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BOUNDEDNESS AND EXPONENTIAL STABILITY OF
SOLUTIONS TO DYNAMIC EQUATIONS ON TIME SCALES

AI-LIAN LIU

ABSTRACT. Making use of the generalized time scales exponential function,
we give a new definition for the exponential stability of solutions for dynamic
equations on time scales. Employing Lyapunov-type functions on time scales,
we investigate the boundedness and the exponential stability of solutions to
first-order dynamic equations on time scales, and some sufficient conditions
are obtained. Some examples are given at the end of this paper.

1. INTRODUCTION

In this paper, we consider the boundedness and exponential stability of solutions
to the first-order dynamic equations

v® = f(t,x) t>to, t€T, (1.1)
subject to the initial condition
x(to) =z to €T, xo € R”, (1.2)

where f : T x R™ — R™ is a so called rd-continuous function and ¢ is from a so
called “time scale” T.

If T =R, then 22 = 2’ and , is the following initial value-problem for
ordinary differential equations,

¥ = f(t,x), (1.3)
l‘(t()) = Z0- (14)

If T = Z, then 2° = Az (the forward difference calculus), and (T.1)), (1.2 corre-
sponds to the initial value-problem for the OAE

z(n+1) —x(n) = f(n, z(n)), (1.5)
x(ng) = Zo. (1.6)

Recently Raffoul [6] used Lyapunov-type function to formulate some sufficient
conditions that ensure all solutions of ([1.3)), (1.4) are uniformly bounded. In [7], by
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a kind of suitable and easy-to-calculate Lyapunov type I function on time scales,
Peterson and Tisdell formulated some appropriate inequalities on these functions
that guarantee solutions to , are uniformly bounded. Other results on
boundedness can be found, for example, in [3] and [4].

The investigation of stability analysis of nonlinear systems has produced a vast
body of important results. In [I0], Muhammad made use of non-negative definite
Lyapunov functions to study the exponential stability of the zero solution of nonlin-
ear discrete system , 7 and in [I1], [12] they gave sufficient conditions for
the exponential stability of a class of nonlinear time-varying differential equations.

In this paper, we first define the boundedness and the exponential stability of
solutions on time scales, then making use of the Lyapunov-type function on time
scales, we get sufficient conditions that guarantee the boundedness and exponential
stability of zero solution to , , which generalize the results in [10] [11] [12].
Some examples are also presented at the end of this paper.

Throughout this paper, the following notation will be used: R™ is the n-dimen-
sional Euclidean vector space; R* is the set of all non-negative real numbers; ||z|
is the Euclidean norm of a vector z € R™.

2. PRELIMINARIES

The theory of dynamic equations on time scales (or more generally, measure
chains) was introduced in Stefan Hilger’s PhD thesis in 1988. The theory presents
a structure where, once a result is established for general time scales, special cases
include a result for differential equations (obtained by taking the time scale to be
the real numbers) and a result for difference equations (obtained by taking the
time scales to be the integers). A great deal of work has been done since 1988,
unifying the theory of differential equations and the theory of difference equations
by establishing the corresponding results in time scale setting.

Definition 2.1. A t¢ime scale T is an arbitrary nonempty closed subset of the set
R, with the topology and ordering inherited from R. We assume throughout the
paper that T is unbounded above.

Definition 2.2. For t € T the forward jump operator o(t) : T — T is defined by
o(t):=inf{s e T:s >t}

The jump operator o gives the classifications of points on time scales. A point
t € T is called right dense if o(t) = t, and right scattered if o(t) > t. The graininess
function u(t) : T — R is defined by u(t) = o(t) — t.

Definition 2.3. Fix t € T and let 2 : T — R™, define the delta-derivative x> (t)
of z at t € T to be the vector (if it exists) with the property that given any e > 0,
there is a neighborhood U C T of ¢ such that

l[zi(a(t)) — zi(s)] — & (D)o (t) — ]| < elo(t) — |

for all s € U and i = 1,2,...,n. At this time we say z(t) is (delta) differentiable.
In the case of T = R, x2(¢) = 2/(t). When T = Z, x2(t) is the standard forward
difference operator x(n + 1) — z(n).

