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FRACTIONAL DIFFERENTIAL INCLUSION WITH
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ABSTRACT. In this article, we use non-smooth critical point theory and varia-
tional methods to study the existence solutions for a fractional boundary-value
problem. We provide some intervals for positive parameters in which the prob-
lem possess infinitely many solutions.

1. INTRODUCTION

In this article, we consider the boundary-value problem
DT (o Dfu(t)) € NOF (u(t)) + poG(u(t)) a.e. t € [0,T], .
u(0) =u(T) =0, (L.1)

where ¢ Df* and (DF are the left and right Riemann-Liouville fractional derivatives
of order o with 0 < o < 1, and where A > 0 and p > 0 are two parameters. F,G :
R — R are locally Lipschitz functions, where F(w) = [ f(s)ds, G(w) = [ g(s)ds,
w€e€Rand f,g: R — R are locally essentially bounded functions. F (u(t)) denotes
the generalized Clarke gradient of the function F(u(t)) at u € R.

We consider the following problem: Find v € E§[0,T], called a weak solution of
, such that for any v € E§[0,T], we have

T

/0 o Du(t) - D v(t)]dt = A /O wE(Oo(t)dt + p /0 whemd,  (12)

where ui(t) € OF (u(t)) and ui(t) € OG(u(t)). Fractional differential problems
were studied by many authors, see for example [11], 12} [I7] 23]. Recently, fractional
differential inclusions were considered by many authors: Ahamd et al. [1] studied
the existence of solutions for impulsive fractional differential inclusions with anti-
periodic boundary conditions. Ntouyas et al. [I5] studied the existence of solutions
for boundary value problems for nonlinear fractional differential inclusions with
mixed type integral boundary conditions. More recently, the study of differential
equations by variational method and critical point theory has attracted a lot of
attention; see for example [9] [I8] 20, 21]. Variational-hemivariational inequalities
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have been extensively studied in recent years via variational methods; see [2], 3] [4],
5, [19].

Here, we investigate the existence of infinitely many solutions for a fractional
differential inclusion under some hypotheses on the behavior of the locally Lipschitz
functions F' and G in theorem We prove the existence of infinitely many
solutions for a variational-hemivariational inequality depending on two parameters.
Also, we list some consequences of theorem [3.1] and give an example. Finally, we
consider the uniform convergence of a sequence of solutions to zero in theorem

2. PRELIMINARIES

In this section, first we recall some basic definitions of fractional calculus and
locally Lipschitz functions.

Definition 2.1 ([§]). Let f be a function defined on [a,b]. The left and right
Riemann-Liouville fractional integrals of order o of f are denoted by ,D; f(t)
and (D, f(t), respectively, and defined by

DyOf(t) = %a)/ (t— )2 f(s)ds, te€[ab], a>0,

b
Dy (t) = F(la)/ (s =) f(s)ds, t€[ab], a>0,

provided the right-hand sides are pointwise defined on [a,b], where I'(c) is the
gamma function.

Definition 2.2 ([8]). Let f be a function defined on [a,b]. For n —1 < a <

n (n € N), the left and right Riemann-Liouville fractional derivatives of order « for
function f denoted by oDf f(t) and ,Dg f(¢), respectively, are defined by

dar 1 dr

GDEF() = S DET() =

Dy f(t) = (71)”577; Dy f(t) = 1%;;/ (s — )"~ 1 f(s)ds, t € [a,]].

/ (t— s)" " Lf(s)ds, € [a,b],

Proposition 2.3 ([8,22]). We have the following property of fractional integration
b

b
/ WD F(t)]g(t)dt = / WDy GO f (), >0, (2.1)

a
provided that f € LP([a,b],RY), g € L([a,b],RY) andp > 1, ¢ > 1, %Jr% <l+4a«
orp#1,q#1, %—l—%:l—&—a.

Definition 2.4 ([8, [16]). For n € Ny n—1 < a < n (n € N) and a function
f € AC™([a,b],RY), we define

a _ 1 ! f(n)(s) n—1 fj(a) j—a
DO = i || et B e

«a _ 1 k f(n) (S) n—1 (71)Jf](b) j—a
Dy f(t) = Tln —a) /t G- t)a+1_nd3 + X5 m(b )

where t € [a, b].
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Definition 2.5 ([8, [16]). Let 0 < o < 1. The fractional derivative space E§[0,T]
is defined as the closure of C§°(]0,T],R) with respect to the norm

T ) T 5\ 1/2
fullo = ([ oDpuPar+ [ uopa) . vue Bp.7

Clearly, the fractional derivative space E§[0,T] is the space of functions u
L?[0,T] having an a—order fractional derivative ¢Du(t) € L?[0,7] and u(0)
u(T) =0.

