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EXISTENCE OF BOUNDED GLOBAL SOLUTIONS FOR FULLY
PARABOLIC ATTRACTION-REPULSION CHEMOTAXIS
SYSTEMS WITH SIGNAL-DEPENDENT SENSITIVITIES AND
WITHOUT LOGISTIC SOURCE
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Commumnicated by Mitsuharu Otani

ABSTRACT. This article concerns the parabolic attraction-repulsion chemo-
taxis system with signal-dependent sensitivities
ut = Au — V- (ux(v)Vo) + V- (u§(w)Vw), z€Q, t>0,
vw=~Av—v+u, x€Q, t>0,
wr=Aw—w+u, €N t>0
under homogeneous Neumann boundary conditions and initial conditions, where
Q C R™ (n > 2) is a bounded domain with smooth boundary, x, £ are functions
satisfying certain conditions. Existence of bounded global classical solutions
to the system with logistic source and logistic damping have been obtained in

[I]. This article establishes the existence of global bounded classical solutions
with logistic damping.

1. INTRODUCTION

Recently, in [I], we studied the fully parabolic attraction-repulsion chemotaxis
system with signal-dependent sensitivities and logistic source

up = Au—V - (ux(v)Vv) + V- (u§(w)Vw) + pu(l — u),
vy = Av — v+ u, (1.1)

wy = Aw — w + u,

where x, & are decreasing functions and g > 0. The existence of bounded global
solution for (|1.1) was obtained by using the effect of the logistic term. In light of
this result, the following question is raised:

Does boundedness of solutions still hold without logistic term?
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To answer the above question, we study the fully parabolic attraction-repulsion
chemotaxis system with signal-dependent sensitivities,

ug = Au—V - (ux(v)Vo) + V- (u€(w)Vw), ze€Q,t>0,
nw=0Av—v+u xz€,t>0,
we=Aw—w+u, z€Q,t>0, (1.2)
Vu-v=Vv-vr=Vw-v=0, x€09Q,t>0,
u(z,0) = up(z), wv(x,0)=vo(z), w(x,0)=wo(z), z€Q,

where Q@ C R™ (n > 2) is a bounded domain with smooth boundary 9€; v is
the outward normal vector to 0€; x, & are positive known functions; w,v,w are
unknown functions. The initial data wug, vy, wq are supposed to be nonnegative
functions satisfying

ug € C°(Q), g #0, (1.3)
Vo, Wo € Wl’OO(Q) (14)

We now explain the background of . Chemotaxis is a property of cells to
move in response to the concentration gradient of a chemical substance produced
by the cells. The origin of the problem of describing such biological phenomena is
the chemotaxis model proposed by Keller-Segel [9]:

ug = Au— V- (ux(v)Vuv), v =Av—v+u.

Systems and describe a process by which cells move in response to a
chemoattractant and a chemorepellent produced by the cells themselves. In particu-
lar, system with constant sensitivities (i.e., x(v) = x, §(w) = &, where x,& > 0
are constants) represents the quorum sensing effect that cells keep away from a re-
pulsive chemical substance [I7] and describes the aggregation of microglial cells in
Alzheimer’s disease [12]. There are a lot of studies for such attraction-repulsion
chemotaxis systems; we summarize some of them, by reducing parameters to 1, as
follows.

For with constant sensitivities (i.e., x(v) = x, {(w) = &, where x,& > 0 are
constants), the existence of bounded global solutions was obtained in [5l [6, [7], [§].
More precisely, Jin-Wang [7] investigated the one-dimensional case. Also, when
x = &, Jin-Liu [6] studied the two- and three-dimensional cases. Recently, Jin-
Wang [8] obtained the existence, boundedness, and stabilization of global solutions
under the condition % > C > 0 in the two-dimensional setting. In this way,
boundedness is well established for system ((1.1)) with logistic term. This holds for
the Keller-Segel system, that is, the system with w = 0; see e.g., [20] for the
parabolic-elliptic setting, and [23] 25] 27, 28, 29, [30] for the parabolic-parabolic
setting.

