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EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS
TO THE CAHN-HILLIARD EQUATION
WITH VARIABLE EXPONENT SOURCES

QUACH V. CHUONG, LE C. NHAN, LE X. TRUONG

ABSTRACT. In this article, we study the existence and nonexistence of global
solutions to the Cahn-Hilliard equation with variable exponent sources and
arbitrary initial energy. We also study the asymptotic behavior of weak solu-
tions. Our results extend some recent results of Han [I0] to PDEs with variable
exponent sources.

1. INTRODUCTION

Let Q ¢ RN be a bounded domain with smooth boundary 9. In this article,
we study the initial-boundary value problem

up + A%y — Apzyu = u[7 2y, (z,t) € Qr,

u(z,t) = %(m,t) =0, (z,t)elp, (1.1)

U(SC,O) = UO(x)v S Qa

where Qr := Q x (0,T), I'y := 02 x (0,T), v is the unit outward normal vector
on 99 and initial data ug € HZ(£2). It will also be assumed throughout this paper
that p(-) and ¢(-) are measurable functions satisfying

1 <p =essinfyeqp(x) <p' = esssup,cqp(z) < {?J’VQ’ i]N\f i ;: (1.2)
and
max{2,pt} < ¢~ :=essinficq q(x)
< gt i=esssup,eq qz) < {?;\Cp iﬁ; i j’ (13)
It is well known that the fourth-order parabolic equations
up + A%u — V- f(Vu) = h(z,t,u) (1.4)

can be used to model a variety of important physical processes. For example, it can
be used to describe the evolution of the epitaxial growth of nanoscale thin films,
see [19] 25, B0] and references therein. Equation (1.4]) is also known as classical
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Cahn-Hilliard equation arising from modeling of phase transitions in binary systems
such as alloys, glasses, thin film epitaxy, and polymer-mixtures; see for example
[2, 24 26, 29).

When the nonlinearities f and h satisfy some constant growth conditions, there
have been many results on the existence, uniqueness, and some other properties of
the solutions of (L.4). We refer the interested readers to the bibliography given in
[31 4] [T4), T2} [T6, [15]. Concerning to the blow-up property, Han [10] used the potential
well method proposed by Sattinger [23] (see [20 [17]) to study the problem

wp + Ay — Ayu = |u|q_2u7 (z,t) € Qr,

ou
u(gj, t) = %

U(Z‘,O) = U'O(x)7 T e Qa

(l’,t) =0, (I,t) el'r,

In that paper, the author showed a threshold result on global solutions, and on the
blow-up in finite time when the initial energy is subcritical critical and supercritical,
respectively. In addition, the author also studied the decay rate of the L?-norm
of global solutions. This result was then improved by Zhou [31] in studying the
exponential decay property of the energy functional.

To the best of our knowledge there are very few results on parabolic equations
involving variable exponent sources. In [2I] the author used the eigenfunction argu-
ment of Kaplan [IT] to study the blow-up property of solutions of the homogeneous
Dirichlet problem for the semilinear parabolic equation

uy — Au = f(z,u),

where the source term is either

f(@,u) = a@)@@ or  f(z,u) = alx) / 1@ (y, 1)dy.

Q

Then in [32 27] the authors established the blow-up results for solutions of the
evolution m-Laplace equation involving the variable exponent sources,

u — Aju = |u|p(1)_1u.

Recently, in [22] by using the concavity method, the authors established a blow up
in finite time result, in the case of non-positive initial energy J(ug), for fourth-order
parabolic equation

wup + A2y = 9@

Motivated by the above papers, we consider a more general problem with variable
exponent nonlinearities of the form . Our results are twofold: Firstly, different
from the previous results [21] 32, 27, 22] in which the authors only concerned about
the blow-up property (global nonexistence). We establish in this paper some sharp
results on the existence and nonexistence of global weak solutions for arbitrary
initial energy J(ug). As far as we know, such results in the case of PDEs with
variable exponent sources are new. Secondly, the decay rate of H3-norm of global
solutions which start from potential wells is also concerned. It is noticed that even
in the case of constant exponent, Han [10] only proved decay rate of L?-norm of
global solutions in case J(ug) < d where d is the potential well depth (see (3.5))).
Then Zhou [31] proved the decay of energy functional when J(ug) < dy < d with

q—2 ,_ 2¢

dny = ST a2z,
0 2q
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where S > 0 is the optimal constant of the embedding HZ(Q2) < L4(£2). In this
paper, we improve this result by showing the exponential decay of energy functional
under the condition J(up) < d. In addition, our techniques are different from
[31] where the author’s arguments depend either on p < 2 or p > 2. Because
, we shall prove in Theorem that the decay property of energy functional
depends strongly on ¢(z) instead of p(x). It is also worth noticing that this is not a
trivial generalization of similar problems with the constant exponent sources. The
substantial difficulties in treating the above problem are caused by the complicated
nonlinearities —A,;yu and |u|?®) =2y (it is non-homogeneous) and the lack of a
maximum principle and comparison principle for fourth-order equations. The key
point is to treat the gap between the norm and the integral in variable exponent
spaces. Our method presented here can be used to treat the problem in [21J, 22] 27,
32].

This article is organized as follows: In Sectionwe recall some facts about HZ ()
space and Ozlicz-Sobolev type spaces. In Section [3| we study the stationary state
of and construct the stable sets and unstable sets; In Sectionwe present our
main results on the evolution problem. The proof of main results are given in the
rest of the paper.

