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ASYMPTOTIC BEHAVIOR OF PULLBACK ATTRACTORS FOR
NON-AUTONOMOUS MICROPOLAR FLUID FLOWS IN 2D
UNBOUNDED DOMAINS

WENLONG SUN, YEPING LI

Communicated by Jesus Ildefonso Diaz

ABSTRACT. In this article, we investigate the pullback asymptotic behavior
of solutions for a non-autonomous micropolar fluid flows in 2D unbounded
channel-like domains. First, applying the technique of truncation functions,
decomposition of spatial domain, and the energy method, we show the ex-
istence of the pullback attractor in the space ﬁ(Q) (has L2-regularity). In
fact, we can deduce the existence of pullback attractor in space \7(9) (has
H'-regularity). Also the tempered behavior of the pullback attractor is ver-
ified. Moreover, when the spatial domain varies from Qm({Qm}3°_; be an
expanding sequence of simply connected, bounded and smooth subdomains of
Q such that US°_,Qm = Q) to Q, the upper semicontinuity of the pullback
attractor is discussed.

1. INTRODUCTION

The micropolar fluid model is firstly derived by Eringen [9] in 1966, which is used
to describe fluids consisting of randomly oriented particles suspended in a viscous
medium. The model has the form:

0
8—1; — (v +vg)Au —2pprotw + (u- V)u+ Vp = f,
V-u=0,
ow (1.1)

Fr (ca + ca)Aw + dvpw + (u - V)w

— (co + ca — ¢co)Vdivw — 2vgrot u = f,

where u = (u1,usg,us3) is velocity, w = (w1,ws,ws) represents the angular veloc-
ity field of rotation of particles, f = (f1, f2, f3) and f= (fl, fo, fg) stand for the
external force and moments, respectively. p is pressure. The positive parameters
v, vy, Co, Cq and cq are viscosity coefficients. Indeed, v is the usual Newtonian vis-
cosity and vy is called microrotation viscosity. Note that when the gyration is
neglected, the micropolar fluid equations are reduce to the classical Navier-Stokes
equations.
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Micropolar fluid model plays important role in the fields of applied and compu-
tational mathematics, there are lots of literatures on the mathematical theory of
micropolar fluid model . The existence and uniqueness of solutions for the mi-
cropolar fluids has been investigated in [8, [12], [13]. At the same time, lots of works
are devoted to the long time behavior of solutions for the micropolar fluids. More
precisely, Chen, Chen and Dong proved the existence of H?-compact global attrac-
tors in a bounded domain in [4] and verified the existence of uniform attractors in
non-smooth domains in [5]. Chen[6] showed the existence of L2-pullback attractor
for the micropolar fluid flows in a Lipschitz bounded domain with non-homogeneous
boundary conditions. Lukaszewicz[13] verified the estimates of Hausdorff and frac-
tal dimension of the L?-global attractor. Later, Lukaszewicz and Tarasifiska[l8]
proved the existence of H'-pullback attractor for non-autonomous micropolar fluid
equation in a bounded domain. As for the long time behavior of solutions for the
micropolar fluid flows on unbounded domain, Dong and Chen [7] investigated the
existence and regularity of the global attractors in 2D unbounded domains. Later,
Zhao, Zhou and Lian [25] established the existence of H!-uniform attractor and
further proved the L2-uniform attractor belongs to the H'-uniform attractor in
2D unbounded domains. Nowakowski [21] investigated the existence of H!-uniform
attractor and long time behavior of solutions in 3D cylindrical domains. So far,
to our knowledge, there is no results about pullback attractors of the micropolar
fluid model in 2D unbounded domains. Here, we will give a positive answer for this
problem.

Since we investigate the pullback asymptotic behavior of solutions for the microp-
olar fluid model in 2D unbounded domains, we assume that the velocity component
ug in the x3 direction is zero and the axes of rotation of particles are parallel to
the x5 axis. Then, the form of u,w, f, f are that u = (u1,u2,0), w = (0,0,ws),
f=(f,f2,0), f = (0,0,fg). Further, the equations can be reduced to the
following 2D non-autonomous dynamical system:

0
ai;—(y—f—ug)Au—%gV><w+(u-V)u+Vp=f(ta$)>
837(:5) — 0w + Avpw — 20V X u + (u- V)w = f(t,2), (12)

V-u=0, in (r,T)xQ,

where 0 :=R x (=L, L) for some L>0,a:=c,+cq, and z:= (11,22) € Q C R,
w = (uy,us2), f:= (f1, f2). wand f are scalar functions,

qu::%f% and wa::(a—w,fa—w .

83?2 8.’171

To complete the formulation of the initial boundary value problem to the system
(1.2), We give the following initial data and boundary conditions:

w(r,x) = (u(r,z),w(r,x)) = (up(x),wo(x)), =€, TR, (1.3)

u=0, w=0, on (r,T)x . (1.4)

In fact, there have been some papers in the literature on the pullback asymptotic
behaviors of solutions for the Navier-Stokes equations and the non-Newtonian fluid
in some unbounded domains. For example, Caraballo, Lukaszewicz and Real [2]

established the existence of a pullback attractor for a non-autonomous Navier-
Stokes. Langa, Lukaszewicz and Real [16] proved the existence of pullback attractor



EJDE-2018/03 ASYMPTOTIC BEHAVIOR OF PULLBACK ATTRACTORS 3

for the non-autonomous Navier-Stokes equations in 2D unbounded domains. In
particular, they gave sufficient conditions for their pullback attractor to have finite
fractal dimension. Wang and Li [23] studied the existence of a pullback attractor
for a non-autonomous 2D Navier-Stokes equation with linear dampness. Zhao [27]
showed the existence of pullback attractor and their upper semicontinuity for the
non-autonomous non-Newtonian fluid in 2D unbounded domain. Here, borrowing
the ideas and argument in [27], we discuss the existence of pullback attractor and
their tempered behavior and upper semicontinuity in 2D unbounded channel-like
domains.
For the sake of convenience, we introduce the following useful operators:

(Aw, ¢) == (v + vp)(Vu, V®) + a(Vw, V3),
Vw = (u,w), ¢ = (D,¢3) €V,

~ ~ 1.5

(Bluyw),d) = (0 Vyw,d), YueV, w=(uw) eV, voe?,
N(w) = (—21pV X w, —21pV X u + dyw), Yw = (u,w) € V.
Then, equations (|1.2)-(1.4) can be represented into the abstract form
88—1: + Aw + B(u,w) + N(w) = F(t,z), in (1,400) x £,

V-u=0, in (1,400) x £, (1.6)

w= (u,w) =0, on (r,+00) x IQ,
w(r,z) = (u(t,z),w(r,2)) =w,(z), € 7R,

where F(t,z) = (f(t, ), f(t,)).

Before stating our results, we first give some notation. We denote by LP(§2)
and W™P(Q) the usual Lebesgue space and Sobolev space (see [I]) endowed with
norms | - ||, and || - ||;mp, respectively. For example, |l¢||r» = ([, |¢[Pdz)'/? and
[ellmp = (Cis1<m Jo DPB[Pdx)t/P. Especially, we denote H™(Q) := W™2(Q)
and H3(Q) the closure of {¢ € C5°(2)} with respect to H'(Q2) norm. Then, we
introduce the following function spaces:

V= {p e )

Co* (D] = (¢1,92), V- 0 =0},

H is the closure of V in L?(Q) x L?(Q) with the norm || - |z and dual space
H*

V is the closure of V in H*(Q) x H'(2) with the norm || - ||y and dual space
Vv,

e H:= H x L2(Q) with the norm | - | 7 and dual space H*,

V =V x H}(Q) with the norm | - [|; and dual space V*,

Oy (B) :={w eV :inf,ep |lw— [y < o}

Using the above notation, we further denote

e LP(I; X) is the space of strongly measurable functions on the closed interval
I, with values in a Banach space X, endowed with norm

lollzr gz = ( / lolZdt) P, for 1< p < oc;

e C(I; X) is the space of continuous functions on the interval I, with values
in the Banach space X, endowed with the usual norm;
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e L2 (I;X) is the space of locally square integrable functions on the interval

I, with values in the Banach space X, endowed with the usual norm;
e L2(I; X) is the set of functions F € LIOC(I, X) satisfying

T+1
1Pz =suw [ IPOIPAC <+

Here
1, 0) 1 = (lall3 + oll3)2, (o)l = (lallFp + ol ),
o, = (s )l + 0272, 1wy 0, 0)lg = (s )l + o3/,
Subsequently, we simplify || - ||2, || - ||z and [ - || 5 by the same notation || - || if there

is no confusion. In addition, we denote by (-, -) the inner product in L?(Q2), H or H,
and (-, -) the dual pairing between V' and V* or between V and V*. We also denote
the compact embedding between spaces by <<, and use disty (X, Y) to represent
the Hausdorff semidistance between X C M and Y C M with disty(X,Y) =

sup,¢cx infyey distm(x,y).
Now, we state the first results of this paper in the following theorem.

Theorem 1.1. Assume F(t,z) € L%(R;ﬁ), fioo e%SHF(s)Hst < 00, forallt € R
and

¢
lim / / e%S|F(s,m)|2da:ds =0.
r—too /o |z|>r

Then system ([L.6) possesses a unique pullback D-attractor Ag(t) in H.

Remark 1.2. In fact, we point out that the pullback D-attractor Agp () in V can be
obtained by using similar proof as that in H. Speaﬁcally, based on Lemma |2 .(2
there exists a continuous process {U(t,7)}i>, in V. Applying energy method, we
can prove the existence of pullback D-absorbing set for the process {U(t, T)}@T
in V. Then, the technique of truncation functions and decomposition of spatial
domain enable us to obtain the uniform a priori estimates for the far-field values
of solutions. Further, we can show the pullback asymptotic compactness of the
process in V. Finally, we can obtain the existence of pullback D-attractor A (t)
in V.

Based on Theorem [T} we further verify the tempered behavior and upper semi-

continuity of the pullback attractor obtained in Theorem [I.I] That is the following
two theorems.

Theorem 1.3. Under the conditions of Theorem[I.1), it holds that
lim (e7125 sup |Jw|®) =0, (1.7)

t——o0 we ﬁ(t)

hm (e%t sup [w|% =0. (1.8)
®)

t—— wEA~ V(Q))
Theorem 1.4. Assume the conditions of Theorem [I.1] hold. Then for any t € R,
we have

lim_dist 0 (Ao, (8): Agay (1) =0, (1.9)

m— 00
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where Ag g (t) and Aﬁ(Qm)(t) are the pullback attractors of system (1.6]) and sys-
tem (4.1), respectively.

Remark 1.5. In [25], the authors proved the existence of H!'-uniform attractor
and pointed out that the L2-uniform attractor belongs to the H!'-uniform attractor,
under the proper conditions of F' = (f, f ). Here, we established the existence of pull-
back attractor in H(€2) (has L2-regularity), similarly, in V(€2) (has H'-regularity).
Further, we investigated the tempered behavior and upper semicontinuity (in the
sense of (1.9)) of the pullback attractors. About the differences and more details
between pullback attractor and uniform attractor, we can refer to [I7] and some
references therein.

