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STURM-LIOUVILLE OPERATOR WITH GENERAL BOUNDARY
CONDITIONS

CIPRIAN G. GAL

ABSTRACT. We classify the general linear boundary conditions involving u’,
u/ and u on the boundary {a,b} so that a Sturm-Liouville operator on [a, b]
has a unique self-adjoint extension on a suitable Hilbert space.

1. INTRODUCTION

The standard regular Sturm-Liouville operator is given by

1
Au = ") [- (p(x)u’)/ + q(z)u] (1.1)
with boundary conditions involving
Rju = ajiu(a) + ajou’(a) + ajsu(b) + ajau’ (b).
More precisely, we work in the Hilbert space H = L?((a;b); k(x)dz), where —oo <
a < b < oo, and we assume p,p’, ¢,k € Cla,b] with p,k > 0 on [a,b]. The domain
of Ais
Di(A) = {u € C?a,b] : Ryu = Ryu = 0},

where a; = (@1, 052,53, 54) (j = 1,2) are two linearly independent vectors in
R*. If we have separated boundary conditions (i.e., a; = (011,012,0,0), g =
(0,0, a3, va4)) so that Ryu (resp. Rou) depends only on the left (resp. right) hand
end point), then the closure A of A is selfadjoint on H with a compact resolvent.
The same is true in the periodic case (a7 = (1,0,—1,0), ag = (0,1,0,—1)) provided
p(a) = p(b). But often choosing a1, a, can lead to A having the eigenvalues all of
C or the empty set () (see [§]). Hellwig [8] characterizes the nonseparated boundary
conditions with oy, so that A is selfadjoint and has compact resolvent.

Brown, Binding and Watson [T}, 2, ] considered Sturm-Liouville problems with
eigenparameter in the boundary conditions, that is,

—(pu') + qu = Mku, (1.2)
B (a) + (1 — Mu(a) =0,

~ (1.3)
B (b) + (y2 — A)u(b) = 0.
2000 Mathematics Subject Classification. 34B24, 34B25, 47TE05.
Key words and phrases. Sturm-Liouville operator; Wentzell boundary conditions;
nonseparated and separated boundary conditions; symmetric operators.
(©2005 Texas State University - San Marcos.
Submitted July 28, 2005. Published October 25, 2005.

1



2 C. G. GAL EJDE-2005/120

The type of boundary-value problem (1.2, was considered in many works (see,
for example, [4], 5] [@] T0] and the references therein). They make a complete study of
the matrix Sturm-Liouville problem with spectral parameter A entering polynomi-
ally in the boundary conditions and thus its inclusion in the theory of J—self-adjoint
operators. Whether the approach used is the theory of the V-Bezoutian (see [9, [10])
or other approaach (see [3 4] []), the authors obtain explicit constructions of the
self adjoint extensions and show how this problem is adequate to an eigenvalue
problem for a J—self-adjoint operator in a wider Pontryagin space, which is a finite
dimensional extension of L?((a;b); k(x)dx). They formulate conditions in terms of
the functions of A entering the boundary conditions. For instance, these polynomi-
als satisfy certain symmetric and positivity assumptions in the case of Russakovskii
[9], or more generally, in Etkin [5], they satisfy certain degree and invertibility con-
ditions. In [9], the compactness and a general description of the resolvent operator
is also obtained.

Independently, Favini, Goldstein, Goldstein and Romanelli [6] considered Sturm
- Liouville operators with general Wentzell boundary conditions of the form

at ¢ = ¢j,j = 1,2 when ¢; = a,cp = b. Here (B, 51 are positive. Their study
was focused toward solving the problem u; + Au = 0, with «(0) = f. They show
that its generator (on a suitable domain) is selfadjoint with respect to a uniquely
determined inner product defined on a finite dimensional extension of H, and thus,
the problem is governed by a strongly continuous selfadjoint semigroup. Moreover,
they also observe how the coefficients 3; need to enter as weights in the definition
of their space, so that the corresponding eigenvalue problem is self-adjoint. The
eigenvalue problem for the general Wentzell boundary conditions becomes

Au = Ay, in [a,b], (1.4)
—Au+ (1) Bu' +vu=0 at cj, (1.5)

where ¢; = a, co = b, and A is defined by (|1.1)). Replacing Au by Au in (L.5]) (via
(1.4)), the boundary conditions then become

(=1) Bju" + (75 — Nu = 0. (1.6)
Then (|1.4))-(1.5) becomes equivalent to (1.2])- (1.3]).

This raises the question as to whether we can classify the general linear boundary
conditions involving u”, v’ and u on the boundary {a,b} so that A has a unique
self-adjoint (m—accretive, respectively) extension, as obtained in the work of the
mentioned authors. Thus, we formulate non-separated boundary conditions for
A, following ideas of [6, 8], and give necessary and sufficient conditions for its
symmetry, depending only on the boundary coefficients. We also determine the
inner product precisely and show how the boundary functions enter the underlying
Hilbert space, using a more direct approach. This is what is investigated in this
paper. We structure our paper as follows. In Section 2 we study the question of how
the self-adjointness of A characterizes the general boundary conditions given. We
use basic algebraic tools, using the very simple approach of Hellwig [8]. In Section
3 we investigate those operators A that may be semi-bounded and generators of
(Cp) semigroups.
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2. FORMULATION OF THE PROBLEM

