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POSITIVE SOLUTIONS FOR SINGULAR THREE-POINT
BOUNDARY-VALUE PROBLEMS

ZENGQIN ZHAO

ABSTRACT. In this paper, we present the Green’s functions for a second-order
linear differential equation with three-point boundary conditions. We give
exact expressions of the solutions for the linear three-point boundary problems
by the Green’s functions. As applications, we study uniqueness and iteration
of the solutions for a nonlinear singular second-order three-point boundary
value problem.

1. INTRODUCTION

The Green’s function plays an important role in solving boundary-value problems
of differential equations. The exact expressions of the solutions for some linear
ordinary differential equations boundary value problems can be denoted by Green’s
functions of the problems (see [3, 12, 20]). The Green’s function method might be
used to obtain an initial estimate for shooting method. the Green’s function method
for solving the boundary value problem is an effective tool in numerical experiments
[6]. Some boundary value problems for nonlinear differential equations can be
transformed into the nonlinear integral equations the kernel of which are the Green’s
functions of corresponding linear differential equations. The integral equations can
be solved by to investigate the property of the Green’s functions (see [2, 4] 7, [8] T4]).
The concept, the significance and the development of Green’s functions can be seen
in [I5]. The other study of second-order three-point boundary value problems
can be seen in [B] [9] [T0] 16, 18] 19] and its references. In above literatures, the
three-point boundary values are all same conditions «(0) = 0,u(1) = ku(n), the
investigation on the boundary condition «/(0) = 0, u(1) = ku(n) can be seen
[T, 1T}, 13}, [I7], the investigation for other three-point boundary conditions is few,
since people may be not familiar with their Green’s functions. The solutions of
the Green’s functions diffuse in the literature, there is a lack of uniform method.
The undetermined parametric method we use in this paper is a universal method,
the Green’s functions of many boundary value problems for ordinary differential

2000 Mathematics Subject Classification. 34A05, 34B27, 34B05, 34B15.

Key words and phrases. Green’s function; second-order three-point boundary value problem;
explicit solution; iteration.

(©2007 Texas State University - San Marcos.

Submitted February 5, 2007. Published November 21, 2007.

Supported by grants: 10471075 from the National Natural Science Foundation of China,
Y2006A04 from the the Natural Science Foundation of Shandong Province of China,
20060446001 from the Doctoral Program Foundation of Education Ministry of China.

1



2 Z. ZHAO EJDE-2007/156

equations can obtained by similar the method. In addition, our Green’s functions
have orderly expressions.

We consider the Green’s function for the following second-order linear differential
equation three-point boundary value problems

u' + f(t)=0, t€]la,b], (1.1)

subject to the boundary value conditions, respectively,

u(a) =0, u'(b) = ku(n); (1.2)
u(a) = ku(n), u'(b)=0; (1.3)
u(a) =0, u'(b) = ku'(n); (1.4)
u(a) = ku'(n), u'(b) =0; (1.5)
W'(a) =0, wu(b) = ku(n); (1.6)
u'(a) = ku(n), u(b) = 0; (L.7)
W(a) =0, wu(b)=ku'(n); (1.8)
W(a) = ku'(n), u(b) =0; (1.9)

where @ < < b and k is a constant.

This paper is organized as follows. In §2, we study the Green’s function for
the equation satisfying the three-point boundary conditions and give
the expression of the unique solution by the Green’s function, that incarnate the
general method of deriving the Green’s functions for a class of boundary problems.
In §3, for some interrelated boundary conditions, we give the Green’s functions of
the problems directly, omitting the particular of derivation. The correctness of the
Green’s functions only need direct verification. As applications, in §4, we study
the uniqueness of the solutions, the iteration and the rate of convergence by the
iteration for a nonlinear singular second-order three-point boundary value problem.

2. THE GREEN’S FUNCTION OF EQUATIONS (|1.1)) WITH THE BOUNDARY

ConbITION (|1.2))
About the boundary value problem (|1.1))-(1.2), we have the following conclusions.

theorem 2.1. If k(n — a) # 1, then the second-order linear three-point boundary
value problem (1.1))(1.2) has a unique solution u(t), which is given via

1
u(t)z/o G1(t,s)f(s)ds, (2.1)
where

K(n,s), (2.2)

<
K(t,s) = sssish (2.3)
t—a, a<t<s<hb.