Im

Proposition 2.6 ([6]). Let 0 < a < 1. The fractional derivative space E§[0,T] is
reflexive and separable Banach space.

Proposition 2.7 ([6]). Let 0 < a < 1. Then for all u € E§[0,T],
< -
follzs < pt

T3
(@)(2(a = 1) + 1)1/

According to (2.2)), one can consider E§[0,7] with the equivalent norm

lloDF u(t)]| L2, (2.2)

lulloo < & lloDF u(t)]| L2 (2.3)

T 5\ 1/2
fullo = ([ loDfu(t)Pdz) " = loDfulsa, vu € E5fo,1).
0

Definition 2.8. A function w: [0,7] — R is called a solution for (1.1)) if
(1) +DS (oDgu(t)) and oD u(t) exist for almost all ¢ € [0, T;
(2) w satisfies in (1.1)).
Definition 2.9. A function u € E§[0,T] is called a weak solution of ([1.1) if there
exist ui(z) € OF (u), uj(z) € OG(u), such that ujv, ufv € L*[0,T] and
T

T T
/0 o Du(t) - o D v (1)]dt = A /0 o @)o(@)da + p /0 w@p@)ds,  (24)
for all v € E§[0,T].

For o > 1/2, propositions and imply that
T 5\ 1/2
Julle < M( [ loDPuPdt) " = Miula we E50.T)
0

where
T3
- T(a)(2(a— 1) + 1)1/2°

Here, we recall some definitions and basic notation of the theory of generalized
differentiation for locally Lipschitz functions. We refer the reader to [3] 4] 13| T4} [18)]
for more details. Let X be a Banach space and X* its topological dual. By || - || we
denote the norm in X and by (-,-)x the duality brackets for the pair (X, X*). A
function h : X — R is said to be locally Lipschitz if for any « € X there correspond
a neighborhood V. of = and a constant L, > 0 such that

|h(z) — h(w)| < Lg||z — w||,Vz,w € V.
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For a locally Lipschitz function h : X — R, the generalized directional derivative
of h at u € X in the direction v € X is defined by
h ty) —h
hO(u;y) = limsup (w+#7) (w)

w—u,t—0t t

The generalized gradient of h at u € X is
Oh(u) = {a* € X*: (x*,v)x < h®(u;v), Vy € X},

which is non-empty, convex and w*-compact subset of X*, where < -,-)x is the
duality pairing between X* and X.

Proposition 2.10 ([]). Let h,g : X — R be locally Lipschitz functionals. Then,
for any u,v € X the following hold:

(1) h°(u;-) is subadditive, positively homogeneous;
) Oh is conver and weak* compact;
) (=h)°(usv) = hO(u; —v);
) the set-valued mapping h : X — 2% is weak* w.s.c.;
) hO(u;v) = max{< &,v >: £ € Oh(u)};
) O(AR)(u) = AOh(u) for every A € R;
) (h+ 9)°(u;v) < hO(u;v) + ¢°(u; v);
) the function m(u) = ming,cpp) Vx- exists and is lower semicontinuous;

i.e., iminf, ., m(u) > m(ug);

(9) hO(u;v) = maxy, cgn(u) (u*,v) < Llv].
Definition 2.11 ([5]). An element u € X is called a critical point for functional h
if

RO (u;v —u) >0, Yo X.

Let X be a reflexive real Banach space, ® : X — R a sequentially weakly lower
semicontinuous and coercive, T : X — R a sequentially weakly upper semicontin-
uous, A a positive real parameter. Moreover, assumeing that ® and T are locally
Lipschitz functionals, we set £y := ® — AY. For every r > infx ®, we define

o(r) = inf (Supveé—l(]foo,r[) T(U)) — Y(u)
T wed—1(]—co,r]) r— ®(u) ’

v = lim_&nfnp(r), §:= liminf ().

r—+00 r—(infx ®)*

First, we need to the following non-smooth version of a critical point theorem.