On the other hand, system with x(v) = x, £(w) = & (positive constants) has
been studied in 3} 10, [I1]. In the two-dimensional setting, Liu-Tao [II] established
existence and boundedness of global solutions under the condition x < &. In the
case x > £, Fujie-Suzuki [3] obtained boundedness under the condition fQ Uy < %
(Jquo < % for the radial case) in the two-dimensional setting, and they asserted
finite-time blow-up in the higher-dimensional case. Lankeit [10] showed finite-time
blow-up for the system having the second equation v; = Av — fv 4+ u and the third
equation w; = Aw — dw 4+ u with 8 # J in the three-dimensional radial setting
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when x > €. Some related works which deal with the parabolic-elliptic-elliptic
version of can be found in [I8, 19, 21], BI]. Specifically, Tao-Wang [19] derived
global existence and boundedness under the condition y < & in two or more space
dimensions. While finite-time blow-up was proved in the two-dimensional setting
when x > £ and the initial data satisfy the conditions that fQ ug > % and that
Jou(@)|z — xo* dz (zo € Q) is sufficiently small. Salako-Shen [18] obtained global
existence and boundedness when xy = 0 (or g > x — £ + M with some M > 0 in
(1.1)). Whereas in the two-dimensional setting, finite-time blow-up was shown by
Yu-Guo-Zheng [31] and lower bound of blow-up time was given by Viglialoro [21].
Thus we see that if there is no logistic term, boundedness breaks down in some
cases. A similar phenomenon occurs for the Keller-Segel system; see e.g., [I5] [16]
for the parabolic—elliptic type; and [4, 13} 22| 24] 26] for the parabolic-parabolic
type.

As mentioned above, the logistic term seems helpful to derive boundedness in
, whereas it is not clear whether boundedness in without logistic term
holds or not. The purpose of this article is to establish a result on boundedness for
with extra information about the outcome by our previous work.

Now we introduce conditions on the functions y, & and then state the main the-
orem. We assume throughout this paper that y, ¢ satisfy the following conditions:

x € CY ([, 00)) N LY (11,00) (0< 30, <1), x>0, (1.5)
¢ € C"%([n2,00)) N L' (m2,00) (0< 302 < 1), £>0, (1.6)
Ixo>0; sx(s) <xo Vs=m, (1.7)

3o > 0; sE(s) <& Vs> g, (1.8)

Ja>0; X'(s)+alx(s)?<0 Vs>, (1.9)
IB>0; &(s)+BIEB)IP<0 Vs >, (1.10)

where 71,72 > 0 are constants which will be fixed in Lemma note that if
vg, wo > 0, then we can take 71,72 > 0 (see also (2.1)) with zp > 0). Moreover, we
suppose that the «, 8 appearing in the conditions (|1.9)), (1.10)) satisfy

Z(26 n—1950+n
o> 5(2 —;51()’5(—n)1—)5;——)2+\/5’ B>n++/n/2

for some 0 € J := (ﬁ—n— V(B=n)2=5,8-n+/(f—-n)*— %), where
D= %5(25+ (2n — 1)3) [25(5 —n)+ g<2n(6+ 1)% — (26 + 1)2)}.

(1.11)

The main result reads as follows.

Theorem 1.1. Let Q C R™ (n > 2) be a bounded domain with smooth boundary.

Assume that (ug,vo,wo) satisfy (1.3), (1.4]). Suppose that x,& fulfill (1.5)—(1.10)
with «, 8 which satisfy (L.11)) for some § € J. Then there exists a unique triplet

(u,v,w) of nonnegative functions
u € C%(Q x [0,00)) NC*HQ x (0,00)),
v,w € C%(Q x [0,00)) N C%HQ x (0,00)) N L>®(0, 00; W (Q)),
which solves in the classical sense. Moreover, the solution (u,v,w) is bounded:
[u( D)l Lo (o) + lo( Dllwree @) + [w(, O)llwre@) < C
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for allt >0 and some C' > 0.