Remark 2.2. We call G1(t, s) the Green’s function of the boundary value problem

@@
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Proof. 1t is well known that the second-order two-point linear boundary value prob-
lem

W'+ f(t)=0, tE€]la,b],
u(a) =0, u'(b)=0
has a unique solution
w(t) = / " K (69 f(s)ds. (2.4)
where K(t,s) is as described in .aFrom we obtain

b
w(a) =0, w'(b) =0, w(y)= / K(n,5)f(s)ds. (2.5)

Assume that u(t) is a solution of problem (1.1)-(1.2). Then u”(t) = w”(t) =
—f(t), thus, we can be assume that

u(t) = w(t) + c + dt, (2.6)
where ¢, d are constants that will be determined. From we know that
u'(t) =w'(t) +d. (2.7)
Equations , and imply
u(a) = ¢+ da,
u'(b) =d,

u(n) = ¢+ dn+ w(n).
Putting these into yields
c+da =0,
d = k(c+dn+w(n)).

Since k(n—a) # 1, solving the system of linear equations on the unknown numbers
¢, d, we obtain

. —akw(n)
1—k(np—a)
_ kw(n)

1—k(n—a)

hence, ¢ + dt = %w(n) Putting this into 7 we obtain
k(t—a
) = w0 + T =),
which a solution of —. This together with imply
u(t) = b K(t,5)f(s)ds + — =D bK(
_ /a , T /a n,5)f(s)ds. (2.8)

Consequently, (2.1])) holds.
The uniqueness of a solutions (1.1) (1.2) follows from the fact that the corre-
sponding homogeneous problem has only the trivial solution. O

From Theorem we obtain the following corollary.
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Corollary 2.3. Suppose the nonlinear function g(t,u) is continuous on [a,b] X R,
then if k(n — a) # 1, the nonlinear three-point boundary-value problem

u' +g(t,u) =0, tela,bl,
uw(a) =0, u'(b) = ku(n)

is equivalent to the nonlinear integral equation
b
u(t) = [ Gatt.s)g(s. u(s))ds
a
with G1(t, s) as in (2.9).

Example 2.4. The second-order three-point linear boundary value problem

u”(t) 4+ cos(t) =0, te0,1],

3 1
= 1) = —Zu(=
u(0) =0, w(1) = —Su(3)
has an unique solution
2 1
up(t) = gtsin(l) — tcos <3> +t+cos(t)—1, 0<¢<1. (2.9)

It can be obtained by letting a = 0, b =1, 7= 1, k = —2, f(t) = cos(t) in
Theorem 2.1 that

ul(t):/o B(t,s)cos(s)ds—t/o B(%,s)cos(s)ds,

where B(t,s) = min{t, s}, t,s € [0,1]. Therefore, (2.9) is obtained by direct com-
putation. Some properties of u;(t) are shown in the image Figure 1.

0.29

0.14

0.05-

FIGURE 1. Graph of u(t)

3. THE RELATE RESULTS FOR OTHER BOUNDARY CONDITIONS

In this section, we give the Green’s functions for some boundary value problems
directly via the following table, omitting the particular of derivation. The proof
is similar to that of Theorem [2.I] Similarly, the unique solutions of the linear
problems can be denoted by its Green’s functions. Some nonlinear boundary value
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problems can be transformed into the nonlinear integral equations the kernel of
which are the Green’s functions of the corresponding linear problems.

Equation: v’ () + f(t) =0, t € [a,b], a <n < b, k is a constant.

no. assume boundary Green’s function
1| km—a)#1 | (@D | Gilt,s) = K(t,5) + 1425 K (1, 9)
2 k#1 1.3 Ga(t,s) = K(t,s) + 2 K(n, s),
3 k1 1.4 Gs(t,s) = K(t,s) + B=2 g, (1, s),
4 1.5 Gy(t,s) = K(t,s) + kKi(n, s),
5 k#1 1.6 Gs(t,s) = H(t,s) + 2 H(n, s),
6 |k(b—n)#£-1 1.7 Go(t,s) = H(t,s) — ooy H(n, s),
7 1.8 Gr(t,s) = H(t,s) + kH(n, s),
8 k#1 1.9 Gs(t,s) = H(t,s) — *=D g, (5, 5),

where

s—a, a<s<t<b 0, a<s<mn,
K(t,S) = Kt(n75) = 7
b; 1, n<s<b

b—t, a<s<t<b -1, a<s<n,
H(t78) = . Ht(nvs) = 7
< b 0, n<s<bh.

4. APPLICATIONS IN NONLINEAR SINGULAR BOUNDARY VALUE PROBLEMS

In this section,we study the iteration process for the following nonlinear three-
point boundary value problem

u’ + f(t,u) =0, te(0,1),

w(0) =0, (1) = ku(n), (4.1)

with n € (0,1), kn < 1, f(¢,u) may be singular at t = 0 and/or ¢ = 1.
Concerning the function f we impose the following hypotheses:
f(t,u) is nonnegative continuous on (0,1) x [0, 4+00),
f(t,u) is monotone increasing on u, for fixed ¢t € (0, 1),
there exist ¢ € (0, 1) such that
fltru) > rif(t,u), VO<r<l1, (t,u) € (0,1) x [0,400).

