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LOCAL EXTREMA OF POSITIVE SOLUTIONS OF NONLINEAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

GEORGE E. CHATZARAKIS, LANA HORVAT DMITROVIC, MERVAN PASIC

ABSTRACT. We study the positive solutions of a general class of second-order
functional differential equations, which includes delay, advanced, and delay-
advanced equations. We establish integral conditions on the coefficients on a
given bounded interval J such that every positive solution has a local maxi-
mum in J. Then, we use the connection between that integral condition and
Rayleigh quotient to get a sufficient condition that is easier to be applied.
Several examples are provided to demonstrate the importance of our results.

1. INTRODUCTION

We consider the functional differential equations of the second-order,
(r@®a’(£)" + Y pa) f(@(ha) + D a(O)la(r; () a(rs(0) = e(t),  (1.1)
i=1 j=1

where r(t) € C1(R), n,m € N and p;(t), h;(t),q;(t), 7j(t),e(t) € C(R).
Two auxiliary functions My, (t) and Mpyax(t) are associated to the functional
terms h;(t) and 7;(¢):

Mpin (t) = min{hq(t), ..., hn(t), 71(t), ..., T (D) },
Max(t) = max{hy(t),..., hn(t), 71 (1), ..., T ()}
For a < b, let J, C R denote the open interval,
Jap = (min{a, Miin(a)}, max{b, Mmax(b)}).
In particular,
Lo {(Mmm(a),b), if h;(t) < t and 7;(t) < t on [a, b],
“ (a; Mmax(b)), if hi(t) >t and 7;(¢) >t on [a,b],
forallie [1,n]y:={1,...,n}and j € [I,m|y :={1,...,m}.
The main coefficients in satisfy
r(t) >0, teRande(t) <0, te gy,
pi(t) > 0and ¢;(t) >0, te€ Jop, i €[1,n]n, j € [1,m]n, (1.3)
Jio, jo such that p;,(t) > 0 if e(t) = 0, otherwise g;,(t) > 0.

(1.2)
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For each i € [1,n]y and j € [1,m]y let exist functions Ry, (t) and R, (t) (depend-
ing on h;(t) and 7;(t), respectively) such that for any x € C?(J, ) and x(t) > 0,
t € Jqp, we have

z(hi(t)) > Ry (t) in (a,b), i € [1,n]n,
if (r(0)2' (1) < 0in Jup, then {70 " w0 o0 e e )
m%t) Z R7'7‘ (t) in (a,b)a .7 S [LmN'

The so-called generalized concave condition (1.4) is more natural than restrictive,
because it is fulfilled in the two most important functional cases, delay and advance:

ale) (1.5)

ggbgbjﬁ(j), if g(t) >t and 7(t) is non-increasing,

gltl=g(a) = ¢ g(t) <t and r(t) is non-decreasing,
Ry(t) =

where ¢(t) is an arbitrary continuous functional term (see Proposition in the
appendix).
The nonlinear terms in (|1.1)) satisfy

3fo >0, f(x) > foxr forall z >0, (1.6)

and
Ol] 2 Oa .7 c [17m]Na
there exists (770777177’23 e 777m)7 Wj > Oa ] € [17m]N
(1.7)

such that an =1 and Zajnj =1.
j=0 j=1

If ¢;(¢) = 0 for all j € [1,m]y, then the assumption is not required. As to
the existence of an (m+ 1)-tuple (19,71, 72, - - -, Nm ) satisfying with respect to
a given m-tuple (a1, ®,...,0y) such that ag > -+ > ajp > 1> ajo41 > ... >
> 0 for some jo, we refer the reader to [I8]. Also, if m = 1 and a3 > 1, then
m = 1/ay and ny = 1 — 1/« satisfy the required conditions in : no+m =1,
oy =1 and n; > 0.

Note that contains several types of nonlinear functional differential equa-
tions. Here we consider several special cases.

(i) If ¢;(t) = 0 for all j € [1,m]n, f(z) =2 and e(t) =0, then is a linear
differential equation with several functional arguments.

(ii) If hs(t) < t and 7;(t) <t (resp. hi(t) >t and 7;(¢) > t) for all ¢ € [1,n]y,
Jj € [1,m]n, then is a nonlinear delay (resp. advance) differential
equation with several arguments.

(iii) If h;(t) < tand 7;(t) <t for all i € [1,ig]n, j € [1,0]n as well as h;(t) >t
and 7;(t) > tforall i € [ig+1,n]n, j € [jo+ 1, m]y and ¢t € R, then is
a nonlinear delayed-advanced differential equation with several arguments.