Let us consider the Hilbert space
H = L*((a,b); k(x)dx) @& C} (2.1)

with inner product

b
(u,v)py = / u(z)v(z)k(z)dx + u(a)v(a)k(a)dr + u(b)v(b)k(b)de, (2.2)

where d; are nonnegative constants (¢ = 1,2) that depend on the boundary condi-

tions. Strictly speaking, the C2 factor in H refers to the case when d1,dy > 0. C?

should be replaced by (Cg if exactly j € {0,1,2} of the numbers 41, d2 are positive.
The general Sturm-Liouville operator A in H is defined via with

Dy(A) = {u € C?[a,b] : Riu = Rou = 0}.
Here the boundary operators Rqu, Rou are of the form
Riju = ajiu(a) + ajou/(a) + ajsu’’(a) + ajau(d) + ajsu’ (b) + ajeu’ (b),  (2.3)

Jj=12 and oy = (0411,CM12,0413,0414,0615,0!16), Qg = (0621,062270423,0424,0425,0426)
are two linearly independent vectors in RS. We assume throughout the paper that
(0[13,C¥23) = (070) and (a16,a26) = (0,0) when 6, = do = 0. When (51,52 > 0,
we assume that (a3, a23) # (0,0), (@16, 26) # (0,0). We have the same as-
sumptions on p,p’, ¢, k as in the Introduction. The operators Riu, Rou are very
general boundary conditions. This formulation includes separated boundary con-
ditions ( @14 = a15 = a1 = @21 = @99 = ag = 0), periodic boundary conditions
(a1 =(0,1,0,0,—1,0),2 = (1,0,0,—1,0,0)), combination of Dirichlet, Neumann
and Robin boundary conditions at each end, as well as, nonseparated and separated
Wentzell boundary conditions. The problem

uy + Au =0

with u € Dy(A) is governed by a strongly continuous semigroup whose norm is
bounded by e“!, for some real w, if —A is m—dissipative. When (a13, ao3) #
(0,0), (16, 06) # (0,0) (thus, 01,92 > 0), A is equipped with dynamical or
Wentzell boundary conditions. The physical interpretation of Wentzell (and dy-
namical) boundary conditions is given in [7].

In the sequel, we will give sufficient conditions for the operator A to be symmetric
on H. Let u,v € Da(A). Then ¥ € Dy(A). Now we compute (Au,v)y — (u, Av)y
as follows:

b b

(Au,v)y — (u, Av)y z/ Auﬁk(m)dw—/ uAvk(z)dx
[Au(a)v(a)k(a)d; — u(a)Av(a)k(a)o1)
[Au(b)T(b)k(b)ds — u(b) AT(b)k(b)ds].

)
Let us denote S; = Au(a)v(a)k(a)d; —u(a)AT(a)k(a)dy and Sy = Au(b)v(b)k(b)ds—
u(b) Av(b)k(b)d2. We now compute them explicitly.

S1 = 8.[(— (@) (a) - pla)u” () + g(a)u(a))D(a)
~ (= (@) (a) - pa)?" (@) + ala)o(a)) u(a)]
= 51 [p(a) (u(@)7" (a) — " (@)D(a)) +P'(a) (u(a)7 (a) — o (a)5(a))]

) (2.4)
+

a)lula



Analogously, we obtain

v

Sy = 82 [p(b) (u(b)

=
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u” (0)5(b)) + ' (b) (u(b)7' (b) — u' ()T (b))].

Then integration by parts in lead us to
(Au,v)y — (u, Av)y
= p(b) [u(d)V'(b) — ' (b)5(b)] — p(a) [u(a)V'(a) — v (a)V(a)] + S + Sa,

and re-arranging the brackets we obtain the expression

(Au, v)ag — (u, Av)ye = [u(b)7'(b) — U’(b)@(b)]( (b) + 9/ (b)d2)
— [u(a)v'(a) - ](p(a) p'(a)r)
+ [u(a)7"(a) — (@)] (p(a)dr)
+ [u(0)7"(b) - () ( ] (p(b)d2).

Proposition 2.2. Let §1,02 > 0 and cy2, C13, ¢a5, C46 € R*

For simplicity, we set following notation: For all pairs (m,n) with 0 < m,n < 6,
N (2.5)
Q2m  Q2pn
Also
_ |u()  o(b) _ |ua) ()
X(u,v) = u' (b) El(b) ;o Y(u,v) = u/(a) El(a) )
u(a)  v(a) u(b)  v(b)
A= ey v T = ) v)
Using these notation, we are able to simplify (2.4]) as follows:
(Au, v)n — (u, Av)y = L X (u,v) — LY (u,v) + 132 (u, v) + 14T (u, v), (2.6)
where
l1 = p(b) +p'(b)d2, 12 = p(a) — p'(a)d1, 15 = p(a)d1,ls = p(b)d2. (2.7)
Remark 2.1. Clearly if 6 = d2 = 0, then H = H and (u,v)» = (u,v)n. Moreover,
l3 = l4 = O; ll = p(b); lg = p(a). (28)
Now let us consider the following conditions:
11 (12 14 Q15
Cl) 1 =1 =2 =1
(C1) licia = lacys Ul g 2oy g
14 16 a11 013
C2) 1 =—I =2 =—I
( ) 3646 1613 3 Qo4 COigp 4 Qa1 (ig3
a4 Qg a1 Q12
C3) 1 =1 = =1
(C3) s =lacra & Lo ) | =4 |0
a14 Qg 14 Q715
C4) 1 =1 =2 =1
(C) hews =licss S o) gog| =M |ans
1] O3 Q11 Q12
Ch) 1 = —I: s = —I:
( ) 2613 3612 2 Q21 (23 s Q21 Q22
1] 013 Q14 Q15
C6) 1 =—I =2 =] .
(C6) lici3 3C45 1, s 3oy (g

