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UNIFORM STABILIZATION AND EXACT CONTROLLABILITY
FOR HYPERBOLIC SYSTEMS WITH DISCONTINUOUS
COEFFICIENTS

FELIX P. QUISPE GOMEZ, BORIS V. KAPITONOV

ABSTRACT. This paper considers a hyperbolic system with discontinuous co-
efficients in a bounded, open, connected set with smooth boundary and con-
trolled through the Robin boundary condition. Uniform stabilization of the
solutions are established. Exact boundary controllability is obtained through
the Russell’s “Controllability via Stabilizability” principle.

1. INTRODUCTION

Let © be a bounded domain in R™ with a smooth boundary S which consists
of the disjoint closed surfaces Sy and Sy (the case S; = 0 is not excluded). In the
cylinder ©2x]0,T[ we consider the mixed problem

O?u(x,t) — Zaﬂ”i [P(x)0s,u(x,t)] =0 (x,t) € 2x]0,T] (1.1)
i=1
u(x,0) = fi(x), ou(x,0) = fa(x) x€Q (1.2)
Poyu(x,t) + au(x,t) + bou(x,t) =0 (x,t) € Xg = Spx]0,T7, (1.3)
u(x,t) =0 (x,t) €X; =51x]0,T] (1.4)
Here u = (ul(x,t),...,u™(x,t)), x = (x1,...,7,), P(x) = P*(x) are square ma-
trices of order m, v = (v1,...,V,) is the unit outward normal to the boundary S,

and a,b are positive constants.
Assume that
P(X)§'§ECO‘§|27 Co >0
where € = (£1,...,£™) is an arbitrary vector.

Assume that Qy C  is a bounded domain with sufficiently smooth boundary
[. We set Q1 = Q\ Qp and assume that the entries a,,(x) of the matrix P(x) lose
continuity on the surface I'.

We shall use the notation

P(x) = A(x) %fxeﬂo, u(x,t) = w(x,t) foeﬂo,
B(x) ifxe®. v(x,t) if x € Q.
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For simplicity we assume that A and B are constants matrices. We add to (1.1))
the following interface conditions on I':

w|y, =v|y, Adw|, =Bd|, inX=Tx]0,T] (1.5)

where v is the unit outward (with respect to 2y) normal to the surface T.

In one space dimension it is well known that stabilization holds for wave operators
with piecewise smooth but possibly discontinuous coefficients (BV is the right class)
regardless of the sign of the jump. Thus, one dimension is much better than several
dimensions. The proof of this is based on simple sidewise energy estimates. See [1]
and [19] and the references therein.

Our purpose is to prove the uniform stabilization of solutions to the problem
— and . Using this result we obtain exact boundary controllability
for the corresponding evolution system. Several approaches are known to solve the
problem of exact boundary controllability. A systematic method (named HUM)
was proposed by Lions [I3] and [T4].

In [7] we obtained exact controllability for the system (L.I)-(L.4) using HUM.
The exact controllability for a system in elasticity theory is established by Lagnese,
with method HUM in [II]. We obtain the same result for the class of systems
02u — 9y, (A;;0,,u) = 0 which includes the system in elasticy theory.

Here we use another approach which is based on D. Russell’s “controllability
via stabilizability” principle [16], which is different from of Lagnese’s in [I1]. Both
techniques are well known.

There is an extensive number of publications on these topics. Exact controllabil-
ity and uniform energy decay (boundary damping) are obtained for various equa-
tions and systems: the wave equation, the Schrédinger equation, Euler-Bernoulli
beam equation, the system of elasticity, Maxwell’s equation and others [2], [4]-
[15], [18]. Although for equations with discontinuous coefficients very few results
are known: Maxwell’s equations in multilayered media [6], Euler-Bernoulli beam
equation in the one-dimensional case [3].

2. WELL-POSEDNESS

Denote by H the Hilbert space of pairs {u, u; } of m-component vector-functions
such that

uc H'(Q), w € L*(Q), k=0,1, u| =0.

S1
The scalar product in H is defined by the formula

({u,u1}7{f,f1}>=/s au-de—l—/Q(P@wiu-amf—i-uyfl)d:c.