The outline of proofs for Theorem [1.IHI1.4] is as follows. First, we construct
the continuous process {U(t,7)}t>- by solution maps in the space H(S), then
show the asymptotic compactness of the process {U(t,7)}+> in space H (). The
main difficulty comes from two aspects. The first one is that the usual Sobolev
embedding is no longer compact in unbounded domain 2. The other is from the
angular velocity field w of the micropolar particles in the micropolar fluid flows,
which leads to a different nonlinear term B(u,w) and an additional term N (u)
in the abstract equation (see (|1.5))). To overcome the first difficulty, borrowing
the arguments and ideas in [27], we show the existence of the pullback absorbing
set by establishing some a priori estimates of the solutions. Further, we use the
technique of truncation function and the decomposition of spatial domain, to prove
the asymptotic compactness of the process {U(t,7)}i>- in space H(Q). To deal
with the second difficulty, more delicate estimates and analysis for the solutions are
required in our study. Next, using the arguments in [T, [15] 26, 27], we can show
the tempered behavior and upper semicontinuity of the pullback attractor Afl(ﬂ)'
The tempered behavior of the pullback attractor A Q) is relatively easy to obtain.
To prove the upper semicontinuity of the attractor, we first let {Q,,}5°_; be an
expanding sequence of simply connected, bounded and smooth subdomains of 2
such that Use_, €, = €. Then we consider the Cauchy problem — in Q.
We will conclude that there exists a pullback attractor A;I(Qm) for the problem
- in each €2,,. Finally, we establish the upper semicontinuity by showing
limy,— o0 diStH(Q)(Aﬁ(Qm)(t),AH(Q)(t)) =0, VteR.

The rest of this paper is organized as follows. In section 2, we make some
preliminaries. That is, we introduce several important definitions and recall some
known results of non-autonomous micropolar fluid flows. Section 3 is committed
to the proof of Theorem that is to prove the existence of pullback attractors in
H (). Further, the tempered behavior and upper semicontinuity of the pullback
attractors, i.e. Theorem and Theorem will be verified in section 4.

2. PRELIMINARIES

In this section, we first make some necessary preliminaries. That is, we first give
some useful properties and estimates about those operators . Then, we give
some definitions and recall some key results for the non-autonomous micropolar
fluid model. To begin with, we have

Lemma 2.1. The operator A is a linear continuous operator both from V' to V*
and from D(A) :=V N (Hz(Q))‘3 to H. Indeed, A = —PA, where P is the Leray
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projector from IL2(QY) to H. The operator B(-,-) is continuous from V x V to V*.
Moreover, for any u € V,w € V, it holds

<B(u7w)790> = —(B(u,go)7w>. (2‘1)
Proof. The linearity and continuity of the operator A can be deduced directly from

its definition. Similarly, the continuity of the operator B(:,-) can be obtained easily

from its definition. We only need to verify (2.1)). In fact, for any v € V,w € ‘7, we

have
(B(u,w),w) = ((u- V)w,w)

0 0
:/Q(Ulﬁixl+Uzaim(whw%ws)(whw%ws)dﬂﬁ

j=1i=1 (2.2)

Hence, (2.1) is valid as a consequence of (2.2). The proof is complete. O
About the operators A(w) and N(w), we have the following result.

Lemma 2.2 (see [13} 25, 29]). (1) There are two positive constants ¢1 and ca such
that

c1{Aw,w) < Jw|? < ex{Aw,w), Yw e V. (2.3)

(2) There exists a positive constant c¢(vg) such that
IN ()] < c(ve)|wllg, Yw eV, (2.4)
(Aw, w) + (N (w),w) > & [lw]|3, Yw eV, (2.5)

where §1 := min{v, a}.
Next, we give the definition and existence result of weak solutions for (|L.6]).

Definition 2.3. For each T > 7,7 € R, fung‘cion w is called a weak solution of
(L.6) if, w = (u,w) € L?(7,T;V) N L>(7,T; H) such that for t € (7,T) and any
peV,
d
7 (W@, ) + {Aw(?), ) + (B(u(t), w(?)), ) + (N (w(t)),p) = (F(t, ), 0),
wl,_, = wr = (ur,wr) = wo

holds in the sense of D/(7,T).
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Using decomposition of spatial domain and the Galerkin method, we immediately
have the following well-posedness of solutions to ((1.6) on unbounded domain €.

Lemma 2.4. Assume F(t,z) = (f(t,2), f(t,2)) € L}(R; }AI(Q))
(1) Ifw; € ﬁ, then system has a unique solution w = (u,w) satisfying
w € L(7,400; H) N C([r,+00); H) N L2 (7, +00; V), w' € L2 (7, +00; V*).
(2) If w, € YA/, then problem has a unique solution w = (u,w) satisfying
w € L®(7, +00; V) N C([r, +00);: V) N L} (7, +00; D(A)), w' € L}, (7, +00; H).
Since the proof is standard, we omit it. The interesting readers are referred to

a1,
On the basis of Lemma [2.4] the biparametric map defined by

Ut,7) :wy — Ut, w, = w(t), t > 7, w, € HQ) or w, € V(Q), (2.7)

generates a continuous process {U(t,7)}i>, in H(Q) or V(), which satisfies the
following properties:

i) U(r,m)wrs = ws,

(i) U(t,s)U(s,1)w, = U(t, T)w,; = w(t).
Finally, we introduce some definitions related to the pullback attractor (see [10]

92, [19], 28]). For convenience, we denote by X the space H or V and by P(X) the
family of all nonempty subsets of X. A universe D(X) in P(X) represents the class

of families parameterized in time B( ) ={DB(t ’t € R} C P(X).