Remark 1.2. The above theorem provides the additional information.

e Boundedness still holds in the system without logistic damping under the
identical condition in [].

e The functions y, ¢ admits the singular case like xo/s® with xo > 0, k > 1.
This case was excluded from [I] because of the required regularity of x, & €
LY(0,00).

The strategy for the proof of Theorem is to show the LP-boundedness of u
with some p > n/2. The key is to derive the differential inequality

:lit/ﬂupf(x,t)dx<01/Qupf(;v,t)dx—02(/Qul’f(x7t)dx)l/9—|—c3 (1.12)

with some constants c1, ca,c3 > 0, 6 € (0,1) and some function f defined by using
v,w (see (3.1)). In our previous work including the logistic term pu(l — u), the
differential inequality

d

— p <
g Qu f(x,t)dav_cl/Q

1

uP f(z,t) dx—upm\*l/p(/upf(m,t)dx>1+5 (1.13)
Q

was established. The second term on the right-hand side of this inequality, which
is important in proving boundedness, is derived from the effect of the logistic term.
In other words, in the absence of a logistic source, the differential inequality
with © = 0 cannot derive boundedness which means the proof in the previous work
fails. Thus we will show the differential inequality without any help of the
logistic term. More precisely, using the effect of the diffusion term, we will establish

%/ﬂupf(x,t) dr < C1/Qupf($,t) dx — eop(p — 1)/QU”_2|Vul2f(x,t) dr (1.14)

with some small £g > 0. Then, by applying the Gagliardo-Nirenberg inequality to

the second term on the right-hand side of (1.14)), we will obtain (L.12]). This step
3.6)

is a difference between this paper and the previous one (see Lemma .

This article is organized as follows. In Section [2] we collect some preliminary
facts about local existence of classical solutions to and a lemma such that an
LP-estimate for u with some p > n/2 implies an L>°-estimate for u. Section [3is
devoted to the proof of global existence and boundedness (Theorem [1.1).

2. PRELIMINARIES

In this section we give some lemmas which will be used later. We first present the
result obtained by a similar argument in [2, Lemma 2.2] (see also [14, Lemma 2.1
and Remark 2.2]), which will be applied to the second and third equations in (|1.2)).

Lemma 2.1. Let T > 0. Let u € C°(Q2 x [0,T)) be a nonnegative function such
that, with some m >0, [ u(-,t) =m for allt € [0,T). If zy € C'(), 20 >0in Q
and z € C°(Q x [0,T)) N C%L(Q x (0,T)) is a classical solution of
z=QAz—z+u, x€Q,t>0,
Vz-v=0, xz€dQ, t>0,
z(z,0) = zo(x), x€Q,
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then for all t € (0,T),
inf z(x,t) >n

€N
with
n 1= sup (min {e7*" min zp(z), com(l — 6_7—)}> >0, (2.1)
>0 €N

where ¢y > 0 is a lower bound for the fundamental solution of o = Ap — ¢ with
Neumann boundary condition.

We next introduce a result on the existence of local classical solutions to .
Lemma 2.2. Let n > 1 and let (ug,vo,wq) fulfill , . Put mg = fQ U
and let n1,m2 > 0 be constants given by with (z9,m) = (vo, mg) and (2o, m) =
(wo,mg), respectively. Assume that x € C1t91([n1,00)), & € C'92([ng,00)) with
some 01,05 € (0,1). Then there exists Tmax € (0,00] such that (1.2) admits a
unique classical solution (u,v,w) such that

u € COQ X [0, Trax)) N CHHQ x (0, Tinax)),
v,w € CQ x [0, Timax)) N CZH x (0, Tinax)) N L ([0, Tinax); WH(Q)),

and u has positivity as well as the mass conservation property

/Qu(~,t):/ﬂu0 (2.2)

for all t € (0, Tmax), whereas v and w satisfy the lower estimates
1 > i > .
inf o(z,t) 2m, inf w(z,t) > (2.3)
for allt € (0, Timax). Moreover, if Tmax < 00, then

timsup ([uC, )l @) + o Ollwr @) + 0 Ollwrme) =00 (24)

max

Proof. Using a standard argument based on the contraction mapping principle as
in [19, Lemma 3.1], we can show local existence and blow-up criterion . Note
that the mass conservation property can be obtained by integrating the first
equation in over 2 x (0,t) for t € (0, Tynax), and that the lower estimates
follow from Lemma [2.1] O