2. PRELIMINARIES

Let 2 be as in Section 1. We denote by || - ||, the usual norm of the space L"(2)
for 1 <r < oo and (-,-) the usual inner product of the Hilbert space L?(£2). We
also denote by || - ||z the norm of Hg(Q). That is

lull g = \/||U||§ +[Vull3 + || Au|3.
As in [10], H3(Q) is a Hilbert space with inner product
<U,’U>H02 = <Au7 AU> .

Then HZ(Q) is uniformly convex and the norm || - || g2 1s equivalent to the norm
[IA(-)|l2 due to Poincare’s inequality.

We next introduce some preliminary results on Lebesgue and Sobolev spaces with
variable exponents (see [5l 6] [7, B, [[3]). Denote by P(£2) the set of all measurable
functions p : @ — [1,00]. Define the Lebesgue space with a variable exponent p(-)
which is the so-called Nakano space and a special case of Musielak-Orlicz spaces
(see [18]), as follows:

LPO(Q) := {u: Q — R measurable, p(u / lu(z)[P™) dz < oo},
where p € P(Q). The space LP()(Q) is equipped with the Luxemburg-type norm

lullpgy = inf {A> 0 /| )P qo <1}

The following proposition shows the relation between the norm |lul|,) and the
modular p(u).

Proposition 2.1 ([5]). Let p € P(?). It holds that

min {ull? .l } < plu) < max {JJull®, [ull? ), for all u € LFO(9).
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For pt < oo, the dual space of LP()(Q) is identified with LP'()(Q) with the dual
variable exponent p’ € P(QQ) given by

— =1 fora.e. z€Q,
p(z)  p'(z)

where we write 1/00 = 0.
The Holder inequality also holds for variable Lebesgue spaces.
Proposition 2.2 (Hoélder inequality,[5]). Let p,q,s € P(Y), it holds that
luvllscy < 2llullpeyllvllgey  for all u € LrO(Q), v e L1(Q),

provided that
1 1 1
= + for a.e. x € Q.
s(z)  plx) (=)
Proposition 2.3 ([5]). Let p,q € P(Q). If p(x) < q(x) for a.e. = € Q, then the
embedding L10)(Q) < LPC)(Q) is continuous.

We next define variable exponent Sobolev spaces
WrO(Q) = {u € LPO(Q) : [Vu| € LD (Q)},

endowed with the norm
1/2
lullwoor oy = (IlullZy + IVul)

Furthermore, let Wol’p(')(Q) be the closure of C§°(Q) in W1P0)(Q). Tt is noticed
that if 1 < p~ < pt < oo, then LPO)(Q) and WP (Q) are uniformly convex
Banach spaces and therefore they are reflexive.

3. STATIONARY PROBLEM AND POTENTIAL WELLS

In this section, we consider the stationary solutions of (I.1) which solve the
problem
A%y — A

yu = lul?® =2y, in Q,

p(z
0
u(z) = a—Z(w) =0 on 09,
where p(x) and ¢(z) satisfy (1.2)-(1.3)). Consider the energy functional J and the
Nehari functional I given by

(3.1)

J(u) = 5\|Au||§+/ﬂlm|vu|p( )dx_/ﬂqu( )dx7

I(u):||Au||§+/ |Vu|P<w>dx—/ |u|7®) dz.
Q Q

Then J and I are of class C! over HZ(Q) and critical points of J are weak solutions
of (3.1). Moreover, we can estimate J and I as follows:

1 1 1
fAu2+f/ Vup(m)dm——/ ul?®) dg
glAulz+ % Q| | = Q||

11 11 . 1
= (g—qi)||AuH§+(E—qi)/52|vu|p( )d$+qif(”)7

J(u)

Y

(3.2)



EJDE-2022/46 GLOBAL SOLUTIONS TO THE CAHN-HILLIARD EQUATION 5

1 1 1
70 < glaul+— [ [9up@ - [ ar
2 P Ja

(3.3)
~ G- s - L) [ a2
= (5= )Ml + (= /|V| de+ (),
T = (3 - L)laulg+ [ <$ - D)Vulr) s
. . :(m) h (3.4)

Let u € H3(Q)\{0} and consider the fibering map A — j(A) := J(Au) for A > 0

given by
A2 A\p() 2\a(=)
jA:—AuQ—i—/iVup(x)dsc—/ u|1®) dz
M) = Flaug+ [ Zivu [

Lemma 3.1. Let (L.2)-(L3) hold and u € HZ(Q)\{0}. Then the following results
hold:
(i) limy_o+ j(A) = 0 and limy o j(A) = —o0.
(ii) There exists a A = Ai(u) > 0 such that j(\) attains the mazimum at
A = A, then I(Asu) = 0. In addition, we have 0 < A\, < 1, A\, = 1 and
A > 1 provided that I(u) < 0,1(u) =0 and I(u) > 0, respectively.

Proof. 1t is easily seen that
JjA) > )\2||Au||2 +min{\? | \P }/ |Vu|p(””

—max{\? |\ }/ |u|q<w dz,
and

i) < >\2||Au||2+max{)\p AP }/ |vu|p(ac) dz
—min{\? |\ }/ \u|q(") dz.

This, together with ¢= > max{2,p*} and fQ ﬁ|u|q(“’) dz > 0, implies (i). Fur-
thermore, we also have j(\) > 0 for sufficiently small A > 0. Hence, there exists
a A > 0 such that j(A«) = supy~qj(A). Then by Fermat’s Theorem, we obtain
7 (Ax) = 0. This gives I(Asu) = 0 by the relation I'(Au) = Aj'(A).