Definition 2.5. A family of sets By = {By(t) : t € R} C P(X) is called pullback
D-absorbing for the process {U(t, 7)}1>, in X if for any ¢t € R and any B = {B(¢) :

t € R} € D, there exists a 70(t,B) < t such that U(t,7)B(1) C By(t) for all
T < 10(t, B).

Definition 2.6. The process {U(t,7)}>- is said to be pullback By-asymptotically
compact in X if for any ¢ € R, any sequences {7,} C (—o0,¢] and {z,} C X satis-
fying 7, — —o0 as n — oo and x,, € By(7,,) for all n, the sequence {U (¢, 7,; )} is
relatively compact in X. {U(¢,7)}+>- is called pullback D-asymptotically compact
in X if it is pullback B- asymptotically compact for any BeD.

Definition 2.7. A family of sets Ax = {Ax(t) : t € R} C P(X) is called a pullback
D-attractor for the process {U(t,7)}>, on X if it has the following properties:

e Compactness: for any ¢t € R, Ax(t) is a nonempty compact subset of X;
e Invariance: U(t,7)Ax (1) = Ax(t), Vt > 75
e Pullback attracting: Ax is pullback D-attracting in the following sense:

lim distx (U(t,7)B(r), Ax(t)) =0, VB ={B(s)|s € R} € D,t € R;

e Minimality: the family of sets Ax is the minimal in the sense that if 0=
{O(t) : t € R} C P(X) is another family of closed sets such that

lim distx (U(t,7)B(r),0(t)) =0, for any B = {B(t)|t € R} € D,

then Ax (t) C O(t) for ¢t € R.
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3. EXISTENCE OF THE PULLBACK D-ATTRACTOR IN H

In this section, we are devoted to proving the existence of the pullback attractor
in H, i.e. Theorem Throughout this section, we simply denote w(t; T, w,) by
w(t) if there is no confusion. First, we have

~

Lemma 3.1. Assume F(t,x) € L%(R;ﬁ), then for any w, = (ur,w,) € H, it
holds that

o1

) e 2 t t )
lw(t; 7 w,) |1 < e T |lw, ||? + T/ e °||F(s)]ds, (3.1)

! 6—15 2 2 6—17 2 2 ! 5—15 2
| eF ol < st + / PGP (32)

Proof. Multiplying (1.6); by w(t), we obtain from ) and . ) that

1 d 2 2 2 2
S S + 8w} < (Rt >w<t>><—251||F<t>|| + 2 w2,
which implies
D@2 + s w@? < L@ + 6 w2 < <SIF@E 33
dt dt V=

Further, we have
s1t

d st 9 e 9
— 2 < —||F .

Changing the time variable ¢ by s and integrating it over [7,t], we obtain

sy
eF Jw(®)|2 < e e |2 + 5 / *|F(s)*ds,
hence
_ 9t t
51 (T—1t) p) 5
e e I LACIR (3.4)
1 T
From (3.3]), we can also deduce that
d sy 2 516%1t 2 e 2
— (€2 w®|") + lw@®I5 < 7IIF( )"
dt 2
Further, one have
(5—17& 2 51 ¢ 5—15 s T 2
e w@®)IF+ 5 [ e lws) 5 35| F(s)|Pds + e 7w |2,

which implies

e 2 4, 2 (" u,
| eF ol < et + / e F(s) Pds.
This completes the proof. ([l
Set )
Rs :={p(s) : R—=R,: lim e?%p?(s) = 0}. (3.5)

2

Ds, (H) denotes the class of families B = {B )|s e R} S P(H H) such that
2
B(s) € B0, p3(s)) for some p3(s) € R,
2
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where B(0, p5(s)) is the closed ball in H with center 0 and radius pg(s). Then,
based on Lemma |3.1] there exists a pullback D-absorbing set in H.
Lemma 3.2. Under the condition of Lemma . For any t € R, B= {B(s) |s €
R} € Ds, (H) and w, € B(7), the family B = {B(t )|t € R} defined by
2

B(t) = {we H : Jul < plt)} (3.6)

is pullback D-absorbing in ﬁ, where

S1
2e" 2t

P05 [ Hp() s (3.7)

In the following, we focus on proving the pullback D-asymptotical compactness
of the process {U(t, ) }i>-. First, we have

Lemma 3.3. Under the conditions of Theorem . For anye > 0,t € R and B=
(s)|s € R} € Ds, (H), there exist ro := ro(e, t, B) > 0 and 7o := 1o(e, t, B) <
2
such that for any r = 19,7 < 7 and w, € B(7), it holds

[w(t; 7, we)l[F2\0,) < € (3.8)
where Q, = {x € Q|z| <r}.

Proof. First, we take a function x(-) € C%(R?), x(z) € [0,1] for all x € R? such
that

and
IVx(@) L2y < co, [ D*x(2) e 2y < co,
where g is a constant. In particular, set x,(x) = x() with r > 1, we have

Co

Co
195 (@) ey < 2, 1D (o) ey < 3. (39)

Then, taking the inner product of (L.6), with x?w = (x?u, x?w) and considering
the term Vp yield

3 el + (o 4+ 1) (Y, V(320) + (T, V0¢) + (- 9, x2w)

+ (=209 V x w, =205V X u + 4vpw), (x2u, X2w)) + (Vp, x2u) (3.10)
1d

— 5 sl + (AGew) ) = ) [ [0V Pde o [ (w9 s
+ ((u- V)w, xzw) + (N(xrw), x,»w) + (Vp, xju)

= (F(t,z),x;w).

Let us estimate the terms in the above equality one by one. From (3.9) and Hélder
inequality, we have

(V+Ve)/Q Vx| *dz < (v + ) [V X | (g 1ull?

