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BLOW UP OF SOLUTIONS FOR VISCOELASTIC WAVE
EQUATIONS OF KIRCHHOFF TYPE WITH ARBITRARY
POSITIVE INITIAL ENERGY
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ABSTRACT. In this article we consider the nonlinear Viscoelastic wave equa-
tions of Kirchhoff type
t
uer — M([|Vul*)Au + / g1(t = ) Au(r)dr +ur = (p+ Dol [u[P "y,
0
t
v — M(||Vv]|?)Av + / g2(t — ) Av(T)dr + v = (¢ + D|uPT w971y
0
with initial conditions and Dirichlet boundary conditions. We proved the

global nonexistence of solutions by applying a lemma by Levine, and the con-
cavity method.

1. INTRODUCTION

In this article we consider the initial boundary value problem

ugy — M(||Vul|?)Au + /t g1(t — T)Au(T)dT +ur = (p+ 1)|v|9HuPu,
’ (z,t) € 2 x(0,T),

vy — M(||Vol|*)Av + /Ot go(t — T)Av(T)dT + vy = (g + 1)|ulPT |7 o,

(z,t) € 2 x(0,T),
u(z,t) =v(x,t) =0, (x,t) €9 x(0,T),
u(z,0) = up(x), wu(z,0)=wui(x), z€Q,
v(z,0) =vo(z), v (z,0)=wv1(x), z€Q,

(1.1)

where ) is a bounded domain with a smooth boundary 9Q in R™ (n = 1,2,3),
p>1,q>1and M(s) is a nonnegative C' function such as

M(s)=a+bs7, s>0

fors>0,a>0,b>0,a+b>0,v>0. The function g; : RT — R represents the
kernel of the memory term and is a given positive function to be specified later.
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The single viscoelastic wave equation of Kirchhoff type of the form
t
gy — M(||Vul]?)Au + / g(t — T)Au(r)dr + hug) = |u|"u, (1.2)
0

has been extensively studied and many results concerning nonexistence have been
proved. See in this regard [9, 5]. When M = 1, the equation (1.2)) reduces to

uyy — Au+ /0 g(t — T)Au(r)dr + h(ug) = |u|? u. (1.3)

The existence, and blow up in finite time of solution for ((1.3)) were established (see
[10, 12, 13, 18] and references therein).
For the case M =1, system (|1.1)) reduces to

Uy — Au + / g1(t — T)Au(r)dr + ur = f1(u,v),
o (1.4)

v — Av + / g2t — T)Av(T)dT + v¢ = f1(u,v).
0

Han and Wang [2] obtained the existence and nonexistence of the solution of prob-
lem . Messaoudi and Said Houari [I4] considered problem and improved
the blow up result in [2], for positive initial energy, using the same techniques as
in [3]. Ma et al. [I1] studied the blow up of the solution of the problem with
arbitrary positive initial energy. For more information about , see references
[4, [e], [7, 16l 07).

In this article, we consider problem and prove the blow up result by a
concavity method with arbitrary positive initial energy.

This paper is organized as follows. In section 2, we present some lemmas. In
section 3, we show the blow up of solutions.

2. PRELIMINARIES

In this section, we introduce some notation, assumptions and lemmas which will
be needed in this paper. Let |- || and | - ||, denote the usual L?*(Q) norm and LP()
norm, respectively.

To state and prove our main results, we make the following assumptions:

(A1) g; € C1[0,0] (i = 1,2) is a non-negative and non-increasing differentiable

function satisfying

1 —/ gi(s)ds=1; >0, i=1,2.
0
(A2) gi(t) >0, gi(t) <0, forallt>0,i=1,2.
(A3) The function e'/2g(t) is of positive type in the following sense:
t s
/ v(s)/ e/ 2gi(s — T)u(r)drds > 0, Vv e C0,00) and Vt > 0.
0 0

To obtain the blow up result, we need the following lemma which repeats the
same one of [9] with slight modification, we will omit it.

Lemma 2.1. There exists positive constants m; and s > 0, a >0,b >0, v >0
such that

2 __ 2 [~
PELES00(s) - [M(s) + %/ gi(r)dr|s 2 mis, Vs20,  (21)
0
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= /O M(r)dr

Lemma 2.2 ([I5]). For any g € C* and ¢ € H*(0,T) we have

// (t — 7)Ag(T)d (t)dT dx

=56 2V 0 + 3901V + 5 a0 Vo) — [ (Ve

where

(2.2)

2dt
Lemma 2.3 (Sobolev-Poincaré inequality [I]). Let p be a number with 2 < p < oo
(n=1,2) or2<p<2n/(n—2) (n > 3), then there is a constant C, = C.(Q, p)
such that
lull, < CllVull,  Vu € Hy(%).
Lemma 2.4 ([8]). Suppose that F(t) is a twice continuously differentiable positive
function satisfying
F')F(t) — (1 +a)[F'#®)*>0, Vt>0

where a > 0. If F(0) > 0 and F'(0) > 0. Then there exists a positive constant

T < al;(,%) such that lim;_,p- F(t) = co.