=R\ {0}. The condi-

tions (C1), (C2), (C3) hold if and only if (C4), (C5), (C6) hold as well.
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Proof. Suppose that (C1), (C2), (C3) hold. Substitute for Iy (via (C3)) in (C1)
and obtain (C4). Substitute again for Iy (via (C2)) in (C3) and obtain (C5). In
order to obtain (C6) we use a combined substitution in (C2) using (C1), (C3). The
converse is similar. (]

In what follows we will have a complete discussion on the weights d1,do that
appear in the definition of (2.2]).

Theorem 2.3. Let us consider the case §; = do = 0 under the assumption that oy =
(a11, @12,0, 014, 15,0) and ay = (91, @22, 0, ang, ass, 0) are linearly independent
vectors in RS. Then the operator A in D1(A) is symmetric if and only if condition
(C1) is satisfied.

Proof. If §; = 6> = 0 we notice by Remark [2.1] that H = H and (u,v)x = (u,v) .
Moreover, since a3 = a6 = 0 for ¢ = 1,2 it follows that Ru = Rju (j = 1,2) so
that A is defined on D;(A) = Dy(A) and

(Au,v)p — (u, Av)y = 1L X (u,v) — LY (u, v).
It is not hard to see that the condition (C1) is equivalent to the condition in [3]
Theorem 1], that is

d1q4 Q15 11 @12
a =p(b .
p( ) Qg4 Q25 p( ) Q1 (22
For the complete proof of this theorem, see [, Theorem 1, sec. 5.2]. O

Remark 2.4. Let us denote J := (a,b) and 9. := {a,b}. We identify u € C¥[a, b]
(k > 0) with U = (u |7,u |as) € H. Then the image of C*[a,b] under this map is
dense in H, in the norm given by (2.2). Call this image C*¥[a,b]. Let us define the
set
D ={U = (u’J,u|aJ) € C*la,b] : u(z) =0 for a < = < a; and for
b1 < x < b with ay,b; depending on u and a; > a, by < b}.
It follows that D is dense in H = L?((a;b); k(z)dx) (see [3, Theorem 3, Sec. 2.4].

We notice that D C D1(A) C H, if §; = 63 = 0. In this case, for all aj,a, € R?,
we conclude that D;(A) is dense in H. Now assume 41,62 > 0 and define

D={U= (u|J,u‘aJ) € C*la,b] : w=dy in [a,a1] and u = dy in [by,b]}.

Here di,ds € C and a1,b1 € (a,b) are arbitrary. Since D is dense in ‘H =
L?((a,b); k(z)dz) ® C? (see [2]) and D C Do(A) C ‘H, we conclude that, for all
ai,as € RS Dy(A) is dense in H, as well.

We also note that A satisfies a range condition (as shown in [§]), that is, R(A —
pl) = Cla,b], where 1 € p(A), when §; = d3 = 0. Then, in this case, (A — )t is
the integral operator given by

- b
(@ — ) h(z) = / G, y)h(y)dy,

where the Green’s function G, is continuous on [a,b]?. In this case, using known
results, A — ul is a bijection from the set {u € H?(a,b) : Riju = Rou = 0} to
L?(a,b) and also from D;(A) to Cla,b]. The case when the weights 61,82 > 0 is
similar. The analogous Green’s function calculation for the case of §1,02 > 0 was
done in [I, 2, 3, @]. Then, in this case, for u € p(A), A — ul is a bijection from
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the set {u € H%(a,b) NC? : Ryu = Rou = 0} to H and also from Do (A) to Cla, b]
(identified with Cla,b] C H).

Now we are ready to give sufficient conditions for the symmetry of A in the case
when (51,(52 > 0.

Theorem 2.5. Assume that l1,ls are nonzero. Let 61,02 > 0 and A be the operator
defined on Dy(A) via (1.1) such that ay,ay are linearly independent,

rank (011 M2 M3) o (2.9)
Qa1 Qg2 (23

Qg4 O (€3]
rank 5 T6) 9 (2.10)
Q24 Q25 (26
Q12 Q13| _ Q15 Q6| _ (2 11)
Qg (23 Qo5 Qig¢

If the conditions (C1), (C2), (C3) hold, then A is symmetric on H.