Finally, we prove the last statement of (ii). By the definition of I, we obtain

0 =TI(Au)
X2 Aul+ [ ATup o [ A e da
Q Q
— (A7) Aul + / (N~ ALY |[VuP®) de
Q
+ / (AT = XY u|2®) da 4+ A2 I (u),
Q

which can be rewritten in the form

A I) = O =) [AulE + [ (- M) [Tup) o
Q
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—|—/ ()\3(1) — A7) [u|®) da.
Q

Since ¢~ > max{2,p"}, the above equality shows that 0 < A\, < 1,A, = 1 and
A« > 1 provided that I(u) < 0,I(u) = 0 and I(u) > 0, respectively. This completes
the proof. 0

We now define the so-called Nehari manifold associated to the energy functional
J by
N = {u € HF(Q)\{0} : I(u) = 0}.
It follows from Lemma [3.1] that N is not empty set. Thus, we can define
d= inf J(u). 3.5
nf J(u) (3.5)

The following lemma plays an important role in the proofs of our main results for
the low initial energy case.

Lemma 3.2. Let (1.2))-(1.3) hold and u € HZ(Q)\{0}. Then

1 d
J(u) = —1I(u) > T
q max{AZ, \{7 ) \¥ }

where Ny is as in Lemma[3.1]

Proof. For any u € H3(Q)\{0}, by Lemma there exists A, € (0,00) such that
I(Au) = 0. By the definition of d and replacing u by A in (3.4), one has

d < J(wu)
= (3~ =A%l + /Q Ai"‘”)(ﬁ - )IVuP da
+/QAZ<I)(qi_ - ﬁ)\uﬁ(” da
< max{X2, 32} (5 - qi_)uAung +/Q (ﬁ - qi_)|w|p<w> d
+ [ (2= i) aa]

1
= max {\2, 07, M0 HJ (w) — —I(u)].
q
This implies the required result. The proof is complete. O

Based on the above two lemmas, we can prove the following lemma, which shows
that d is positive and is actually attained at some u € N.

Lemma 3.3. Let (1.2)—(1.3)) hold. Then we have

(i) d = inf,emz()\ (0} SUPA>0 J (Au).
(ii) d is a positive number.
(i) There exists u* € N, u*(z) > 0 a.e. in Q such that J(u*) = d.

Proof. For any u € H3(Q)\{0}. By Lemma we have
sup J(Au) = J(Asu). (3.6)
A>0

By the definition of NV, it follows from Lemma [3.1] that A\,u € N. Hence
J(Asu) > inf J(u) =d. 3.7
(Aw) 2 inf J(u) (3.7)
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Combining (3.6 and (3.7]), one has

inf sup J(Au) > d. 3.8
u€HE (2)\{0} A>0 () (38)

On the other hand, for any u € A/, by Lemma [3.1] one has A, = 1, that is,
sup J(Au) = J(u).
A>0

Therefore,

inf sup J(Au) < inf sup J(Au) = inf J(u) =d. 3.9
werin oy o T = 2 5 T ) = e () (3:9)

We deduce from (3.8) and (3.9) that (i) holds.
We next prove (ii). Since q(z) satisfies (1.3), H3(2) can be embedded into
L‘I(‘)(Q) continuously. Denote by S,(.) the optimal embedding constant, i.e.,

l[uall gy
Sqy = sup .
at) u€HZ(Q)\{0} | Aull2

Let any u € HZ(Q)\{0} such that I(u) < 0. Then it follows that

|Auf3 < / 1@ da
Q

- +
< max {[lullZ;, [ull %7}
- - + +
< mac {87 |Aulg, S9 Aulg ).
Taking this fact into account and notice that ||Aullz > 0 and ¢~ > 2, we obtain
| Aullz > 1, (3.10)

where
- +

81 = min {Sﬁ, Sait

Fixing v € N, we have u € HZ(Q)\{0} and I(u) = 0. By using (3.2) and (3.10)),

we obtain

1 1 1 1 1
J(u) > (z — —) || Aul3 + —f—/Vup(I)der—Iu
(w) > (3 q_)ll 12 (p+ q_) Q\ | gl
1 1
> (3= Al (3.11)
1 1

Then by the definition of d, we obtain

1 1
i (3- L)t =0
Finally, we prove (iii). By (B.5)), there exists {u,}32,; C N is a minimizing
sequence of J such that lim,_, J(u,) = d. Clearly, |u,| € N and J(Ju,|) = J(uy).
For this reason, we may assume that u,(z) > 0 a.e. in  for all n € N*.
Since lim, o J(u,) = d and using (3.11)), we infer that {u,} is bounded in
HZ(€). Then, since H3(12) is reflexive, H3(Q2) < Wol’p(')(ﬂ) and HZ(Q) < L10)(Q)
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are compact embeddings (by ([1.2)) and (1.3))), there exists a sub-sequence of {u,},
still denoted by {u,} and a u* € HZ(f2) such that

u, — u*  weakly in HZ(Q),
U = u* strongly in WP (Q),
u, — u* strongly in L10)(Q),
up(z) = u*(z) a.e. in Q.
Then we have u*(z) > 0 a.e. in 2 and

|Au*||2 < liminf [|Auy||2,
n—r 00

/|Vu*\p(x) dz = lim / |V, |P@® dz,
Q n—oo Q

1 1

/ (= - %)|Vu*\”(z) dz = lim (% )|V, [P dz,

o p@) g n—o Jo “p(z q
/|u*\q<z> dz = lim / |7 diz,
o) n—oo Q
1 1 1 1
/(j——)|u*\q(m) dz = lim (i——)|un|q(m)dx.
o 4 q(x) n—eo o 4 q(x)