Definition 2.4. For f : T — R” and F : T — R, if FA(t) = f(t) for all t € T,
then F is said to be an antiderivative of f. And define the cauchy integral by the
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formula
b
/ f(r)Ar =F(b) — F(a) fora,beT.
Definition 2.5. A function f: T — R is called right-dense continuous provided it
is continuous at right dense points of T and its left sided limit exists (finite) at left
dense points of T. The set of all right-dense continuous function on T is denoted
by
Crq = Crq(T) = Crq(T, R).

Consequences of these definitions and properties can be found in [I} 2] [5].
Definition 2.6. A function p: T — R is regressive provided that
14 u(t)p(t) #0 forall t € T.

The set of all regressive and right-dense continuous function is denoted by R =
R(T) = R(T,R). The set R of all positively regressive function is

RT=RT(T,R)={peR: 1+ pu()p(t) >0 forall t € T}.

Definition 2.7. For p(t) € R, we define the generalized exponential function as

ep(t,to) = exp(/tt Log1 —;(i(;)p(T))AT) for to,t € T.

Remark 2.8. Consider the dynamic initial-value problem

™ =p(t)x, x(to) = o, (2.1)
where to € T and p(t) € R. The exponential function z(t) = zoep(t,to) is the
unique solution to system ([2.1)).

Theorem 2.9. (i) If pe R*, then ey(t,to) > 0;
(i) ep(a(t), to) = (1+ pu(t)p(t))ep(t, to);
(ill) eep(t,to) = m, where
= 7_p .
1+ pp(t)’

(iv) If p,q € R, then ey(t,to)eq(t, to) = epaq(t, to);
(v) Ifp is a positive constant, then limy_. e, (t, to) = 00, limy_o egp(t, to) = 0.

op

Other relevant theorems can be found in [I],[2]. In the following discussions,
we assume conditions are imposed on system (|1.1]),(1.2)) such that the existence of
solutions is guaranteed when t € T} = {t € T: ¢ > to}.

3. BOUNDEDNESS OF SOLUTIONS

Definition 3.1. We say a solution x(t) of system (1.1)),(1.2)) is bounded if there
exists a constant C'(tg,zo) (that may depend on ¢y and x¢) such that

lz(@®)| < C(to, zo) for teTy.

We say that solutions of (1.1]),(L.2) are uniformly bounded if C is independent of
to.
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Assume V : TZZ x R™ — R is delta differentiable in variable ¢ and continuously
differentiable in variable z, and x(t) is any solution of dynamic system (1.1f), (1.2)),
then from [I3] [14] we know the delta derivative along x(t) for V (¢, z) is the following

1
VA(ta) = VA2 () = VAt 2(o(1) + / VIt 2(t) + hu(t)a® (£))dh 2 (¢)

= VA (t,x(a(1))) +/O Vit x(t) + hp(t) (¢, 2))dh f(t, @),

where V2 is considered as the delta derivative in the first variable ¢ and V/ is
taken as the normal derivative in variable x. Then we call V (¢,2) a Lyapunov-type
function on time scales.

To calculate the derivative is not an easy work generally, but if V (¢, x) is explicitly
independent of ¢, i.e. V:R" — Rt and V(z) = Vi(z1) + -+ + Vi (2,,), this is the
type I Lyapunov function introduced in [7] and (V ox)?(t) is easy to handle at this
time.

In this section we want to point out that the results in [7] are held to be true
theoretically for general Lyapunov-type function on time scales.

Theorem 3.2. Assume D is an open and convex set in R™. Suppose there exists
a Lyapunov-type function V : ']I‘;’; x D — RT that satisfies

Alz]P S V(tz) < Aolz]|?, (3.1)
—Asllz||"+ L
A < sl T .
VA < HE (32)
V(t,l’) - Vr/q(tvx) < e (33)

where A1, A2, A3, D, q, T are positive constants, L and v are nonnegative constants,

and M = /\3/)\;/‘1. Then all solutions of (L.1), (1.2) that stay in D are uniformly
bounded.

