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QUASISTATIC THERMO-ELECTRO-VISCOELASTIC CONTACT
PROBLEM WITH SIGNORINI AND TRESCA’S FRICTION
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ABSTRACT. In this article we consider a mathematical model that describes
the quasi-static process of contact between a thermo-electro-viscoelastic body
and a conductive foundation. The constitutive law is assumed to be linear
thermo-electro-elastic and the process is quasistatic. The contact is modelled
with a Signiorini’s condition and the friction with Tresca’s law. The boundary
conditions of the electric field and thermal conductivity are assumed to be
non linear. First, we establish the existence and uniqueness result of the weak
solution of the model. The proofs are based on arguments of time-dependent
variational inequalities, Galerkin’s method and fixed point theorem. Also we
study a associated penalized problem. Then we prove its unique solvability as
well as the convergence of its solution to the solution of the original problem,
as the penalization parameter tends to zero.

1. INTRODUCTION

Certain crystals, such as quartz, tourmaline, Rochelle salt, when subjected to a
stress, become electrically polarized (J. and P. Curie 1880) [6]. This is the simple
piezoelectric effect. The deformation resulting from the application of a electric po-
tential is the reversible effect. An elastic material with piezoelectric effect is called
an electrolytic material and the discipline dealing with the study of electrolytic ma-
terials is the theory of electroelasticity. General models for elastic materials with
piezoelectric effects can be found in [I9] and, more recently, in [20]. The electro-
elastic characteristics of piezoelectric materials have been studied extensively, and
their dependence on temperature is well-established [I, 2T, 22]. The models for
elastic materials with thermo-piezoelectric effects can be found in [I§] and, more
recently, in [I]. Some theoretical results for static frictional contact models taking
into account the interaction between the electric and the mechanic fields have been
obtained in [I4], under the assumption that the foundation is insulated, and in [15]
under the assumption that the foundation is electrically conductive. The mathe-
matical model which describes the frictional contact between a thermo-piezoelectric
body and a conductive foundation is already addressed in the static case see [3] [].
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A number of papers investigating quasi-static frictional contact problems with
viscoelastic materials have recently been published for example [12]. In [3] a bilat-
eral contact with Tresca’s friction law was analyzed, while in [I7] frictional contact
with normal compliance was studied. Moreover, the contact problems involving
elastic or viscoelastic materials have received considerable attention recently in the
mathematical literature, see for instance [5 [8] [@].

This work deals with a quasistatic mathematical model which describes the fric-
tional contact between a thermo-electro viscoelastic body and an electrically and
thermally conductive rigid foundation. The novelty of this model lies in the chosen
linear thermo-electro-visco-elastic behavior for the body and in the electrical and
thermal conditions describing the contact, by Signorini condition, Tresca friction
law and a regularized electrical and thermal conductivity condition. The variational
formulation of this problem is derived and its unique weak solvability is established.

This article is structured as follows. In Section 2, we state the model of equi-
librium process of the thermo-electro-viscoelastic body in frictional contact with
a conductive rigid foundation, we introduce the notation and the assumptions on
the problem data. We also derive the variational formulation of the problem and
we present the main results concerned the existence and uniqueness of a weak so-
lution and also the penalty problem and its convergence of the penalized solution.
Finally in Section 3, we prove the existence of a weak solution of the model and its
uniqueness under additional assumptions. The proof is based on an abstract result
on elliptic, parabolic variational inequalities, Faedo-Galerkin, compactness method
and fixed point arguments. We show also the existence and uniqueness of penalty
problem and prove the solution converge as the penalty parameter e vanishes.

2. SETTING OF THE PROBLEM

2.1. Contact problem. We consider a body of a piezoelectric material which
occupies in the reference configuration the domain Q C R? (d = 2, 3) which will be
supposed bounded with a smooth boundary €2 = I'. This boundary is divided into
three open disjoint parts I'p, I'y, and ', on one hand, and a partition of I'p UT'
into two open parts I'; and I'y, on the other hand, such that meas(I'p) > 0 and
meas(I'y) > 0. Let [0; 7] time interval of interest, where 7" > 0.

The body is submitted to the action of body forces of density fj, a volume electric
charge of density qg, and a heat source of constant strength ¢;. It also submitted to
mechanical, electrical and thermal constant on the boundary. Indeed, the body is
assumed to be clamped in I'p and therefore the displacement filed vanishes there.
Moreover, we assume that a density of traction forces, denote by fs, acts on the
boundary part I'y. We also assume that the electrical potential vanishes on Ty,
and surface electrical charge of density ¢ is prescribed on I'y. We assume that the
temperature ; is prescribed on the surface I'p UT'y.

In the reference configuration, the body may come in contact over I'c with an
electrically-thermally conductive foundation. We assume that its potential, tem-
perature are maintained at pg, 0p. The contact is frictional, and there may be
electrical charges and heat transfer on the contact surface. The normalized gap
between I'c and the rigid foundation is denoted by g.

Everywhere below we use S? to denote the space of second order symmetric
tensors on R¢ while ”-” and | - | will represent the inner product and the Euclidean



EJDE-2019/05 QUASISTATIC THERMO-ELECTRO-VISCOELASTIC CONTACT PROBLEM 3

norm on S and R¥; that is,
wov=wuv, || = (wo)Y?, Vu,veRY
0T =04Tiy, |T|= (r.T)Y2, Vo,r e S

We denote by u : 2x]0; 7[— R? the displacement field, o : @ — S and ¢ = (o)
the stress tensor, § : 2x]0; T[— R? the temperature, ¢ : 2 — R? and q = (g;) the
heat flux vector, and by D : Q — R% and D = (D;) the electric displacement filed.
We also denote E(p) = (E;(¢)) the electric vector field, where ¢ : Ox]0;T[— R
is the electric potential. Moreover, let e(u) = (;;(u)) denote the linearized strain
tensor given by £;;(u) = 3(u;; + u;;), and "Div” and "div” denote the divergence
operators for tensor and vector valued functions, respectively, i.e., Divo = (03 ;)
and divg = (§;,;). We shall adopt the usual notation for normal and tangential
components of displacement vector and stress: v, = v-n, v, = v — VN, 0, =
(on) - n, and o, = on — o,n, where n denote the outward normal vector on T