< (v + vp)r ™2 |ul]*.

(3.11)
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Similarly, we have
o / WV X Pz < 0[Pl Poo ey 11 < cBar2 ], (3.12)

Integrating by parts and using that V -« = 0, we obtain

((u Vw Xr Z /uza Xrujdx+2/uza erdl‘

7,7=1
2

ox
= — E j(];13—|—2 iy, —Ldz
/ U’lu]X'r D /Quzu]X7 o )

1,0=1
2

ox

— 2 02 r
g /uwxra dx + /uw XTaxida:)
—((u- V)w, xw) — 2 E /uiu Xr erx72§ / uw? Xr -dz,

i,7=1 Ti

which combine with (3.9), Holder inequality, Gagliardo-Nirenberg inequality and
Young’s inequality yields

|((u - V)w, x*w |—‘ Z/ulu X Xde—l—Z/uw Xr erm‘

1,7=1 (313)

<Vl @ el ey < cor ™ ulllwllilvly < = Dl + w2).
Since F(t,x) € L(R; ﬁ)7 it follows from Lemma that for any t € R, 7 < 79,

lw(t; 7, w: )12 < p*(1)

5
2¢ 3t

< /t ¢ F5|| F(s)|2ds
X (51 -
2 ! 51t 2 s t 2
- 7(/t e =9)||F(s)]| ds+/ e F )| F(s)| ds+...>

01 t—2
2 t sy t—1
<o ([ e [ e e (3.19)
t—2
_7/ IF(s)]%ds + ..
G 2
61(1+e Fe e A IFD —m“FHmRH

By (1.6 .3, and the fact V- u = 0, we also have

2
Oxr
V,T == Tld == 2 riid
[(Vp, x;u)| = \E/axu z| IE/pxax,u z| (3.15)

< 2|l Vel ) Ixrull < 2eor ™ lpllIxull-
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Taking (2.5) and (3.10] into account, we obtain

1d 9
ld 6 r e
3 qz erwll” +dullx wl|,
1
2 dtHer” + (A(xw), xrw) + (N (xrw), Xrw)

=+ Vg)/ [uV x,|2dx + a/ lwVx,[2dz — ((u - V)w, x2w)
) Q

+ (F(t,z), xjw )*(Vp,fo)

c( +V€) o (3.16)
< lull? + 25 o] + —(oll* + 1wl + e Fllxwl
2(}0
— Il
co-max{y—i—z/g,a} 5 4eo Co, o
< B e S Dy + Sl

1 402 51
- rF 2 0 2 s 2.
+ 5 e FIP + 5 Sl + Sl

Further, by Lemmaand that [Jul| < [|w|| and ||w|| < |lwl|s, one can deduce that
there exist constants cs, ¢4, c5 such that

o1 o1
ZIhewll® + S ol + 5wl

3 9 o 2 1 2, G5 2
< 300 + 2P ) + 2lolld + 51 FI + Sl

which yields

d Cc3 31 Co %1
e F w]?) < BeF ) + DL, g g+ LeHul
Cs Sigp oo L od1y 2
+ GeFpl + 5o P
Hence,
Ixrw(t)]?

St 2, oy [foa,
<o HO T P+ Se# [ e (s)a
r T
s _a tos (3.17)
w et [ om, g as s Dot [t pulas
/r T T

5 tos 1 5 L
+ Bt [ bplas+ Se ¥ / e |lx, F|ds.
T . (51 e

In the following, we make a more detailed detailed estimate for each term in (3.17]).
First, for any € > 0, there exists a 71 = 71(€,t, D) such that

6_6‘71('5_T)||XTwT||2 < e_%l(t_T)HwTH2 < é for all 7 < 7. (3.18)

Then, from the condition

t
/ % 5||F(s)|2ds < 00, VtER,

— 00
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it is not difficult to check that there exists a r; = ry(e,t, D) such that for any
r 2 1,

t
C3 75—11‘/ 6—15 2 €
ds < = 1
2¢ /TGZP(S)S<6, (3.19)
t
Ca _ o1y €
U [623|\F\|L2(RHd <6, (3.20)

1 1 ¢ 1 ]- 1 1
—ef%t/ 6%S||XT‘FH2dS < —ef%t/ / e%S\F(s,x)\zdxds << (3.21)
61 T 61 —oo J|z|2r 6

Moreover, it follows from ) that Vp € L3 (7,+o00; H1()), which implies
pE LIOC(T +00; L?(2)). In addltlon noting that

o, , t oy ,
[ et polas <e [ e us)zs
T T
and using (3.2)) and the condition

t
lim/ / 6%S|F(S,Z’)|2d$d820,
Tt oo Jia|zr

we obtain that there exists ro = ro(€, t, lA)) such that for any r > ro, it holds that

t t
Cs % s e S1g €
3¢ 2t/T e °|p|?ds < g t/T ez ||w(s)H%7ds< 5’ (3.22)
and
t
Q= [ %s 2ds < & 3.23
: /) ) 3ds < 5. (329
Substituting (3.18] - ) into 7 we immediately have (3.8). This completes
the proof. 0

Lemma 3.4. Assume the conditions of Theorem. 1. 1] hold, then for any t € R and
= {B(s)|s € ]R} € D( H), there exists a *(B,t) such that the weak solution
w(t) = w(t;T,w,) of (L.6) with initial value w, € B(T) is bounded in V.

