feY - (71)]c 2k 2 2\ k
> Ik (€7 = a”) (3.24)
k=0
< Ca(l + 21N (1 €]*) exp(t][¢[* — a?['?)
< Co(1 + 2o+ Y exp(atv/15/4),  a/4 < |€] < 5a/4, > 0.
From the estimates

108 VIEP = o2 + |08 (==

)| <Ca [§]=5a/4, |a|>1,

\/I£\2
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we obtain

sint 2 —a?
’3?(«wﬁJf[.wz>!++8?costv4£P-—a2|szca<1+-ﬂﬂ> (3.25)

for t > 0 and || > 5a/4.
Choose a smooth function xi12 satisfying x12(£)v;(§) = 0;(§) (¢ =0,1) and

supp x12 C {€ : a/4 < [¢§] < b+ 1}. (3:24)—(3.25) and Lemma [3.1] with
sinty/[€]? — a?

e —a

x11(€) = x12(§) costy/[€]? — a2, x11(§) = x12(§)

give the following estimate
sinty/[€|? — a?

VIEP? —a?

< Cp(1+ > 2E3(IP(vollg + 1P (Jvillq)
for t > 0 and 8. Since 0(t, &) = x120(%, &), (3.23)) and (3.26)) shows
IP()oZv(t, )y < Coe ™ (IP(Ywollg + I P(uillg), >0 (3.27)

for 1 < ¢ < p < oo, where A = (4 — v/15)a/5.
Set vi(t, z) = OFv(t,z) for k =0,1,2,.... Then vy(t,x) satisfies

1P()2LF iz (cos /€7 — a?oy + (ato + 1)) Iy

(3.26)

O (t, ) + 2avi(t, ) = Avg—1(t,x), vg(0,2) = 8;%(0793), t>0,2¢€ R",

hence

¢
vk (t, x) = e 2 (0, 2) —|—/ e 2D Ay (r,2)dr, t>0,z€R" (3.28)
0

for k =1,2,.... Moreover, it satisfies 0(0,£) = 0 for |[¢] > b, and

1P()07v1(0,)llg < Crp(IP(Jvollg + I1P(uilly) 1< g < oo, (3.29)
for k =1,2,.... Therefore, (3.27)— (3.29)) show
P00 v(t o < Crge™ (IIP(Yvollg + [1P(vallg), ¢ >0 (3.30)

for 1<g<p<oo, k=0,1,2,... and 8. Since 9;(§) = x12(§):(§) (i = 0,1), the
solution formula

V(tvf) = €xXp ( - !

) (80(&) + 5-01(6), 20,

t[¢]?
2a

shows that V(t,€) = x12V (t,€). Hence, the similar arguments to the above esti-
mates and Lemma [3.1] shows

1P()0r a7V (¢, )p < Crge M (IP(vollg + [ PC)urllg), >0 (3.31)

for 1 <g<p<oo, k=0,1,2,... and . Since P(z) > 1, (3.30)—(3.31) give the
desired result in Theorem in the case where b > a/2 and supp 9y U suppv; C

{€:a/3<]¢l <0}

Now we consider the case where supp vy U1 C {€ : |£] < a/2}. The solution
formula (3.23) shows that

8(4,6) = V(1,6 + 501(6,6) + $alt,) + Bo(1,6), (332)
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where
A R () + 1)
S1(8:6) =9t O e (= =) (06 + = =),
3a(t,) = exp ( — L P (€) 40(©) + % (€)
200 =0 (=) ST s )
. . — R ato (&) +01(€)
Ga(t:6) = g oxp (—at = 1/a P (O (0(0) ~ = ).