Proof. Since u,v € Dy(A) it follows that u, T € D3(A) and u, T satisfy the boundary
conditions Rju = 0. Hence

aniu(a) + appu/(a) + algu "(a) a119(a) + a127'(a) + a137" (a)
agiu(a) + azu'(a) + aggu”(a)  a1v(a) + agt’(a) + assv”(a)
_ 0414U(b) + ai5u ( ) + Oqgu”( ) 04141}( ) + 06155/(17) + 04165//(())

oz24u(b) + Qo5U (b) + a26u (b) 04241}(1)) + 0525@/(6) + Oég@@”(b) :
Let us denote the left hand side determinant by M; and the right hand side deter-

minant by M. Now we can expand both M; and M5 as a sum of 9 determinants,
where 3 of them vanish, so that

anu(a) a?’(a

_ )
My = asu(a)  a?(a)
(
(

algu’(a) 11U
'(a) v

Q20U (A

azu’(a)  a;19(a)
aszu’(a)  a217(a)

Next, we rearrange the determinants such that

e a2l |u(e)  v(a) an as||u(a) T(a)
My = a1 agg| |u'(a) v(a) a1 gl |u’(a) V'(a)
arp  aiz||v'(a) 7'(a)
oy o3| |u’(a) T'(a)]’

Using ([2.5)) and (| we obtain
My = c12Y (u,v) + c13Z (u, v).
Similar calculation and assumption lead us to
My = c45 X (u,v) + ca6T (u, v).
Hence we obtain the equation

—c12Y (0, v) + 45X (0, v) + c46T(u,v) — c13Z(u,v) = 0. (2.12)



EJDE-2005/120 STURM-LIOUVILLE OPERATOR 7

Using (2.11)) we can also show that
o3 (€515}
c13=——cr2 and c46 = ——Cy5
99 Q25

so it follows from (2.9)-(2.10) that c12, 13, ca5, ca6 # 0. Let us recall that (Au, v)y—
(u, Av)y = L X (u,v) — LY (u,v) + I3Z(u,v) + 14T (u,v) and (C1)-(C6) hold by
Proposition 2.2} We can perform the calculation:

(Au,v)p — (u, Av)y = 11 (X (u,v) — %Y(u,v)) + 14(%Z(u70) + T(u,v)). (2.13)

By (C1), (C2) we notice that % = &2, respectively % = — ¢ so that plugging in
(2.13) we obtain
(AU, U)'H - (ua AU)H
l l
= L (cas X (u,v) — c12Y (u,v)) + —4(—013Z(u,v) + ca6T (u, v)).
Ca5 C46

Applying (C4) and (2.12)) we obtain (Au,v)y — (u, Av)y = 0 which completes the
proof. O

Now we give two simple examples of a symmetric operator A with specific coef-
ficients a1, a, appearing in the boundary conditions (2.3]).

Example 2.6. Let us consider the case when p =1,k =1, ¢ = 0 so that Au = —u”
on H. Assume that a1 = (0411,070,Oé14,0,0)7 Qo = (0,0zzz,Otgg,0,0dzg;,OéQG) € RG,
such that aq1,a14 # 0,00 < 0 and aws, g5, agg > 0. It is not hard to check that

all the hypothesis of Theorem [2.5] hold when
52:%>0, 61:—%>0,
Q25 Q22

so the operator Au = —u/" with the boundary conditions
arru(a) + apqu(d) =0,
g’ (a) + agzu’ (a) + agsu’ (b) + ageu’ (b) = 0
is symmetric on H.
Example 2.7. Consider the case when p = 1,k =1,¢ = 0,61 = do = 2; and the
vectors ag = (0,1,1,1,1,2); as = (1,1,1,0,—1, —2). Then the boundary conditions
Rju become
u'(a) + v’ (a) + u(b) + ' (b) + 2u" (b) =
u(a) +u'(a) + v’ (a) —u'(b) — 2u" (b) =

0,
0,

and the operator Au = —u" is symmetric on H.

In Theorem [2.5] we assumed that (2.9)-(2.10) hold. In the next theorem we deal
with the case when both (2.9) and (2.10)) fail to hold. We remark in this case that
equation ([2.12) cannot be used in the next proof since

c12 = €13 = ¢45 = C46 = 0, (2.14)

and equation (2.12)) becomes trivial.
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Theorem 2.8. Assume that Iy = p(b) + p'(b)d2,la = p(a) — p'(b)d1 are nonzero.

Let A be the operator defined on Dy(A) via (1.1) such that
rank Q11 Q2 Qi34 Qg5 Qg 2,
Q21 Qo2 Q304 Q25 Qi
but

« « « « o' «
rank [ &1 12 1BY) _ pank (@14 15 16) _ 1
Qg1 Qa2 (23 Qg4 Q25 (26

Let us define two sets of equations (see (2.8)), for the notation):
Copls + c3plo =0, fork e {4, 9, 6}.
—¢jsla + cjli = 0, for j € {1,2,3}.

(2.15)

(2.16)

(2.17)
(2.18)

If both (2.17) and[2.18 hold for all k € {4,5,6} and j € {1,2,3}, then A is sym-

metric on H.

Conversely, if A is symmetric then (2.17) and (2.18)) hold (for those k and j,

where both csi, and cjg are non-zero).

Proof. Let u,v € Dy(A). First, we observe that Rju = 0 for j = 1,2 so that we

can form the equation a1 Riu — a1 Rou = 0, that reduces to the equation

c12u’ (a) + ci3u” (a) + crau(b) + 15t/ (b) + creu” (b) = 0.
Similarly, agoRiu — a1aRou = 0, or equivalently,

ca1u(a) + ca3u”’ (a) + cagu(b) + a5t/ (b) + cogu’”’ (b) = 0,
and ao3Riu — a13Rou = 0 becomes

cz1u(a) + ezou’(a) + csqu(b) + ez’ (b) + czeu” (b) = 0.

Using (2.16)) we notice that (2.19), (2.20) and (2.21) become
cl4u(b) + 015u/(b) + ClGUH(b) =0,

Cg4u(b) + 025u/(b) + Cgﬁun(b) =0,

034u(b) + C35’U,/(b) + 036u"(b) =0.