(iv) If f(z) =0and a1 > -+ > ajy > 1 > 41 > -+ > auyy, > 0 for some jo,
then is a functional differential equation with mixed nonlinearities.

As can be seen from the preceding comments, (1.1]) includes several types of
functional differential equations.

Definition 1.1. A function x € C''(a,b) is non-monotonic in (a,b), if there exists
t.« € (a,b) such that z'(t.) = 0 and «’(t) changes sign at ¢t = t..
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Recently, in [8], the authors have studied the non-monotonicity of the solutions
of the delay differential equation

(r(®)2'(t)" + f(x(r(t)) =0,

which is a special case of . That study used the zero-point analysis of the corre-
sponding dual equation. In the present paper, we follow a different approach. More-
over, we obtain an integral criterion, for the non-monotonicity of solutions, which
is a different type of conditions than the point-wise criterion presented in [8]. This
aspect will be explained in more detail, in the following sections. For some results
on the classic oscillations as a particular case of the non-monotonic behaviour of the
functional differential equations, we refer the reader to [4, [5 [9] [12] 19} 20]. About
the importance of non-monotonic behaviour of some modern mathematical models
in applied science, see for instance in [13, [14, 21I]. The global non-monotonicity
(case where (a,b) = (a,00)) of the second-order differential equation

(r(®)2' (1)) + () f (z(t)) = e(t),

with possible non-homogeneous term and without functional terms, has been re-
cently considered in [I5] [16]. Furthermore, in [7], for a nonlinear functional differ-
ential equation

(r(®)h(z)2' (1)) + q(t) f(x(g(t)) =0,

the global non-monotonicity of solutions was considered in the form of weakly
oscillatory solutions.

2. MAIN RESULTS

Theorem 2.1. Let a < b and (1.3)), , (11.6) and hold. Let ©(t) be a

function defined as

o) = fo Zpi(t)Rhi(t) + <|e(t)|>770 H (qj(Jt)

"o NNy

) B @1, (2

where Ry, (t), Ry (t), fo, and n; are defined in (1.4) (1.6) and (1.7), respectively.
Ifa < d <V < b and there exists a test function ¢ € C([d',V']) N CY(d, V),
o(a’) = @(b') =0 such that

b 2 %
v (1) / 1 (cl<p)2
dt ——(—) dt 2.2
/a, 0“7 ), e \ar) (22)
then every positive solution x(t) of (1.1) has a local mazimum in (a,b) and is
non-monotonic in (a,b).

Remark 2.2. (i) The restriction from (a,b) to (a/,b') in is necessary, because
often Ry, (a) =0 or Ry, (b) =0 (resp., R, (a) = 0 or R, (b) = 0), see for instance
. In such a case, ©(a) = 0 or ©(b) = 0; hence, to avoid any singular behaviour
in the right integral in (2.2), we use [a/,¥'] for the domain of integration, where
a<a <V <b

(ii) If e(t) = 0, then O(t) is reduced to the first sum. Hence in (L.3)), we assume
the existence of a number k such that pg(¢) > 0, in order to avoid ©(t) = 0, for
some t € (a,b).
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In the Sturm-Liouville theory and the variational characterization of lowest
eigenvalues, the next Rayleigh quotient plays a crucial role,

b rdpN2
fa’ (Tf) dt

b/ )
S P2 ()t
It is not difficult to see that if a < @’ < V' < b and there exists a test function
p e C(ld,V)nCHd,b), p(a’) = p(b') = 0 such that

minte [a’,b"] @(t)

R(yp) = peCHd,b), p£0.

> R(p), (2.3)

maxe(q,p) (1)
then (2.2)) holds. Hence, Theorem takes the simple form:

Theorem 2.3. Let a < b and (L1.3)), (1.4), (1.6) and (L.7) hold. Let O(t) be the
function defined by (2.1). If a < @’ < b < b and there exists a test function

o € C(ld,V]) N CYd, V), pla’) = o(/) = 0 such that [2.3) holds, then every
positive solution x(t) of (1.1) is non-monotonic in (a,b), having a local mazimum
in (a,b).

The well-known variational principle (see [2, [IT],[I7]), which has been formulated
in a higher dimensional case and is also known as the Courant-Fisher formula
(see [3]) or the Rayleigh-Ritz variational formula (see [6]), says that for a set of
eigenvalues A of the second-order Dirichlet problem ¢” 4+ Ap = 0, p(a’) = ¢(b') =0
which consists of a sequence (A, )nen satisfying 0 < Ay < Az.... < A, <.... and
lim,, oo A\, = 00, we have that

M = min {R(p) : ¢ € C3(a,0), 0 £ 0} = R(¢p1),
where ¢1(t) = sin (7(t — a/)/(b/ — a’)) is the eigenvector which corresponds to

eigenvalue \;. Hence, Ay = (7/(b/ — o’ ))2 Now we can use this formula to simplify
inequality (2.3) which lead us to a more applicable result, stated in the following
theorem.