Proof. Note that M = Ag/)\;/q, so M € R* and ep(t,tg) is well defined and is
positive. From the derivative formula of products and condition ({3.2)),

(V(t,x)en(t,t0)> = VA(t, x)err(0(t), to) + V(t, x)eqy (L, to)
—Asllz|]” + L

14+ Mu(t)
= (=Xsllz||” + L+ MV (t,z))en(t, to).

(1+ Mu(t))en(t, to) + MV (¢, z)en (L, to)

From (3.1)), we have ||z||9 > V (t,x)/)\s, consequently —||z||” < (V(t,2)/A2)"/9. So
by (3.3),

(V(t,2)enr(t, t0))> < [=(As/ N/ DYVt 2) + MV (t, ) + Llea (t, to)
= [M(V(t,z) — V™9t 2)) + Lleas(t, to)
< (M~ + L)en(t, to).
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Integrating the above inequality from tg to t (¢t € "JI‘;; ), we obtain

M~+ L
V(t,w)en(tto) < V(to,a0) + =3 (enr(t.to) = ear(to, o))
M~y+L
< V(to,x0) + 7TeM(t,to)
M~+ L
< Nallzoll? + =7 ear(t, o).
Hence
M~y +L
V(tx) < Xallaol"ean (t to) + —2=
M~vy+ L
<Aoo + =
From (3.1), we have A\q||z||? < V (¢, z), which implies
1 M~vy+ L
le®ll < ()7 elloll + —=)""" forall ¢ € T},
1
This completes the proof. O

Theorem 3.3. Assume D C R"™ is open and convex, and there exists a Lyapunov-
type function V : T;; x D — RT that satisfies

M(@))zP <V (tz) < Aa(t) |4, (3.4)
—As(t)|lz]|" + L

VAt z) < ESITORE (3.5)

V(t,:l?) - Vr/q(tvx) < e (36)

for some positive constants p,q,r and positive functions A1 (t), Aa(t), A3(t), where
A1(t) is nondecreasing, L and v are nonnegative constants, and

M = inf As(£) /A5 2(t) > 0.
t

to

Then all solutions of (1.1), (1.2) that stay in D are bounded.

Proof. For M = inf, 5+ Ag(t)/)\g/q(t) > 0, by calculating (V (t,x)e(t,t))> and
to
then by the similar argument as in Theorem we obtain

M~y + L

V(t.2) < Mofto)llao|“ecn (1 to) + =
M~y + L
< Na(to)ljao | + =7

Using condition (3.4)), we arrive at
V(ta 'T) )1/1) < (V(ta Jf) )1/1)

] < (

A1(t) A1 (to)
Combining the above two inequalities, we get
L \i/p M~y + Li1/p +
Hx(t)” S (Tto)) ()\Q(to)H’JJQHq + T) fOI‘ all t e Ttov

which concludes the proof. (I
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4. EXPONENTIAL STABILITY OF SOLUTIONS

For the dynamic equation , we assume f(¢,0) =0 for all ¢t € T, so z(t) =0
is the trivial solution of .

There are different definitions for the exponential stability of the zero solution
according to different authors ([8 @]). Potzsche [8] gave the definition by the
regular exponential function e P(~%)(constant p > 0); and Dacunha [9] defined
the exponential stability in terms of e_,(t,¢) (constant p > 0,—p € R™). For
constant p > 0, —p € RT, taking into consideration the following relationship

e_p(t,to) < e PUT0) <ep (ttg) ttg € T,t > to,

here we introduce a new definition, which is more general than the present, by the
use of the generalized time scales exponential function eg,(t, o).

Definition 4.1. The zero solution to system (1.1|) is ezponentially stable if any

solution z(t) of (1.1]), (1.2) satisfies
lz@)II < Bllzoll, to)ed, (¢, t0)  t € TS,

where 3 : Rt xT — R is a nonnegative function, and o, p are positive constants. If
B(||zo]|, to) does not depend on g, the zero solution is called uniformly exponentially
stable.

For the rest of this article, to shorten expressions, instead of saying the zero
solution is stable, we say that the system (1.1)),(1.2]) is stable.