The equations of stress equilibrium, the equation of quasi-stationary electric
field, the equation of thermic field are given by

Divo+ fo=0 inQx(0,7), (2.1)
divD =¢qy inQx(0,7),
f+divg=gq inQx(0,7). (2.3)
The constitutive equation of a linear piezoelectric material can be written as
o=S¢e(u) —EE(p) —OM+Ce(d) in Q x (0,7), (2.4)
D =¢&e(u)+ BE(p) — 0P in Q2 x (0,T), (2.5)

where & = (fijr), € = (eijr), M = (mij), 8 = (Bij), P = (pi), and C = (cijk1)
are respectively, elastic, piezoelectric, thermal expansion, electric permittivity, py-
roelectric tensor and (fourth-order) viscosity tensor. £* is the transpose of £ given
by
&= (erjk)a ei}k = €kij,
Eov=0Ev, VYoe$ veRl
The elastic strain-displacement, the electric field-potential and the Fourier law
of heat conduction are, respectively, given by

(2.6)

e(u) = %(VU + (Vw)*) on Qx(0,7), (2.7
E(p)=-Ve onTy x(0,T), (2.8)
g=—-KV0 in Q x (0,7), (2.9)

where I = (k;;) denotes the thermal conductivity tensor. Next, to complete the
mathematical model according to the description of the physical setting, we have
the following boundary condition: The displacement conditions

u=0 onIp x(0,7), (2.10)
ov=fa onTlyx(0,T), (2.11)
u(0,2) = up(x) in Q. (2.12)

The electric conditions

=0 onT,x(0,T), (2.13)
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D-v=¢qg only,x(0,T). (2.14)

The thermal conditions
=0 on ('puUTy)x(0,7), (2.15)
0(0,x2) = Og(x) in Q. (2.16)

The contact conditions, see [13],
oy(u) <0, u,—9g<0, o,(u)(u,—g)=0 onT¢ x(0,T). (2.17)
The Tresca’s friction conditions:
lo-]| <S5 onTe x (0,7T),
lo-|| < S =1, =0 onTe x(0,T), (2.18)
lo-]| =S = 3X#0 such that o, = —A4, on I'c x (0,7).

The regularized electrical and thermal conditions, see [7, ],

D-v=1(u, —g)¢r(p —pr) onTc x(0,T), (2.19)
% =ke(uy, —9)or(0 —0r) onT¢ x(0,T), (2.20)
such that
—L ifs<-—L, 0 if r <0,
ér(s)=qs if —L<s<L, Y(r) =S kedr if0<r <3, (2.21)
L ifs>1L, ke ifr>4,

where L is a large positive constant, § > 0 is a small parameter, and k. > 0 is
the electrical conductivity coefficient such that the thermal conductance function
ke : 7 — k.(r) is supposed to be zero for r < 0 and positive otherwise, nondecreasing
and Lipschitz continuous. We note that when v = 0, the equality leads to
the condition

D-v=0 onT¢x(0,7),

which models the case when the foundation is a perfect electric insulator. Similarly,
we have:

)
a—z:o on T¢ x (0,T).

We collect the above equations and conditions to obtain the following mathematical
problem.

Problem (P). Find a displacement field u : 2x]0, T[— R¢, an electric potential
v : Qx]0,T[— R, and a temperature filed 6 : 2x]0, T[— R such that (2.1])-(2.20).

2.2. Weak formulation and main results. In this section, we establish a weak
formulation of Problem (P) and we state the main results. Let X be a Banach space,
T a positive real number and 1 < p < oo, denote by LP(0,T;X) and C(0,T; X)
the Banach spaces of all measurable function u :]0,7[— X with the norms

T 1/p
oz = ([ Tuiar) ™.

lullcorixy = sup llu@®llx, Nullfq) = lulZzq) + lul7zq)-
t€[0,T]
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We also use the Hilbert spaces
L%(Q) = L*(Q)¢, HYQ) = HY(Q)?,
H= {O’ S Sd 10 =045, 0j5 =045 € LQ(Q>},

endowed with the inner products

(u,v)12(0) = /g uvidx, (o,7)n = /Qaﬂidx,
)
(uv U)Hl(Q) = (ua 'U)LQ(Q) + (5(u)7 5(”))7{'
Keeping in mind the boundary condition , we introduce the closed subspace
of H(2),
V={veH'(Q):v=0 on I'p},
and the set of admissible displacement

K:{UGV:vufggOonFc}.

Here and below, we write w for the trace v(w) of the function w € H*(Q) on T.
Since meas(I';) > 0, Korn’s inequality hold

le()ll# > ckllvlle @), YvevV, (2.22)

where ¢ is a nonnegative constant depending only on @ and I'p. Therefore, the
space V endowed with the inner product (u,v)y = (e(u),e(v))s is a real Hilbert
space, and its associated norm |[v||y = |le(v)||% is equivalent on V' to the usual
norm ||.||g1 (o). By Sobolev’s trace theorem, there exists a constant c¢o > 0 which
depends only on Q, I'c, and I'p such that

||'U||L2(1")d <clv|ly, YveV. (2.23)
We also introduce the function spaces
W={¢eH (Q):{=00nT,},
Q= {nEHl(Q):n:OonFDUFN},
W ={D=(D); e H(Q): D; € L*(Q),divD € L*(Q) }.
Similarly, we write ¢ for trace y(¢) of the function ¢ € H(2) on I'. Since

meas(I';) > 0 and meas(I'p) > 0, it is known that W and @ are real Hilbert
spaces with the inner products.

(0, 9w = (Vo,VE L), (0,m)q = (V,Vn)L2 ().