Equations (2.22),(2.23) and (2.24) are also satisfied by u(b), v’ (b),v” (b).

Analogously, we form assRiu — a14Rou = 0, equivalent to
crau(a) + caqt’ (a) + caqu” (a) + csau’(b) + coau”’ (b) = 0,
and aosRiu — a15Rou = 0:
c1su(a) + cosu’ (a) + cgsu” (a) + casu(b) + cosu” (b) = 0,
The last equation asgRiu — a1gRou = 0 becomes
creu(a) + cau’ (a) + cagu” (a) + cagu(b) + cseu’ (b) = 0.
Again using we obtain three simplified equations:

crau(a) + caqt/ (a) + czqu” (a) = 0,
cisu(a) + casu/ (a) + ezsu” (a) = 0,

cieu(a) + cot (a) + czgu”’ (a) = 0.

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Equations (2.28)), (2.29), (2.30) are also satisfied by v(a),v'(a),?"(a).

Choosing all equations from (2.22))-(2.24]) and using (2.17) for all k € {4,5,6},
we have the relations:

cipu(a) + copt/(a) + ez’ (a) (2.31)

=0
c1v(a) + cox¥' (a) + 310" (a) = 0
cor(—l3) + car(—l2) = 0,
which we can regard as a system of equations in ¢y, co, csx for all k € {4,5,6}.
For each fixed k, the system above comprises of 3 equations with 3 unknowns and
the matrix that gives its solution is
u(a) u'(a) u”(a)
W= |v(a) 7 v
0 —l3 —l

Now, for all k € {4,5,6}, this system also has 9 equations with 9 unknowns. The
matrix that gives the solution to such an homogeneous system is a 9 x 9 matrix with
3 x 3 Jordan blocks (each Jordan block equals W) on the main diagonal and zero
entries, otherwise. According to at least one of the unknowns cyg, cak, C3k
must be different from zero, hence the determinant of the above system must vanish:

u(a) w'(a) u(a)]’
(1Y (u,v) + I3Z(u,v))® = W3 = |5(a) ©'(a) 7'(a)] =0.
0 —ls =l
Analogously, at the right-hand boundary (using a similar argument as with the
system above) we obtain:

u(b) u'(b) u"(b)

(WX (u,v) + 4T (u,v))® = |B(b) '(b) ¥ (b)| =0.

0 —ly ly

It follows from the above arguments and (2.6) that (Au,v)y = (u, Av)y.
To prove the converse, we observe from ([2.6)) that A is symmetric if and only if

I X (u,v) = 1Y (u,v) + I3Z (u,v) + 14T (u,v) = 0, or equivalently,
ly =y |
T(u,v) X(u,v)|

l I

Z(u,v) Y(u,v)|’ (2.32)

Now, we shall calculate T'(u,v) and Z(u,v), substituting in for u”(a),v”(a) from
(2.28)-(2.30) and u”(b),v"(b) from (2.22))-(2.24) as follows:

_ u(b) v(b) _ G5
T(u,v) = ’—cﬂu(b) _ %Zul(b) _%Zﬁ(b) _ Zi”/(b)‘ = *CTGX(U,’U).

C]'G
Analogously,
Z(u,v) = —Q—kY(u,v).
C3k
Substituting for the functionals T'(u,v) and Z(u,v) into (2.32)), we obtain

X (u,0) (I — L21) = YV (u,0) (1 + 2E1y), (2.33)
Cje6 C3k

that holds for all u,v € D3(A). This implies that both i, — C; ly and Io + 2%:13 must

cj

be zero at those k and j with cje, c3x 7 0. This proves the theorem. (]
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In the next theorem, we look at the operator A equipped with separated bound-
ary conditions (or so called general Wentzell boundary conditions) and apply Theo-
rem 4. This problem has been studied by many authors, in particular the authors in
the paper [2] have discovered that A becomes symmetric only when certain weights
are used in the definition .

Theorem 2.9. Assume Iy = p(b) + p'(b)d2 and Iy = p(a) — p'(a)d1 are nonzero.
Let A be the operator defined via (1.1), equipped with separated general Wenitzell
boundary conditions (GWBC) of the form

anju(a) + argu’(a) + arzu”(a) = 0,
a24u(b) + a25ul(b) + OZQGU”(b) = 0.

Also assume ana < 0,13, 05, 006 > 0 and o1, 4 € R. Then A is symmetric if
the weights are chosen to be

5= 50, 5, =21 5, (2.34)
Q25 12

The converse holds if, in addition, ay1, aaq # 0.

Proof. Note that in this case ay = (@11, @12, @13,0,0,0), as = (0,0, 0, aag, aos, ),
so we are in the case of separated boundary conditions. We want to apply Theorem
Our assumption on a; and g implies that (2.15]) is satisfied. It is not hard to

see that (2.16) holds for «y,as. Moreover, we assume that (2.17)) and (2.18)) hold
for all k € {4,5,6} and j € {1,2,3}, i.e.

corls + c3pla =0
(2.35)
7Cj5l4 + Cj@ll = 0,

or explicitly
20001 + oigang =0
—ozlja2552 + a0 = 0.