Theorem 2.12 ([I0]). Under the assumptions stated for X, ® and Y, the following
statements hold:
(a) For any r > infx ® and X\ € (O,ﬁ), the restriction of the functional
Ly=®—AY to ® !(—o0,r) admits a global minimum which is a critical
point (local minimum) of Ly in X.
(b) If v < +o0, then for each A € (0, %), the following alternative holds: either
(bl) Ly possesses a global minimum, or
(b2) there is a sequence {uy} of critical points (local minima) of Ly such
that
lim ®(u,) = +o0.

n— 00

(¢) If § < +o0, then for each X\ € (0, %), the following alternative holds: either
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(cl) there is a global minimum of ® which is a local minimum of Ly, or
(c2) there is a sequence {uy,} of pairwise distinct critical points (local min-

ima) of Ly that converges weakly to a global minimum of ®.

3. MAIN RESULTS

Set
16 T/4 3T/4 T
CTe) = *(/ tz“*“>dt+/ (7 = (t— 7)1 7 )%t

% Jo T/4 4
T

b [ - e - - 2Dy,
ar 4 4

and
x w F
A = lim inf w’ B = limsup F(‘:)
w—+too w w—+00 w

Theorem 3.1. Let % <a<1. Assume
(i) that A < MZ’CL(T@) and f: R — R is a locally essentially bounded function
such that F(t) = [ f(€)d¢ for all t € R.
then, for each X € (A1, \2), where
C(T, ) Ny = 1
BT ° M2TA’
and for any locally essentially bounded function g : R — R whose potential G(t) =

A=

fot g(&)dE for allt € R is a non-negative function satisfying the condition

max|, <., G()

Goo = limsup 5 < 400 (3.1)
w——+00 w
and for any p € [0, pra,n), where
1
= — (1 - AM3TA).
Hoa = prgy LT AMTA

Then problem has a sequence of weak solutions for every p € [0, g, z)-
Proof. Our purpose is to apply theorem b). Fix A € (A1, A2) and G satisfying
our assumptions. Since A < Ao, it implies that
1
Hax = 7M2TGOO(
Fix i € [0, pg x) and define the functionals @, T : X — R for each u € X as follows:

1 — AM3TA) > 0.

2(w) = 5l (32)

T(u) = /0 [P (ale)))de + & /0 (G (u(t)))dt. (3.3)

Put £5(u) := ®(u) —AY. The critical points of the functional L5 are the weak solu-
tions of problem (L.1)). According to [6], ® is continuous and convex, so it is weakly
sequentially lower semicontinuous, also ® is continuously Géateaux differentiable
and coercive. By standard argument, Y is sequentially weakly continuous.
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First, we claim that A < 1/4. Note that ®(0) = Y(0) = 0, then for n large
enoughlarge,

(5UPye-1(—co,rpy T(v)) — T(u)

= 1 f
QO(T) uE@*llg—oo,r[) r— <I>(u)
1 T
< SUPyed—1(]—oo,r]) (U).

r

Let {w,} be a sequence of positive numbers in X such that lim, 4. w, = +00

and
max||<w, F(x)

A= lim 5
n—-+oo (,un
Set )
Ty = %, n € N.
Hence,
max| <., T[F(z)+ £G(z))
<P(T7z) S | |7 w% A
M2
< pp Pl [F(z) + 5G(2)]

w?
max||<w, F(z)

< M?T

2

wﬂ/

Moreover, from assumption (i) and the condition (3.1)), it follows that
max|y| <o, F(x) = pmaxjy <., G(2)

= 5 < +00
wn

>

wi
Then _
v < liminf ¢(r,) < M?*T(A + %Goo) < 4o0.

n—-+4oo

It is clear that, for any fi € [0, pi¢ x),
1— AM?TA
v < MQTA + %;

therefore,

- 1 1

A= - =< —.