Moreover, the associated norms [|£[|w = [|V&[|L2(q), (7]l = |VnllL2() are equiva-
lent on W and @, respectively, with the usual norms || - | z1(q). By Sobolev’s trace
theorem, there exists a constant ¢; > 0 which depends only on €2, T',, and ' such
that

[€llz2r.y < alléllw, VEEW, (2.24)
and c¢o which depends only on 2, I'p, I'y and I'c such that
Inllzz2r.) < callnlle, Vne Q. (2.25)

The following Friedrichs-Poincaré inequalities hold on W and @ are

IVEllw = eplléllw,  [IValle@) = ealnlle, V&€ W andvne . (2.26)
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In the study of the mechanical Problem (P), we denote by a : V. xV — R, b :
WxW —->R,¢c:VxV —->Randd:Q xQ — R are the following bilinear and
symmetric applications

a(“ﬂ ’U) = (%6(1{,)7 E(v))Hv b(% g) = (6V901 Vf)Lz(Q)v

C(ua U) = (CE(U)7 €<v))7'l7 d(ea 77) = (K:ve7 Vn)LQ(Q)v
alsodenote by e : VW =R, m:Q xV —Rand p: Q xW — R are following
bilinear applications

6(11,5) = (5€<'U)7VE)L2(Q) = (5*V§a€(v))v’

m(ﬂ,v) = (M07€(v))Q7 p(eaf) = (Pve7v§)L2(Q)

We need the following assumptions.

(H1) The elasticity operator & : Q x S — S§? the electric permittivity tensor
B = (Bi;) : 2 x RY - R? the viscosity tensor C : 2 x S¢ — S and the
thermal conductivity tensor K = (k;;) : Q x R? — R? satisfy the usual
properties of symmetry, boundedness, and ellipticity,

figia = fjimt = finig € L(Q),  Bij = Bji € L™(),
Cijkl = Cjikl = Clij € L(Q),  kij = kj € L°(Q),
and there exists that mg, mg, me, mx > 0 such that
fiin(@)é& > ms €], VE €S, vz eQ,
ciju(2)&R& > mell€|)?, V€€ ST, V€ Q,
BiiGi¢ = mgllCIP,  kigGi¢y > mxlICIP, V¢ € RY
(H2) From (H1) we have
la(u, v)| < Mgllullv||vllv, [b(e, )] < MpllelwllEllw,
le(u, v)| < Mc|[ullv[lvllv, 16, n)] < Mxlbllqlnllo
le(v, ) < MellollvEllw, [m(8,v)] < MumlBlellvllv,
1p(0,8)] < Mpl0lolI€lw-

(H3) The piezoelectric tensor € = (e;;x) : 2 x S? — R, the thermal expansion
tensor M = (m;;) : @ xR — R, and the pyroelectric tensor P = (p;) : Q@ —
R? satisfy

€ijk = €ikj € LOO(Q), mi; = Mj; € LOO(Q), pi € LOO(Q)

(H4) The surface electrical conductivity ¢ : T'c x R — RT and the thermal
conductance k. : I'c x R — RT satisfy for 7 = 9 or k.: There exists
M, > 0 such that |7(z,u)] < M, for all u € R and © € T, v — m(z,u) is
measurable on I'c: for all u € R, 7(z,u) =0 for all x € T'c and u < 0.

(H5) The functions v — w(z,u) (7 =, k.) for m = ¢ (rep k¢) are a Lipschitz
function on R for all z € I'c and Vuq,us € R, there exists L, > 0 such that
|7 (2, ur) — m(x,uz)| < Lplug — usl.

(H6) The forces, the traction, the volume, the surfaces charge densities, the
strength of the heat source,

foe L2(0,T;L2(Q)%), fo € L*(0,T;L*(I'n)?),
g € WH2(0,T; L*(), g € WH2(0,T; L3 (),
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q1 € L*(0,T; L* ().
The potential and temperature satisfy
PF € L2(07T7 LQ(FC))7 oF € LQ(OvTaLQ(FC))

The initial conditions the friction bounded function and the gap function
satisfy

UOGKa QOGLz(Q)v g€L2(FC)7 gZO

Next, using Riesz’s representation theorem, we define the elements f € V, g, € W
and gip € Q by

(f(t),v)vz/fo(t).vdx+ Fot)vda, v eV, (2.27)
Q I'n
(ge(t). Ow = /Q 0o(t).£dzx — /F a(t).Eda, VEEV, (2.28)
(n® o= [ a®ads, e (2.29)
Q

We define the mappings j: V — R, £: V x W2 - R, and x : V x Q? — R, by

Jjv) = Sllvr||da, Vv eV, (2.30)

Te

g(u(t)a @(t)ag) = r d}(uu(t) - g)(bL(SD(t) - @F)gdav Vu € ‘/7 v@v& € Wa (231)

X(U(t), 9(t)>77) = / kc(uv(t) - g)¢L(0(t) - GF)ndaa Vu € ‘/a Vaﬂ? € Qa (232)
I'c
respectively. Now, by a standard variational technique, it is straightforward to see
that if (u, ¢, 0) satisfy the conditions (2.1)-(2-2I), then for a.e. ¢t €]0; 77,
(o(t),e(v) = e(a(t)),, +5(v) —j(@(t) = (f(t),v — (1), Ywek, (233)
(D), VE) ) = 1), @0).€) — (ac(0). O, VEEW,  (234)
(a(t), V) 12 = (0(1), m)q + x(u(t),6(t),1) — (an(t) M@, VN €Q.  (2.35)

Using all of this assumptions, notation, and (2.8)), we obtain the following varia-
tional formulation of Problem (P), in terms a displacement field, electric potential
and a temperature field.