Theorem 2.4. Let a < b and (L1.3)), (1.4), (1.6) and (L.7) hold. Let O(t) be the
function defined by (2.1) and let a < @’ <V < b. If the inequality

minte[a/7b/] @(t) s 2
24
maxe (1) (1) ~ (b’ - a’) (24)

holds, then every positive solution x(t) of (L.1) is non-monotonic in (a,b), having
a local mazimum in (a,b).

Furthermore, it is known that the previous observation can be generalized to
the Rayleigh quotient and the corresponding eigenvalue problem, using the weight
w(t) =1/r(t). In that case, we have

Lo ()t
_ Ja’ \dt/J ™ 1.0 3/
Rl/r(@)_ b A‘02((§)dt7 SOEC (a‘vb)7 Qpioa
a’ r(t

A
1/ e — O !/ — b/ — 0.
ARari it p(a’) = ¢(b')
Then the set of all eigenvalues A is represented by the sequence (A, )nen satisfying:
D<M <X - <A <..., limy 0 Ay = 00 and

A1 = min {RI/T(@) tpe Cg(alab/)v ¥ 7_é O} = Rl/r(@l)v (25)
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where 1(t) is the eigenvector which corresponds to the eigenvalue A;. Hence,
each of the following two conditions (C1) and (C2) implies the inequality which
constitutes the main assumption , in Theorem
(C1) There exists a test function ¢ € C([a/,V']) N CH(d,b'), p(a’) = p(b') =0
such that minseper 1] O(t) > Ry ().
(C2) It holds that minye(qr ) ©(t) > A1, where A; is given by .

Consequently, we have the following theorem.

Theorem 2.5. Let a < b and (1.3)), (1.4), (1.6) and (L.7) hold. Let O(t) be the
function defined by (2.1) and a < o’ < V' < b. If either (C1) or (C2) holds,

then every positive solution z(t) of (1.1)) is non-monotonic in (a,b), having a local
mazimum in (a,b).

3. PROOFS OF THE MAIN RESULTS

First, we postulate three lemmas which we will use to prove Theorem

Lemma 3.1. If (1.3)) and (2.2) hold, then the differential inequality

Cfl—l: > % +O(t)w?, t € (a,b), (3.1)

does not allow any solution w € C(a,b), where O(t) is defined by ([2.1)).
Proof. Assume the opposite of the lemma’s conclusion, namely that there exists a
function w € C'(a,b) satisfying the differential inequality (3.1]). Multiplying (3.1))

with ¢?(t) where ¢ is a test function ¢ € Co([a’,b'])NC(a/,b') and a < @’ < b < b
and then integrating the resulting inequality on [a/, '], we obtain

v @2(t) Y 2 2 v dw 2

[ E8a < [ ewnrww s [ Lo
v %

—- [ et wewi -2 [ wpny @

a’

v 2 ¢'(t)
:_// [(w(t)e()) Vo)’ + 20(t)e(t) /O @(t)]dt

o CAORSNN A0
_ / (wt)p(t) /o) + m) d”/@, o

b 2
< / (1) .

o(t)
which is a contradiction to assumption (2.2)). Thus, (3.1]) does not allow any solution
w € C(a,b), which proves this lemma. O
Lemma 3.2. Let (1.3)), (1.4), (1.6) and (1.7) hold. If the differential inequality
dw 1
— > ——+ Ot t b 3.2
> e e ), (32)

does not allow any solution w € C'(a,b), then every positive solution z(t) of (1.1)
has a stationary point in (a,b).
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Proof. Suppose to the contrary that x(t) is a positive solution of (1.1]), having no
stationary point on (a,b), that is,

2/ (t) #0 on (a,b). (3.3)
According to , the function
wle) = s e () (3.4)

is well defined and w € C'(a,b). Now, we recall the well-known arithmetic-
geometric mean inequality (see [10]),

if A;j>0,m;>0and » n;=1,then » n;A; > [[AY
Jj=0 j=0 =0
and use that inequality, taking
Ay = Bl g 4, = GOl

-9 ;= GO e
e 00 £ 0 . T o e of (5 (D oot (D, e
@

-5 TR RO )

— s s [épxt)f(x(hi(t» +§q] (O ()1 a(75(0) — e(1)]
— 5+ gpiu)f ey [gq Ol ( ()1 + ()]}

> r(lt)+w2(t>{f0§pz(t)Rhi(t)+g;(lt)[im(qj(t”x;?(t))a]) MO(IB?%)I)”
- e {h ém(tmhi 0+ (12 )f_n[ (2)" (=)
el (2 (4 e

= % + 0w, t € (a,b).