Proof. To complete the proof, we need a higher regularity of the solutions. Hence,
we consider the Galerkin approximate solutions. For each integer n > 1, we denote
by

wn(t) = wy(t; 7, wy) 1= Zﬁm e, (3.24)

the Galerkin approximation of the solution w(t) of system (1.6)), where &,;(¢) is the
solution of the following Cauchy problem of ODEs:

S un(0),€0) + {Awn(t) + Bun(t),wa0) + Nwal0), ) = (F(t),€0),

(wn(T)7ei) = (w’T‘7ei)7 1=1,2,...,n

(3.25)

here {e; : ¢ > 1} C D(A), which forms a Hilbert basis of V and is orthonormal in
H. Multiplying equation (3.25) by A&,;(t) and summing them for i = 1 to n, we
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obtain

%%<Awn(t),wn(t)> + [|[Aw, (8)||? + (B(un(t), wn (1)), Awy ()
+ (N (wn(t)), Awy(t)) (3.26)
= (F(t), Awn (t)).

Now, we give a further estimate for the above equation. According to the definition
of B(+,-) and the facts

1 < llwnll?, [V < llwnll?,

and using the Holder inequality, Gagliardo-Nirenberg inequality and Young inequal-
ity, we conclude that there exists a constant cg such that

—(B(un, wn), Awy) < [(B(tn, wy), Awy,)|
< col[unl|? [ V||V [V [|2]] Aw, |2/

1
< gl Awn]? + cgllwn]*llwall5,

which together with (2.4 and (3.26]) implies that

1d

= — | Aw,|]? + (F(t), Awy) — (B(un, wy), Awy) — (N (wy), Awy,)
1 1
< —[l[Aw, |* + leAwnll2 + [IF@))* + 1\\Awn||2 + cgllwnl?lwnll3
¢ (vp)
+ 2

(vp)
= IF )2+ lwal? (cllwnl?lwal? + 2.

Further, from (2.3)) and the above inequality, we have

d
T Awn(®), wa(®)

<20 + (Awn(t), wa() (20268 wa ) Plwn ()% + 2 (w))

Let us set

1
lwnllF + 5l Awn
2

(3.27)

H(0) == (Aw, (0), wn(0)), 1(0) :=2|F(0)]?,
K (0) := 2265 ][wn (0)[|*[wn (0)]1% + cac® (vp).
Replacing the variable ¢ with 6 in (3.27)), we obtain
d
15 Hn(6) < Ko (0)H, (6) + 1(6). (3.28)
Using Gronwall inequality to (3.28)), for all 7 <t — 1 < s < ¢, we have

t
H,(t) < (Hn(s) +/ 1(6)do) eXp{
t—1
Integrating (3.29) from s =t — 1 to s = ¢, we obtain

Hn(t)g( t Hy(s)ds + /tll(e)dG) eXp{

t

K, (9)a6}. (3.29)

t—1

t

Kn(e)de}. (3.30)

t—1 t—1
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In addition, it follows from (2.3)) and (3.2)) that

/tilH"(S)d”/;I(@)d@:/ti1<f4wn(8),wn(s)>ds+/t;2||F(9)|2d9
§01_1/ti1 ||wn(s)||%7ds+2/t; 1F(6)]%d0

<erlluatt = DI+ [ 1F@)0)

t—1

where ¢7 := max{2¢c; 107", 2 + 201_151_26671}. From (§3.1), it holds
t

K, (6)do

t—1

t
= [ Geacllun@ Pl @)1 + a6
t—1
_5 I ¢
< 2eact (e 2||wn(t—1)||2+a/ 1||F(9)||2d9)/ i (6)[38 + cac? (v5)
t— t—

5y 1 st
< 2eact (e funlt — DI+ - / 1E©)a0)

t7
(2”wn(t -
01

< s (Jwn(t = DI? + / |F(6)|%49)” +1].

where

t
+251—2e%/ 1E(0)249) + cac?(vp)
t—1

cs 1= max {2cycg max {6_%75f1} max {257 ", 25;26571 }, eac®(ve) -
With the aid of (2.3), substituting the above two inequalities into (3.30]), yields
lwn ()13 < c2Hn(t)

< eacr (|Jwn(t — 1)| +/t_1 |1F(6)]>d8) (3.31)

« exp {es[(lwn(t — D) + /H IE(0)]2d0)* +1]).

Observe that wy, (t;7,w,) € L®(,t; V) NC([r,1); V) and w(t;7,w,) € C([r,t); H),
by the lower semicontinuity of the norm, we can pass to the limit in (3.31]) and
obtain that

lw@®3 < eacr(w(t = DI + /t_l 1F'(9)]*d0)

, (3.32)
<exp{aa (o= IF+ [ 1P@)IP0)” +1]}

which together with Lemma [3.2] implies the result of Lemma [3:4] This completes
the proof. O

On the basis of the above results, we can prove the pullback asymptotical com-
pactness of the process {U (¢, T)}+>-, that is the following Lemma.
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Lemma 3. 5 Under the conditions of Theorem [1.1], the - process {U(t, 1)} 7 gen-
erated by (2.7) is pullback D- asymptotzcally compact in H.

Proof. For any fixed t € R, any family B = {B(s)|s € R} € Ds, (H), any sequences
2

{Tn} C (—o0,t] satisfying 7, — —oc0 as n — +oo and {w,, } € D(7,), it suffice to
show the sequence {w"(¢)},>1 defined by

w"() = wn(';Tn’an) = U('aTn;w‘r")

is relatively compact in H.

In fact, by Lemma there exists a time To(B t) < t such that the sequence
{w"(t)|r < 70(B, t)} is uniformly bounded in H. Since H is a reflect Banach
space, it follows from the diagonal procedure that there exists a function w(t) such
that (by extracting a subsequence if necessary)

w™(t) — w(t) weakly in H as n — oo.