It follows that v;(§) = x1(&)v;(€) for i = 0,1, the function £ — x1(£)//a? — |£]? is
a radial function that belongs to S(R™), and the function v; (i = 0,1) is odd with

respect to z’. Hence the function
avy + U1 x1(§)
va? = [ va* —[¢?

is also odd with respect to 2/, and moreover, Lemma [2.3] shows

f_l(ﬁo—f— ):vo—i—c}"_l( )*(avo+v1)

avy + vy

va? = ¢

1P()F (@ + Mg < CUPCvollg + 1PC)vrllq) (3.33)

for t > 0. Set
~ 2 ~ ~
A9 = e (- G + ELLE) iz

Since ¢1(t,-) = cI(t,-) * h(t,-), Lemma[3.4 and estimate (3.33) show that
1P(-)°0EDg d1 (¢, )l
< C(1+ ) 0=kl 22002214 P (gl + (| P(-)oally)
fort>0,1<qg<p<ooandf=0,1. Proposition [3.1| and Lemma [3.1]| show
1P()0 005 dat, )l + | P(-) O O bt )l
< C(1+ )70 =hlal 22002214 (|| P (gl + (| P()orlly)
fort >0,1<¢g<p<ooandf =0,1. Hence, (3.32) and estimates (3.34)—(3.35)
O

give the desired estimate.

(3.34)

(3.35)

4. PROOF OF THEOREM

Let N be a positive integer. Then the function

w5 ()"
hn(y)=e¥ =) (4.1)
k=0
satisfies [0Fhn (y)] < Cly|N~F, for k € [0, N]. Let x2 be a radial function of class
C* that satisfies x2(§) = 0 for |¢] < 3a/2, and x2(§) = 1 for || > 2a. Here and
after we denote x2(p) = x2(pw) for p > 0 and w € R™, |w| = 1.
Define the function
Hy(t @) = F (x2()hn (t0())e ) () .
Then Lemma 2.2l shows that

iy(t.a) = [ el (O™ Torsalolel) dp. (12)
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Lemma 4.1 (cf. in [I6, Lemma 4.1]). Let N > n+1 and m = [n/2], then
(1) 1IN (t oo < CIY,
(2) MLy () < C(HY + [fYHm+2).

Proof. (1) Since |hy (tO(p))| < CltINO(p)N < CIt|N /pN, for p > 3a/2, Lemma
(4) and (4.2)) show the desired estimate

I N

IIy(t,z)| < C —__dp<C|tN.

[[In(t )l vaj2 PN p < Clt|
(2) Since

(L hy )] < ¥, (L)) < Cp?
dy - ’ dp -
for p > 3a/2 and 0 < k < N, easy calculations show
8 — —
I(afp)khzv(t@(p))\ <CPNpF N, (0<k<N,p>3a/2). (4.3)

The differential operator X defined by

Xo(t, p) = aﬁp(%v@, )

satisfies
k

XMw(t,p)p") = ejmdu(t, p)p! =T (4.4)
=0

Then ([E3) ([E4) read

(55 0 X Caalp (t0 (o) )| ™ =0 (45)

fori =0,1, 0 <k <mand 0 <! < 2. Hence, Lemma [2.1] (5), (4.2), ([4.5) and

integration by parts give

c > 7 n— 1 6
Iy () = / o) (100" ()T aalpla) dp

= ﬁ/o X (x2(p)hn (tO(p))e™ p" 1) T,y ja_a(plz]) dp,

when (n/2 —2) is not a negative integer. Repeating the above integration by parts,
we obtain

C
P

IIN(t,z) = /OOO X (x2(p)hn (t0(p))e™ p" ) Ty o1 ulplz]) dp,  (4.6)

where p = [(n — 1)/2]. In the case where n = 2m, equation (4.6) reads

In(t,2) =~y /OOO X" (xa(p)hn (tO(p)) o™ ) o plal) dp.  (4.7)

BERE

Lemma[2.1] (1) shows that

Jo(ple]) = 271 (plal) + p(a%)fl(p\wl),
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hence ([4.5)), (4.7) and integration by parts give

\Uzv(t )|
Z 2X i (e ) .
|:c|" D) X2(p)N P 1p Pl
Since Lemma (4 ) shows
~ . _ 3T _ _
|1 (pl]) = cp™*/*|| 732 cos(pla| — S =Cp 522 52,
estimate (4.8) and integration by parts show
[In(t )]
2
¢ k52 9 vk ym—1 itp n—1 (4.9)
< — —)F X hn (t© et d
< 2/ P X (e (Mot () ) d,
where we have used
1
cos(plz] - %”) 21 g Snlolel = 7).
Hence, estimate (4.4)), (4.9) and show