Problem (PV). Find a displacement field u :]0;T[— K, an electric potential
¢ :]0; T[— W and a temperature field 0 :]0; T[— Q a.e. t €]0;T[ such that

a(u(t),v —a(t)) + e(v —a(t), p(t)) = m(0(t),v — u(t))
+c(u(t),v —a(t)) + j(v) — j(u(t)) (2.36)
> (f(t),v —a®))v, YveK,
b(p(1),€) — e(u(t), &) = p(8(t), &) + £(u(t), p(1), €) = (¢e(t), w, VE€ W, (2.37)
A(O(),m) + (B(E), M + x(u(®),00),m) = (g e, YneQ  (2.39)
w(0,2) = up(x), 60(0,2) = 0Oy(x). (2.39)

Now, we to state the main result of existence and uniqueness.
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Theorem 2.1. Assume that (H1)-(H6), (2.30)-([2.31) and
mg > chf, mi < Cg (MkCCQ + kaLco)/Q
hold. Then Problem (PV) has a unique solution,
ue CY0,T;V), ¢eL?0,T;W), 6¢cL*0,T;Q). (2.40)

2.3. Convergence analysis of the penalty method. Now, we use the penalty
problem, for this, let € > 0 the penalty parameter . We replaced the Signorini’s

condition ([2.17) by
1
ouluc = g) = == [ue, = )" (241)
We consider the functional @ : V' x V — R defined by

D(u,v) = /F [u,) v da = {[u,]T,v.)re, Yu,v e V. (2.42)

We also consider, for all € > 0, the family of convex and differentiable functions

U, : R? — R given by
U (v) =+/|]v]|?+ €, YveR, (2.43)

it is easy to show that such a family of functions satisfies:

0< P (v)— ||l <e (2.44)
vaw

U (v)(w) = ————, Yv,weR. (2.45)

VIVE + e
We then define a family of regularized frictional functional j. : V' — R by

Je(v) = SU(vr)da, YveV. (2.46)

I'c
The functional j. are Gateaux-differentiable with respect to the second argument v
and represent an approximation of j., i.e., there exists a constant C' > 0 such that

l7e(v) —j(v)| < Ce, Vv eV. (2.47)
We denote by j. : V — V the derivative of j. given by

(Glv),wyyry = g SV, (v,)(wr)da, Nv,w e V. (2.48)
(e}

Now, we define the regularized problem associated to (2.36])-(2.39).
Problem (PV.). Find a displacement field u. :]0; T[— K, an electric potential
@e :]0; T[— W, and a temperature field 6, :]0; T[— Q a.e. t €]0; T[ such that
c(tie(t), v) + aluc(t), v) + (v, pc(t)) = m(0e(t), v)
1
+ = @(uc(t), v) + (el (?)), ) (2.49)
= (f(t)uv)Va Vv € ‘/a

b(pe(t),€) — e(ue(t), &) — p(0e(t), §) + L(ue(t), pe(t), €) = (ge(t), E)w,
VEe W,

d(9c(t),1) + (0c(t),m)q + X(ue(t), 0c(t),n) = (an(t), Mo, Y €Q.  (2.51)
uc(0,2) = up(x), 6.(0,2) = 0p(z). (2.52)



EJDE-2019/05 QUASISTATIC THERMO-ELECTRO-VISCOELASTIC CONTACT PROBLEM 9

We recall that Problem (PV.) is well-posed see [IT]. Then we have the following
existence, uniqueness and convergence of penalized problem.

Theorem 2.2. Assume the conditions stated in Theorem[2.1] and for all € > 0, we
have

(a) Problem (PV.) admits a unique solution
ue € CH0,T;V), @€ L*0,T;W), 6.< L*0,T;Q).

(b) The solution (ue, @e,0.) of penalized Problem (PV.) converge to a solution
of Problem (PV). i.e.,

Ju—uclly =0, o~ gelw =0, [6-6g—0 ase—o.

3. PROOF OF MAIN RESULTS

3.1. Proof of Theorem The proof is carried out in serval steps, and it is
based on arguments of variational inequalities, Galerkin, compactness method and
Banach fixed point theorem. Let z € C(0,T; V) given by

(2(t),v — uz(t))v =e(v—1.(t),p:(t)) —m(6.(t),v —u.(t)). (3.1)

In the first step, we prove the following existence and uniqueness result for the
displacement field for this, we consider the following problem of displacement field:

Problem (PV%). Find u, € K for a.e. t €]0, T[ such that
c(ty(t),v — 0, (t)) + aluy(t),v — 0. () + (2(t),v — u.(t))v, YveV,
](U) - ](uz(t)) > (f(t)a v — U, (t)))Va (32)

u.(0) = ug.

Lemma 3.1. For all v € K and for a.e. t €]0,T[, the Problem (PV®) has a
unique solution u, € C1(0,T;V).

Proof. By using the Riesz’s representation theorem we define the operator
(f=(0),0)v = (f(),v)v = (2(), v)v. (3-3)
The Problem (PV?) can be written
c(itz (), v — iz (t)) + a(uz(t),v — 0=(t) +j(v) = j(=(t) = (f=(b),v = i=(t)))v,

u,(0) = ug.
(3.4)
By assumptions (H1), (H2), (H6), the condition and using the result pre-
sented in [I5, P. 61-65] we obtain result. O

Remark 3.2. If the operators a and ¢ are nonlinear, Lipschitz and monoton, we
find same results of Lemma, [3.1]

In the second step, we use the displacement field u, obtained in Lemma to
obtain the following existence and uniqueness result for the temperature field 6, of
the following problem.
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Problem (PV'). Find 0, € Q for a.e. t €]0,T[ such that

d(6-(t),m) + (0:(t),n)q + x(u=(t),6=(t),n) = (an(t), g, Vn€Q,
0.(0) =0

Lemma 3.3. For all n € Q and a.e. t €]0,T[, the Problem (PV*") has a unique
solution 0, € L*(0,T; Q).