M2TA+ (1= 2AIM2A) /X v

We claim that the functional L5 is unbounded from below. We can consider a
sequence {7, } of positive numbers such that 7, — +oo. Let {£,} be a sequence in
X for all n € N, defined by

AL a)Tny tel0, %]
&u(t) =4 T2 - )7, telf, 3] (3.4)
Le_am(p 4y te[3L,T],
Clearly, £,(0) = &,(T) =0 and &, € L?[0,T]. A direct calculation shows that
Angl-a telo,L)
0DFEn(t) = ¢ P (t T = (t =)' 7) telf, 7] (3-5)
Sa(pie (1 - T)ime (e 3yie) g (A7)
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Moreover,
T
| Goreaoar
0
T/4 3T/4 T
o R Y OO
0 T/4 L
167, /T/4 2(1—a) /3T/4 1— T a2 (3.6)
= 20-) gy 4 (' — (= S))2qt
T? ( o /4 4
T
T 3T
l-a T\l P27 \1—a\2
A U SR el)
= C(T, )72,
for each n € N. Thus, &, € EZ[0,T].
Since G is non-negative and by the definition of Y, we have
T - T
I
1) = [Pl + 5o oiar= [ Fem
0 0
3T/4 3T/4 (3.7)
> / F(g,(t))dt > F(I'(2 — a)Tn)/ dt.
T/4 T/4
Let
F
B = limsup (2}) (3.8)
w—+oo W
If B < 400, setee (0,B— %) Then from [3.8| there exists N; such that
3T/4 T
/ F(T(2—a)7,)dt > (B —eT?2—a)r2=, Vn> Nj.
T/4 2
According to (3.6)) and ,
1 < T
Ly(&n) < 50T, a)7; = M(B = T*(2 - a)7y
2 X T2 (3.9)
= 72(§C(T,a) —AMB - eT?(2 - a)g),
for n > Nj. Choosing a suitable € and lim,,_. 1o, 7, = +00, it results that
lim L5(&,) = —o0.
Jim  L5(6n) = —o0
If B = +o00, we fix v > % and from there exists N, such that
3T/4 T
/ F(T'(2 - a)m,)dt > vT?(2—a)r2=, VYn> N,.
T/4 2
Hence,
L&) < §C(T, Q)12 — AF(T'(2 — a)7, / dt < 7',2L(§C’(T7 o) — wIl?(2 — a)g),
T/4

for all n > N,. Taking into account the choice of v, it leads to lim, 4o ®(un) —
AU (u,) = —oco. Hence, the functional L5 is unbounded from below, and it follows
that £5 has no global minimum. Therefore, applying theorem (2.12)) there exists a
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sequence {u,} € X of critical points of L5 such that lim, 1., ®(u,) = +0o. From
(3.2)) it follows that ¥/ ®(un) = ||tn|la such that lim, i [|tn|la = +o0. O

Lemma 3.2. Every critical point u € E§[0,T] of Ly is a solution of problem (L.1)).

Proof. We suppose that u € E§[0,T] is a critical point of £y. There exist uj €
OF(u) and u3 € 0G(u) satisfying

T T T
/ (oD u(t) - o Dfv(t))dt — )\/ ui (t)v(t)dt — u/ us(t)v(t)dt =0,  (3.10)
0 0 0
for all v € EZ[0,T]. Since ujv,ujv € L'([0,T],RY), it follows that ;D;%uj,
+D3%us € LY([0,T),RY).

Set k1(t) = D7 “ui(t) and kao(t) = +D;“u3(t),t € [0,T]. From the definition of
left and right Riemann-Liouville fractional derivatives

/ (ka () - o DS 0(t))dt + / (ka(t) - o D3 u(t)) dt
0 0
T T
- / (D (t) - o Dfu(t))dt + / (DS (t) - o DS u(t))dt
0 0

T T
- / (wi(t) - oDy *(oDfu(t)))dt + / (u3(t) - oDy e ( oDfu(t)))dt
0 0

T T
- / (wi(t) - v(t))dt + / (u3(t) - o(t))dt.
0 0
From ,

T
/ (0D u(t) — N (t) — pka(t)) Do (t))dt
0 (3.11)

- / (D5 oDfu(t) = Ma () = b (1)) /(1) )t = 0,

for all v € C§°([0,T],RY). Using the argument in [7] we obtain
+DF (o Dju(t) — Mki (t) — pka(t)) = C, Yt € [0,T].