3. BLOW UP OF SOLUTION

In this section, we shall discuss the global nonexistence of the problem (1.1)). Let
us first introduce the functionals

I I
10 =5 [ @Vl + 5 [ gaar ool

(3.1)
1
+ 5l 0 V0O + (20 Vo) 0] = [ ol d,
and 2 2 2 2
I(t) = M([Vu(@®)[")[[Vull” + M([Vo@)[]) Vol
3.2
— (p +q+ 2)/ |u|p+1|v|q+1 der. ( )
Q
We also define the energy function
1 1 1—
E(t) = 5wl + loe|*) + (I Vu®)I3) + 5M (Vo))
I , 1/ )
~3 ), g1(T)d7||Vul]” = 5 92(T)d7||Vv|| (3.3)
1
+ 31010700 + (020 T0)O] = [ P ol d,

where

/m—r JRCCE \%zm—/ ot — D) — w(r)]|2dr.

Finally, we define
W = {(u,v) : (u,v) € Hy(Q) x Hy(), I(u,v) >0}U{(0,0)}. (3.4)

The next lemma shows that our energy functional (3.3)) is a nonincreasing function
along the solution of the problem (1.1).
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Lemma 3.1. E(t) is a non-creasing function for t > 0, that is

@ ova)m + (o vl <0, (35)

E'() < =(luel® + lloel®) + 5

and .

B() < 50) = [ (furl* + o [2)ar. (36)
Proof. Multiplying the first equation of (1.1]) by u; and the second equation by v,
integrating over €2, and using (2.2 and assumption (A1)—(A2), we obtain (3.5). O

Lemma 3.2 ([18]). Assume that g; satisfies assumptions (A1), (A2) and H(t) is
a function that is twice continuously differentiable, satisfying

H"(t)+ H'(t)
> 2/0 gt —7) /Q[Vu(T, z)Vu(t,z) + Vu(r, z)Vu(t, z)| dz dr (3.7
H(0)>0, H'(0)>0

for every t € [0,Tp) and (u(z,t),v(x,t)) is the solution of problem (L.1)). Then the
function H(t) is strictly increasing on [0,Tp).

Lemma 3.3. Assume (ug,vo) € (Hg(Q) N H2(Q)) x (HE(Q) N HA(Q)), (u1,v1) €
H} () x H}(Q) and satisfy

/Q(uoul + vovy) dx > 0. (3.8)

If the local solution (u(t), ) of . satisfies

I(u(t), v(t)) <0,
then H(t) = |lu(t,)||3 + ||v(t)||3 is strictly increasing on [0,T).
Proof. Since

I(t) = M(||[Vu(®) ) IVull® + M (Vo)) [|Vol?
—(p+q+2) /Q lu|PT o] dx < 0,

and (u(t),v(t)) is the local solution of problem (1.1)), by a simple computation, we
have

<>nu>m+qu—/ﬁtﬁm+/W|wx (3.9)
1d
f—H(t):/uutdw—l—/vvtdx (3.10)

1 d2
2ae 1 ®

:/ |ut\2da:+/uuttdx+/ |vt|2dx—|—/vvttdac
Q Q Q Q

:/ |ut\2dz+/ |vt|2d$+/uM(||Vu||2)Audx
Q Q Q
t
—/u/ gl(t—T)Au(T)dex—/uutdx—i—/u(p+1)\v|q+1\u|p_1udx
o Jo Q Q
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¢
+/UM(HV11H2)Avdx—/v/ g2(t — 7)Av(T)dr dx
Q e Jo
—/vvt dx—l—/v(q+1)|u|p+1|v|q_1vdx
Q Q
¢
2/M(||Vu||2)uAuda:—// g1 (t — T)uAu(r)dr dzx
Q o Jo
—/uutdz+/(p+1)|v|q+1|u\p71udx
Q Q
¢
+/M(||Vv||2)vAvdx—// g2(t — T)vAv(T)dT dz
Q aJo
—/vvt dm+/(q+1)\u|p+1\v|q_1vdaj
Q Q
¢
> —/(uut—kvvt) dx—|—/ gl(t—T)/ Vu(r)Vu(t) dx dr
Q 0 Q