(3.5)
0-

To prove the above Lemma, we use the Faedo-Galerkin methods. For this, we
assume the functions wy = wi(t), k = 1,...,m consisting of eigenfunctions of —A
are smooth

[wg] 2021 is a orthonormal basis of H' (). (3.6)

Fix now a positive integer m, we will look for a function 6, :]0,T[— H'(Q) of the

form

Zm

0., = > _d,(t)w;, (3.7)
=1

where we hope the select the coefficients d,,,(t) = (dL,(t),d2,(t),...,d"(t)), (0 <
t <T) so that

d(ezm (t)a wk) + (ézm, (t)vwk)Q + X(uz(t)v ezm (t),wk) = (ch(t),wk)Q; (38)
b (0) = (0o, wi), (k=1,...,m). (3.9)
Lemma 3.4. For each integer m € N, there exists a unique 0, of the (3.5)

satisfying (3-7)-B-3).
Proof. Assuming 6, has the structure (3.7, we first note from (3.6 that

(0., (1), wr) = din (1), (3.10)
d(0.,, (t), wy) = Kdf, (1), (3.11)
X(Uz (t)a GZ'NL (t)’ wk) = X(Uz (t)’ Z dfn(t)wi? wk)7 (3'12)
k=i
(am (D). 0r) = b (0): (3.13)
Then — can be written as
B0+ K@)+ [ bl 0= 0000 (S Ovs ~ 0r)unda =0,
dfn(o): (007wk)3 (k: 17-"am)'
We pose
(8 (1)) = @i (6)—=Kidy (6)— | kc(uy(t)—gm(zdinu)w,»—eF)wkda. (3.15)
c i=k

By the inequality
[y (1) = Kdiyyy ()] < M [dya(t) — diy (1)) (3.16)
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and using (H4), (H5), we find

‘ T'c

_/F o(uz, (1) ¢L(Zd ; —Qp)wkda‘ (3:17)

< MyLmeas(Tc)|dF, — dﬁn |.

ke(uz, (6) = 9081 ( D din, (Dw; = O ) wida
i=k

Then

F(t,dha () = f(t, dp (1)] < (Mg + MyLmeas(To))|dy, —dy, | (3.18)
There exists a unique absolutely continuous function d,(t) = (d%,(t),...,d"(t))
satisfying (3.17)). O

Lemma 3.5 (Energy estimates). Under assumption (H2) and (2.25)), there exists
a constants csg and cs1 depending only an Q, T and the coefficient of d such that

116-... ||%2(0,T;Q) < CSO(HGOH%?(Q) + ||ch||2L2(o,T;Q))7 (3.19)
0., 2L2(0,T;Q/) < 051(H90H2L2(Q) + HchHQLz(o,T;Q))- (3.20)
Proof. Multiply (3.8)) by d¥ (t), sum for k = 1,...,m and using (3.6)), we obtain

d(0:,,(£), 02, () + (02, (1), 02, (1) o + X (us(), 02, (), 02, (1) = (aen (1), 0-,,(£)) -

(3.21)
We have
2 mg 2
d(0s,.(1),0s,,.(t)) > mc|0-,,15 > ;Hezmumm, (3.22)
. 1d
0.0, )==—|0., > 2
(Ornr20) = 5 5216201 (323)
M2 acy
x(uz, 0z, 02,)] < 5=+ 57110 om0 (3.24)
2
(ch,9zm,)Q < %HflthHQ + 5”‘92”1 0 (3.25)
with My = My, .M, and a > 0.
Estimate for 0, . Using (3.22)), , we have
d 1
D10-, 1% < (01 + ) = 2mi) [0, + = (O + awl3). (3.26)

with mx < a(1+ ¢2)/2, a > 0. We integrate from 0 to ¢ for almost all ¢ €]0,T'[
and by Gronwall inequality we have

0., ||%2(0,T;Q) < CSO(HHOH%Q(Q) + ||(Jth||2L2(o,T;Q))~ (3.27)

Estimate for 6, . Fix any 7 € Q, with [|]lg < 1, and write = n' + 12, where
n' € spam[wi]i, and (n?,wp) =0 (k =1,...,m). Since the functions [wy]7",
are orthogonal in @,

In*lq < lnlle <1,
, using (3.8]), we deduce for a.e. 0 <t < T that

(0z0m") g + A(025m") + X (uz,02,m") = (@ins ") - (3.28)
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‘We have
|d(0..,.,1")| < Mpm6-,. o, (3.29)
[(gen. 1Mol < llaenllo (3.30)
|X(Uzaazm7nl)‘ < Mica. (331)
Thus

1., o+ Mics. (3.32)

We integrate from 0 to ¢ for a.e. t €]0,7[ and by Gronwall inequality and the
estimate for 6, we have

Q@) < lamlle + Mx|0.,,

162,12 0,7:0+) < es1(l6ol1?|z2() + laenl|Z0.7:))- (3.33)
(]

Proof of Lemma[3.3

Existence of a weak solution. We have

QC L*() Cc Q. (3.34)
By the previous estimates, the sequence [0., ]7°_; is bounded in L?(0,T,Q), and
[0..]15°_, is bounded in L?(0,7,Q’). By the classical Aubin-Lions lemma [2], there
exists a subsequence [0, |72, C [0, ]7_; and a function 6, € L*(0,T;Q), with

6, e L? (O,T; Q’) such that

0.,, — 0. weakly in L*(0,T;Q),
; ; 9 (3.35)
0.,, — 0. weakly in L?(0,T;Q"),
then
(8., ,n) — d(0.,n) inR, (3.36)
(ézml ) 77) - (927 77) in R. (337)
We have

Ix(tz 0, m) | = |/F ke(uy (t) — 9)pr(0:,, — Or)nda] < Myc Llln| 2. (3-38)

Then {x(u.,0,, ,1m)}55_; is bounded in R, and so we may as well suppose upon
passing to a further subsequence if necessary that. For n = (6,,, — 0.) we have

|X(uz,0zyez - gzml) - X(uz,azml,ez - ozml)| < My L||6: — 027nl ”%Z(FC)

: (3.39)
< My, LI|6. — 0., |3

Using the compactness of trace map v : Q — L?(I'¢), it follows from the weak
convergence of (Hzml) that

