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ENERGY DECAY FOR SOLUTIONS TO SEMILINEAR SYSTEMS
OF ELASTIC WAVES IN EXTERIOR DOMAINS

MARCIO V. FERREIRA, GUSTAVO P. MENZALA

ABSTRACT. We consider the dynamical system of elasticity in the exterior of
a bounded open domain in 3-D with smooth boundary. We prove that under
the effect of “weak” dissipation, the total energy decays at a uniform rate as
t — +oo, provided the initial data is “small” at infinity. No assumptions on
the geometry of the obstacle are required. The results are then applied to a
semilinear problem proving global existence and decay for small initial data.

1. INTRODUCTION

We study the uniform stabilization of the solutions of a hyperbolic system of
equations in an exterior domain, as t — +o0o. A classical example of this class is
the system of elastic waves. Let us describe the model: Let O be an open bounded
region of R? with smooth boundary and Q = R®\ O. We consider the system

3
d 0 .
Ut — Z 6—%(141]%)—1-%:]‘(%) in Q x R
ij=1 ! (1.1)
u(z,0) =up(x), w(x,0) =ui(z) inQ
u=0 onddxR

Here x = (x1,22,x3) € , t is the time variable, u(xz,t) = (u1(z,t), uz(x,t), us(x,t))
denotes the displacement vector, A;; = [C’,Zjh} are 3 x 3 symmetric matrices and
f = (f1, f2, f3) is a nonhomogeneous vector-valued function. Both A;; and f will
satisfy suitable assumptions. Associated to the initial boundary valued problem

(1.1) we have the total energy

E(t):%/ﬂ{|ut|2+

3 ou Ou

Ay
4,j=1

where |us|? = u-uy = ijl \%uﬂz and the dot - denotes the usual inner product in
R3. Let u be the solution of problem (I.1)) in a suitable function space and assume

2000 Mathematics Subject Classification. 35Q99, 351.99.

Key words and phrases. Uniform stabilization; exterior domain; system of elastic waves;
semilinear problem.

(©2006 Texas State University - San Marcos.

Submitted March 20, 2006. Published May 22, 2006.

1



2 M. V. FERREIRA, G. P. MENZALA EJDE-2006/65

for a moment that f = 0. Then, a formal calculation give us that the derivative of
E(t):

—/Q|ut|2dx <0. (1.3)

Thus, we may ask: Does E(t) decays at a uniform rate as ¢ — +00? Furthermore,
in case the answer is affirmative then we can ask if the same result would still hold
for a class of functions f and initial data (ug,u;) satisfying suitable assumptions.
Both questions above are by now not very difficult to answer in case €2 is a bounded
domain (see for instance Racke [I1] and the references therein). In our case, since 2
is an exterior domain, the uniform stabilization requires a more detailed discussion
which is our main objective in this article. There is a large literature concerning
the decay of solutions of hyperbolic problems in exterior domains. In a pioneering
work, Morawetz [7, [8] studied the asymptotic behavior of the local energy for the
scalar wave equation in exterior domains. Assuming geometric conditions on the
obstacle and initial data with compact support she obtained uniform rates of decay.
B. Kapitonov got similar results for the system of elastic waves and the Maxwell
equations, Zuazua [I3], Nakao [10] and Ikehata [4] obtained also stabilization re-
sults for scalar wave equations with localized damping (being effective only near
“infinity”). As far as we know the results we present in this article for system
are the first of the kind for the system of elasticity. We do not assume geometric
conditions on the obstacle nor special restrictions on the Lamé’s coefficients in the
isotropic case. Our strategy relies on recent work due to Ikehata [2] for the scalar
wave equation adapted conveniently to system .