In view of uf,uj € L*([0,T],RY), we identify the equivalence class ; D3 ! (o D u(t))
and its continuous representative

T T
DI (oD u(t)) = /\/ u’{(t)dt+u/ uz(t)dt +C, vte[0,T].  (3.12)
t t

By properties of the left and right Riemann-Liouville fractional derivatives, we
have ;D (oDfu(t)) = —(:D3 (oDgu(t))) € LY([0,T],RY). Hence, it follows
from (3.5)), that

DT (0D u(t)) = Aui(t) + pus(t), ae. t€[0,T].
Moreover, u € E§[0,T] implies that «(0) = w(T") = 0. O

Remark 3.3. Under the following two conditions

Fw)

max| ;| <., () B
R Sl P S 2 = 400,

lim inf 5 =0, limsup
w—+00 w w——+o00
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according to Theorem for each A > 0 and each p € [0, W[, problem (|1.1)
admits infinitely many solutions in E§[0,T]. In addition, if G, = 0, the result
holds for every A > 0 and p > 0.

Example. Let {a,}nen and {b, }nen be sequences defined by
an =ne”, b, =(n+1)e".

We define a sequence of non-negative functions

2 _ 1 n n
Fn<x>{(x'+”) xp (| ermetmyl) e < el < (1 2)e

0 otherwise.
(3.13)
A direct computation shows that
maxXi,|<q. Fn(x . F. (b
lim M =0, lim n(bn) < +oo
n—-+o0o a,% n—-+oo b%

Then Theorem (3.1} implies that for any non-negative function g : R — R, whose
potential G(w) = [;° g(t)dt satisfies the condition (3.I]), problem (L.I)) possesses a
sequence of solutions.

An immediate consequence of theorem is a special case when u = 0.
Theorem 3.4. Assume that the assumptions in theorem[3.1) hold. Then, for each
C(T, o) 1 [

THmsup,,_ ;o 5 M2T liminf,, | o Z20else )

A€

the problem
DT (oDgu(t)) € AOF (u(t)) a.e. t €[0,T],
has an unbounded sequence of solutions in E§[0,T].

Theorem 3.5. Let l; : R — R be a locally essentially bounded function and denote
Li(z) = [y li(s)ds for all s € R. Suppose that

(i1) liminf, o 226 < o0,

(i2) limsup,_, | LL(;J) = +o0.

Then, for any locally essentially bounded functions l; : R — R for 2 < i < n such
that
(i3) max {sup,ep Li(w);2 <i<n} <0 and
(i4) min{liminfw_,+oo LZ};");Q <i< n} > —o0, where L;(x) = fow l;(s)ds,
xz €R, 2<i<n, for each

1
A€ ]0’ L) [
M2T liminf,, o =252

w2

and for any locally essentially bounded function g : R — R (whose potential

G(z) = fOI g(s)ds for every x € R) satisfying (3.1)), and for every p €
[0, e A [, where

1 2y Ly(w)
MG,AZMTGOOU—AM T'lim inf 2 ),
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then the problem
DT (oDgfu(t)) € AOXi_  Li(u(t)) + poG(u(t)) a.e. t €[0,T], u(0) =u(T) =0,
admits an unbounded sequence of solutions in E§[0,T).

Proof. Set F(z) = X7 ,L;(x) for all x € R. In view of (i2) and (i4),

F ¥ L
lim sup ((:) = lim sup %(w) = +00
w——+oo W w——+00 w
Conditions (i1) and (i3) imply that
max|.| <, F(x .. L
lim inf M < lim inf 1) < 400
w——+00 w w—-+00 w
By using theorem we complete the proof. O

Theorem 3.6. Let f be a locally essentially bounded function and suppose that

N A (%) 1 , F(w)
lini}ﬁf 2 S M2C(T, a) hwnisolip w? (3.14)
Then for any X € A1 :=|A3, \4[, where
C(T, ) 1
)\3 = R F(w)’ A4 = . F(w)’
Tlimsup, o+ —3 M2T liminf,, o+ =3

and for any g : R — R such that

max| ;| <., G()

Go = limsup 5 < 400 (3.15)
w—0t w
and )
1 Fw
1 _ 2ps s
Mo = Jarg, L~ MM im it =757)

(,ué)\ = 400, when Gy = 0). Problem has a sequence of solutions, which
converges strongly to 0 in E§[0,T].

Proof. Fix A € A; and pick pu € [O,ué’)\[. Suppose that ®, T are the functionals

defined by (3.2) and (3.3). Let [, be a sequence of positive numbers such that
lim,, oo {,, = 0 and
F(ly)

&

= lim inf F(w)

w—0t W

lim

n—oo

As in theoremﬂ, we set 7, = %, n € N. It follows that § < +o00. First we show
that

® — AT does not have a local minimum at zero. (3.16)
Let {6,} be a sequence of positive numbers such that 6, — 0 in ]0,60[, § > 0 and
{&,} be the sequence defined in According to the non-negativity of G it leads
that [3.7] satisfies. Using A3 < Ag. Let

F
B; = limsup (;d)
w—0+t W

If By < 400, then [3:9 holds. By the choice of ¢,
lim_((6,) = XT(€,)) < 0 = 9(0) — AY(0).
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Therefore, ® — AT does not have a local minimum at zero, in view of fact that
[[€nll — 0.