(GZmZ) — @, strongly in L*(0,T; L*(T'¢)),

then
X(uz; Hzml ’ 77) - X(uza 0., 77) in R. (340)
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Uniqueness. Assume that 6, and 6, are two weak solutions of Problem (PV*")
and let

B(6.(1),6.(t))
= d(6:(t) = 0-(8),0-(t) = 0-(8)) + x (wa(0), 6:(0),0:(0) = 0:(1))  (341)

- X(uz(t),éz(t), 0.(t) — 92(t))'

By (3.3), .
(0:(1) = 6:(t), 0:(t) — 6:(1)) + B(6:(t),0:(t)) = 0. (3.42)
Using (H2), - and -, we have
B(0:(t),0-(t)) > =My, Lc3|0-(t) — 0-(£)13), (3.43)
1d ~ -
0= 2 dtll 2(t) = ()15 + B(6:(1),6:(1))
) (3.44)
> 2 0-0) — B-(0) 1 — M LI0-(0) — B-(1)
By Gronwall inequality, we have
162 (1) = 6= (0)I13) < 2My, L3||6-(t) — 0.(8)3- (3.45)
Thus 0, = 0.. O

In the third step, we use the displacement field u, obtained in Lemma and
the temperature field 6, obtained in Lemma in the following problem of electric
potential.

Problem (PV®). Find ¢, € W for all £ € W and a.e. t €]0, T such that
b(@Z(ﬂ? f) - e(uZ(t)7 f) - p(QZ(t)v 5) + E(uz(t)v <p2(t)7 5) = (qe(t)7 f)Wa
SOZ(O) = ¥o-

Lemma 3.6. For all £ € W and for a.e. t €]0,T[, Problem (PV®) has a unique
solution ¢, € L2(0,T;W).

(3.46)

The proof of this lemma is similar to those used in Lemma [3.3] We have
b(pz,, (£), wr) — e(uz (1), wi) — p(6=(t), wr) + L(u(t), = (t )7wzc) (3.47)
= (ge(t), wi)w,
dr,(0) = (o, wr),  (k€N). (3.48)

with
SDzm Z dz

To proceed further, we need the follovvlng result from [10} (p. 439].

Lemma 3.7 (Zeros of a vector field). Assume the continuous function v : R™ — R”™
satisfies

v(x) - x>0 for|z|=r, (3.49)
for some r > 0. Then there exists a point © € B(0,r) such that

v(z) = 0. (3.50)
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Proof of Lemma[3.6, Let
v (d) = Bdy, () + L(uz(t), @z, (8), wi) — g¢ () + POL + Ee(ul). (3.51)
By the assumptions (H2) and (H4) combined with the monotonicity of the function
¢, we obtain
v(d) -d > ay]d|? — ao, (3.52)
with oy = mg — 3 > 0 and ay = MA||0.[3 + MZ||lu. |3 + llgell§y. We apply
the Lemma to conclude that v(d) = 0 for some point d € R. Then exists a
function ¢, satisfying (3.47)-(3.48). Multiply equation (3.47) by d*,(t), sum for

k=1,...,m we have

b(@z,, (), ¢z, (1) — e(uz(t), @2, (1) — P(0:(1), ¢, (1))
+ l(ux(t), ¢z, (), 2, (1) (3.53)
= (Qe (t)a Pz (t))

By assumptions (H2)-(H4), (H5) and integrating from 0 to t, for a.e. ¢t €]0,T], we
have

02, Ol 220,75 < (1 + @2llge(t)l| 22 0,75m)), (3.54)
with aq = ao(Meg||u. (t)||v + Mp||0.(t)|| g + MyMrer) and ag = ——

mg "’

Existence. By (3.54) we can extract a subsequence [gozmj 1521 C [z, ]mm=1 and a
function ¢, € L?(0,T,W) such that

¢z, — > weakly in L*(0,T;W). (3.55)
By the assumptions (H4) and (H5) we have

[0(uz (), 2y, )] < My L€l L2 (1) (3.56)

Then {E(uz, Oz s f)}:zl is bounded in R. For £ = ((pzmj —¢,) and the assumptions
(H4), (H5) and (2.24), we find that
M(uza Pzy Pz — @zmj) - K(uzv @ij sy Pz — szmj )|
< MyLllpz = ¢z, 7200 (3.57)
S MwLC§||<Pz - <szj

2
L2(0,T;W)*

By using the compactness of trace map v : Q — L?(I'¢), from the weak convergence
of (¢z,, ) it follows that

(‘sz,) — @, strongly in L2 (0, T, L? (Fc)).

Then
g(uza@zmlag) — l(uz, ¢2,§) inR.

b((pzmz ? f) - b(<p27 f) in R. (358)
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Uniqueness. By Riesz’s representation theorem, we define the operator A, (t) :
W — W such that

(Az(t)@za 5) = b(@z(t)v f) - e(uz(t)v f) - p(ez (t)a g) + g(uz (t)a Pz (t)a g) (359)
For £ = (¢, — ¢.), where p, and @, two solution of problem (PVel) we have

(Az(t)pr — Ao (t) Pz, 02 (t) — @=(t)) = 0. (3.60)
By the monotonicity of the operator b, we have
(Az(t)pz — Az (t) @2, 02 (1) — ¢2(1))
> mgllp2(t) — &= (1) |3y + s (t), (1), 0= (t) — = (1)) (3.61)
— Luz(t), gz (1), =(t) — 2(1)),
and by (H5) and the monotonicity of the function ¢y, we obtain

0= (A:(t)pz — A:(£)P2, 0= (t) — P=(t)) = mgllpa(t) — 2= (1) iy (3.62)
Thus ¢, = @,. (]
In the last step, for z € L2(0,T; V), ¢, and #, the functions obtained in Lemmas

and respectively, we consider the operator A : C(0,T;V) — C(0,T;V)
defined by

(Az(t), v)v = e(v, () — m(0.(t),0), (3.63)
for all v € V and for a.e. t €]0,T[. We show that A has a unique fixed point.