Let us make precise our assumptions on the matrices A;; and the nonlinearity f
in :

(H1) (a) Given a set of real numbers {a;;xn} with 4,7, k, h € {1,2,3} satisfying

the symmetric properties a;jrn = ajixn = Akhij, We consider

Cy = (1= 0indj1)irjn + Oikdnainjk

lifl =k
with 8y, = 1 and “build” the 3 x 3 matrices A;; = [C ]
0if ¢ #£k

(b) We assume that there exist a constant Cy > 0 such that

Z Agjvj - v; > coz |v; |2 (1.4)
t,j=1

for any vector v; = (v}, v2,03) € R? where |v;]? = v; - v;.

(H2) Let f = (fi, f2, f3) with f;: R® — R satisfying the following assumptions:

Each f; € C*(R?) and

(a) [f ()| < Caly|? for every y € R?

(b) |Vf( )| < C’2|y|p_1 for every y € R3

(c) Z” 1 |Vafl | < CslylP=2  for every y € R3

where C; are posmlve constants (1 < j < 3), I <p < 3and [Vf(y)] =

Yot V@)

Remark 1.1. In the simplest case, that is, when the medium is isotropic, the
constants a;;xn are

@ijkh = A0ij0kn + p(8ik0jn + Gindjn)
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where A and p are Lamé’s constants (p > 0, A + p > 0). Furthermore, (1.4)) holds
with Cyp = 1 > 0 and Z?,j:l %(Aij 88713) reduces to pAu + (A + p)Vdivu.

Remark 1.2. Due to the symmetry conditions on the numbers a;;, it follows that
Af = Ay .
J Je

2. THE LINEAR CASE

In this section we consider the linear problem

3
utt—z 6(14 au)+Ut:0 in 2 xR

> o iy
ni=l (2.1)
u(z,0) = up(x), u(z,0) =wui(x) inQ

u=0 ond xR
Using standard semigroup theory we can easily prove the following result.
Theorem 2.1. Let (ug,u1) € [HF(Q)]® x [L2(Q)]® and Ai; satisfy assumption
(H1). Then, there exist a unique (weak) solution u of problem (2.1)) such that

u e C(R; [Hy(Q)) NCH(R; [L2(Q)]). If (uo, ur) € [H(Q) N H(Q)]? x [H(Q)]?,
then, there exist a unique (strong) solution u of problem such that

ue C(R; [H*(Q) N Hy(N)]?) N C' (R [Hy ()]*) N C? (R [L*(2)]?).

Here H™ () denotes the usual Sobolev space of order m in Q and HJ(Q2) =
{ue Hl(Q),u|8Q = 0}. Now, we want to devote our attention to the asymptotic
behavior of the total energy E(t) given by (1.2)). Our result in this case is as follows.

Theorem 2.2. Let (ug,u1) € [H}(Q)]? x [L2(Q)]? and assume that the initial data
satisfy the condition

/Q 2|2 |ug + u1|? dx < +oo. (2.2)
Then, there exist a positive constant C' such that
E(t) < CIo(1+ |t|)2 for every t € R,
/Q lu(z, t)[* de < CIo(1+ |t\)_1 for every t € R
where Ty = [JuollZys s + lunl? + 1l - (o + w)|2 and llgll? = S0y folgsl? da
whenever g = (g1, 92, 93) € [L*(Q)]°.

As far as we know, results of this type for exterior domains are known only for
scalar wave equations and most of them require geometrical conditions on the ob-
stacle (like star-shaped condition). We need some preliminary lemmas. Obviously,
is sufficient to prove Theorem for ¢ > 0.
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Lemma 2.3. Let (ug,u1) € [H*(Q) N H(Q)]? x [HF()]3. Then, the solution
of (2.1) satisfies, for any t > 0,

-|—/Ot/Q lus(x, s)|* de ds = E(0), (2.3)

t t
/ /(1+s)|us(x,s)|2dxds+(1+t)E(t):E(O)+/ B(s)ds,  (2.4)
0 Jo 0
t 3
Ou Ou 1
Api— - rds+ = u(x,t)|? ds
/o/szig_:l T0w; O 2 Q|( )
1 t
:7||u0||2+/ul.uodx—/ut.udm—i—/ /|us|2dmds,
Q Q 0 Jo
2
//1+s ZA% (1+t)/ﬂ|u| do

ij=1 (2.6)

<C+ = / /|u|2dxds

where C' is a positive constant which depends only on E(0) and ||uo]|.