In the following we assume that Q@ C R™ (n > 2) is a bounded domain with

smooth boundary, x, ¢ fulfill (L.5)), (1.6), respectively, (ug,vo,wo) satisfies (1.3)),
(1.4). Then we denote by (u,v,w) the local classical solution of (|1.2)) given in

Lemma and by Tiax its maximal existence time.
We next give the following lemma which tells us a strategy to prove global
existence and boundedness.

Lemma 2.3. Assume that x, & fulfill that x(s) < Ky, &(s) < Ky for all s > 0 with
some K1, Ko > 0, respectively. If there exist K3 > 0 and p > n/2 satisfying

[u(- )| ey < K3
for allt € (0, Tmax), then
[u(- )| Lo @) + [0 D llwre @) + [[w( O)llwie@) < C
for all t € (0, Tiax) with some C > 0.

For a proof of the above lemma see [Il, Lemma 2.3]; note that it is rather easier
to show it without the logistic term.
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3. PROOF OF THEOREM [I.1]

Thanks to Lemma [2.3] it is sufficient to derive an LP-estimate for u with some
p > n/2. To establish the estimate for u we introduce the function f = f(x,t) by

f(z,t) :==exp ( - r/v(x,t) x(s)ds — a/

m N2

w(z,t)

&(s) ds), (3.1)

where r,0 > 0 are some constants which will be fixed later. Here the function f
is finite valued, because integrability in is assured by and together
with .

Then we give the following lemma which was proved in [I, Lemma 3.2] with
@ = 0. Although in the literature we used the function f with n; = 2 = 0, the
conclusion of the following lemma does not depend on the choice of (11,72).

Lemma 3.1. Let r,o > 0. Then for all p > 1, we have

d

— upf:11+12+13—7‘/upfx(v)(—v+u)

~o [ wfew)-w+

for all t € (0, Timax), where
I = LIV - (Vu — v Vuw),
vimp [ @ (Vu s u(@) Vo + () Vo)
I .= —7“/ uP fx(v)Av,
Q
I3 := —a/ uP f&€(w)Aw.
Q

Next we state an estimate for Iy + I 4+ I3 in the following lemma.
Lemma 3.2. Letr,0 >0, ¢ € [0,1) and put
x:=u"'Vu|, y:=x0)|Vv|, z:=E&w)Vuw|
Then for all p > 1, the following estimate holds:
I + I+ I3 < —ep(p — 1)/ u? fx?
@ (3.3)
+ / uP f - (a1(€)x? + aoXy + a3xz + asy* + asyz + agz®)
Q
for all t € (0, Tmax), where
a1(e) =—1—-e)p(p—1), az:=plp+2r—1),
az =p(p+20c—1), ag:=-r(p+r+a),
as :=pr+po+2ro, ag:=—-o(—p+o+p).

Proof. Noting that —ep(p—1)+a1(e) = —p(p—1) for all € € (0, 1), we see that the
estimate (3.3]) is almost the same as that in the case e = 0 except multiplication by
constants and is proved in [T, p. 10]. O

We next give the following lemma, which is useful to show that the second term
on the right-hand side of (3.3]) is nonpositive.
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Lemma 3.3. Assume that «, satisfy (1.11). Then there exist p > n/2 and
r,o > 0 such that

a3 az
aq 0) L; ala(O) 2 (12
A= o >0 and Ay:=| B as Y| <O0. (3.4)
bl ae da as
2 2 4

Remark 3.4. In [Il Proof of Lemma 3.3], we showed that there exist p > n/2 and
r,o > 0 such that A; > 0, As < 0. Here, A; < 0 can be refined as Ay < 0 for some
p>n/2 and r,o > 0. More precisely, we set

wa(r) := 1 4 cor + ¢3

with ¢1,c2,c3 > 0 and find 7 > 0 such that p2(r) < 0 by the following two condi-
tions:

ro > 0, where rg is the axis of the parabola @9,

Dy >0, where Ds is the discriminant of ¢s.
These conditions show that ¢5(r) < 0 for some r > 0 which implies to Ay < 0.