Lemma 3.8. There exists a unique zZ € C(0,T;V) such that AZ = Z.

Proof. Let z € C(0,T;V) and t1,t2 €]0,T]. By using the properties of operators e
and m, we find that

[Az(t1) = Az(t2)llv < e(llo=(t) — @a(t2)lw + [10:(t1) — 0:(t2) @) (3.64)

Since ¢, € L*(0,T; W) and 0, € L?(0,T;Q), we deduce that Az € L2(0,T;V).
Now let 21,22 € C(0,7;V) and denote by u;, ¢; and 6; the functions obtained

in Lemmas and For i = 1,2. Let t € [0;T]. Using (3.2), assumption
(H2) and this inequality

t
H%Aw—wﬁMVSAH%AU—%JMW%7 (3.65)
we have
1 t
|mmwmm<—/m@ %MWHEAM@%@WB
(3.66)

By Gronwall inequality, we obtain
t
[tz (8) = uz, (D) IV < Ce/ [22(s) — 21(s) v ds, (3.67)
0

with ce = i exp (TM\“) Using (3.5), (H2), (H4) and (H5), we have

02y () = 02, (I + 5 18-, (0) — 0-, ()]
< 1020 (0) = 0, O3 + Ballus (1) — s, () -1 (0) = 6, D)l

(3.68)
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with 31 = My, c3 and 32 = Ly, Legea. We integrate this inequality from 0 to ¢ and
by Gronwall inequality, we obtain

102, (t) — 02, (D)@ < B / 22(s) — 21(s) | vds. (3.69)

with 3 = (C€2TLkCLCOCQ exp(f1 + P2 — 2m;c))1/2 and the condition
mi < Ca (MkCCQ + kaLco)/Q.
Using (3.49), (H2), (H4) and (H5), we have

1@z, (t) = @z (B)lw < ﬂ4/0 [z2(s) — 21(s)|vds. (3.70)

with 84 = (Mg + Lycocr)/(mg — Myc}) and the condition (mg > Myc?).
By (3.65)), (3.67)), (3.69) and (3.70]), we obtain

[Az2(t) — Aze(t)[lv < ﬁ5/0 Iz2(s) — 21(s)lvds, (3.71)

with G5 = a(ﬁg + ﬁ4), a > 0. Tterating this inequality n times results in

187250 = A=)l < B 122(5) — 513 loir (3.72)

This inequality show that a sufficiently large n the operator A™ is a contraction
on the Banach space C(0,7T;V), and therefore, there exists a unique element Z €
C(0,T;V), such that AZ = Z. O

We are now ready to prove Theorem
Existence. Let Z € C(0,T;V) be the fixed point of the operator A and denote

& = (U, P,,0,) the solution of the variational problem (PV.), for Z = z, the
definition of A and problem (PV,) prove that & is a solution of problem (PV).

Uniqueness. The uniqueness of the solution follows from the uniqueness of the
fixed point of the operator A.

3.2. Proof of Theorem[2.2] In this paragraph we prove the existence and unique-
ness of Problem (PV,) presented in Theorem [2.2|(a) follow the same steps that
Theorem for this let z. € C(0,T; V) such that

(2e(t), 0) = e(v, s 1) — MO (1), ). (3.73)
Proof of (a) in Theorem , We consider the following problem.
Problem (PV%). Find u,, € K such that for a.e. t €)0,7[ and v € V such that
c(tez(t),v) + aluez(t), v) + (zc(t), v)v
0, 0) + (L), D)D), 0}, (370
ue(0,z) = up(z).
Using the Riesz’s representation theorem, we define the operator

(fe=(t),0) = (f(1),0)y, — (2e(1),0), (3.75)
and )
a(ue, (t),v) = alue,(t),v) + E@(uez,v). (3.76)
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Note that Problem (PV?) is equivalent to the Cauchy problem

a(uez(t),v) + c(tex(t), v) + <jé(uez)7 v) = (fz(t), U)a
ue(0, ) = up(x).

By the coercivity of j. and the inequality (2.47)), for all w € L?(0,T;V), we have

(3.77)

(Je(v), w —v) < je(w) — je(v). (3.78)
Then Problem (PVEdp) can be written as
aue:(t),v) + c(tez(t), ) + je(tez (1)) — je(v) = (fex(t),v). (3.79)

By assumption (H6) and z. € C(0,T;V), we have f., € C(0,T;V), and by (h1) —
(ha) the operator c is continuous and coercive. We prove now the operator a is
continuous, for this let u,v € L?(0,T;V), it follows from the definition of @ that

a(u,0)| = la(u,v) + ~B(u,0)

1
< la(u,v)| + E‘/ [uy] T v, dal
Fcl (3.80)
< Mallullvllvllv + Zlluvliza@e) vl z2re)

2
C,
< (Ms + 2)llulv vy,

By (2.46)) the functional j. is proper convex and lower semicontinuous. Using now
the result presented in [I6, pp. 61-65], Problem (PV?) has a unique solution
ue, € C1(0,T;V). Now we consider the following two problems:

Problem (PV%). Find ¢, :]0,T[— W such that for a.e. t €]0,T[ and £ € W
b(pe=(1),€) = eues(1),€) = p(0ex(t), ) + Llucs (1), ez (), €) = (ge(1), Ow,  (3.81)

Problem (PV%). Find 0., :]0, T[— Q such that for a.e. ¢ €]0,7[ and € Q

d(eez (t)7 77) + (96z (t)> 77)@ + X(uEZ (t)’ Oc (t)v 77) = (qth (t)> 77)@- (382)

Similar to Lemmas [3.3] and [3.6] the previous problems have a unique solution
e € L*(0,T;W) and 0. € L*(0,T; Q). Finally by lemmal[3.8 Problem (PV.) has
a unique solution (u., @, 0¢). O

In the following paragraph, we provide a convergence result involving the se-
quences {ue}, {@6} and {95}.