Define an unbounded operator A in H whose domain D(.A) consists of the elements
{u,u1} € H such that u € H*(Qy), uy € H* (), k= 0,1,

=0, u

Po,u(x,t) + au+ buy p
1

=0, w =0 (2.1)

0

S1

- A&,uo‘r - Ba,,ul’r, (2.2)

where u¥, u¥ are the restrictions of the functions u, u; on Q4. For {u,u;} € D(A)

we set

Af{u,ui} = {uy, 9,,(Po,,u)}.
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In a standard way we construct the adjoint operator A*. The domain of the operator
A* consists of elements {v, v} € H such that v € H?(Q), vi € H (), k= 0,1,

Po,v(x,t)+av—>bvy| =0, vi| =0, v| =0
So S1 S1
vo‘ =vi v?‘ :v% , Aa,,vo‘ :B&,vl‘ ,
r r r r r r
where vF, v¥ are the restrictions of the functions v, v; on .

For {v,vi} € D(A*) we set
A{v,vi} = —{v1, 0y, (POs,V)}.
It can be shown that A and A* are dissipative operators in H; i.e.,
(A{u,u1},{u,u1}) <0 {u,u1} € D(A)
(A {v,v1},{v,v1}) <0 {v,vi} € D(A").
Assume that {u,u;} € D(A). Then

St b = [ HwPas <o

So

Similarly,
d
%<A*{v,v1},{v,v1}> = 7/ blvi|?dS <0, {v,vi}€ D(A").

0

Indeed, if {u,u;} € D(A), then
<A{u7 ul}’ {u7 u1}>

- fm s [ (45 03 )
+/szl ( gzz (?;xll + aii (B(a;;j) U%) dx

s [ (G800 SR 0 [ A
+/91 (ng ' glxlj - gl; ?;;j)d _/Bf 1dS+/Baalu%d5

0 1
:/ (Aauu(f—Ba“u}) dS+/ aur-uds+ [ B2E ulds
I So So

ov ov 81/
ou
= au; -udS + P— u; dS
So aV
= / [au; - u+ (—au — buy)uy] dS = bluy|* dS < 0.
So SO

It can be shown in a similar way that A* is dissipative.
Thus, A generates a Cy-semigroup of contractions U(t): H — H, ¢t > 0 where
Ut){f1, f2} € C([0,00); D(A)) U C([0,00); H)
when {f1, fa} € D(A) and U(t){f1, f2} is strongly differentiable with respect to ¢
for {f1, f2} € D(A). Moreover,

iU(t){fh f2} = AU ) f1, f2}
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and U(t) carries D(A) onto D(A) and commutes with A.
Let {f1,fo} € D(A) and {u,u1} = U(t){f1, fo}. Then u = u; and uy; =
> 0x, (PO, 0); i.e, the first component of U(t){f1, f2} is a solution to the problem

(L1, [@.5).
Observe that, for ' = {f1, f2} € H, U(t)F is a weak solution in H to the
abstract Cauchy problem

d
g lwwt = {u, 9, (Pzu)} = {u, Pu}

in the following sense

| (worS+ wor.ae)a - —r.oo)

for every ¢ € L%(0,T; D(A%)), ¢, € L*(0,T;H), ¢(T) = 0.

3. STABILIZATION

We start from geometrical conditions on €2. We consider the problem:

a a, meas(Q)
Ap = Lo Q, 9,0, = LMY 5 gl =o, 1
s TEf, 3, . moas(So) 8, ¥|g =0 (3.1)

o

where ¥(z) € C%(Q) U C(Q) be a solution to the problem, a, = max |a,|, ap, are
the entries of the matrix P, and ¢, is a constant defined as above (observe that for
the wave operator P = I and ¢, = a, = 1).
For an arbitrary bounded domain Q with smooth boundary S we define the
quantity
#x = maxsup |02 , ¥(x)|.
b zeq o

Suppose that € satisfies the conditions: There is a point z° € R™ such that
(a) S is star-like with respect to 2°: (x — 2% v) < 0 for x € Sy;
(b) for some 0 < e <1

1 meas(2)

— 0 —
(@—av)> € + nk meas(S)

s x € Sp.