An argument similar to the one in the proof of theorem Jfor the case B; = 0,
imply Since miny ® = ®(0), in view of theorem ¢) the consequence is
obtained. 0

Next we show an application of theorem [.1] for obtaining infinitely many solu-
tions. Consider
D7 (0D u(t)) € =A0()OF (u) — pd(t)0G(u) ¢ €0, T]

u(0) = u(T) =0, (3.17)

where A, p are real parameters )\ >0,u > > 0 and F G : R — R are locally Lipschitz
functions given by F(w) = [ f(t)dt, G(w) = [ g(t)dt, w € R such that f,g: R —
R are measurable (not necessarlly contlnuous) functlons. Moreover, 6,9 € L'[0,T]
and 0,79 > 0 will given. Our result is stated as follows.

Theorem 3.7. Assume the following two conditions:

(i)

lim inf mMaX|g|<w F(x) < 9" lim SUPy— +00 FuE;U)
w—+00 w2 MQC(T7 a) 7
(i27)
C(T,« 1
A=) oy 2= max e <0 F(2)
TO*limsup,, ., ., —3 TM2liminf,, oo —=5—

where 0* = [ 0(t)dt and 9* = [ 9(t)dt

Then for any u € [O,MG,,\), problem (3.17)) has an unbounded sequence of solutions
in E§0,T).

Proof. Define the functionals ®,& : X — R for each u € X as follows:

1
o(u) = 5 lull,

B T p T
") = /0 (1) F (u(t))dt + /0 I()G(u(t))dt,
—x(u), Lxr(u):=0(u) — A(u).
As in theorem H, we show that \ < % Note that
max| (<, [0° F(x) + %ﬂ*G(z)]

p(rn) < ]
M?2 ~
o, MaX| <o, 07 F(z) + £9*G(z)]
< o
o [MAX| 5| <y, 0 F(z) i MaX|z|<w, I*G(x)
sM [ w2 * A w2 }’

Therefore,
v < liminf p(r,) < M?(0*A + 'L;ﬂ*GOO) < +o0.

n—-+o0o
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It is clear that, for every i € [0, g 3),

1 — AM3TA)
< M?*9*A 19*(—_.
7= * A
Then
1 < 1

M20*A +9%(1 — AM2TA) )TN ~ v
We claim that the functional £5 is unbounded from below.

Since G is non-negative, from the definition of T we have

5\:

T(u) = /O Q(t)F(u(t))dt—&—% /0 I(£)G (u(t))dt

3T/4
> [ b0 (3.18)
T/4
37/4
> F(T(2- a)Tn)/ O(t)dt = F(T'(2 — a)1,)8’,
T/4
where 0 = [/ 6(t)dt. Set
F
B = limsup (;d) (3.19)
w—+oo W
If B < +4o0,letee (0,B— #gla)), then fromthere exists N such that
OFT(2—a)m,) >0 (B—eal*2—a)r2, ¥Yn> N.
According to (3.18)),
1 _
L5(¢) < 2C(T, )72 — N(B — €)0T?*(2 — )72
2
. (3.20)
= Tﬁ(iC(T, ) — AB —e)0T?(2 — a)),

for n > Nj. Choosing a suitable ¢ and using that lim, . 7, = 400, it results
that

lim £5(&,) = —o0.

n—-—+00
If B =400, we fix v > #@Q) and from there exists N, such that

O'F(L(2—a)m,) > 0vT?(2 — a)r?

n?

Vn > N,.
Hence,
1 _ 1 _
L5(&,) < §C(T, a)Tﬁ —MFT2-a)m) < 73(50(T, a) — )\Q’VFQ(Q —a)),

for all n > N,,. Taking into account the choice of v, implies that lim, . o ®(u,) —
AU (u,) = —oo. From theorem [2.12] there is a sequence {u,} € X of critical points
of L5 such that lim, o ®(u,) = +o0. O
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