Proof. Equality (2.3)) follows directly from (1.3)) by integration over [0,¢]. Also,
from ([1.3) it follows that

(1 +t)% = —/9(1 + 1) ug|? da
that is,
/(1 + O)ugl? dx = —% (1+0)E®) + E). (2.7)
Q

Integration of this equality over [0, ¢] proves ([2.4)). Next, we take the inner product
in [L2(Q)]? of system (2.1)) with u to obtain

d 2 2
dt/Ut udx—/ Z 8% ”8 ) ~udx —|—§%/|u\ da:—/|ut| dz. (2.8)

Using the divergence theorem and the boundary conditions we know that

u
/Zﬁxl ”a Tude = /ZA”am, oz,

Substitution of the above identity into (2.8)) and integration over [0, t] proves (2.5)).
To prove (2.6), we proceed as above: Let us take the inner product in [L?(Q)]?® of
system (2.1)) with (1 + ¢)u and use the divergence theorem to obtain

U
tlu|? do + (1 +t A
2 dt/ [ul*dz + (1 + / Z ]833] 6%‘1

i,j=1

1
:(1+t)/ |ut|2d3:+f/ |u|2d9:——/(1+t)ut~udx.
Q 2 Ja dt Jo
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Integration of this equality over [0, ¢] and using Holder’s inequality implies
t 3
ou Ou t
1 § Ajj=— =——drds+ = 2d
/O/Q( +S),, TOx;  Ox; zs+2/Q|u\ o
ij=1 J

t 1 st
g/ul-uodx—i—/ /(1+s)|us|2dxds+f/ / |u|? dx ds (2.9)
Q 0o Jo 2 Jo Ja
1+t
+i/ \u|2dx+(1+t)/|ut|2dx.
4 Jo Q
From (2.4) and (2.5 in Lemma we know that

t t
//(1—|—s)|us|2da:ds§E(0)+/ E(s)ds (2.10)

0o Ja 0

and

t 3
ou Ou 1
Ajj—  =—dxd - Jt 24
L3 v drds 4 g [ ute o as

ij=1 (2.11)
1
< Ljjuol? +/ - d:c—i—/ a2 dz + E(0) — E(#).
Q Q
From the above inequality, and using again (2.3)), we deduce that
t
1 1
2/ E(s) ds + f/ (2 dz < 2B(0) +  luo||? +/ s - o dz. (2.12)
0 4 Jo 2 Q

Using the estimates (2.10]), (2.11) and (2.12)) we obtain from (2.9)) the inequality

¢ 3
ou  Ou (1+1) 5
1 E Ajj— - drds + —= d
/O/Q( +s)ij:1 YOx; Ox; rasE T /Q‘U| *

(2.13)
1t
< 3/ wr - o dz + 5E(0) + uo|l? + 5/ / (uf2 da ds + 21+ ) E(?).
Q 0o Ja
It remains to estimate 2(1 + ¢)E(t). Observing that
d dE
—1(1+DE(R); = E(t 1+1)— < E(t).
G {O+DE®} = E@) + (1 +6)—- < E@)
Consequently
t
1
2(1 +t)E(t) < 2E(0) + 2/ E(s)ds < 4E(0) + 5Huon2 +/ uy - ug d.
0 Q
Substitution of this inequalit into (2.13]) completes the proof O

Lemma 2.4. Let (ug,u1) € [H*(Q)NHH(Q)]? x [HE(Q)]? and (ug,u1) satisfy [2.2)).
Then the solution u of problem satisfies

! 4
/ |u|2dac+/ / |u|? dz ds < ||Jug||* + —/ 2|2 [ug + uq | da
Q 0o Jo Co Ja

where Cy is the positive constant which appears in (1.4).