+/OtQQ(t—T)AvU(T)Vu(t)dxdT

1dH ¢
— _,L 4 g1t — 7')/ Vu(r)Vu(t) de dr
2 dt 0 Q

+/Otgz(t—T)/QVU(T)VU(t)da:dT

which yields
LeH | L
2 dt? 2 dt
t t
> / g1t — 7')/ Vu(r)Vu(t) dedr —|—/ ga(t — T)/ Vo(r)Vo(t) dz dr.
0 Q 0 Q
Therefore, by (3.7)), the proof is complete. ([l
Theorem 3.4. Under (A1)—-(A3) hold, and the initial data
(w0, v0) € (Hy(Q) N H*(Q)) x (Hy () N H (%)),
(u1,v1) € Ho(Q) x Hg(Q)

satisfy
E(0) >0, (3.11)
I(UO,’U()) <0, (312)
/ (upu1 + vou1) dz > 0, (3.13)
Q

(p+a+2)n
min{my,ms}

Then the solution of problem (L.1)) blows up in finite T < oo.

luol|* + llvol|* =

E(0). (3.14)

Lemma 3.5. If (ug,v0) € (Ha(Q2) N H?(Q)) x (HYQ) N H*(Q)) and (u1,v1) €
H(Q) x HE(Q) satisfy the assumptions in Theorem then the solution (u,v) of
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the problem (1.1)) satisfies
I(u(t,z),v(t,z)) <0, (3.15)

@I + o > L2 ) (3.16)
for every t € [0,T).

Proof. We will prove this lemma by a contradiction argument. First we assume
that (3.15) is not true over [0,7), so, that there exists a time ¢; > 0 such that

t; = min{t € (0,T) : I(u,v) = 0}. (3.17)

Since I(u,v) < 0 on [0,#), by Lemma[3.3] we see that H(t) = ||lu(t,-)||3 +|Jv(t,)|3
is strictly increasing over [0, ¢1), which implies

(p+q+2)n

H(t) = |Ju(t,)|? t,)|2 > 2 Z>
() = llu(t, )z + llv@t, )2 > [luoll” + llvoll min{my, ma)

E(0).

It is obvious that H(t) = ||u(t,")||3 + |[v(t,-)||3 is continuous on [0,t1). Thus we
obtain the inequality

(p+q+2)

H(ty) = |lu(ts, )|l t )l =
(t) |m(b)m+ﬂM1,W2—nmﬂmhmﬂ

E(0). (3.18)
On the other hand, by we have

BO) 2 Bt + [ el + or [Plar

0
= 2 (Il + el?) + S AEIV0l) + TV )]
([ aeIvalar+ [ @)
5 (610 Vu)(t2) + (92 0 V) 11))
= [ ol da ot [ e+ o Pl

(M (| Vul*) + M (| Vol|*)]

+

l\DM—l

1
_J/QNWWMHm+/ﬁﬂmwwm%T /Mﬁwww$

Combining this inequality and | -, we have
(p+q+2)E(0)

> PELE2 N7 9u(r)|?) + P 2R (9o (i) )
_W(/o 91(T)||Vu(t1)||2dT+/0 go(T)|[Vu(ty)||2dr)

= M(|[Vu(t) ) IVut)|? = M(([Vo(t) [*)IVe(t)]?

By (1), we get

(p+q+2)E(0)
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Zp+g+2

— [M([[Vu(t)]*) +

M(||[Vu(t)|*)

p+qg+2 [*
PR [ amanivugen P

P4 2R (o))

2
= M|V (t)|?) +

+

p+q+2
2

> my [ Vu(ty)||” 4 ma|[Vo(t)])?

> min{my, ma}[[|Vu(ty)|? + [ Vo(t1)]|?].

Thus, by the Poincaré inequality, we have

/O 42(7)dr] [ Vot

(p+q+2E©0) > min{mhmg}%wu<t1>||2 o) ),

(p+q+2)n
min{m1 s TTLQ}

H(tr) = [u(t)]* +[lo(t)]* < E(0)
for every t € [0,T). The proof is complete. O

4. PROOF OF THEOREM [3.4]

To prove our main result, we adopt the concavity method introduced by Levine
and define the auxiliary function