Thus, the function w defined in (3.4)) satisfies the differential inequality (3.1)), which
contradicts the main assumption of this lemma. Therefore, every positive solution
x(t) of (1.1) has a stationary point in (a, b). O
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Lemma 3.3. Let (1.3) and (1.6) hold and x(t) be a solution of (1.1 such that
x(t) > 0 on [a,b]. If t. € (a,b) is a stationary point of x(t), then x(t) attains a
local mazximum at t..

Proof. Let t. € (a,b) be a point such that 2’(t.) = 0. Integrating (1.1) over [t., ]
for all ¢ € (a,b), we obtain

’ —1 "¢ a]
Y0 = o / [i:zlpia)f +qu o (rs ()] (1) — e(®)] . (3.5)

According to (1.3)), (1.6) and z(t) > 0, the integral function in (3.5)) is positive in
(a,b) and hence, the right hand—side in (3.5 is negative for ¢ > t, and positive for
t < t,. That shows that ¢, is a point of local maximum of x(t). O

Note that the statements in lemmas and are mutually independent.

Proof of Theorem [2.1]. Tt follows the assumptions of theorem and Lemma [3.1] that
the differential inequality does not have any solution. Now, from Lemma
we get that every positive solution has a stationary point and by Lemma we
have that this stationary point has to be a maximum. ([

Proof of Theorem[2.3. It can be shown by a straightforward calculation that in-
equality (2.2) follows from inequality ([2.3)). O

Proof of Theorem [2.7} We can construct a test function ¢ € C([a’,b'])NC*(d’, V'),
o(a’) = @(b') = 0 such that

b o
, t)dt 2
fablgo () :( /7T /) ) (36)
Jo p2()at N —a
It is easy to show that the function ¢(t) = Asin (71';,%‘;,,) is such a test function.
Now, the statement follows from Theorem [2.3] O

4. EXAMPLES
In this section, we illustrate our main results, trough two simple examples.

Example 4.1. Consider the differential equation

2" + Asin(wt)x(t — 1) = e(t), (4.1)
where A > 0, w > 0, 7 > 0 and e(t) is an arbitrary continuous function. The above
equation is of the type of (1.1) with 7(t) =1, n = 1, p1(t) = Asin(wt), f(z) = =,
hi(t)=t—7, m=1and ¢ (t) =0. Let (a,b) C (7,7/w) be an open interval such
that
(& —a+7) 57

2%—@) 6w

T T
- — < i . (4
T<a< g, A> <b<w’ e(t) <0 in (a,b). (4.2)

If espec1ally, T<a< q5-and A> 9w?, we can easily see the first two inequalities
in are satisfied, because

9w? 9w? (X 9w (Z —a+T7
A29w2:i22 W(Gw) > (ﬂ— )
2 2(s5 —a) 2(671 —a)
We claim that every positive solution of equation ) has a local mazimum in

(a,b), provided (4.2) holds. Note that this statement cannot easily be derived,
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even in the homogeneous case (e(t) = 0). In that case, from (4.1)), we have 2" =
—Asin(wt)z(t—7). If 2(t) is a positive solution, the preceding equality implies that
x”(t) is sign-changing, but in general, does not imply that 2/(¢) is sign-changing.

To show the above statement, we use Theorem At first, we see that the set
Ja,p defined in satisfies J, , = (@ — 7,b) C (0, 7/w), which implies

pi(t) = Asin(wt) >0, t€ Jgp.

Hence, (1.3) is satisfied. Since hy(t) =t — 7 < t and r(t) = 1 is non-decreasing, it
follows that (1.4]) holds because of (1.5]), where

hi(t) — hi(a) t—a
R t = =

(1) t — hy(a) t—a+71’

t> a.

From Rp, (t) being an increasing function, we have that in any [a’, V'] C (0, 00),

min Ry, (t) = Ry, (d’). (4.3)
t€la’,b’]
Since f(x) = x, we have that (1.6) holds with fo = 1. Since g¢;(t) = 0 for all
j € [1,m]y, we do not need assumption ([1.7]).
Now, let [a/,b'] = [&, 2Z]. Since r(t) = 1, from (2.1)), (£.2) and (4.3), we derive

that a < a’ < b < b and

minepqr 1) O(t) A & —a 9w? ( 0 )2

maxyea ) r(1) | tela ] [Asin(®) R, (1) 25, —at+T 4 b —a
Therefore, (2.4) is satisfied. Consequently, all conditions of Theorem are ful-
filled, thus establishing the main statement of this example.