Proof. First, let us observe that whenever u; € H}(Q) then Hardy’s inequality

states that )
/ [ dx<4/ |Vu,|? da
2 — J :
o |zl Q
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Therefore, u = (u, us, u3) satisfies

auj 2dz < 7/ Z Ay 8;; S (2.14)

[

ol @

due to (1.4). Let w(x,t) = fot u(zx, ) ds. It follows that w(z, t) satisfies the equation

3

0 ow . +
’wtt_'z %(Amaixj) +w=ug+u; in QxR

ni=l (2.15)
w(z,0) =0, wi(z,0) =ug(z) inQ

w=0 ond xR

Let us consider the inner product in [L?(Q)]? of the above equation with w; and
use the divergence theorem to obtain

ow aw
th/ {‘wt|2+ Z Al]a / |wt|2dm_* (UO+U1)"LUdCU.

Integrating this equality over [0, ], using Holder’s inequality and (2.14) implies that

t
/{|wt\2+ ZA”gw gw}d +/ /|ws|2dxds
Q

i,7=1

— [ (w0 ) wdo + 5 ol
Q
1/2 |w\2 1/2 1
2 2 1 2
/|:1c| |uo + w1 | dx) ( 22 dm) + 2||u0||
1/2 Ow aw /2 9 o NV 1 9
@ 35 A0 ) ([ )
ow (9w
_4/ ZA% d +—/|x| lug + ut|? do + = ||u0H2

This inequality proves Lemma [2.4] because w; = u. O

Proof of Theorem[2.3. Tt follows from Lemmas [2.3] and [2.4] that

¢ > ou Ou
y . Zdx <
/0 /Q(1+s) g A”@xj 5 dxds+(1+t)/ﬂ|u| dx < Cly (2.16)

K3
for any ¢ > 0. Observing that

d

S+ t)2E(t)} =2(t+ 1)E(t) + (1 +t)2% <2(1+t)E()
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it follows that

(1+t)2E(t) < E(0) +2 /t(l +s)E(s)ds
0
< E(0)+CIy + /T/(l + 8)|ug|* d ds
0 Q

t
<2E(0) + Cly +/ E(s)ds < ClIy.
0

Here we used Lemma and (2.12), with Ca positive constant. This completes
the proof of Theorem O

Remark 2.5. It is quite interesting to mention here that a similar procedure to
the one presented above was done by the first author (M.F) in [I] for the Maxwell
equations in exterior domains and the requirement was not needed in order
to obtain uniform decay rates.

Remark 2.6. The above procedure could be extended to include the anisotropic
case, that is, when the coefficients a;jx;, do depend on each x € Q. In that case
A;; = A;j(z) and assumptions (a) and (b) would be required to be valid for each
x € Q with Cy > 0 independent of x € 2. As it is clear in the proof of Lemma [2.3
additional assumptions on the behavior of partial derivatives %Aij(x) would be
required to arrive to the conclusion of Theorem [2.2

3. THE SEMILINEAR PROBLEM

This section, we apply the results obtained in Section 2 to study the asymptotic
behavior of the solutions of the semilinear model. We will sketch the proof that for
small enough initial data the solution of problem exists globally and enjoys
the same rate of decay as t — 400 as the solution of the linear model . We will
assume that f satisfies all conditions given in (H2). Local existence will be done via
contraction arguments and the global existence as well as the asymptotic behavior
using the decay rates for the linear part obtained in Section 2. Due to the character
of the nonlinearity in problem we will require more regular solutions. First,
let us rewrite problem as a first order evolution system:

% = AU + F(U), U(0)="U, (3.1)

where U = (u,uy), Uyp = (ug,u1), F(U) = (0, f(uz) + v) and A with domain
D(A) = [H(©) N HY Q)P x [HQ)]? given by