Moreover, from Lemma for any € > 0, there exist 7 := m(e,t, B), r3 :=
r3(e,t, B) > 0 such that
€

[w" (t; 7o, wr, ) L2 (@\02,) < 3’ VT < 12,7 2 T3, (3.33)

Observe that, for any fixed t € R, w(t) € H is fixed. Hence for the above € > 0,
there exists a r4 > 0 such that
€
lw(t)|L2\0.) < 3 Vr 2> ry. (3.34)
Now, we define respectively the restrictions of w™ and w in €, by

. w"(t), x€ Q,,
% o, zeQ\Q,,

Jw(t), ey,
70, zeQ\ Q.

wn(t) |Qr = wn(t; Tn, an)

w(t)

From Lemma it follows that, for any r > 0, the sequence {w™(t)|a, tn>1 is

bounded in V(£ ) Since the embedding V(€,) < H(£,) is compact, there exists
a subsequence (denoting by the same symbol) {w"(t)|q, }n>1 satistying

lw™(t) — w(t)||ﬁ(Qr) —0 asn— oo, (3.35)
which together with (3.33))-(3.34) implies that there exists a Ny € N such that for
any n = Ny,

[w™ () —w(®)llg = w" () —w®)lgq,) + lw"{#) —wb)llz@\a,)
< lw™(#) —w®)llgq,) + 0" @)llz@e) (3.36)
+ w(®)lLz\0,) < €

Therefore, the sequence {w™(t)},>1 is relatively compact in H. This completes the
proof. ([

Proof of Theorem [T According to definitions [2.512.7, the family B = {B(t)|t €
R} is pullback D-absorbing which can be obtained directly from Lemma Fur-

ther, it follows from Lemma 3.5|that the continuous process {U (¢, T)}>- is pullback
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D-asymptotically compact in H. Then, using [3, Theorem 7], we can show the exis-
tence and uniqueness of the pullback D-attractor Ag(t) for {U(t,7)}i>- in H. O

4. TEMPERED BEHAVIOR AND UPPER SEMICONTINUITY OF THE PULLBACK
ATTRACTOR

In this section, we will show the tempered behavior and upper semicontinuity of
the pullback attractor Az (), which is obtained in section 3.

Proof of Theorem[I.3. According to Theorem we know that A (t) € Ds, (H).
2

Therefore, holds. Since F(t,z) € L}(R; H), (1.§) is a consequence of (1.7)
and (3.32)). This completes the proof. O

The rest of this section is devoted to verifying the upper semicontinuity of the
pullback attractors with respect to the spatial domain, that is, we give the proof
of Theorem [1.4] Followed the arguments in [27], let {Q,,}>°_; be an expanding
sequence of simply connected, bounded and smooth subdomains of € such that
Use_ 1, = 2. We will prove the upper semicontinuity of the pullback attractor
Apg in Q from the pullback attractor Ag q,,) in Q.

First, we consider equations — in each €2, and define the operators
A, B(-,+) and N(-) as before with the spatial domain €2 replaced by €,,. Then we

can rewrite (1.2)-(1.4]) in the abstract form

ag—tm + Awy, + B, W) + N(wy,) = F(t,x), in (7,400) X Qpp,
V- uym =0, in (7,400) X Qp, (4.1)
W = (U, wm) =0,  on (7,400) X 00y,
Wi (T, ) = (U (7, 2), Wi (T, X)) = W r(x), =€ Qp, T ER.
For each bounded domain €2,,, the global existence and uniqueness of the weak
solutions of system hold. That is,

Lemma 4.1. [[13]] Assume the conditions of Theorem hold and w, € H(y,),
then system (4.1) has a unique solution w,, satisfying

W, € L (7, +00; H(Q)) N C([7, +00); H(Qn)) N L3 (7, +00; V()
w,, € LIQOC(T, +00; ‘A/*(Qm))

Moreover, the solution wy, depends continuously on the initial value w, with respect
to the H(Qy,) norm.

According to Lemma the maps of solution operators defined by
Un(t,7) : Wiy — U (6, T3 Wi ) = win(8), t27 (4.2)

generates a continuous process {Uy, (¢, 7) }i>- in H (). Moreover, on any smooth
bounded domain €2,,, we have the following result.

Lemma 4.2. Under the conditions of Theorem[1.4)
(1) For any t € R, BE@n) = {BHm)(s)|s € R} € Ds, (H(Q)) and wp,, €
2

Bﬁ(Qm)(T), the family BA(%m) = {Bﬁ(gm)(t)’t € R} given by

BHE) (1) = {w,, € ﬁ(Qm)mmeﬁ(Qm) < et}
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is pullback Dﬁ(ﬂm)—absorbing in H(Qw), where p(t) is defined by (3.5).

(2) For any € > 0,t € R, BH(@n) = (BH ) (5)|s € R} € Ds, (H(m)) and
Wy € B}i(ﬂ’")(r), there exists ro,, = rom(e,t,éﬁ(ﬂm)) > 0 and a time 19, =
Tom (€, T, EH(QT")) < t such that for any r € [ro,,, m] and T < Tom, it holds

Wi (t; Ty Wi )20\ Q) < €
R (3) The process {Un(t,7)}i>r is pullback Dﬁ(ﬂ’")—asymptotically compact in
H(Qy).

Since the proof is similar to those of Lemma[3.2] Lemma[3.3]and Lemma [3.5] we
can omit it here. As a consequence of Lemma we have the following result.

Proposition 4.3. Assume the conditions of Theorem hold, then system (4.1))
has a unique pullback DH () _attractor A,y = Aa@q,) (b} er in H(Qy).

Next, let us consider the convergence of solutions for (4.1)) with m. That is,
we show that the sequence {w.y, }m>1 of solutions to system (4.1) converges to the
solution of system (1.6)) as m — oo.