Since
Iyt ) = / IIx(t,2)| da + / IIx(t )| dz,
|z|<1

o] >1

estimate (£.10) and Lemma[4.1] (1) give the desired estimate in Lemma4.1] (2) when
n = 2m.
Now let us consider the case where n = 2m + 1. Since Lemma [2.1] (3) shows

= 1 0
J_1p2(plz|) = \/?COSPM =- gW(a—p)z cos plx|,
(4.4)—(4.6) and integration by parts give

c o0 . P 9
()| = ] [ X o) t© () ) (5 ) cos plal d
¢ 2 m itp n—1

= W/O ’(@p) X (x2(p)hn (tO(p))e™ p" 1) cos pl|| dp

S o e Y (L [,

(4.11)
Estimates (4.11)) and Lemma (1) give the desired estimate when n = 2m+1. O

Corollary 4.1. Let 1 < g < p < co. Under the assumptions in Lemma[{.1] the
following estimates hold;

I (t ) * gllp < Ol A+ 8™ 2)glly, g € L
Proof. Set r € [0,00] by 1 —1/r =1/q —1/p. Lemma [£.1] shows
Tt < T (I I T (8 15T < CRN (1 ™),
hence Lemma gives the desired estimate. ([
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Note that Corollary [.1] shows the following estimates:

Lemma 4.2. Let N >n+d+1,1<qg<p<ooand m = [n/2]. Assume that
f €L and supp f C {& €] > 2a}, then

1P()F ! (xahn (10) F)l|p < CIN (14 [H™ )| P £l
Proof. Let a € T be fixed. Since x2(£) = 1 on suppfA7
o (xahn (t0)e 417 ) |, = el F* (X208 (i (1)1 1) I

. ) 4.12
< Y 1 (et O a0 oL ), #12)
B+y+p=a

Easy calculations show

X2(E)Ohn(t0(©) = Y ct* Hp pr(§)hn—k(tO(€)) (4.13)
0<k<|B|
when |G| > 1, and
X2()07 e = " etFH, g o(E)e ! (4.14)
0<k<]|]

when |y| > 1, where

Hpr1() = x2(§) > 0 O(€) ... 9.+ 0(8),
Bt +B,=5,B11>1,....| Bx|>1
and

H,2(6) = x2(§) > 0" [¢]... O [€].
Fit A+ =7, 71121, Ak > 1
Since Hg 1, Hy k2 € C°(R") satisfying
10§ Hp 1,1 (€)| + 108 Hy k. 2(§)] < Cupy i

for any k, 8,7 € Z with |8] > 1 and |y| > 1 and any multi-index v, Hérmander’s
multiplier theorem(see [2] for example) shows that
1F = (Hp k1)l + I1F 7~ (Hy29)lp < Covprllglly (4.15)
for 1 <p<ooand k >0 when 3,7 € 7 satisfy |3| > 1 and |y| > 1.
Since N —k > n+1 when 0 < k < d, (4.12)-(4.15)) and Corollary [4.1]show that
|z F (ahn (t0) ™ ), <0 YT HMIE T (e -r(10)e g )],

0<k+1<d,u€T

<C > Ikt )+ @)l

k+i<d,uel
d
<O+ ) 3 et £l
=0 pneL

< CIN @+ ™2 PC) fllg
for 1 < g < p < oo. Since

1Pl < C D llallp,

a€l
estimate (4.16) gives the desired estimate. O
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For t € R and a constant k, define the operator Ty (t) by
Ty (t)h = F 1 (xal€| FeEIR). (4.16)
Set m = [n/2] and [2/q — 1]+ = max(2/q — 1,0).

Lemma 4.3 ([I6, Proposition 4.4]). Let k be an integer, k > (n + 1)/2. For
1< g<p<ooandt+#0, the operator Ty (t) is bounded from L% to LP. Moreover,
the following estimates hold:

T3 ()R], < CA+ [E])™[[2llq
when k>n+1, and
IRl < O+ [t)™[¢] /= +E=ma
when (n+1)/2 <k <n.

Lemma [4.3| and arguments similar to those in the proof of Lemma [4.2] give the
following result.