Replacing u by u,, in (3.4) and notice that u,, € A/, one has
d = liminf J(u,)

n—oo
1 1 1 1
=liminf | (= — — Aun2+/ )|V, |P® dz
mint (5~ =) I8ual3+ [ (o5 = =)Vl
1 1
+/ — — —)|u, |7 da
[ (il »
1 1 1 1 .
>(z—— Au*Z—i—/ —— — )|V P da
G- DNawl+ [ (o - v
_,_/(i_ 1 )|u*|q(x)dx
¢ aqlx)
1

Suppose that I(u*) < 0. Then by Lemmas[3.1]and [3.2] there exists A, € (0,1) such

that . p

- I(u*) >
1)

J(u™) > —— >d
max{ 2, \{7 A"}
This contradicts (3.12)), and so

I(u*) > 0. (3.13)
Since u, € N, we have I(u,) = 0, it follows that
0 = liminf I (u,)

n—oo
= lim inf (|\Aun||§+/ |Vt [P() d:177/ e dx)
> ||Au*||§+/ IV [P(®) d:r—/ 0] dz
@ Q
= I(u’),
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which, together with (3.13]), implies that I(u*) = 0. We now prove u* € N. It
remains to show that u* # 0. Indeed, since u,, € N and (3.10)), we obtain

/Q\unrf(m) dz = || Aun |2 +/Q|vun|1’<r> dz > 62,

Passing to the limit, we have
/Q ju*|9®) dz > 62 > 0,
which gives u* # 0. Hence, u* € N and therefore J(u*) > d. By and
I(u*) =0, we have J(u*) < d. So, J(u*) = d. The proof is complete. O
We now define the so-called stable set YW and unstable set & which is similar to
Sattinger [23], Payne and Sattinger [20].
W ={ue H;):J(u) <d,I(u)>0}U{0},
U={uec H3Q):J(u) <d I(u) <0},
We also introduce
N_o={ue HQ): I(u) <0}, N, ={uec HFQ):1(u) >0},
and the open sub levels of J,
JF={uec HZ(Q): J(u) < k}.
The variational characterization of d also shows that
Ne=NnJF#£0 forall k>d.
For k > d, we now define
A = inf{||lulls : v € Ny} and Ay = sup{||ull2 : v € Ny} (3.14)

It is obvious that k — A is non-increasing, and k — Ay is non-decreasing. The
next lemma shows that Ay and Ay are finite positive numbers, and therefore the
result of Theorem [4.9]is nontrivial.

Lemma 3.4. Let (1.2)-(1.3) hold. Then for any k > d, A\, and Ay defined in (3.14)
satisfy 0 < A\ < Ag < 00.

Proof. Firstly, we prove Ay < co. For any k > d and u € N}, we have J(u) < k
and I(u) = 0. Then by (3.2)) and using the embedding H3(2) < L?(Q2), we obtain

k> I = (5= D) Aul+ oz = ) [ [V de+ 1)
> (% - qi_)IIAUI@ (3.15)
> (5= 2=)S2 "l
which yields
Julla < 52y | 2,

where Sy > 0 is the optimal embedding constant, i.e.,

Sy= s lull2_
ue H2(2)\{0} | Aull2

(3.16)
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This shows that

A <5

Secondly, we prove that A\ > 0. By the Gagliardo-Nirenberg inequality, there exists
a positive constant Ay depending only on €, N,q~ and ¢* such that

- 0~ q~ 1-07)q~
lull2- < Aof|Aulf @ [ulls =",
+ otgt 1—9t)gt+
lullZe < AoflAul) " ullS

where 9+ = % € (0;1) by (T.3). Then, since u € N}, and N}, C N, it follows
that

Aulf < [ fult) do
Q

s/ (Jul*” +[ul*") dz
Q
- +
< 2max {|Jull_, |lu] % }
o 1—0=a- 0+ at 1-01)g*
< 240 max {[ AullS 7 [l 8007 JAu)g T S0 )

Taking this into account and noticing that ||Aull > 0 and #* < 1, we obtain

2-0"q~ 2—9tqt

Julla > min { (240) T Al §7, (240) T 0 A ST ) (3.17)
On the other hand, it follows from (3.10]) and (3.15]) that

2kq—
q 5= 89, for all u € N}.

b1 < [|Aully <

This, together with (3.17]), implies

. 2-6=q~ 2-67q~
Jully > min {(240) 7257 min {8707 65},
2—9tqt 2—9tqt

(240) T min {67707, 6T 1 > 0,
Hence, A\ > 0 by the definition of Ag. This completes the proof. O

Finally, we give the following lemma, which is necessary for our proofs of the
main results in case of the high initial energy.

Lemma 3.5. Let (1.2)-(1.3) hold. Then we have
(i) 0is away from both N and N_, that is, dist(0, N') > 0 and dist(0, N_) > 0.
(ii) The set NN J* is bounded in HZ(Q) for any k > 0.