Obviously, from (4.2]) we obtain
fl, ) < Nf(t,u), YA>1, (t,u) € (0,1) x [0,+00). (4.3)

It is easy to see that if 0 < o; < 1, a;(t) are nonnegative continuous on (0,1), for
i=0,1,2,...,m, then f(t,u) = > 1" a;(t)u® satisfy the condition (4.2).
Concerning the boundary value problem (4.1]), we have following conclusions.
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theorem 4.1. Suppose the function f(t,u) satisfy the condition , and

0< /1 f(t, t)dt < oo. (4.4)
0

Then the problem ([4.1]) has an unique solution w(t) in D () C?(0,1), here
D ={z e C[0,1] | IM, > m, > 0, such that m,t < x(t) < M,t, t € I'}.

Constructing successively the sequence of functions

1
hn(t) = /0 G(t,8)f(s,hn_1(s))ds, n=1,2,..., (4.5)

for any initial function ho(t) € D, then {h,(t)} must converge to w(t) uniformly
on [0,1] and the rate of convergence is

- =0(1 - N7 4.
tlen[gff]lhn(t) w(t)| =O( ) (4.6)

where 0 < N < 1, which depends on initial function ho(t),
ktB (n,s)
1—kn’

Proof. Let J = (0,1), I =[0,1], RT = [0, +00),
P = {a(0)] 2(t) € C(D),a(t) > 0},

G(t,s) = B(t,s) + B(t,s) = min{t, s}, t,s€]0,1]. (4.7

1
Fx(t) = / G(t,s)f(s,x(s))ds, Vxz(t) € D. (4.8)
0
It is easy to see that the operator F': D — P is increasing. By direct verifications
we know that if u € D satisfies
u(t) = Fu(t), tel, (4.9)

then u € CY(I)(C?(J) is a solution of (4.1)).
For any x € D, there exist positive numbers 0 < m, < 1 < M, such that

my s <uz(s) < M,s, sel,

(ma)?f(s,5) < f(s,2(s)) < (M) f(s,5), se€. (4.10)
By (4.7) we have
k
= S EE— > °
Glt.5) = Blt.s) + == Bln.3) > (7= B(n.), (4.11)
Glts) <t+— Bs)<t(14—"—B(s) (4.12)
,8) < T n,8) < T 7,8) | . .
Using (4.8), ([4.3), (4.10), (4.11)), (4.12) and the conditions (£.2)), we obtain
1
Fx(t) > t(mm)qi/ B(n,s)f(s,s)ds, tel, (4.13)
1-— kn 0

Fx(t):/o G(t,s)f(s,x(s))ds
(4.14)

1
k
< t(Mx)q/ <1 + B(n,s)) f(s,s)ds, tel.
0 1 —Fkn
Equations (4.4), (4.13) and (4.14) imply that F': D — D.
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For any hg € D, we let

lhg =sup{l > 0:1lho(t) < (Fho)(t), t € I},
Lp, =inf {L > 0: (Fho)(t)) < Lho(t), t € I}, (4.15)
m = min{1, (lho)l%q}, M = max{1, (Lho)ﬁ},
(%) (t) = mho(t>, Uo(t> = Mho (t),
un(t) :Fun—l(t)a Un(t) :Fv’n—l(t)a 77,:0,1,27....
Since the operator F' is increasing, (4.2)), (4.15) and (4.16) imply
up(t) <ur(t) < - <up(t) - <vp(t) <--- <wv(t) <w(t), tel. (4.17)

For to = m/M, from (4.8)), (4.2) and (4.16), it can obtained by induction that

(4.16)

un(t) > (to)? wn(t), tel, n=0,1,2,.... (4.18)
From (4.17) and (4.18) we know that
0 < Upip(t) — un(t) < vp(t) —un(t) < (1- (to)qn)Mho(t),Vn,p7 (4.19)

so that there exists a function w(t) € D such that

un(t) = w(t), wvp(t) = w(t), (uniformly on I), (4.20)
un(t) <w(t) <wv,(t), tel, n=0,1,2,.... (4.21)
From the operator F' being increasing and (4.16]) we have
Un+1(t) = Fup(t) < Fw(t) < Fo,(t) = vp41(t), n=0,1,2,....
This together with (4.20) and uniqueness of the limit imply that w(t) satisfy (4.9)),
hence w(t) € CY(I)[(C?(J) is a solution of (4.1)).
Form (4.5)) (4.16) and the operator F' being increasing, we obtain