Corollary 4.2. Let k be an integer, k > (n+1)/2. For1 < q¢<p < oo, t#0, the
following estimates hold:

IPC)T5 (0]l < CO+ [E)™ [ P()g
when k>n+1, and
IPC)YT()hllp < C(1+ [ty e/ et =
when (n+1)/2 <k <n.

Proof of Theorem[I.4. When k is a non-negative integer, Hormander’s multiplier
theorem [2] shows that the function & +— y2(£)©F|¢|* is a Fourier multiplier on L?
for 1 < p < co. Hence

IP()F (20" € R) [, < ClIP(hllp, (1< p < o0). (4.17)

Since x2 = 1 on supp w; U ws, Corollary and estimate (4.17)) give the following
estimates for j = 0,1 and 1 < ¢ < p < o0,

1P()F~H (xat* 0" @) |, = 6] P()F ~H (20" €] xal€] e @)
< CHMIPC)Te(t)wllp
< O+ [+ )™ NP (Yl
< CA+ [t T2 P(Ywj],

(4.18)

for any ¢ and any integer k in [n+ 1,n +d + 1],
1P()F ! (xat* O ™ El@)) |, < CJ#]F|| P () T ()|
< CJtf* [t /a1 (1 )™ Pyl (4.19)
< C(L A+ [t)™ 2 P(Jwy,-
for any t # 0 and any integer k in [(n 4+ 1)/2,n + d + 1]. Since

n+d+1 ,. k
; e
¢ = hnpa1(t0) + ) ( k!) ;

k=0
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Lemma [4.2] with N =n + d + 1 and estimates ([4.18)—(4.19) show
IPOFH (= 3 o) k) el ),
0<k<(n+1)/2 (4.20)
< C(LA+ [t)" 243 Pyl

for any ¢, where j = 0,1 and 1 < ¢ < p < oo. Since cosp = (e + e~%)/2 and
sinp = (e — e~")/2i, estimate (4.20)) gives the following estimates:

IPOF(costo = > (“)F(t0)* /(20! Y (£, )},
0<2k<(n+1)/2 (4.21)
< O+ )23 P Juy

and

IPOFH(sinto— DT (<R 2k + 1)) Y (1)

0<2k+1<(n+1)/2
< O(L+ )™ +243 ) P(Jwj

(4.22)
where 5 = 0,1, Y(¢,&) = cost|{| or Y(¢,£) = sint|¢|. Since
. _ . int(|{|-©), . .
W(t,&) = e *(cost(|¢| — ©) Wy + %(awo + 1)),
VISP —a?
estimates (4.21)—(4.22) give the desired estimate in Theorem O

Proof of Corollary[1.3 Let Ty (t) be the operator defined in Lemma w(t, )
T,.(t)f satisfies the Cauchy problem to the wave equation

Ofw—Aw=0, w(0,)=F " (ltl"f), 0w(0,)=iF " (xalé] ")

for t > 0, z € R™. Hence, the solution formula for the Cauchy problem to the wave
equation

W — AW =0

shows that T,,(t) is a bounded operator on LP for any 1 < p < oo, and it satisfies

1T () fllp < Co(L A+ [E)™[f 115 - (4.23)
For any t, the operator Ty(t) is bounded on L2, and satisfies
ITo(t) fll2 < ClIfll2- (4.24)

Hence, the Stein interpolation theorem between estimates (4.23)—(4.23) shows that

T2 (8) fllp < Cp(L+ )™ 1 £l (4.25)
holds for max(0,1/2—1/2m) < 1/p < min(1,1/2+1/2m). For any p € (1,00) and
a, the functions

9 (a(©00), 1618 ()

are Fourier-multipliers on L? (see [2]). Therefore estimate (4.25)) and similar calcu-
lations to ones in the proof of Lemma show that

POF e — L Fey, <oa v e, (420

VIER —a?
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and

[PCFH (0N F() Nl < CO+ [t P fl (4.27)
for any p satisfying max(0,1/2 — 1/2m) < 1/p < min(1,1/2 4+ 1/2m), and for
positive integers k > 0, [ > 1 , provided that supp f C {£ : || > 2a}. Estimate

(4.26)—(4.27) and Theorem give the desired estimate. O
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