Proof of (b) in Theorem (2.4 We need a priori estimates for passing to limit. Sim-
ilar to (3.54))-(3.27)) and (3.23)), we find

{c} is bounded in L*(0,T; W),
{6.} is bounded in L?(0,T;Q), (3.83)
{6} is bounded in L*(0,T; Q).
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Estimate for u.. Setting v = u, in (2.49), we obtain
c(tie(t), ue(t)) + a(ue(t), ue(t)) + e(uc(t), pe(t)) — m(be(t), ue(t))
+ 1<I>(ue(t), ue(t)) + (e (tie), e (t)) (3.84)
( (), ue(t))v.
As D (uc(t),uc(t)) > 0 and (5’ (1), uc(t)) > 0, we find that
a(ue(t), uc(t)) + c(tie(t), ue(t)) + e(uc(t), pe(t)) — m(be(t), ue(t))

(3.85)
< (f(8), ue(t))v-
By assumptions (H1),(H2) and (3.83)), we have
1d
mallue (@} +me s L@l < st (3.56)

with 51 depend of constants Me, M, [F(Ollv, 2.l 2.z, lain®ll 20,150,
and ||0g]|z2(0). We integrate from O to ¢, for a.e. ¢ €]0,7[ and using Gronwall
inequality we obtain

{uc} is bounded in L*(0,T;V). (3.87)
Estimate for .. We take v = 1. in (2.49), we obtain
c(tie(t), we(t)) + alue(t), ie(t)) + e(te(t), pe(t)) — m(Bc(t), tic)
20w (1),0(6) + (L), (1) (359)
= (f(), ue(®))v-
By ®(ue(t), uc(t)) >0, (5. (i), ue(t)) > 0 and assumptions (hy) — (ha), we find that
mellac(t)|lv: < Ms|jue(®)llv + 1. (3.89)

Integrating from 0 to ¢, for a.e. ¢ €]0,T[, using Gronwall inequality and estimate
for u, we obtain that

{4} is bounded in L*(0,T;V"). (3.90)

Estimate for [u.,]". We have
1@ _ 1 + da = } +112 < 52
([ueu] uey) = ([ueu] ua/) a = ”[ueV] ||L2(Fc) =S4,
€ T'c €

Integrate from 0 to ¢, for a.e. ¢t €]0, T[, we obtain
{[uer] T} is bounded in L*(0,T; L*(T'c)). (3.91)

Passage to the limit in e. Using now (3.83)), (3.87) and (3.90) to deduce that
there exists a subsequences of u., p. and 6. denoted again by u., ¢ and . such
that

ue =@ in L*(0,T;V), 4. —u in L*(0,T;V’),

0e—¢ in L*0,T;W), 6. —0 in L*0,T;Q), (3.92)

6, — é in L?(0,7;Q").
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Using the compactness of trace map v : V x W x Q — L?(I'c)? x L?(T'¢) x L*(I'¢),
we find that

ue — @ in L*(0,T; L*(T¢)Y), @ — @ in L*(0,T;L*(T¢)?),
pe— @ inL*(0,T;L*(T¢)), 0 — 0 in L*(0,T;L*(T¢)) (3.93)
6. — 0 in L2(0,T; L2(T¢)).
By , we find that

tim [ | ~o. (3.94)

Lz(OTLz(F )) ”[uv]+HL2(O,T;L2(Fc))

It results that ||[u,] |20, 132200y = 0 and [u,]T = 0 a.e. on I'c and @, < 0 on
T'c; then u € K.

Using now (3.74), (3.78)), (3.81), (3.82) and ®(ue,v — @) > 0, we get for all
ve K, €W andn e Q,

a(uc(t), v — tc(t)) + e(v —ie(t), pe(t)) — m(0c(t), v — uc(t))
+ c(te(t), v = te(t) + je(v) — Je(tie(t))
= (f(t),v —uc(t))v, (3.95)
b(pe(t),€) — e(ue(t), &) — p(Be(t), €) + £(ue(t), pe(t),€) = (qe(t), Ow,
d(0(t),m) + (0c(t),m)@ + x(ue(t), 0c(),m) = (g (1), M-
By and the properties of ¢, k. and ¢, we have
Je(v) = je(tc(t)) — j(v) — j(u(t)) in R
Cue(t), pe(t),§) — L(a(t), p(t),§) nR, (3.96)
X(ue(t), 0c(t),m) — x(@(1),6(t),m) in R.
Let w € L?(0,T;V), by the coercivity of j. and inequality imply that
L), —U>v'v < jelw) = ) < j(w) = j() +2Ce. (3.97)
Therefore, by -7 and (3.97] -, we find that when ¢ — 0
a(ii(t),v — (1)) + e(v — (1), §(1)) — m(@(t), v — (1))
T e(it), v — A1) + j(v) — (D)
= (f(t),v (D) (3.98)
b((t), €) — e(a(t), &) — p(9(1), &) + £(a(t), §(1),€) = (ae(t), Ow,

£+
ﬂﬂ&@+@@mm+ﬂ()ﬂ)) (@ (t), M, VN € Q.
By (2-36)-(2-39), we obtain (@, @,0) = (u, @, 0). O

Conclusion. In this work, we present a new model of thermo-electro-viscoelasticity,
we prove the existence and uniqueness of the solution of contact problem with
Tresca’s friction law by using Galerkin and fixed point method. The difficulty of
solving this type of problem lies not only in the coupling of viscoelastic, electrical
and thermal aspects, but also in the nonlinearity of the boundary conditions mod-
eling this type of physical phenomena (contact and friction conditions), which gives
us a nonlinear variational, quasi-variational inequalities and two types of nonlinear,
parabolic and elliptic family variational equations. To simplify this model, it can
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be treated without friction or neglecting the effect of the conductivity of the foun-
dation. We proved the existence and uniqueness of solution to the penalty problem
and its convergence to the solution of the original problem. The numerical analysis
by finite element or other method is an interesting direction of future research.
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