9 du
A(u,v) = (v, Z_ 3—%(141]3—%) —u— v)
i,j=1

for every (u,v) € D(A). The operator A is the infinitesimal generator of a Cy group
of operators {T'(t)}+cr in the Hilbert space X = [H(Q)]® x [L*(Q)]3. The main
result of this section for the solution of problem will be present with initial
data with compact support. However, it seems to us that using recent work due
to Todorova and Yordanov [12] and Ikehata and Matsuyana [3] for the scalar wave
equation then our result may be improved for initial data satisfying only . We
want to prove the following result.
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Theorem 3.1. Assume condition (H1) and (H2). Let (ug,u1) € D(A?) with com-
pact support. Then, there exist 6 > 0 such that if I < § then problem (1.1) has a
unique global solution (u,u;) such that

(u,us) € C(R; D(A?)) N CHR; D(A)) N C*(R; X)
and satisfies

-1

/ lu|? dz < Cf(l + 1¢)) vt eR
Q

E(t)+ Ey(t) + Ex(t) <CI(1+1t]) > VteR,

where E(t) is given by (1.2) and Ey and Ey will be given by (3.7) and (3.9) and
C > 0 is a positive constant. Here I depends only on the Sobolev norms (up to
order three) of the initial data.

First, we sketch the proof of existence of a local solution. Let T' > 0 and consider
the space

Y(T) = C([0,T}; D(A%)) n C*([0,T]; D(A)) N C>([0,T]; X)
with norm
[Ully ¢r) = sup [[U@)|lpcaz) + sup [Ue(t)[[p(a) + sup [Us (1) x- (3.2)
[0.7] [0,7] [0,7]
Clearly Y (T) is a Banach space. Let U = (u,v) € Y(T). Using our assumptions

(H2) on f and the embedding H}(Q) — L7(Q) for 2 < ¢ < 6 and H?(Q) — L>(Q)
we obtain the estimates

£ < CHU” [L2P ()3 < CHU”[Hl(Q)
IVF @)l < Cllo e 10l e

240
||a

We recall that [|g]|*> = j:l fQ |9;|? dz whenever g = (g1, ga,93) € [L*(2)]®. The
above estimates imply

|| = C”UH [H2(Q)]3? i,7=1,2,3.

f(w) € C([0,T); [H*(Q) N Hy ())°).
Now, we claim that f(v) € C*([0,T].[Hg()]*) N C2([0, T]; [L2(2)]?). In fact,

SI0) = (VAW v V1) 00, Vfole) v1).

Therefore, using assumption (H2) and Hélder’s inequality we obtain

3
O < [ SV v de
j=1

< o/ |02~ |, |2 da

2 1
< Clloellfzns 017503

2 1
< ClloelZgpllol i
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Similarly, we can estimate

a0 rd v
_ < I p— 2 p—1
o (G 0))1 < Clon g lloP=2 + 12 o
for some positive constant C. Consequently,

a0 rd
I (G )1 = Clolp el

for j =1,2,3. It follows from the above discussion that

flv) € CH([0, T].[Hy ().
By a similar procedure we can prove that f(v) € CQ([ ,T1; [L*(22)]®) which proves
our claim. Thus, whenever we consider an element U = (4,0) € Y(T) then, the
nonlinearity F(U) = (0, f(9) + @) belongs to

C'([0,T]; D(A)) N C?([0,T]; X).

It follows by semigroup theory that the nonhomogeneous problem
du
dt

has a unique (local) solution U = (u,v) € Y (T) provided Uy € D(A?).

Lemma 3.2. Assume (H1) and (H2). Let Uy = (ug,u1) € D(A?). Then, there

exist Ty > 0 such that problem (1.1) has a unique solution U = (u,u;) belonging to
the space

— AU + F(U), U(0) = Up = (uo,u1) (3.3)

C([0,To); P(A%)) N C*([0,Tp); P(A)) N C*([0, Tp); X).