Lemma 4.2. For any time scale T, assume the graininess function u(t) is bounded
above, i.e. there exists a constant By (that may depend on T) such that p(t) < Br,
then for any positive constants M, satisfying M < §, we have

t
t —>/ emos(T,to) AT is bounded above.
to

Proof. From the properties of generalized exponential function (Theorem ,
t t t A
t 1 t
/ emes(T,to) AT = / e (7, %) AT = — (7, %) ArT.
to to 65 (T7 to) M to 66(7-’ to)
By the integration by parts formula [I, Theorem 1.77], we have

t B 1 t —GA(T7 t())
/to exros(T to) AT = < (eMeg(t, to) — 1 — /to eM(U(T)vtO)eé(ﬂ tof@é(a(T)’to)AT)

B 1 te (O’(T),t)
= M(eMeé(tatU) — 149 to WAT)

B (1 + p(r)M)eps(1,t0)
- M(eMeé(tatO) -1+ 5/t0 es(a(7) to) 0 AT)'

Due to the assumption, we have

/t (7, t0) AT < ( (tt)_1+5(1+BM)/t€M<T’tO)A)
o eM@5 7,10 T M 6M96 » L0 T to 65(J(T)5t0) )

From the formula in [I, Theorem 2.38],

t t
eM(T,to) 1 A
— AT = ——— e T, to) AT.
/tu es(o(7), to) M -3 ), wes(T to)
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Hence
/t: enos(T,t0) AT < % (1 -1+ W@Me&(t,to) - 1))
_ %(6(1(;_3]\12]\/[) B 5(15+_BAT4M) €M95(t,to))
< W = Constant.
That completes the proof. O

The results obtained in this section are under the assumption that Lemma
holds to be true, i.e., throughout this section we assume SUPy w(t) < oo with its
0

bound dependent on the time scale T.

Theorem 4.3. Assume D C R™ is an open and convex set containing the origin
and there exists a Lyapunov-type function V : ']1‘;; x D — RT which satisfies

Allz||P <V (t,z) < Xof|=|?, (4.1)
=As]|z]|" + Kegs(t, to)

VA, z) < , 4.2

( x) - 1+ ,U(t)M ( )

where A1, A2, A3, K, p,q,r,d are positive numbers and the following two conditions
hold for all (t,x) € Ty, x D

6> A3/(N\)"/1 =M, (4.3)

and there exists a v > 0 such that

V(t,x) — Vit z) < yess(t, to). (4.4)
Then system , is uniformly exponentially stable.
Proof. Let z(t) be a solution of (L.1)), and let

Qt,x) =V (t,x)en(t, to).
Then
Q2 (t,x) = VA(t,2)enm(a(t), to) + V(t, x)efy (t, to).
Taking into account, for all t € T} ,x € D, we have
—Asllz|” + Kess(t, to)
1+ p(t)M

By (4.1), we have ||z]|7 > V(t,z)/\a, or equivalently —|z||" < —(V(t,x)/)\g)r/q.
Therefore,

QA(t,x) < (1 + p(t)M)en(t, to) + V(t,x) Mep(t, o).

QA(t,z) < ( — VUt ) A /AT + Keos(t, to) + MV(t, x))eM(t, to).

Since A3/Ay/? = M, we have
Q4 (t, ) < M(V(t,x) — V™t x))en(t, to) + Kenros(t, to).
Using 7 we obtain
Q2 (t,x) < (My + K)emes(t, to)-
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Integrating both sides of the above inequality from ¢y to ¢, we obtain
t

Q(t,iL’)*Q(to,Io) S/ (M’Y+K)€M@5(T,t0)AT: (M’Y+K)/ eMeg(T,to)AT.

to tO
From Lemma we have
(M~ + K) 51 + BrM)

Q(t,x) — Q(to, xo) < M §—M

Since Q(to, z0) = V(to, z0) < A2l|zol|?, we have
(M~ + K) 5(1 + BrM)

Q(t,z) < doflzoll + - s = Plzol)-
We have Q(t,z) < B(||zo]]). On the other hand, from (4.1)) it follows that
V(t,z)\1/P
| < | ——= .
ol < (—5)

Substituting V (¢, z) = Q(t, )ecas (¢, to) in the last inequality, we obtain

Qt, z)ecm (t,to) \/7 _ ¢ B(lzol)\1/7 1
ey < (SRR T < (BERE) Teilb e to).
This inequality shows that system (1.1)), (1.2]) is uniformly exponentially stable.