Example 4.2. Consider the special case of the Duffing equation with time delay
feedback,
2"+ wox + fa® + Asin(t)z(t — 7) = — cos(t/2), (4.4)

where wg > 0 is natural frequency, 5 > 0, A > 0 is the gain parameter and 7 > 0.
Equation (4.4)) is a particular case of the main equation (|1.1) with
T(t) =1, n=2 pl(t) = Wwo, hl(t) =1, PQ(t) = ASin(t)v hQ(t) =t—T,
f(x) =, m= ]-7 (h(t) = ﬁ? Tl(t) = tv a1 = 37 €(t) = _COS(t/2)'

(4.5)

Note that the cubic term Bz3, introducing a strong nonlinearity into the equa-

tion, cannot be considered as part of the linear term >, p;(t) f(x(hi(t)), because

f(xz) = Ba® does not satisfy the required condition (1.6). Let (a,b) be an open

interval such that

us 27 T 27
<a< =, —<b< d ’,b’:[—,—}.
T<a<g 3 7 and [a',b] 33
Since m = 1, condition (|1.7) is always satisfied, because for a; = 3, the system
m+m=1 and mar =1, n; >0,

imply no = 2/3 and n; = 1/3. Hence, from (1.5)), (2.1]) and (4.5)), we have Ry, (t) =
1, R, (t) =1,

L2 O(4) = wo + Asin() Ra, (1) + ——B8Y/3] cos(t/2)[73.  (4.6)

RhQ(t):tfaJrT 22/3
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Note that sin(t) > 0 and — cos(t/2) < 0 on [a — 7, b] as well as Ry, (a') < Ry, (t) for
all t € [@’,b']. Hence from (4.6]), we obtain

minte[a/’b/] @(t) _ . \/§>\ T —3a i

= o) = P
maXiela/,p] r(t) tG[G’I}”] )=+ 2 modads i 22/3ﬂ o
. 5, V3 7m—3a

> min{wy, )\aﬁl/3}(§ + TW)

T 2
>9= (ﬂ) ’

provided
1 —

minfwo, A, 53} > 8(m — 3a + 37) (4.7)

(5+3) (7 — 3a) + 157
Now, by Theorem if (4.7) is true, then every positive solution of equation (4.4
has a local maximum in (a, b).

5. APPENDIX

In this section, we state a proposition that justifies why the generalized condition
is fulfilled both in the delay and the advanced cases, for any functional term
g(t), satisfying . Below, we show this proposition, for the delay case where
Ry(t) is defined by the upper branch of (L5), i.e.,

gla) <g(t) <t, t € (ab). (5.1)
Note that condition (5.1)) holds especially, for the standard delay term g(t) =t — 7,

7 > 0. The proposition can be stated in a corresponding manner, for the advanced
case and has a similar proof, for that case.

Proposition 5.1. Let the functional term g(t) satisfy (5.1), Jap := (9(a),b) and
r(t) be a mon-decreasing positive function on Jap. If v € C*(Jayp), x(s) > 0,
5 € Jogp and

(r(s)a'(s)) <0, s € Jup, (5.2)
then
t t) —
w(olt) o) —o(@) | 653
x(t) t—g(a)
Proof. We will proceed by showing that assumption (5.2]) implies
a'(s)

1
x(s) < S*ig(a)’ s e Ja,b- (54)

Since (g(t),t) C Jup for any t € (a,b), integrating (5.4)) over [g(¢),t], we obtain
o) g =gl
z(g(t)) g(t) —g(a)

which proves the desired inequality (5.3]). Thus, the proof of the proposition reduces

to establishing that assumption (5.2)) implies (5.4]).

Since z(s) > 0 on J, p, let us remark that s trivially satisfied for all s € J,
such that z'(s) < 0. Hence, let s € J,; be such that z/(s) > 0. Now, integrating
over (o, s) for every o € J,; such that o < s, we have

0 < r(s)2'(s) < r(o)2' (o). (5.5)

In
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Since r(t) is non-decreasing, we have (o) < r(s), which together with (5.5]), imply
r(o)

2'(s) < —=a'(0) <42'(0), forall o € J,; such that o < s.

r(s) -
Now, by the Lagrange mean value theorem on (g(a), s), there exists a o € (g(a), s)
such that z(s) — z(g(a)) = 2'(0)(s — g(a)). Since x(g(a)) > 0, we have that

z(s) = 2'(0)(s — g(a)) = 2'(s)(s — g(a)),
which proves the required inequality (5.4)). [l
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