Combining the above three lemmas, we can derive the following important in-
equality which leads to the LP-estimate for u.

Lemma 3.5. Assume that x, & satisfy (1.5)—(1.10) with o, 8 which fulfill .

Then there exist p > n/2 and r,o > 0 such that

d
— [ uPf+eop(p — 1)/ uP 72 f|Vul?

< —r/szupfx(v)(—v +u) — J/Qupff(w)(—w +u)
for all t € (0, Tax) with some €g € (0,1).

Proof. We put

as a(e) § %
Ai(e) == aligs) c12 and As(e):=| B as B

for e € [0,1). Since A;(0) > 0 and A2(0) < 0 hold in view of (3.4) and the function
ar: e~ —(1—¢)p(p— 1) is continuous at e = 0, we can find gy € (0, 1) such that
A1(g9) > 0 and As(gg) < 0. By using the Sylvester criterion, we have

a1(20)X> + aoXy + azxz + asy? + asyz + agz® < 0. (3.5)
Combining (3.3) and (3.5)) with (3.2), we arrive at the conclusion. O
We now show the desired LP-estimate for u with some p > n/2.

Lemma 3.6. Let p > n/2. Assume that x, & satisfy (L.5)—(1.10) with a, 8 which
fulfill (L.11). Then there exists C > 0 such that ||u(:,t)|[1r) < C for all t €

(Oa Tmax)-
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Proof. By Lemma we see from the positivity of x, ¢ and (L.7)), (L.8) that

[t +eoplp - 1) / P2 |V
dt o

< /Q i) =0 [ @ few)(-o -+

< o /Q W f + ok /Q u f

— (rxo + 0&) /Q 'y

for all ¢ € (0, Tynax) with some g € (0,1). Noting f < 1 in view of (3.1]) and then
using the Gagliardo-Nirenberg inequality and the mass conservation property ([2.2)),

we have
P
/ wPf < / = [[u3 ]2 0
Q Q

j 4 2,2(1-0
<er(IVubliza + uf] 250

L%m)) =0 (3.7)

P £ (1—-6
= er (1908 e + ol Eugey) Mol
< CQHV’U%H%GZ (Q) +c3

L

for all t € (0, Tmax) With ¢1,c2,c3 > 0, where 6 := n+ n

from x € L'(n1,00), £ € L' (12,00) (see (LE), (L.6)) that

(0,1). Also, noticing

f>e ::exp(—r/ X(s )ds—o/ &(s)ds ) >0 onQx(0,Tmax), (3.8)
m 72
we obtain A A
c c _
I ey = 5 / vu 2|2 [z, (39)

for all t € (0, Tinax). Combining (3.7) and (3.9) with ., we see that

(Z upf<cs/ﬂupf—c6(/gupf> +cr

for all t € (0, Tmax) With ¢s5,c6,¢7 > 0. This provides a constant ¢g > 0 such that
JouP f < cs, which again by (3.8) implies

/up L P pcs
Q dey

for all ¢t € (0, Tinax) and thereby we arrive at the conclusion. O

We are in a position to complete the proof of Theorem If x, € satisfy ([1.5)—
(1.10) with «, 8 fulfilling (1.11)), then, according to the relations that x(s) < x(m1)

for all s >y and &£(s) < £(n2) for all s > 19 (see (1.9) and (1.10))), a combination
of Lemmas and along with (2.4)), leads to the end of the proof.
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