F(t) = [u®)|* + lv(®)]* +/0 (lu()II? + l[o(r)]*)dr

+ (t2 = t)([fuol* + [vol*) + B(ts + 1)

where to, t3 and (8 are positive constants, which will be determined later.
By direct computations, we obtain

t
F'(t) = 2/(uut +vvt)d7'+2/ /(uuT +ov,) dz dr — |lug)® — ||lvol|?
Q 0 Jo

= (lluol® + llwoll?) + 26(ts + 1) (4.2)

t
:2/(uut+vvt)dx+2/ /(uuT—i—vUT) dx dr 4+ 20(t3 +t)
Q 0o Jo

(4.1)

and
F//(t)
= 2/ (u? +v?)dx + 2/(uutt + vuy) dx + 2/(uut + vv) dx + 20
Q Q Q

t
:2||ut||2+2||vt||2+2/ M(||Vu||2)uAudx—2/ gl(t—T)/ ulAu(r) dr dr
Q 0 Q

—2/(uut—|—vvt)dx—|—2(p—|— 1)/ |7+ P dm+2/ M(|Vol2)oAv dz
Q Q Q

t
—2/ gg(t—T)/’l)A'U(T) dmd7—|—2(q+1)/ Ju[P o] de
0 Q Q

+2/(uut +vv) dx + 20
Q
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By Young and Poincare inequalities, (3.6]), (3.14), Lemma we obtain
F”(t)
> (p+ g+ 4 ([Juel® + lvel?) + 2min{my, ma}[[| V() |* + [|Vo(t)|1?]
¢
0
=+ q+ D (luell® + lvell?) + 2min{my, ma }[[| Vu(®)|* + [|Vo(t)|1?]

24+ 2)( = BO) + [ [lurlP + for *)ar) + 20

20+ 0+ DEO) +20-+0+2) [ Turl? + or Pl + 25

> (0 l? + ol?) + 2mingons, ma) (@I + 19001
20+ 0+ DEO) 2040 +2) [ Turl? + or Pl + 25

> (- D l? + ol?) + 2mingons, ma) @I + 1900

t
—2(p+q+2)E(0)+2(p+q+ 2)/ [lurll? + lor[I?)dr + 258 > 0
0

which means that F”(t) > 0 for every t € (0,T). Since F'(t) > 0 and F(¢t) > 0,
thus we obtain that F'(¢) and F'(t) are strictly increasing on [0, 7).
Thus, we can choose 3 to satisfy
min{my, mz}(|[uol* + [|vol|*) — (0 + ¢ + 2)1E(0) > B(p+q+2) (4.3)

consequently,

t
F"(t) > (p+ q + 9 (luell® + oel*) + 20 + g + 2)/0 (el + l[vr[|*)dr

(4.4)
+@+qg+4)8.

As far as ( is fixed, we select t3 large enough satisfying

p+q

pra / (g +vown) dz+ Bty ) > o | + o] (4.5)

Q
From (4.1)), (4.2)) and (4.5)), we now choose
L ol + fleoll?
L;q(fﬂ(umn + ’1}01}1) dx + ﬂtg)’
which ensures that
2 2 4 F(0

L;q(fg(uoul + Uovl) dx + ﬂtg) o p+q F'(O) .
Now let

A= ||U(15)||2+||7J(f)\|2+/0 [u(m)I* + lo(r)lIP] dr + B(ts +1)*,
1, K
B= §F (t) —/Q(uut—i-vvt)dx—i—/o /Q(uuT—i—va) dedr + B(ts + t),

C = [lue(@®)]* + [lve (1) +/O [llur (D12 + [lor () [|*)dr + 5.
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By (4.2) and a simple computation, for all s € R, we have

A§—23&+C=HW@W1+W@NI+AHW@NF+HNﬂWWT+ﬂGy+ﬂﬂ§
—2[/9(uut—|—vvt)dx+/0 /Q(uuT—i-va)d:rdT—i—ﬁ(tg—&—t)]s
+HWUW2+HWUW?+A[WHUW2+H%UNPWT+5

:1/(mdﬂ——m(ﬂ dr+}£@vﬁ)—vdﬂfdx

/ / (su(r) — ur (7 2dmd7+/0t/ﬂ(sv(7)—UT(T))2dxdT

+B(s(ts +t) —1)*>>0

which implies B2 — AC' < 0. Since we assume that the solution (u,v) to problem
(1.1)) exists for every ¢ € [0,T), we have

(p+aq+4)
4

Leta:p#>0. As%>17wehave

F()F"(t) — (1 + a)(F'(t))* > 0.

F)F"(t) — (F'(t))* > 0.

We see that
(F~*@1)) = —aF " 'F' <0,

(F*t))" = —a(—a — 1) F > 2F'F — aF “'F"
=ala+1)F 7 (F)? —aF 7 'F" (4.7)
= —aF *?[F'F — (1+a)(F")?]

for every ¢t € [0,T), which means that the function F~% is concave. Obviously

F(0) > 0, then from (4.7) it follows that

F7® -0, ast—-T<——

Therefore, we see that there exist a finite time 7' > 0 such that

t
Jim [l + Bl + [ e, 27 + e, 20 Per] =
0
The proof is complete.
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