We note that when a2 < 0,013,905 026 > 0 and a11,004 € R, in order for
A to be symmetric with respect to H, one has to choose the weights d1,d2 as
in (2.34). Notice that from the assumptions on the coefficients ai,a,, we have
€35, C36, C26, €36 7= 0. On the other hand, c34,c16 # 0 if and only if ayq, g4 # 0.
Thus, it follows from Theorem 4 that is also necessary for the symmetry of
A to hold. O

In Theorems 3 and 4, we assumed that [; and [ are nonzero. Here, we give
another theorem that treats the case when [; and Iy are both zero. This follows as
a consequence from the proof of Theorem 4.

Theorem 2.10. Assume §; = ;’,(&)) > 0 and §; = —5,((?) > 0. Let A be the

operator defined on Do(A) via (1.1)) and a1, as are linearly independent such that
(2.15)-(2.16]) hold. Let us define two sets of equations:

cor =0, forke{4,56}. (2.36)
cjs =0, forje{1,2,3}. (2.37)

If both (2.36) and (2.37) hold for all k € {4,5,6} and j € {1,2,3}, then A is

symmetric on H.
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Conversely, if A is symmetric then properties (2.36) and (2.37)) hold (for those

k and j, where both csi, and cjg are non-zero).

Proof. First, we note that when 6; = 5,((‘;)) > 0 and §y = — 5,((?) > 0, this is
equivalent to the case when Iy = ls = 0. In this case,
(Au,v)n — (u, Av)y = I3Z(u,v) + 14T (u,v). (2.38)

We do the same calculations as in Theorem 4.
Again, using all equations from (2.25)-(2.27)) and using (2.36]) for all k € {4, 5,6},
we have the relations:
crpula) + cgpu’ (a) =0
c1pv(a) + c3pv” (a) = 0,
which we can regard as a system of equations in ¢y, c3; for all k € {4,5,6}. Ac-
cording to (2.15) at least one of the unknowns ¢y, s must be different from zero,
hence the determinant of the above system must vanish:

u(a) (@)’ _
wa) ()| =%

Analogously, at the right-hand boundary (using a similar argument as in (2.39)) we
obtain:

(2.39)

(Z(u,0))? =

3

u®) WO _,

(T(uvv))g = E(b) @H(b)

Apply this in (2.38]) so that the first part of the proof is complete.
To prove the converse, recall from (2.33]) that

X (u,v)(1y — Zﬂim = Y (u,v)(ls + 2£1y). (2.40)

J6 C3k
Since I3 = lp = 0, (2.40) becomes
X (u,0)(Z214) = Y (u,0)(ZE1y),

Cj6 C3k
that holds for all u,v € Dy(A). But this means that ¢;5 and o must be zero (at
those k and j where csi, cj6 7 0), hence the conclusion. O

Example 2.11. Let p(z) = —2® + 7+ 1,k = 1,¢ = 0 on the interval [0, 1], and
aj = (ai1,0,013,0,0,0); az = (0,0,0, 4,0, g) in R6\{0}. Hence the operator
Au = —((=23 + x4+ 1))’ is equipped with GWBC of the form

aju(a) + ajzu”’(a) =0,
a24u(b) + aggull(b) = 0.

Our assumptions on a; and as imply that (2.15)), are satisfied. Moreover, it
is easy to check that and hold for all k € {4,5,6} and j € {1,2,3} for
our choice of aq; as.

Therefore, one can have an operator A, equipped with pure Wentzell boundary
conditions (that is, a1 = agq = 0, but a;3, @ # 0) that is symmetric on H, with
respect to the weights

_p(0) _ _ ) 1

0 I T Rl

We close this section with a result related to a partial converse of Theorem 3.
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Theorem 2.12. Assume that l,ly are nonzero. Let 61,05 > 0 and A be the
operator defined on Do(A) via (1.1) and a1, as are linearly independent such that

(2.9)-(2.10) hold. In addition, we assume

Coq4 = C34 — C15 = C16 — 0. (241)

We have the following two cases:
(i) If lscag = —lacas, then the symmetry of A implies that both (C4) and (C5)
hold.
(ii) If lacjrcar = l3cancjs for some j € {2,3} and k € {5,6}, where cjg, csi # 0,
then the symmetry of A implies that both

l16j6 = l4Cj1 and l263k = —l302k
hold.
Proof. Note that (2.41)) implies co3 = ¢56 = 0, as well. Also, lzcqg = —lgc13 is the
condition (C2).
First, we prove (i). Recall that, for A to be symmetric, is equlvalent to

Since by [2:9)- - ([2:16), we have 013, ca6 # 0, substituting for u’(a) and v ( )
(respectively, u” (b) and v (b)) from (2.19), (respectively, from (2.25))) into T'(u,v),

respectively Z(u,v), we obtain

s culu) T0)
Tlu,v) = 064X( ) ces |ula) (a) (2.42)
" (@) o)
Z(u,v) = —EY(U ,0) — o lu®) w0)| (2.43)
Substituting (2.42))-(2.43)) in (2.32)), we obtain
X (u,v)(l — Zﬁh)
o (2.44)

i oy e e [u) o)
fY(u,’U)(ler 15 213) — (14064 l3013) u(a) v(a)|’

Using (C2), we get l42 — 3512 = 0 and (2.44) holds for all u,v € D3(A). But this
implies that both [} — CZZ l4 and Iy + 51%13 must be zero, hence the conclusion of the
theorem.

