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REACTION-DIFFUSION SYSTEMS WITH 1-HOMOGENEOUS
NON-LINEARITY

MATTHIAS BUGER

ABSTRACT. We describe the dynamics of a system of two reaction-diffusion
equations with 1-homogeneous non-linearity. We show that either an order-
preserving property holds and can be used in order to determine the limiting
behaviour in some (invariant) sets or the long time behaviour of all solutions
can be described by looking at one scalar reaction-diffusion equation only.

1. INTRODUCTION

The dynamics of solutions of one reaction-diffusion equation

d
2y = 1.1
gty = Yax +g(t,z,y) (1.1)

with Dirichlet or other boundary conditions on an interval (0, L), L > 0, has been
examined by many authors [10, 11, 12, 15, 18]. Far less is known for a system of
two reaction-diffusion equations

% <Z> - (Z:i) +f(te, <Z> ), x€(0,L), t>0. (1.2)

In this paper we examine system (1.2) with a 1-homogeneous non-linearity f(u,v) =
hi(u,v), which means that hy (pu, pv) = phi(u,v) for all real p. Furthermore, we
assume that hy is C! in R2\ {(0,0)}.

It turns out that there are two different cases, depending on whether the set

. [ —sin¢ cosg\
FE = {¢0 eR: ( cos ¢00> - hy (Sin(bg) = 0}

Case 1: E # (). When E = R the dynamics has already been discussed in [2], so
we concentrate on the case E # R. Since F # () implies that F has infinitely many
elements, we can take o, € E, a < f3, such that v ¢ F for all « < v < . We
write the initial data (ug,vg) in polar coordinates

Uuo\ COS ©o
(1) = (). (13)
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If ro is non-negative and g has its values in the interval («, 3), then we show that
the solution (u,v) starting at (ug, vp) is flattened out and tends to a planar solution

_ [ cos @
To (sin ()50) (14)

where @y is a constant and equals either o or . We call a state (@, o) planar,
if it can be written in the form (1.4) with a constant, i.e. z-independent angle @g.
We note that (g, ¥p) is planar if and only if @y and 9, are linearly dependent. A
solution (@, ) is called planar if (@,?)(¢) is planar for all ¢. This means that the
angle function ¢ might depend on ¢ but not on the space variable z. It is easy to
observe that (@, v)(t) is a planar solution if and only if the initial value is planar.
This notation is motivated by the fact that for a planar solution (@, ) the curve

7 [0,L] 3 @ (w,alt, 2), 0(t, 7)) € [0, L] x B

lies in a plane P; (which depends on t), as one can see in Figure 1.

Py

FIGURE 1. Curve v; for a planar solution (a, )

The proof of the fact that the angular function ¢(t,-) associated with (u,v)(t)
converges either to a or to 3 is based on the following order-preserving property:

If (@—,9-)(t) is a planar solution with @_(0) < ¢(0,-), then we get g_(t) <
©(t,-) for all t > 0. Similarly, we get a function @ satisfying @ (¢) > ¢(t, ) for all
t > 0. Hence, the solution (u,v) lies between a lower and an upper planar solution.

v
graph of

5— 0

’ (0,L) 32— (“0(37)) € R?

vo(x)
51 Pt
©O_
6]

FIGURE 2. A situation in which @_, @, and ¢ converge to
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Then it only remains to show that the angle functions @4 (¢) of the planar solutions
both converge either to o or to f3.
We note that in the case E' = $Z the non-linearity h; can be written in the form

o (u, v) = (“Cl(“’”)) .

v(a(u,v)

Then the maximum principle yields that solutions (u, v) with initial value (ug, vo),
ug > 0,v9 > 0, stay positive for all ¢ > 0, and our result follows from well known
order-preserving properties [9, 14]. We note that in this paper we use a differ-
ent ordering relation which has the advantage that it does also work if £ # $Z.
Therefore, our result in case 1 is a kind of generalization of the well known order-
preserving results for 1-homogeneous non-linearities.

Case 2: E = (). Another concept, however, is needed in the case £ = ). In this
case, loosely speaking, the part of the non-linearity which induces a rotation on R?
around the origin does never vanish. Hence, we cannot expect the existence of any
stationary solution besides zero, but we should be able to observe periodic (or more
difficult) motion whenever zero is unstable.

The description of the dynamics in this case seems to be really complicated,
but we show that a major part can be done by looking at planar solutions that
are obtained from a scalar (time-periodic) reaction-diffusion equation instead of a
system of two equations. This method can be looked at as a generalization of the
approach used in [3, 4, 5] for the model system

i (0)= )+ ()= ()7 ) o

As a main result we obtain that each bounded solution of (1.2) with 1-homogeneous
non-linearity h; tends either to a stationary or periodic (planar) solution, i.e. we
get a Poincaré-Bendixson result.