P7 00’. By 310 5 i‘ iS easy t}() see tllat
i 7N — iIlf A 2 > (5 > 07
d. t O7N_ - i“f A ) > 5 > 0
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We now prove (ii). For any v € Ny NJ*, we have J(u) < k and I(u) > 0. Then by
using (3.2)), it follows that

1 1 1 1 1
E>Jw) > (= — =) [|Aul]? + ———/Vup(x)dm—l——lu
W2 (5~ DAl + (- =) [ 17 L1t

> (5 - ) lAulf,

which implies that

2kq~

q —2

and completes the proof. O

[Aulls <

4. EVOLUTION PROBLEM
We first give the precise meaning of solution to problem (1.1)).

Definition 4.1. Let T > 0, a function u = u(t) € L*(0,T; H3(Q)) with u; €
L2(0,T; L?(Q)) is said to be a weak solution to (1.1)) in Q x [0,T), if u(0) = uy €
HE() and satisfies

(g, v) + (Au, Av) 4 (|[Vu|P@ 2Ty, Vo) = ([u® 2y, 0), ae. t € (0,T), (4.1)
for any v € HZ(Q). Moreover,

/ 1/ (5)|2ds + J(u(®)) = J(ug), 0<t<T. (4.2)

Definition 4.2. Let u(t) be a weak solution to the problem (1.1)). We define the
maximal existence time Tyax of u(t) as follows
(1) If w(t) exists for 0 <t < 00, then Tinax = 0.
(i) If there exists o > 0 such that u(t) exists for 0 < ¢ < tg, but does not exist
at to, then Thax = to.

Remark 4.3. Under the assumption ug € HZ(£2), by using the standard Galerkin’s
method as in [10B1], we can prove immediately the existence of local weak solutions
u(t). For the uniqueness of solution to , it can be obtained under some suitable
assumptions on the initial data ug, p(-) and ¢(-). For example, in [I0] Han proved
the uniqueness of bounded weak solution (L°°-bounded solution), such kind of
solution can be obtained by either in one dimensional space or p(-) > N.

The next lemma shows the invariant of stable and unstable sets.

Lemma 4.4. Let (1.2)-(1.3) hold and J(ug) < d. Then we possess the following
statements:

(i) If I(ug) < 0, then I(u(t)) <0 for all t € [0, Tax)-
(ii) If I(ug) > 0, then I(u(t)) > 0 for all t € [0, Tax)-

Proof. Note that u(t) ¢ N, for all t € [0, Tyay) since J(u(t)) < J(ug)) < d.

For (i). Assume to the contrary that there exists ¢y € (0,Tmax) such that
I(u(t)) < 0 for all t € [0,t) and I(u(tg)) = 0. Then by (3.10), we obtain
|Au(t)|l2 > 61, for all ¢ € [0,1). Letting t — o, we have ||Au(to)|l2 > 1, which
gives u(to) # 0. Hence, u(ty) € N. We thus arrive at a contradiction.

For (ii). By contradiction, we assume that there exists t; € (0, Tnax) such that

I(u(t1)) < 0. This and I(up) > 0 imply that there exists t2 € [0,¢1) such that
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I(u(tz)) = 0. Tt gives u(ta) = 0 due to u(tz) ¢ N. Then we obtain u(t) = 0
for t € [t2, Tmax). Thus u(t;) = 0. This contradicts I(u(t1)) < 0. The proof is
complete. O

We introduce the set
S = {6 € H3(Q): ¢ is a stationary solution of },
and define the w-limit set w(ug) of the initial data uy € Wg’p(')(Q) by
w(up) = {w € HZ(Q) : 3{t,} with t,, — oo such that u(t,) — w}.

Let u(t) be a solution to (1.1]) associated with ug € HZ(2) on the maximal existence
time interval [0, Tiyax). We then introduce the sets

G = {up € H3(Q) : u(t) exists globally, i.e. Tinax = 00},
Go={up € G :u(t) —0in HF(Q) as t — oo},
B = {ug € HZ(Q) : u(t) blows up in finite time, i.e. Tpax < 00}
Our main results read as follows.

Theorem 4.5. Let (1.2)-(1.3) hold. If J(up) < d and I(ug) > 0, then the mazimal
existence time Tax = 00. Moreover, u(t) holds following decay estimates:

lu(®)ll2 < [luoll2e™",

2q— _
[Au(t)]le < \/q — (J (o) + [luo[[3)e ",

VI @lt) + [u(@)]3 < /T (uo) + luolZe ™,
where a and B are some positive constants.
Theorem 4.6. Let (1.2)-(1.3) hold. Then
(i) If uo € HZ(Q)\{0} holds J(ug) < 0, then Tax < oo. Furthermore, we can
get an upper bound for the maximal existence time
g _at
Tinaxe < Cmax {|Juoll3™¢ , [luoll377 },
where - .
g~ max{S5) » 55y}
(¢~ —2)(¢~ —max{2,p*})
and Sq(.)2 s the optimal embedding constant of LIO)(Q) — L*(Q) when
q- > 2, e,

C:

>0, (4.3)

[[wll2
Sq(~),2 = sup || ” . (44)
ueLaO) ()\{0} 1%llq()

(i) If 0 < J(up) < d and I(ug) < 0, then Thax < 00.

Remark 4.7. As a consequence of Theorem [4.5] and we have a sharp result in
the case J(ug) < d, that is, the weak solution to (1.1)) exists globally and blows up
in finite time provided that I(ug) > 0 and I(ug) < 0, respectively.

Theorem [£.5]shows that any global weak solution which starts from the potential
wells W tends to zero. And the next theorem shows the asymptotic behavior of
any global weak solution of (L.1)).
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Theorem 4.8. Let (1.2)-(1.3) hold and u(t) be a global solution of (1.1). Then

there exists a sequence {t,} with t,, — co asn — oo and ¢ € S such that

Tim [ Au(t,) - Adll; = 0.