To prove (ii), we use the equations (see (2.20))-(2.21))

<

u”(b) = —ciu(a) - %u(b) — cﬂu’(b), (2.45)
Cj6 Cj6 Cj6
(for j =2,3) and
1 Clk Cak C2k
u”’(a) = ——ula) — —u(b) — —u/(a), (2.46)
C3k C3k C3k

for k =5,6 (see equations (2.26)-(2.27)). The equations (2.45)-(2.46) hold for v as

well. Using (2.45)) and (2.46)), we can simplify T'(u,v) and Z(u v) as follows:

_ G fu(d) vO)| _ s
T(u,v) = cio u(a) v(a) CjGX( ,v), (2.47)
and, similarly,
_cwfule) Ta)| em
2= u) o] e 249
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Substitute for Z and T', from (2.47)-(2.48)) into (2.32)) to obtain
(I — 1422 X (u, v)
s

76
u(b) B (2.49)

u(a) v(a)

that holds for all u,© € Dy(A). But 1421%; — 132;‘—: = 0, by assumption, therefore, we
J

get the assertion of the theorem. [

)

C2k Cj1 Cak
= (ly + 13—==)Y (u,v) + (I3~ — I3—
(o o) i =t

Remark 2.13. Note that in Theorem [2.12] if one assumes that both the conditions
(C4) and (C5) hold, then the validity of (C2) follows automatically from that of
. Also, in the second case (i1), if licjg = lacj1 and laczy = —Izcoi hold (for
some k, j), then lycjicsr = I3capcje follows automatically from that of (2.39).

3. QUASI—ACCRETIVE AND SEMI-BOUNDED OPERATORS

Hellwig [8] proved that the operator A given by with domain D (A) is
not only symmetric under certain necessary and sufficient conditions (see Theorem
, but also is bounded from below, that is, there exists a v € R such that
(Au,u)y > v||ul|%. This has as a consequence the fact that all the eigenvalues A
of the Sturm-Liouville eigenvalue problem are real and satisfy A > . Our goal in
this section is to look for those operators A (on Da(A)) that are semi-bounded and,
more generally, quasi-accretive, that is, (A —I) is accretive for some v € R. That
is, Re((A — yI)u,u)y > 0 for all v € Dy(A). Moreover, following the proof of [8]
Theorems 2 and 3], one can prove the range condition, that is, R(A—ul) = Cla, b],

where p € p(A), the resolvent set of A.

We consider the case of the Hilbert space given by (2.1) and the inner product
(2.2), when 81,02 > 0. We start by computing the inner product (Au,u)y as
follows:

b
(Au,u)y = / Autk(z)dx + Au(a)u(a)k(a)dr + Au(b)u(b)k(b)os
= p(a)u’(a)u(a) — p(b)u’(b)u(b)
b b

+ [ vl @)Pde+ [ al)luta) Pds

+ 61u(a)(—p'(a)u'(a) — p(a)u” (a) + q(a)u(a))

+ 622(b) (—p' (0)u' (b) — p(b)u" (b) + q(b)u(b)).

Rearranging the factors, we obtain a much simpler expression,
(Au,u)py = [—lgu” (b) — L1’ (b) + q(b)dau(b)]u(b)
+ [—l3u” (a) + lou' (a) + q(a)dru(a)|u(a)

b b
4 / p()l (z) Pdz + / 9(2)|u(z) [2dz,

where 11, 1s,13,l4 depend only on the data of the problem and they are given by

(2.7). Let us choose

(3.1)

o = min ﬂ (3.2)
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Then it is not hard to see that we can transform (3.1)) into an inequality
Re(Au, u)y > Re([—lqu” (b) — 11/ (b)]u(b))
+ Re([~l3u" (a) + lau'(a)]u(a)) + o|ulf3,-

Theorem 3.1. Let A be the operator defined on Dy(A) via (1.1) and a;,an are

linearly independent such that (2.15)-(2.16]) holds and csi, cj¢ are nonzero. If (2.17)
and (2.18) (see Theorem 4) hold for some k € {5,6} and j € {2,3}, then the

operator A is quasi-accretive.

(3.3)

Proof. First, we discuss the case when [y,ly are nonzero. We perform the same
calculation as in that of Theorem 4. We obtain the following equations:

cj4u(b) + Cj5’u/(b) 4+ CjGU”(b) = 07 (34)
crpu(a) + coptt (a) + czpu’’ (a) = 0, (3.5)

for k € {4,5,6} and j € {1,2,3}. By assumption, cs,cjs (j € {2,3}) are nonzero
and the boundary conditions involve second-order terms and ¢; > 0 (i = 1,2). We
divide (3.4) by ¢;¢ and (3.5) by cs, and obtain equivalent equations:

Giu(b) + Ga (b) =~ (8), (36)
ciru(a) + czpu’(a) = —u”(a), (3.7)
where ¢;;, = Z£ (for k € {4,5,6} and fixed j) and ¢ = 2% (for j € {1,2,3} and

Cj6 C3k

fixed k).
We substitute u”(a), " (b) in (3.3), using the equations (3.6)-(3.7)) to obtain:

Re(Au, u)y; > p(b)&i [u(b)|? 6 + Re(las — L)/ ()7 (0)

e ) U ) (3.8)
+ p(a)cik [u(a)|” 61 + Re(lz + lzcap)u (a)u(a) + o ||ul|3 -
Let us choose
71 = min{o, p(b)¢j1, p(a)cir} € R. (3.9)

Then, by we get the inequality
Re(Au, w)y > Re(laGs — 1)u/ (0)a(b) + Re(ly + lzéap )t (a)a(a) + 71 [ul3, - (3.10)
But, and (for some k, j) imply
I+ lscah = 0, 1scs — 1y = 0.