Therefore the proof is complete. O

Theorem 4.4. Assume D C R" is an open and convex set containing the origin
and there exists a Lyapunov-type function V : T;’g x D — RT which satisfies

M@ ]P < V(E x) < Aa ()|, (4.5)
—As(O)]|2]” + Keos(t, to)
A <M osll 4
VA w) < TS, (4.6)
6> inf A3(t)/(Ma(t))/9 =M >0, (4.7)
teT}
Iy >0, such that V(t,x) — V/9(t,z) < veas(t, to), (4.8)

where A1 (t), A2(t), A3(t) are positive functions, A1 (t) is nondecreasing for allt € Ty,
and K,p,q,r,0 are positive constants. Then system (1.1}, (1.2) is exponentially
stable.

Proof. We consider the function
Qt,z) =V (¢, x)enm(t, to).
By a similar argument used in the proof of Theorem [{.3] we arrive at
QA (t,2) < (= As(B)llel” + Keas(t, o) )enr (1 to) + V(t,2) Mens (¢, to).

Taking condition (4.5) into account and by the assumption Ay(t) > 0 for all ¢ €
']I‘;g, we have ||z||7 > V(t,2)/A2(t), so equivalently —||z||” < —(V(t,z)/Xa(t))7/9.
Therefore,

QA (t,z) < ( — VT )N () A (B) T+ Keos(t, to) + MV (¢, x)) enr(t,to).
Since A3(t)/A2(t)™/9 > M, by condition (8], we obtain
QA(t,x) < M(V(t,x) — VUt x))en(t, to) + Kenros(t, to)
< (M~ + K)epgs(t, to).
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Thus integrating both sides of the above inequality from ¢y to ¢t and applying Lemma

E2

Q(t,z) — Qto,mp) < / (M~ + K)epeos(T,t0) AT

to

(M~ + K) 51 + BrM)
M §—M

Since Q(to, zo) = V(to, o) < A2(to)||z0||?, we have

Qt. ) < Aalto)zg 1 + LI O Bol)

Furthermore, from (4.5)) it follows that
V(t, x))l/f?

I#l < (5,75

Since A () is non-decreasing, hence A1 (t) > A1 (o). So

ol < (Kf’é;j)))” ’

Substituting V (¢, 2) = Q(¢, x)ecar (t,to) into the last inequality, we obtain

Joto)] < (LDt o (HRE LN Ty 1),

This inequality shows that system (1.1]), (1.2]) is exponential stable. O

=: B([lzoll; to)-

Theorem 4.5. Assume D C R"™ is an open and convex set containing the origin,
and there exists a Lyapunov-type function V : T;g x D — RT such that

A@)zl|” <Vt x) < 2(|lz]]),
Va0 < B Lt
V(@' (V(t,2) + V(t,z) < vess(t, to),
where @ : [0,00) — [0,00), ¥ : [0,00) — (—00,0], Ai(t) : T, — (0,400), ¥ is

nonincreasing, M1 (t), ® is nondecreasing, and ®~' ewists, L and ~ are nonnegative
constants, 6 > 1. Then system (L.1)), (1.2]) is uniformly exponentially stable.

Proof. Let z(t) be a solution of system (L.1)), (I.2), then
[V (t,x)er(t,to)]> = VA(t, x)er(o(t), to) + V(t,z)el (¢, to)
< Ylllz]l) + Lees(t to)
1+ p(?)
(U(DH(V(t,2))) + Leas(t, to))er(t, to) + V(t,x)e1 (L, to)
(v + L)ercs(t, to))-

Integrating both sides from ¢y to ¢, we obtain

9

(1 + ,u(t))el(t, to) + V(t, a:)el(t, to)

<
<

V(t2()er (£, 1) gV(tO,xo)+(7+L)/ €108 (o) AT
d(1 + Br)