Our next result gives an abstract criterion for vanishing and global nonexistence
of solutions to (1.1]) in terms of the variational values Ax and Ay.

Theorem 4.9. Let (1.2)-(1.3) hold and J(ug) > d. Ifug € Ny and [Jugll2 < A jeue)
then ug € Go. If up € N_ and |lug|l2 > A jeuy), then ug € B.

As a consequence, one has a characterization on the data ug with arbitrary high
energy J(ug) that leads to blow-up in finite time phenomena.

Theorem 4.10. Let (1.2)-(1.3)) hold and assume that ug € H3(Q) holds J(ug) > d
and

2¢g—S
luoll3 > - 237 (wo) (4.5)

then ug € N_ N B. Here Sy is the constant given in (3.16).

5. PROOF OF THEOREM

Let u(t) := u(x,t) be a solution of on the interval [0, Tiyax) associated with
to the initial data ug. We first prove the uniform boundedness in time of wu(t)
in HZ(Q), which implies Tyax = oo by the continuation principle. Indeed, since
J(uo) < d and I(ug) > 0, by Lemma [4.4] we have that I(u(t)) > 0. Then by using
the non-increasing property of J(u(t)) and (3.2), we obtain

I (uo) = J(u(t))

11 11 1
> (= — =) Au(d)|? + ———/v )P da + —I(u(t
> (3 q_)ll u(t)|2 (p+ q_) Q| u(t)[P dx = @®) (51
11
> (5 - qt)IIAU(t)H%,
which implies
2q—J
IBuols < 20

We next show the decay estimates of u(t). If u(tp) = 0 for some to > 0, then we
have u(t) = 0 for all ¢t > tg, and the proof is complete. So we may assume u(t) # 0
for all t > 0. Then due to I(u(t)) > 0, by Lemma [3.1] there exists A, > 1 such that
I(Au(t)) = 0. And therefore

N I(u(t) = A I(u(t)) — [(u(t))
= (=) A+ [ (8 = M) Tu() da
@) AT ()19 qp
+ [ 8 -t

> (0 ) |Au0lE + (48 - x) [ VPt da.
Q
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Dividing the above inequality by A? , we obtain

I(u(t) > (1= A2 )Au®)3+ (1 - X" ~7) / |Vu(t) [P da. (5.2)
Q
We next estimate for \,. By applying Lemma [3.2] and notice that A, > 1, one has
1 d d
J(u(t)) — —1I(u(t)) > = —. (5.3)
q- (ult) max{A2, X", AT} AT

On the other hand, by using the non-increasing property of J(u(t)) and notice that
I(u(t)) > 0, we have
1
J(®)) = =1(u®) < J(uo).
This together with (5.3]), implies that

A > (

It follows from (5.2)) and (5.4]) that

J(uo)

1) > (1= (575) " )l
(- g ) e

which yields

I(u(t)) > Chl|Au(t)|2 and  I(u(t)) > Cy /Q V()P da, (5.5)
where
d 2;3_* d p*q:_q’
Cl:l_(J(U@)) and C2:1_(J(’U,0))

We now consider the exponential decay of ||u(t)||2. Taking v = w in (4.1), we have

d xr x
G118 = =2(18u@ + [ [Va(O® do [ fu(e)" do)
Q Q
— —2I(u(t)).
From this and ([5.5)), it follows that

C

—|lu

dt
where S5 is the constant given in (3.16)). This implies that

[u(®)ll2 < lluoll2e™*",

O3 < —2C1llAu(®) 3 < —2C185 2 u(®)]3,

where a = 01952 > 0.
We next consider the exponential decay of J(u(t)) and ||Au(t)|2. Using (3.3),
we obtain

1 1 9 1 1
J(u(®) < (5 - qj)IIAU(t)Hz + (pi s
This together with immediately yields
J(u(t)) < Csl(u(t)), (5.6)

) [ [9uoP o+ Lrato)
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where
1,1 1 1,1 1

-GG g G 0
Let us define an auxiliary function
L(t) = J(u(t)) + ||lu(t)||3, fort>0. (5.7)
Then by and , we obtain
L(t) < J(u(t) + S3llAu(®)]3 < CaJ (u(?)). (5-8)

Here Cy =1+ qQ,( S2 > 0 and S, is the constant given in (3.16). It follows from

—2
(5.6), (5.7) and (5.8) that
d 2 2
—L(t) = —||u'(t)||% — 2I < - < —
G0 = I @Ol = 21u(0) < = G-I (u(t) < -

which implies that

L(1),

L(t) < L(0)e™?,
1

where 8 = = > 0. The above inequality can be rewritten as

'3Cy
T(u(®)) + [[u() |13 < (J(uo) + [luol|3)e2". (5.9)
By (5.1) and (5.9), we obtain
29~ 29~
Au(®)|3 < —L—T(u(t)) < —— (I (uo) + uo3)e 2"

q —2 q - —2
The proof is complete.
6. PROOF OF THEOREM

We consider following two cases by using different methods:
Case 1: uy € HZ(2)\{0} with J(ug) < 0. We define the function

f(t) = |Ju(t)||3, for all t € [0, Timax)-
By the definition of J and I, we have

1 1 1
J(u(t)) > S[|Au(t 2+—/ Vutp(w)dm——/ut 4(®) gy
(w(®) = 18wl + - [ [7u() L [ o)