Clearly, (b) holds if Sy is star-like with respect to the point 2° when it be taken
sufficiently close to the domain, see Figure

Theorem 3.1. Let a domain Q and surface T' satisfy the above-listed conditions
with a parameter 0 < € < 1 and let the coefficient a in the boundary conditions
satisfy 0 < a < dcon?k/(3r), where r = sup, .o |Ve|. Suppose that AB = BA and
matric A — B is nonnegative. Then there are T* > 0 and C* > 0 such that for
t>T*

[T 17 < @) L LY
for every {f1, fo} € H.
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FI1GURE 1. Surface Sy is starlike with respect to the point x°

Proof. The following identity is proved in the Appendix:

n—1

2 [tatu + (Ve V)u+ u} : [afu — 8, (Paziu)]
=0, [t(|8tu|2 + i PO, u - 8%.14) +2(Ve,Vu-0u+ (n — Lu- du
i=1
— 8, [P@miu : (Qtatu + 2V, V)u+ (n— 1)u) (3.2)
2 [— - .
+ari<p(|6tu| ;P@mju 8T1u)}

- [(Ago —n+2)P0,,u- 0p,u — (Ap —n)|0ul* — 28§pIi<p81pu . Pamiu} .

For ¢ = 27 !|o — x°|, it represents a conservation law, a consequence of invariance
of the system relative to the one-parameter group of dilations in all variables with
the infinitesimal operator

n—1

t0: + (z; — x9)0y, — ulDys.

Let {f1, f2} € D(A) and u(x,t) be a solution of (1.1J), (1.5). After integration by
parts over Qox]0, T and Q4 x]0, T using (1.5, we obtain the formula

t=T
—/u@tuda:

1., 5 =T
- / = bl dS’

Q t=Ty So 2 t=To

T

To

n T
/ (ZP@Iiu  Og,u — |8tu|2)dxdt —|—/ / alul* dSdt.
Q Vi Ty JSo

(3.3)
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An application of (3.2), together with (3.3) multiplied by the constant ~, leads to
the formula

{ /Q [tZ(u) +2(Ve,Vu- O+ (n— 1 —~v)u- Ol de

—I—/ [ta|u\2 + mbmﬂ dSHt:T

So 2 t=To
T
— [ [ [ae=n+24m0@ - (A= n+ o
To Q

T
— 20?2 m_apPamiuazpu} dzdt + / Oy ®(u)dS dt
o T /s, (3.4)

T
+ / / {(‘3,,(,0 (10sul? — ®(u)) — 2tb|Apul> — (n — 2 — ¥)a]ul®
To S()

—2b(Ve, Vu - 0w — 2a(Vp, V)u - u}dS dt

T
+/ / { — 0,0 (A= B)0yw-0p,w — 0,0(AB™*A
Ty JT
+ B —24)0,w- ayw}dr dt,
here we use the notation:

(u) = Poyu-0pu, I(u)=|0pul” + O(u).

i=1

Choose the function ¢(x) in (3.4) as follows
1
p(z) = %W(x) + ?elx 22, 6>0, 2°eR"

We obtain
K=(Ap—n+2+7)0(u) — (Ap —n+7)|0wu|* — 28£pxi<pP8Ziu Oz, U

n n—2
<(n-1--— 2 — - .
(n 1 7 7) |Opul —|—<3+ 7 + 260+ n)@(u)
Set § = (e+nk)~t andy=n—2+e—n(e+rn). Then K < (1 — €)Z(u), and for
r € Sy we have

1 meas(Q2)
(e + nk) meas(Sy)

By o = (e + k) {(xxo,u)nL }>o,

which by compactness of Sy leads to the inequality
Oy > |Vypld, 6>0.
We now assume that the surface I' satisfies the condition
0, go’r > 0.
Note that if Sy is strictly star-shaped with respect to z° € R™; i.e,
(x—2% v)>0

we can choose p(x) = %|x —x%|2. In this case, I is an arbitrary star-shaped surface

with respect to x°.
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Moreover, we assume that matrices A and B are constant and
AB=BA, (A-—B){-£>0, VEeR™,

for examples on the last condition, see [II] and [14]. For examples where mono-
tonicity fails, so that the uniform decay does not hold, see [17].

Then we obtain that integral over I'x]Ty, T'] in is non positive. Denote by G
the integrand of the integral over Sox]Ty, T[ on the right side of the formula (3.4)).
We have the following estimate for G:

9| o 3a? 9 30?
G <|ul” |nra — Vol =——| — fu|” |2t — [Vo| = [Vp| ] . (3.5)
500 (;CO
By hypotheses we have
Sc,n’k
0 ° 3.6
<a< 5 (3.6)

where 7 = sup, 5[V

Choose T} so large that for ¢t > T the last term in is non positive. Since
(Vp,v) <0 for € S1, the surface integrals on the right-hand side of are
nonnegative as Ty > T7. Thus, we obtain that for Ty > T7:

{ /Q [tl(u) +2(Vo,Vu- 0+ (n—1—)u- 3tu] dr
+ [So [ta|u|2 27bu|2] ds}‘t ; .