< Vito,wo) + (v + L) =5 —

=: B(l[zoll, o),
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so that V(¢,z(t)) < B(||xoll, to)es1(t, to). From the assumption, we have

ol < (500l tolees (0)) < (505

which completes the proof. ([l

1/p
Blllzoll,t0)) el (2, t0),

Remark 4.6. In Theorems [£.4] and we can replace the nondecreasing assump-
tion of A\;(¢) by the following assumption: There exists a > 0 such that a < M
and

A (t) > ecalt, ty), forallte TS

to’

where M = inf, 7+ A3(t)/(A2(t))™/9. Take M =1 in Theorem
"0

The following theorem does not require an upper bound on the Lyapunov func-
tion V (¢, z).

Theorem 4.7. Assume D C R™ is an open and convez set containing the origin.
Let V : ’JI‘;E x D — RT be a given Lyapunov-type function satisfying

Mlz]|P < V(¢ 2), (4.9)
=XV (t,x) + Kegs(t,to)
A < 2 ) SIANE)
Va(t,z) < FYIOE , (4.10)

for some positive constants A1, A2, p, K, 6,€ with € < \g,e < 0. Then system (1.1]),
(1.2) is exponentially stable.
Proof. Let
Qt,x) =V (t, x)ec(t, o).
By an argument similar to the one used in the proof of the two theorems above,
and taking into consideration conditions (4.9)), (4.10]), we arrive at
QA(t,x) = VA(t, x)e(o(t), to) + V(t, x)e2(t, to)
< —)\QV(t, .Z‘) + Keeg(t, to)
- 14 u(t)e
= (=XV(t,z) + Kegs(t, to)) e<(t, to) + eV (t,x)e:(t, to)
= (=X +e)V(t,x)ec(t,tg) + Kecas(t, to)
§ Kegeg(t, tO)

So by Lemma

(14 p(t)e)e(t,to) + eV (¢, x)ec(t, to)

t
V(t, l')es(t,to) S V(to, .’Eo) + K 6565(’7', to)AT
to

§(1+ Bre)
o= = Al to)

Hence V (t,z) < B(||zoll, to)ece(t, to). From (4.9), we get

)e
/ /
It < (F) " < (PR el ot

This completes the proof. O

< V(to,xo) + K

Now we will present some examples to illustrate the theory developed above.
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Example 4.8. Consider the dynamic equation
#B(t) = ax + Ra'3 el (t,t0), (4.11)

where a < 0,a € RT, R > 0 and 6 > 0. If there exist positive constants A3, K such
that

6 > As,
(14 p(t)As)(2a + u(t)a2 + gR + %u(t)aR + %u(t)Rz) < =g, (4.12)
(14 ON)G R+ Sp(t)a + () < K.

then system (4.11) is uniformly exponentially stable.

To see this, let V(¢t,z) = 22. By calculating V2 (¢,x) along the solutions of

([@.11)), we obtain
VAt x) = 2af(t,x) + u(t)(f(t,2))?
=2 (ax + Re'3eldt, to)) + u(t) (ax + Rz e, t0)>2
= (2a + p(t)a?) 2 (2Rel/3(t to) + 2u(t)aRell3 to)) 243

+ u(t)Rzeé/;'(t, to)a?/3.

Using the Young’s inequality (wz < w?e + % with % + % = 1), we have

1/3
(z4/3)3/2 (eds (t,10))? 2., 1
32 ¢ 3 ) 3%+ 3ceslt:to),

2/3 3/2
(2*/3)3  (eds (t,t0)) 1, 2
3 3/2 ) 3‘1: + 3695(tat0)'

A1) <

2010 <
Thus

1
=+ seqs(t, to))

VAL 2) < (2 + p(t)a?) 22 + (2R + 2u(t )aR)(3 .

1 2
2(L o2, 4
+ u(t)R (SI + 3695(t,t0))
4 4 1
< 2, = = - 2\ ,.2
< (2a—|—u(t)a + 3R—|— 3u(t)aR—|— 3u(t)R )z
2 2 2
+ (gR + gﬂ(t)aR + g#(t)R )eeé(t, to)
= L{ (14 p(t)As) (2a + p(t)a® + iR + éu(zt)aR + 1u(t)Rz)x2
1+ p(t)As s 373 3

(U p0) (SR 4 Sp(t)aR + Sp() B ) eos(t,to) ).