Remarks on both cases. We note that the fact that the diffusion rates coincide
in both equations is a crucial point. Numerical studies show that the dynamics can
be totally different from the cases mentioned above for different diffusion rates, in
general. The restrictions on the non-linearity, however, can be weakened. It turns
out that all of our results hold for a non-linearity f of the form

flt,x,u,v) = hq(u,v) + (g) F(t,z,u,v)

where F : [0,00) x [0,L] x R? — R is C'. We will work with the more general

system
d u Uy u
g (v) = (Umz) + hi(u,v) + (U) F(t,z,u,v) (1.6)

with either Dirichlet or Neumann boundary conditions for the rest of this paper.

2. NOTATION AND PRELIMINARIES

Let R? := R2\ {(0,0)}. For every (£,m) € R2 the set {(£,7),(—n,£)} is a base
of R? and, thus, hq(&,n) € R? can be written in the form

n(Q-0rO(DnE e
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where fo(£,1),90(€,m) € R are uniquely determined. Since hy € C*(R% R?) and

(2.1) implies that
1) = ww ) ):
w() = e ()n()
we get fo, 9o € C*(R2,R). Since for all 4 € R
()5 G) () )
() -n (5)
()8 () o ()0 ()

ue\ _ €> (uf) _ (5)
fo (W?) fo (77 v 9o\ ) =90\, )
Therefore, it suffices to define fy, go on S* where S! is defined by
Sti={(z,y) e R*: 2® +-9* = 1}.
In particular, this implies that fo, go and their derivatives are bounded (on S and,

hence, on R?).
For ¢g € R we introduce the solution ¢(-;¢p) : R — R of the ODE

d
0= go(cos 6,sin )
$(0) = ¢o .
Since go is C* on S* (and has, thus, bounded derivatives), ¢ is well defined.

we obtain that

(2.2)

Lemma 2.1. The function ¢(-;¢g) is either constant or strictly monotone.

Proof. If go(cos¢p,singy) = 0, then ¢(t;dg) = ¢o for all t. We assume that

go(cos ¢, sin ¢g) # 0, without loss of generality, we deal only with go(cos ¢, sin ¢g) >
0. If ¢ was not strictly increasing, then there would be some ¢y € R with %qﬁ(to; o) =
0 which would imply that go(cos ¢(to; o), sin ¢(to; ¢o)) = 0 and, thus, ¢ would be

constant, contradicting the assumption.

Lemma 2.2. If go(cos ¢, sing,) = 0 for some ¢, € [0,27), i.e. ¢. € E, then

(5 do) 1s bounded for all ¢o; if there is no such ¢., i.e. E = 0, then ¢(-;do) is

unbounded.

Proof. 1. If there is ¢, as above, then every non-constant function ¢(-; ¢o) satisfies

o(t; ¢o) # ¢« mod 27w  for all ¢.

Since ¢(+;¢p) is continuous, @(R;¢g) is contained in an interval of length 27; in
particular, ¢(+; ¢g) is bounded.
2. If ¢(-; ¢po) is bounded, then the limit

6o = lim o(t;gy) € R

exists by Lemma 2.1. Thus, there is a sequence t,, /" oo such that % (tn; do0) —
0 (n — o0). This implies that go(cos ¢«,sin ¢.) = 0 which completes the proof.
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3. MAIN RESULTS

The case E = (). An element (ug,vo) of C*([0, L],R?) is called planar, if up and
vp are linearly dependent over R, i.e. if there are rq € C*([0, L], R) and ¢y € R such

that
ug\ _ [cos g
Vo ~ \sin ¢0 To
The set of all planar elements of C''([0, L], R?) is denoted by P.
Theorem 3.1. Let (u,v) € C1([0,00)x [0, L], R?) be a (classical) solution of system
(1.6) with Dirichlet or Neumann boundary conditions. If E =), then we get
distci{(u,v)(t,-),P} =0 (t — o).

Since the w-limit set w = w(u,v) associated with (u,v) consists of all states at which
the orbit {(u,v)(t) : t > 0} accumulates, this result means that in the case E = )
the w-limit set of any (bounded) solution (u,v) of (1.6) is contained in P.