Sketch, of proof. We consider the map ®: Y (T) — Y (T)) given by ®(U) = U where
U is the solution of and we will prove that ® has a unique fixed point in
Y(T) as long as we choose T sufficiently small. We achieve this in the following
way: Using the formula of variation of parameters and our assumptions of f we can
prove that the solution U of satisfies

1Vl < CWo) +CT {IT 15y + 1Ty ey (3.4)
where C'(Uy) depends only on the norm ||A2Up||x and the Sobolev norms (up to
order three) of U(0) and U(0). Next, we choose K > 1 and consider the set

By = {U € Y (t);U(0) = Uy, Up(0) = Uy, [|U|ly(ry < K}

where X
0 0
U= <u1, Z %(Aij%j) — Up —ul)-
igj=1 "%

We claim that ®(Bg) C By, if we choose T’ small and K large. In fact, let U € By
then, from (3.4)) we obtain

[Ully(r) < C(Uo) + CT{K? + K }.
Now, we choose K such that C(Up) < K/2 and T > 0 such that T' < [2C(KP~! +
1)]7. Thus [|U|y¢y < K. Obviously U(0) = Uy and U;(0) = Uy . Using the
semigroup properties and the formula of Varlatlon of parameters we can prove that
® is a contraction map, that is for any U and W belonging to By we have

[@(T) — @(W)|ly ) < U = Wy



10 M. V. FERREIRA, G. P. MENZALA EJDE-2006/65

where 0 < a = o(K,T) < 1 as long as we choose K large and T' > 0 sufficiently
small. This proves Lemma ([

Next we prove Theorem First, we extend the local solution we found in
Lemma to the maximal interval of existence [0, Tmax). Technically it will be
more convenient to rewrite problem (|1.1)) as

dUu

- = AU + F(U), U(0) = Uy = (ug,u1) (3.5)
with ;
~ 0 ou
Alwo) = (0. 3 5 (i) = v)
i,j=1 t

and F(U) = (0, f(ug)) where U = (u,v), v = u;. Let {S(t)} be the semigroup
associated to the generator A. Then Theorem [2 . 1| tell us that the solution of the
linear equation satisfies

E(t) < Cly(1+1)~* vt >o. (3.6)

In this article, we denote by C various positive constants which may vary from line
to line. Let v = u; . Taking the derivative in time of equation (2.1)) we deduce that
v satisfies

3
vtt—Z%(Aij%> +Ut=O in Q x [0,00)

8u0
0(@,0) = (), Za ( S ) ~m@)
v=0 on 9N x [0,+00)
Applying the same reasoning as in the proof of Theorem

b= [ (o 5 e

7,7=1

(1+t)~2 (3.7)

with v = us, where I; depends on the Sobolev norms (up to order two) of the initial
data and the quantity fQ \x|2| Z P =1 ax (A” guo) lzdx. Thus, from the equation

we also obtain
HZ 5 (g ) < Clig+ 1)+ (3.5)

1,j= 1
Similarly, if w = vy = uy we obtain
3

/ {lw,]? + Z 3 a4y gw gw Yo < CL(1+t)2 (3.9)

i,j=11,j=1
where I, depends on the Sobolev norm (up to order three) of the initial data and
the quantity [, [«|? |Zu 1 dw (Ajj g’;l)|2dx. Let I = Ip+1; + Iy and K > 1 such
that

luol|* < KT, (3.10)
E(0) + E1(0) + E5(0) + || Luo||® + || Luy ||* < KT, (3.11)
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)
where L = Zw 1 0% (Aij 5> B ).
We proceed to prove Theorem (3 . Let (u,u;) be the local solution for the semi-

linear model obtalned in Lemma 2l Clearly, by continuity of the quantities
on the left hand 81de of (3.6} and ( -j then in an small interval [0,¢) we will
have that

(14 8)|lu(-, )| < KI, (3.12)
t)*{E(t) + E1(t) + Eg(t) | Lu(-, )2+ || Luel |} < KT (3.13)

are valid. We want to prove that (3.12)) and - hold for any t > 0. To do this we
will choose K large and after I small Suppose that (| and ( - are not Vahd
for any T “near” Thax - Therefore, there must exist T S [0 T] such that (3.12]) and
(3:13) hold in [0,T") but