(1—¢) / / u) dxdt.
T, JQ

here v = n + € — 2 — n(e + xn). Denote by 7, the smallest constant for which the
following inequality holds

/ (Jul* + |Vul?) dngo(/ P@xiu~61iudx+/ a|u|2d5’), ue HY(Q).
Q Q S

0

We have
/ [2(Ve, V)u-0u+ (n— 1 —~)u- dulde < Co|U(To){f1, f2}°, t>Tp
Q

Combining this estimate with (3.7)), we arrive at the inequality

T
TNU(T){ f1, [} = (To + CONU(To){ f1, f231* < (1 = 6)/T U@ f1, f2} |7 dt
’ (3.8)
in which Ty > T7. With the help of Gronwall’s inequality, and we obtain
U@ {1 S} < Col) V@) . 12}

for t > T5.

Given an arbitrary element {f1, fo} € H, approximate it by smooth data for
which the inequality of the theorem was established above. Taking the limit finishes
the proof. O

Corollary 3.2. The operator U(t) takes H into itself and
UG <1 fort >t = (CH(T*)H)e
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By applying semigroup properties, we obtain the following result.
Corollary 3.3. Assume {f1, fo} € H. There are C, 3> 0 such that
IU@{ 1. f23I* < Cexp(=Bt)[[{ f1, f2}*.
4. EXACT CONTROLLABILITY

In this section, we shall use the estimate of the Theorem to prove exact
controllability of the evolution system studied in the previous sections. In Q2x]0,T[
we consider the problem

OPu(x,t) — zn:ax [P(x)0z,u(x,t)] =0 (x,t) € 2x]0,T] (4.1)
u(x, 0;: fix), oOmu(x,0) = fa(x) x€Q (4.2)
Po,u(x,t) + au(x,t) = n(x,t) (x,t) € Lo = Spx]0, T, (4.3)
u(x,t) =0 (x,t) € X1 =51%]0,T] (4.4)

w=v, Ad,w=DBj,v, (x,t)eX=Ix]0,T] (4.5)

where A(B) and w(v) are the restrictions of matrix P and vector-function u on
Qo (1), f ={f1, f2} is an arbitrary element of the space H.

For every g = {g1,92} € H, we have to find a vector-function q(z,t) such that
the solution of satisfies the conditions

u’ = g1(x), 3t11’ = go(x), for T > t*.
t=T t

Theorem 4.1. Let the coefficient a in the boundary conditions of problem
satisfies . There is a t* > 0 such that, for T > t*, arbitrary initial data
f={f1,fo} € H, and any element g = {g1,92} € H, there exists a boundary control
q(z,t) € L3(Syx]0,T|) transferring a solution of to the state g = {g1,g2} at
time T'. Moreover,

Il Z2 (g g0,y < CUBIZ +113]1%).-

Proof. Let U(t) be the semigroup defined above and let U*(t) be semigroup con-
structed from the operator A*. Consider the following equation in H:

{h, b} =U*(TYUT){h,h1} = f—-U"(T)g.

The operator G(T') = U*(T)U(T) takes H into itself and ||G(T)| < 1 for T' > t*.
Thus we can solve this equation for any f, g € H and

[hl[ = [[{h, ha | < CCIEN + (18-
Consequently, if we choose h = (I — G(T))~'(f — U*(T)g), then
{a,a1} =U()h and {B,p1} =U"(T —)(U(T)h —g)
are weak solutions to the problems

d
a{a,al} ={a1,Pa}

Po,a + aa + bay

=0, «
0

= O’
51

and

d
%{5,@} = {61, PB}



EJDE-2007/139 STABILIZATION AND EXACT CONTROLLABILITY 9

PO,B+afB—-bp =0.

=0, B

So
By the energy identity, the following estimates hold

T T
/‘/m%ﬁwﬁscww,/“/M&mwaga%W+mW)
0 So 0 SO

Clearly, {u,u1} = {a,a1} — {3, 51} is a solution to problem (4.1)) with boundary
data on Sy:

S1

q(z,t) = —b(ar + B1),
which belongs to L?(Syx]0,T[) and
lallZz (s, 0,7y < CUEN + llgll®)-
O

Remark 4.2. We can study in the same way the more general case. Assume that
By C Q is a bounded domain with boundary Ty, By, C Byy1 fork=1,...,n.