This shows that A — 11 is accretive for some v € R that is given by (3.9). The
case when [y, [y are both zero, is done similarly, observing that the condition (2.17)

(respectively, (2.18))) is equivalent to ([2.36]) (respectively, (2.37))), that is, o = 0
(respectively, ¢;5 = 0). We use this in (3.10) again to get the assertion. O

Having this result, we notice that the Theorem 4 provides us, actually, with
an improved result, that is, all operators given by (L.1)), equipped with boundary
conditions for which the vectors aq, as satisfy —, are semi-bounded. We
state this now.

Corollary 3.2. Suppose that the assumptions of Theorem 4 hold and, in addition,
the conditions (2.17) and (2.18) hold and csk, cj¢ are nonzero. Then A is bounded

from below.

The proof of the above corollary follows easily from Theorems 4 and 8.
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Example 3.3. We consider the operator A as in Theorem[2.9] It can be checked di-
rectly that A is semi-bounded and, in fact, — A generates a Cj selfadjoint semigroup

on H (see [2]).
Now, let us denote the functional
E(u) = [ = Ly (b) — i/ (0)]u(b) + | — lsu”(a) + lov(a)|u(a). (3.11)

Theorem 3.4. Assume 01,05 > 0. Let A be the operator defined on Do(A) via
(1.1) and a1, ao be linearly independent such that

rank (aﬂ a2 aw) — rank <a14 s 0%) s (3.12)
Q21 Qg2 Qg3 Qo4 (5 Q6
and
Coq4 = C34 = C15 = C16 = 0. (313)

If

(C4) lycas = licas,

(C5) I3c12 = —lzcy3,

(C6> l4013 = l3€46.
hold, then A — ol is accretive with o given by (3.2]).

Proof. Note that the first two conditions (C4, (C5) are the same as (C1), (C2). We
recall the equation (2.19)) (respectively, (2.25)) is

c12u’(a) + c13u” (a) + crau(b) + 151’ (b) + cr6u” (b) = 0, (3.14)

crau(a) + caq’ (a) + cgqu” (a) + csau’ (b) + coau” (b) = 0, (3.15)
respectively. Recall that by (3.3) and (3.11)), we have the inequality
Re(Au,u)y > Re E(u) + o|ull3,.

Note that (3.13)) implies that cog3 = ¢56 = 0, as well. By (3.12) and (3.13)), it
follows that all ¢;3, 12, ca5, cag are nonzero. We divide (3.14) (respectively, (3.15))

by c13 (respectively, cgq). We use our assumption ([3.12)) and rewriting the equations

(13.14)- (3.15]), we obtain

—u"(a) = 220/ (a) + LLu(b), (3.16)
C13 C13
" C14 C54
—u"(b) = —u(a) + —u'(b). (3.17)
Co4 Co4

We substitute (3.16) ,(3.17) in (3.11)) to get

E(u) = [l4<%u<a> + 220/ (b)) — Ll (B)Ja(b)

Ce4
+ (224 (a) + L2u(b)) + v/ (a)]T(a)
C13 C13
— L, X y(aya(d) + (122 — 1) (b)a(b)
Ce4 Ce4

4 ubya(a) + (1522 + ) (a)a(a).
C13 C13

We observe that [, — [; = 0 and I3%2 4 [, = 0 by assumption so that

Ce4 C13

Re E(u) = Re (14%;%6(@)@({)) + zg,%u(b)u(a)).



16 C. G. GAL EJDE-2005/120

But l4c13 = l3¢46 18 equivalent to 14%1 = —132—‘;. Therefore,
Re E(u) = 54? Re (u(a)u(b) — u(b)u(a)) = 0.
64
The theorem is proved. O

Now, we close this section with an example, that shows that there are operators
(defined on Ds(A)), equipped with nonseparated boundary conditions, that are
accretive, but not symmetric.

Example 3.5. Let the operator Au = —u" be equipped with boundary conditions
aju(a) + apsu’ (b) + azgu” (b) = 0,
agt/(a) + agzu(a) + agqu(b) = 0.

Noe that a1 — (0411,0,0,070115,0416), Qo — (O,agg,a23,ag4,0,0) c R6 \ {0} ‘We
assume (oo < 0, a5, 016, 0023 > 0, 11, (24 7é 0 and

Q1102 = 15024, (3.18)
Then conditions (3.12)), (C4), (C5), (C6) are satisfied for
Gi=-"2 50, 5="50 (3.19)
Q22 Q15

Therefore, A is accretive, so that —A generates a (C) contraction semigroup on
H. On the other hand, (C4) and (C5) are satisfied for this choice of d1, 2 in (3.19),
so it follows from Remark that if A were symmetric, then (C2) would have to

hold as well, that is, l3c4g = —l4c13, that is equivalent to

—Q150094 = (X11(¥22. (320)
Adding (3.20) to (3.18]), we get the contradiction because of the choice of a; =
(a11,0,0,0, 15, a16), @z = (0,22, as3, a0q,0,0) in RS\ {0}. In conclusion, we

have an example of an operator equipped with nonseparated boundary conditions
that is accretive, but not symmetric.
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