(1 +T)|u(-,T)|* = KT (3.14)
and/or
(1 +T){E(T) + B\(T) + Exo(T) + || Lu(-, T)||* + || Lus (-, T)|?} = KT~ (3.15)
From it follows that
t
U(t) = S(t)Uy +/ S(t—r)F(r)dr.
0
Consequently, from Theorem [2.2) we deduce

E(t) <CI(1+1) +C/ (L+t+r)"tJ(r)dr (3.16)

where J(r) = ||f(u)| + || - [f(w)|l. Using assumptions (H2) and Gagliardo-
Nirenberg’s inequality we obtain

(1-6)p duy  Ouy op/2
1 ()l < Cllurla, < Cla / Z )

where 0 < 0 = 3(’;7;1) <1 because £ < p < 3. Due to (3.12)-(3.15) it follows that

I1f (o)l < C{KTA +r) Y PRI 4 ) Y = CKPTP(14 7)™ (3.17)

for any r € [0,7]. Now we use finite propagation speed valid for the solution
of problem ([L.1)): If suppuo Usuppu; C {z € R3,|z| < R} then in the interval
of existence (u,u;) = (0,0), if || > Cit + R where C1 = |A]|/V/Co, ||Al* =
Z?,j:l | Ai;]|? and Cp is as in (1.4). We estimate

- 1) < C / i (2, )27 e

=C || |uy (z,7)|?P da
QN{|z|<Cir+R}

< (Cvr + R)*Clluy (-, ) 175,
and by Gagliardo-Nirenberg it follows that
- 1f ()l < C(Crr + R)KPIP(1+7) 7" (3.18)
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From (3.16)), (3.17) and (3.18]) we deduce

t
B(t) < CT(1+6)~ + GKPIP/ (L4t —r) (1) P dr
0 (3.19)

< (CT+CKPIP))(1+1t)~"
for any t € [0,T]. Here we used a calculus type lemma (see [I1, Lemma 7.4]). Using
the formula of variation of parameters we also obtain
¢
a0 < Clo(1+ 72 4 € [ (1 t= 02 )ar
0
where J(r) is as in (3.16). Due to our above calculation we get
¢
lu(0)]| < CIo(1 + )2 + CKPIP/ (L4t =) Y21 +7) P dr
0

< (Cly + CKPIP)(1 + 1)~ /2.

Next, we differentiate in time equation (1.1) and use the same sequence of ideas
given above to obtain that v = u; satisfies

E(t) <C(I+ 17 + KPIP)(1 4 1) 2
where E(t) is given as in (3.7). Using the equation it follows that
[ Lu(,t)|| < C(I +IP + KPIP)(1 +1)~2

for any ¢t € [0, T]. Finally, we differentiate twice in time equation (|1.1)) and repeat
the above reasoning to obtain that w = vy = uy satisfies

BEy(t) < C(I+ 17+ 179 + KPIP)(1+1)72, (3.20)
|Lu(-t)|| < C(IT+ 17 + T?P~Y + KPIP)(1 41) 2. (3.21)

Collecting information from up to , we have
(1+8)|u(-t)|? < CA+ KPIP~YHI, (3.22)

and
(1+8)*{E(t) + E1(t) + Ea(t) + || Lu(-, )[|* + || Lu.|* }

<CO+ 1P 4 P2y keI
for any ¢t € [0,7] and some positive constant C. Now we choose K large so that
K > C and
K*C)l/pfl (K* 0)1/2;;72 (K*C)l/pfl}

F < min{
<miny (S35 30 3CKP
With this choice, we clearly have that

CA+IP1+ 12+ KPIP7Y) < K.
Consequently from and , we deduce that
(L+)|ul, 0)]* < KT,
1+ E®) + Ei(t) + Ex(t) + | Lu(-, )| + || Lue|*} < KT

for any t € [0,7] which is a contradiction with (3.14) and (3.15). It follows that
3.12) and (3.13) should be valid for any ¢ € [0, Timax); therefore, the solution of
1.1)) exists globally and decays at the desired rate.

(3.23)
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