Assume that Ty, ..., T, and Sy, S1 are star-shaped with respect to the point 20 €
R™. Suppose that matriz P(x) lose the continuity on Ty,...,T,. We set

QOZBl, Qk:Bk—i-l\Eka k:].,...,nfl, Qn:Q\En
The interface conditions are
= uk
T, x]0,T[

= PF9,uF
I X]O,T[

uk—l

T x]0,T|

Pk—layuk—l

, k=1,....n
FkX]O,T[

where v = v(x) (for x € T'y) is the unit normal vector pointing into the exterior of
By P*. u® are the restrictions of P and u on .

5. APPENDIX

We shall show here the details in the proof of the identity used in Theorem (3.1
We use the following notation

u= (ul,...,um)7 opu = (Btul,...,atum), V =0y ,0q,),
Ofu= (0fu',...,0{u™), Oyu=(9yu',... 0, u™),

the matrix P(x) = (a,,(x)) and

mXm

(Ve V)u = (i aIi<paziuQ)

i=1

The identity (3.2)) can be verified by direct computations as follows

Op Ou? n—1 0 oul
q ou” q a _ 7 -
2 (tut + Ox; 0x; + 7 ) (u“ ox; (apq Oz; ))

0 ( 8uq> dp Oul Op OuP 9 ( 8uq)

1<q<m

q

= 2tufuf — 2tuf — (apgo— 20— ————apg5—
Uit Yt 817i @pa 6301 8581' 8.Ii Uit 8331 81’1‘ (9561 pa 8:@
0 ouf
+ = Dutufy — (0= ) 5 (a5

q|2 q p q q
_ Ol 2ta< pau)H oul out | dp ut

ApgUy —— Apg—— u
ot 833% pati 83% pa 81‘1 8331 83?2 811 tt
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13} ( 8@ 8up8uq)+ 13} (2890 8u1’> oud

_8331- Ox; ”"axl ox; dz; \ dz; Ox; apqﬁixi

0 0 out
0= ) ) = (0= DIl = (0= 1) (a5 )
ouP oud

oy ——— ——
pa 83:1 8.’1%

B 8|ut|2 3} pOut ouy dut 9 [ dp ul ,
=ty T 2y, \ Gt g | TG oG T g 26961 9z, "t

0 (2 Op 8uq) ol 0 ( Op OuP 8uq> o (2 Op E?up> Oul

+(n-1)

B ot 8:61 8:61 t 8581 pa 8:@ 8.%1 &cl + 6‘:52 8:@ 8.%1 pa 8xz
0 0 oul
_ q,,9 _ 2 _
+(n 1)8t (u ut) (n = Dui* = (n 1)3517i (apqu &Ez')
P 94
+(n-1) ouP Ou

apqﬁixiaixi
Olui|? 0 ( OuP Oud ) 2 OuP Hul O (2 D Oul q>

ot ot \ gy, ar iy B T ot \ %o, o,

8 9 ud ) Oy OuP Oul
AN out v\ _
at ((n Du ut) 2ta " (apq o Ut) o, <2apq O, 01, &mi)

0 (,0p0uly ~Oul [0 (Op0ul) , . 0 pOu!
o (28901- a:ci)apq oz, 2ot (axi axi>“t O (“P‘f“ o1,

ouP Oul

vyl nluf|?

_ 0 2, OuOUTN 0P OUT g s

~ ot [ (P + aps Dz, axi) T2 gy v T (T D
0 ouP q dp Oul q
0x; [apq ox; (Qtut * 2(‘33@ 0x; (= Lu

0 (1 qp _, 0w oul ¢ Our dut

+ s (WP = a5 ) | + G B,

uP Oul ® p O~uP ud

ouP 0 2 02 dp 0? 0

Cnful2 4+ L8 00 0 OuT
Wi oy U T ezt 25, e i g

=1

+(n—2)

+(n—2)

The computation is now complete.
To obtain (3.4)) it’s enough to add to the above identity for equation (3.3|) af-
ter multiplication by a parameter fixed ~, and finally apply Green’s formula and

interface conditions and .
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