Under the above assumptions, one can check that conditions (4.1)—(4.4) of Theorem
are satisfied. Hence system (4.11)) is uniformly exponentially stable.
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In fact, if there exist constants A3 > 0, K > 0, such that
6 > As,

(14 [p)As)(2a + [p]a® + gR + %LuJaR + %MRQ) < A3, (4.13)

(1 + W) CR + 2 laR+ 2 W RY) < K,

here [p] = sup;er p(t), |p) = infier p(t), then (4.12) will hold evidently.
Case 1: If T = R, then u(t) = [p] = |] = 0 and the conditions in (4.13)) reduce
to that positive constants Az, K need to exist such that

4 2
0> A3 < —(2a+§R)7 §R<K’

then system (4.11)) is uniformly exponentially stable.
Case 2: If T = hZ, then p(t) = [p] = |p] = h. The conditions in (4.13)) reduce to
that there exist A3 > 0, K > 0 such that

6> /\37
4 4 1
2a + ha® + 3B+ ghaR + ghR2 < —X3/(1+ h)z),

2 2

3R + 3
then system is uniformly exponentially stable.
Case 3: When T = |, ,[k(l + h),k(l + h) + 1)], here I, h are positive constants,
this kind of time scales could exactly describe many phenomena which are common
in nature, such as the life span of certain species and the change of electric circuit
with time progressing etc. [II [15]. At this time, [p] = 0, [u] = h. If there exist
constants A3 > 0, K > 0, such that

2
haR + ghR2 < K/(1+ hAz),

)\3<5,

2 4 1 2
2a+ha —|—§R—|—§Rh§—)\3,
2 2
(L+hAs) (SR + gR?h) <K,

then (4.13) will hold. So system (4.11)) is uniformly exponentially stable.

Example 4.9. Consider the system

2 = —ax; + azxy, (4.14)
2 = —ax; — axs, (4.15)
(z1(t0), m2(t0)) = (c,d), (4.16)

for certain constants a > 0, —a € RT, and c¢,d are any constants. If there is a
constant Ao > 0 such that for all t € 'H‘zg

Ao/ (14 dap(t)) < 2a(1 - apu(t)), (4.17)
then system (4.14)—(4.16|) is exponentially stable.
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Proof. We will show that, under the above assumptions, the conditions of Theorem
are satisfied. Choose D = R?, V(t,z) = ||z]|> = 2?2 + 22, so ([#.9) holds. From
[7], we have

VAt x) = 22 f(t,x) + u(t)[| £ (¢, )|
—2a(1 — ap(t))||=|*
—)\QV(t, .’L‘)
T 14+ Aou(t)
< =XV (t,x) + Kegs(t, to)
- 14+ Aop(t)
XV (t,x) + Kegs(t,to)
1+ epu(t) '
Here we let € = A9, 6 > € > 0, and K be arbitrary positive constant, so (4.10)
holds. Therefore, system f is exponentially stable.

In fact, if there exists a constant Ao > 0, such that
2a(1 = alu])(1 + Aolpt)) = Ao, (4.18)

then condition (4.17) will hold.

Case 1: If T = R, then pu(t) = [p] = [1] = 0 and (4.18)) will hold to be true if
there exists a constant A\, satisfying

0 < A\ < 2a.

So system (4.14)-(4.16)) is exponentially stable.
Case 2: If T = hZ, then u(t) = [p] = |1] = h. If we can find a constant Ay > 0
such that

A2

2 <
1+hXy —

then condition (4.18)) would hold. So system (4.14)—(4.16)) is exponentially stable.
Case 3: If T = {J;_o[k(I+h), k(14 h)+1] (as in the above example), then [p] =0,
[£] = h. The condition (4.18]) reduces to that a constant Ay exists such that

0 < Ay <2a(1 —ah),
so that system (4.14])—(4.16]) is exponentially stable. O

2a(1 — ah),
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