For w,, € H(y,), we extend its domain from Q,, to by setting
~ wm7 x 6 Qm7
Wiy, =
0, x € Q\ Qn,
then
||wm||ﬁ(g) = Hd’mHﬁ(Q) = ||7~Dm||ﬁ(gm) = meHﬁ(Qm)'

By Lemma and Lemma (1), there exists a 7(t, Eﬁ(Q)) (independent of m)
such that

U(t,7)B(r) C B(t), Vr<r(t,BAW),
Up(t, 7)BE @) (1) € BA@n) (1) vr < 7(t, BEO),

The following result can be obtained by using the same proof as that of [I4, Lemma
8.1].

(4.3)

Lemma 4.4. Under the conditions of Theorem let {wmstm>1 be a sequence
in H(Q,,) satisfying
Wir — wy  weakly in H(Q) as m — oo,
then
Win (657, Wy ) — w(t; 7,wr)  weakly in H(Q), Vt > T,
and

W (57, Win s ) = w(5T,w,)  weakly inL?(1,T; ‘7(9)), vT > 7. (4.4)

Lemma 4.5. Assume the conditions of Lemma[{.4 hold, then for any t € R and
any sequence {Wp, }m>1 With wy, (1) € Afran(T), m=1,2,..., there exists w(t) €
Aﬁ(Q)(t) such that

Wi () = w(-)  strongly in H() as m — . (4.5)
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Proof. First, it follows from and the invariant of the pullback attractor that
the sequence {wy,(7)}m>1 is bounded in H (). Hence, one can deduce that there
exists a w, € Aﬁ(m(T) and a subsequence {wy,(7)}m>1 (denoted by the same)
such that

Wy (T) = w,;  weakly in ﬁ(Q) as m — 00. (4.6)
By Lemma [£.4] and the invariant of the pullback attractor, we see that for any
t € R and wy,(t; 7, wn (7)) € Aﬁ(ﬂm)(t) with wy, (1) € Aﬁ(Qm)(T), there exists a
w(t; T, wr) € A q)(t) with wr € Ag (1) such that

W (t) = w(t) weakly in H(Q) as m — oo,

which together with the lower semicontinuity of the norm implies

[w(@®)] < lim inf {|w (£)]]. (4.7)
Next, we shall prove
[w(®)[* = limsup [|w,, (£)]|. (4.8)

In fact, multiplying (4.1); by ws,(t) and integrating the resultant equality over (2,
we obtain with the aid of (2.2 that

%me(f)H2 + 2(Awm (t), wn (1)) + 2{N (wm (1)), wmn (1)) = 2(F(t), wn (1)) (4.9)

Then, from (2.3 . ) and (| -, we see that

(e +c<ue>>||w||vm > w,w >
0
= (Aw, w) + (N (w),w) — —[|w]|” (4.10)
(51”71]” 3(51
> Silluwl? g — e > Sl g,
where the bilinear mapping < -,- > is defined by
o1 (¢, =
< p.03= (Ap.0) + (V(p).0) - 22D vy s e V(@)

By (4.9) and -, we have

d 0

@Il’wm(lﬁ)\\2 + é\lwm(t)ll2 = 2(F (1), wm(t)) = 2 < wm(t), wm(t) >,
which yields

S,
[wnm (8% = €= =7 g, (7))

- (4.11)
+ 2/ e~ 2 (t=9) [(F(s), wm(s))— < wi(s), wm(s) > |ds,

forallt > 7
Next, we estimate the terms on the right-half side of (4.11]) one by one. First,
since w (1) € Agy(q, (), it follows from (3.7) and (4.3) that

g, s,
™2 Tl (1P < e 2T ()

T 4.12
= 3eié?lt/ B%SHF(S)HQdS —0 asT — —o0. (4.12)
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Next, from (4.4)) and (4.6]), we have

lim_ e F =) (F(s), wp (5))ds = / e T (F(s), w(s))ds.  (4.13)

Finally, we see from (4.10) that < w, w > is equivalent to ||w|\% @ which combines
with (4.4) and (4.6)) implies
& Wi (8), Win (8) >—< w(s), w(s) > weakly in L(r,t; V(Q)), Vt > 7.

It follows from the lower semicontinuity of the norm that

¢ ¢
/ < w(s),w(s) > ds < lim inf/ L Wi (8), W (s) > ds. (4.14)

m—00

Inserting (4.13])-(4.14]) into (4.11]) leads to

51

t
lim sup [[wn, (£)]2 < €% 7wy (7)]|2 + 2 / eI (F(s), w(s))ds

meee . T (4.15)
S5
- 2/ e 279 < w(s), w(s) > ds.
Similar to (4.11]), the following energy equality for w(¢) hold:
t
w2 = e # o] +2 [ e HOAE), u()ds
- T (4.16)
— 2/ e~ 719 < w(s), w(s) > ds.
From the above two inequalities, we obtain
lim sup [[wn (£)]2 < € F ) o (1) + (@),
which together with (4.12)) implies (4.8) when 7 is small enough. This completes
the proof. O
Proof of Theorem[1.Jl Suppose that (1.9) is false, then there exist to € R,eq > 0
and w,, € Aﬁ(gm)(to), m=1,2,..., such that
distﬁ(m(wm,/lﬁ(m(to)) >e >0, m=12.... (4.17)

However, by Lemma we see that there exists a subsequence {wp,, }r>1 C
{wm }m>1 such that

i dist g (Wi, A o) (t) = 0,

which leads to a contradiction with (4.17)). Therefore, (1.9 follows. This completes
the proof. ([l
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