5oy (18 + [ [Fu@l? ar) - = [ o as

> 0
~ max{2,p*}

_ 1 ~ 3N e ® g 1 "
o (max{Z,p+} q*) /Q‘ B do + max{2,p+}l( ()-

Taking this fact into account and notice that J(u(t)) < J(ug) < 0, one has
f1(t) = =21 (u(t))
2. pt
> —2max{2, p}(u(t) +2(1 - ZE2LL) [ e gz
Q

> o1 - ZEDY [0
Q

q
From this and ¢~ > max{2,p™}, we obtain that f’(t) > 0 for all t € [0, Tynax),
which implies that

f(#) > £(0) = |jugl|3 >0, forallt € [0, Thax)- (6.2)

(6.1)
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Then by (6.2), we can estimate [, [u(t)|?®) dz as follows:
.
/‘u |q(I)dm>mln{Hu Hq()7||u( )‘|g(<)}
_ _ o+ +
> min {9, lu)§ S, llu®)Ig }
+

> min {877, 577 }mm{uu H2 ,HU()H% } (6:3)

q()27 t)}f?(t)

Z min {Sq( );2? q( ), 2} min {1 ||u0||2 o }f%(t)
where S;(.) 5 is defined in . It follows from (6.1)) and (| . ) that

q()27

= mln{S

F1(t) = cof%or), (6.4)

where

+
0022(1_rrmx22_,p}) min{S;( q()z}mm{l ||u0Hg >

Since f(t) > 0, dividing the inequality (6.4) by f %(t), we obtain
F1@) () = Co.

Integrating the above inequality over [0, ], one has

) < 0) - (q— —1)Cot, for all t € [0, Tinax)-

2
This and £~ (¢) > 0 imply
9 oo
t< ———||u T forallt €10, Timax)-
ol 0, T)
Thus, we obtain
2 2-q~ 2-q~ 2—q*
Thax < ————~ T =C a 3 1 y
S - Q)COHUOHZ max{lluollz ™ , [[uollz ™ }

where C' is the constant given in (4.3)).

Case 2: 0 < J(ug) < d and I(up) < 0. By contradiction, we assume that Tpa.x =
oco. Thanks to I(ug) < 0, by Lemma [4.4] we have I(u(t)) < 0. Then by Lemma
and there exists A, € (0,1) such that

Hult) - CI(0) > — o e T

which implies that

%HU(t)ll% = —2I(u(t)) > 2¢" (d = J(u(t))) = 2¢~ (d = J (uo))-

Then we have

t
d _
lu(®)]I3 = IIUOII§+/0 T 1e@IE ds > fuoll3 +2g7 (d = J (uo))t.
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From this and J(ug) < d, we obtain lim;_, ||u(t)||2 = co. Hence, we can choose
sufficiently large ¢y > 0 such that

=
u(to)l5 > HH“OH%

Let .
) S Ju(s)]3 ds
(% = ) (luto)13 — E=5lluoll3)
We now define the auxiliary function F : [0,T] — (0, 00) by

ﬂwaAM@ﬁw+@—wmﬁ (6.6)

+tg > tg > 0. (65)

Then .
Fﬁ%ﬂwwﬁ—ﬂwﬁ=2lhﬂﬂm@»®7

and
F(t) = 2{(u'(t), u(t)) = —2I(u(t))

>2q" (d = J(u(t)))

=:2q-<d—-J<uo>>+-2q-J€ [ (s)Zds (67

t
ZZf/HM$%M
0
We deduce from and that
t t
FOF'0 =2 [ [()3ds [ Jue)]3ds (65)
0 0

On the other hand, by Cauchy-Schwarz inequality, we have
! 2 ! 2 ! 2 1 2
[ lw@gas [ ueidsz ([ (weueia) = E0r ©9)
0 0 0 4
Combining 7, we obtain
F(#)F"(t) > %(F’(t))Q, for all ¢ € [0, ). (6.10)

Setting G(t) = Pl (t), we obtain

-\ F(t — F)F"(t) — L-(F'(t))?

G/(t):(lqu) q_()7 G//(t):(l—q—) () ()q_z( ())

27 F (1) 2 F1+ (1)
Then we have G”(t) < 0, for all ¢t € [0, 7] due to (6.10). Thus, G(t) is concave on
[0,7]. This implies that

G(t) < G(to) + G'(to)(t — tp), forallt e [0,T).

Replacing ¢ by T in the above inequality and notice that (6.5)), we obtain

G(T) < G(to) + G'(to)(T — to)

= Ff%(to)[F(to) - (% N 1) (T - tO)F/(tO)} =0

This contradicts G(T') > 0, and the proof is complete.
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7. PROOF OF THEOREM [4.8]

Assume that u = u(t) is a global weak solution to (|1.1)). Then by (i) in Theorem
[4.6] we obtain J(u(t)) > 0 for all ¢ > 0. Therefore,

/Ot [/ ()13 ds = T (uo) — J (u(t)) < J(uo).
Letting t — oo, one has
| Il < g <o
Therefore, there exists a sequence {t,} with ¢, — 0o as n — oo such that
Jim [l (t) 2 =0, (71)

which implies that ||u/(,)||2 < A for all n € N, for some a constant A. Then

[T (u(tn))] = [/ (tn), u(tn))] (7.2)
< () ll2llu(tn) ]2 (7.3)
< [l (tn) 252 | Au(tn) |2 (7.4)
< ASo||Au(tn) |2, (7.5)

where Sy is the constant given in (3.16)). Using the non-increasing property of
J(u(t)), (7.5) and replacing u by u(t,) in (3.2]), we obtain
J(uo) = J(u(tn))