Un(t) < h(t) < wvp(t), tel, n=0,1,2,..., (4.22)

thus, it follows from (4.19)), (4.21) and (4.22) that
(1) = w0 < V(1) — i ()] + (1) — ()
< 2Jvn(t) — un(t)]
< (1= (to)*") M|ho(t)]-

Therefore,

e [ (£) = w(®)] < (1= (t0)") M masx [ho()]

So that (4.6) holds. From hg(t) is arbitrary in D we know that w(t) is the unique
solution of the equation (4.9)) in D. O

Remark 4.2. If f(¢,u) is continuous on I x R™, then it is quite evident that the
condition (4.4) holds. Hence the unique solution w(t) is in C?(I).



8 Z. ZHAO EJDE-2007/156

REFERENCES

[1] C. Bai, J. Fang; Existence of positive solutions for three-point boundary value problems at
resonance, J. Math. Anal. Appl., 291(2004),538-549.

[2] Z.Bai, W.Ge, Existence of three positive solutions for some second-order boundary value
problems, Computers and Mathematics with Applications, 48 (2004), 699-707.

[3] W. Cheung, J. Ren; Positive solution for m-point boundary value problems, J. Math. Anal.
Appl., 303 (2005), 565-575.

[4] D. Guo, V. Lakshmikantham; Nonlinear Problems in Abstract Cones, Academic Press,
Boston, 1988.

[5] Y. Guo, W. Ge; Positive solutions for three-point boundary value problems with dependence
on the first order derivative, J. Math. Anal. Appl. 290(2004), 291-301.

[6] S. N. Ha, C. R. Lee; Numerical study for two-point boundary value problems using Green’s
Sfunctions. Computers and Mathematics with Applications 44(2002),1599-1608.

[7] B. H. Im, E. K. Lee, Yong-Hoon Lee; A global bifurcation phenomenon for second order
stngular boundary value problems, J. Math. Anal. Appl., 308 (2005), 61-78.

[8] E. R. Kaufmann, N. Kosmatov; A Second-Order Singular Boundary Value Problem, Com-
puters and Mathematics with Applications 47 (2004), 1317-1326.

[9] R. A. Khan, J. R. L. Webb; Ezistence of at least three solutions of a second-order three-point
boundary value problem, Nonlinear Analysis 64(2006), 1356-1366.

[10] B. Liu; Positive solutions of second-order three-point boundary value problems with change
of sign in Banach spaces, Nonlinear Analysis, 64(2006),1336-1355.

[11] B. Liu; Positive solutions of singular three-point boundary value problems for the one-
dimensional p-Laplacian, Computers and Mathematics with Applications, 48(2004),913-925.

[12] B. Liu; Positive solutions of second-order three-point boundary value problems with change
of sign, Computers and Mathematics with Applications, 47(2004), 1351-1361.

[13] B. Liu; Positive solutions of three-point boundary value problems for the one-dimensional
p-Laplacian with infinitely many singularities, Applied Mathematics Letters, 17(2004),655—
661.

[14] R. Ma, B. Thompson; Global behavior of positive solutions of nonlinear three-point boundary
value problems, Nonlinear Analysis 60 (2005), 685- 701.

[15] Yu. V. Pokornyi, A. V.Borovskikh; The connection of the Green’s function and the influence
function for nonclassical problems, Journal of Mathematical Sciences, 119(6),(2004) 739-768.

[16] P. Singh; A second-order singular three-point boundary value problem, Applied Mathematics
Letters, 17(2004), 969-976.

[17] Y. Sun, L. Liu; Solvability for a nonlinear second-order three-point boundary value problem,
J. Math. Anal. Appl., 296(2004), 265-275.

(18] X. Xu; Three solutions for three-point boundary value problems, Nonlinear Analysis 62(2005),
1053-1066.

[19] X. Xu, J. Sun; On sign-changing solution for some three-point boundary value problems,
Nonlinear Analysis, 59(2004), 491-505.

[20] C. Yang, C. Zhai, Jurang Yan; Positive solutions of the three-point boundary value problem
for second order differential equations with an advanced argument, Nonlinear Analysis, In
Press.

ZENGQIN ZHAO
SCHOOL OF MATHEMATICAL SCIENCES, QUFU NORMAL UNIVERSITY, QUFU, SHANDONG, 273165,
CHINA

E-mail address: zqzhao@mail.qfnu.edu.cn



	1. Introduction
	2. The Green's Function of Equations (1.1) with the Boundary Condition (1.2)
	3. The Relate Results for Other Boundary Conditions
	4. Applications in Nonlinear Singular Boundary Value Problems
	References