L TS T S S WP de + 2 Iy
> (5~ AU+ (o = =) [ [Vt do+ = 1(u(t,)
> (5 - At - 22 |Au(t),

which implies that

< ASy +/A252 +2q= (g~ — 2)J (uo)
< 2

The above inequality ensures that {u(t,)} is bounded in H2(2). Then, since HZ(£2)
is reflexive, H3(Q) — Wol’p(')(Q) and H2(Q) — LI)(Q) are compact embeddings

(by (1.2) and (1.3)), there exists a sub-sequence of {u(t,)}, still denoted by {u(t,)}
and a ¢ € HZ(Q2) such that

[Au(tn)ll2 (7.6)

u(ty,) — ¢ weakly in H2(Q), (7.7)
u(ty) — ¢ strongly in Wol’p(')(Q), (7.8)
u(ty) — ¢ strongly in LIO)(Q). (7.9)

For any v € H2(Q2). Replacing u by u(t,) in the equation (1.1)), by multiplying
(1.1) by v and integrating by parts, we have

[(Au(t,), Av) + ([Vu(t,) P2 Vu(t,), Vo) = (u(tn)|*@ 2 u(t,), v)|
= [(u(tn), V)| < ([ () [2]|0]]2-
From this and , it follows that

lim ((Au(tn), Av) + (|Vu(tn)|p(”)_2Vu(tn), Vu) — <\u(tn)|qm_2u(tn),v>) =0,

n—oQ
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which, together with (7.7)), (7.8]) and (7.9)) yields
peS. (7.10)

By (7.1), (7.4) and (7.6]), we obtain

lim I(u(t,)) =0,
n—oo
which, together with (7.8]), (7.9) and (7.10]), implies
lim [|Au(t,)|2 = — lim / |Vu(t,)|P® dz 4+ lim / |u(t, )7 dz

n—oo

(7.11)
B _/ Vo["™ de +/ |6]%®) dz = [|[Ad|la-
Q Q

Note that HZ(Q) is uniformly convex. Then by (7.7) and (7.11]), we imply (see [I}
Proposition 3.32])
u(ty,) — ¢ strongly in HZ(Q).

The proof is complete.

8. PROOF OF THEOREMS AND [4.10]

By borrowing the ideas from [9] 28] we can prove the Theorem and as
follows.

Proof of Theorem [[.9. Assume that ug € Ny and [Jugll2 < Aj(uy). We first prove
that u(t) € Ny for all t € [0, Tinax). Indeed, assume on the contrary that there is
to > 0 such that u(t) € My for all ¢ € [0,t0) and u(to) € N. Then for all ¢ € [0, ),
we have

0 < [I(u(t))] = [(u'(8), u(®)] < o' () ]l2]lu(®)]l2,
which gives [[u/(t)[|2 > 0. From this and (4.2)), we obtain J(u(ty)) < J(uo), i-e.,
u(to) € J70). So [lu(to)||2 = Aj(ug)- On the other hand, for all ¢t € [0,t), we have

d

2 [ OIE = —2I(u(t)) <0,
which implies that [[u(to)|l2 < [luoll2 < Xj(uy). We thus arrive at a contradiction
and therefore it proves the claim u(t) € Ny for all ¢ € [0,Tiax). This gives
u(t) € NpnJ7®) for all t € [0, Timax) by using the strictly decreasing property
of J(u(t)). Then by (ii) in Lemma u(t) remains bounded in HZ(f) for all
t € [0, Tmax) so that Trax = 00, ie., ug € G. We next prove ug € Gy. Let any
w € w(ug), we obtain

lwll2 < Ajey and J(w) < J(uop),
which implies that w(ug) NN = 0 by definition of Aj(,,). And therefore, w(ug) =
{0}, i.e., up € Go.
Now we assume that ug € N_ and |luoll2 > A (). By analogous arguments as

above, we also have u(t) € N_ for all t € [0,Thax). Assume on the contrary that
Tinax = 00, then for every w € w(ug), one has

lwll2 > Ajuy and J(w) < J(ug),

which gives w(uo) NN = () by the definition of A ;(,,). However, since dist(0, N_) >
0, we also have 0 ¢ w(ug). And hence w(ug) = @), which contradicts Tiyax = 00.
Thus ug € B. The proof is complete. (I
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Proof of Theorem[{.10. Let any v € H3(2)\{0}. By using (3.2), we obtain

1 1 1 1 1
Jw) > (z — ) A3+ (— - — / VulP® dz + —I(u
(w) 2 (3 q_)ll 12 (p+ q_) Q\ | = (u)
> (3~ ) IAul3 + 1w (8.)
2 g g '
1 1 1
> (= — )82 |ul|2 + —I(u).
(5 - 2)S7 2l + = 1w
where S5 is defined in (3.16)). Replacing u by wug in (8.1]) and using (4.5)), we obtain
1 1 _ 1 1
J(uo) > (5 - qi)sz *luoll3 + qTI(UO) = J(uo) + qTI(U0>7
which gives I(ug) <0, i.e.,
Ug eN_. (82)

For any u € Nj(y,), we have I(u) = 0 and J(u) < J(ug). Then by using (8.1)), we
obtain

2¢— 52
[lul3 < (]_7_22J(U0)a

which, together with (4.5), implies ||u|l2 < |lug|l2- Taking the supremum over
u € Nj(uy), We obtain

A (ug) < lluoll2. (8.3)
Then by Theorem [4.9] it follows from (8.2) and (8.3) that uyg € NN B. The proof
is complete. ([l
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