By Theorem 3.1, the crucial part of the dynamics of (1.6) takes place in the set
P of planar elements. The following theorems deal with the dynamics on P.
Theorem 3.2. The set P is positively invariant, i.e. every solution (u,v) of (1.6)
which starts in P is a planar solution, i.e. (u,v)(t, ) € P for allt > 0. If (ug,vo) =
(cos ¢, sin ¢g)ro with 1o € C1([0, L], R), ¢po € R, then (u,v) has the form

(1) 0= (S0 v -

where 1 : [0,00) x [0, L] — R satisfies the scalar equation

%r =TaetT [fo <Zf§£$ ig))) + F(t,z, (Zfsz((f ig))) 7‘)] (3.2)

with initial value rg.

We note that the assertion of Theorem 3.2 is also true in the case E # (), but
the dynamics on P is important only if we have the result of Theorem 3.1 which
ensures that all solutions finally tend to planar ones.

Theorem 3.3. Let (u,v) be a (bounded) planar solution and choose ¢g, 19,7 as in
Theorem 3.2. If E =0, then ¢(-; ¢o) mod 27 is periodic and the period py is given
by

py = inf{7 > 0:|4(7;0)| = 27} .

In particular, py depends only on go. If, in addition, (1.6) is autonomous or F'
is periodic in t with a period pp such that pp/pys is rational, then the w-limit set
associated with (u,v) consists of periodic planar elements only, i.e. if we take an
initial value (Gg, Do) € w(u,v) in the w-limit set associated with (u,v), then (4,?)
is a periodic planar solution of (1.6).

The case F # . Given o, 3 € R, a < 3, we call
Inpg: = {(Uowo) € C*([0, L], R?) : (ug, vg) = 70(cos po, sin o) with
ro, o0 € C([0, L], R)such that 7o > 0 and « < g < § in (O,L)}

the angular space between « and 3. If, in addition,

e a,0 € E and
o y¢ Eforalla <vy<p,
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then we call I, 3 an angular space associated with E. We note that E # () implies
that E contains infinitely many elements. We show that an angular space associated
with F is positively invariant under the semiflow generated by (1.6) and all solutions
with initial value in this angular space tend to planar solutions with (constant) angle
a or (.

Theorem 3.4. Let I, g be an angular space associated with E and (u,v) a (bounded)
solution with initial value (u,v)(0,-) € Io,g. Then we get:

(a) (u,v)(t,-) € Inpg for allt > 0.
(b) There are continuous functions ¢ : (0,00) — C([0, L], R) and r : (0,00) —

C([0, L], R) such that
(u) - (C.Os s0) '
v sin ¢

(¢) If go(cosvy,siny) > 0 for « < v < (3, then ¢(t,-) converges to B in
C([0, L], R), in case go(cos~y,siny) <0 to a.

4. INTERPRETATION OF THE RESULTS

If we have E = (), then the rotation on the values of (u,v) driven by g does never
stop — formally this means that ¢(-; ¢g) is strictly monotone and unbounded. In
this case, our main result, Theorem 3.1, ensures that a major part of the dynamics
of (1.6) can be described by looking only at the dynamics on P, because we know
that all solutions of (1.6) tend to P for ¢ — oco. Then Theorems 2 and 3 show
that the dynamics on P can be described by solving first the ODE (2.2) and then
looking at the scalar reaction-diffusion equation (3.2) which has been studied in
[6, 7, 8]. This is obviously much easier than dealing with the full system (1.6); in
particular we can use oscillation number results in order to attack equation (3.2)
which are, in general, not available for systems.

Nevertheless, we note that the global attractor of (1.6) (if it exists) contains,
in general, more elements than just the union of w(ug,vp) for all points (ug,vo).
We can even show that in some cases the global attractor will contain non-planar
elements. The results [5] on unstable directions for periodic solutions of the model
system (1.5) could, for example, be used in order to prove the existence of non-
planar heteroclinic solutions.

If we have £ # () and o € E, then ¢(t; ) = « for all ¢ and the set {(ug,vp) :=
ro(cosa,sina) : rg € CY([0,L],R)} is invariant under the semiflow induced by
(1.6). In this case Theorem 3.4 describes the dynamics of all solutions starting in
an angular space I, g between two consecutive elements of F, i.e. in a space which
is bounded by invariant sets.

Theorem 3.4 says that all solutions which start in the angular space I, g will be
flattened out and converge to the boundary of this angular space (see Figure 2).
In the proof of Theorem 3.4 we will see that the crucial point is that a < ¢_ <
o(to, ) < ¢4 < B for some t( yields

Pt —to;9-) < p(t,-) < ot —to;¢4) forall t > to.

This (weak) order-preserving property together with the fact that ¢(-; ¢g) converges
for any ¢q is the main idea of the proof of Theorem 3.4.
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We note that outside the angular spaces even non-planar equilibria may exist.
We can, for example, take L = 7, hy(u,v) = (u,4v), and F(¢,z,u,v) = 0 which has
the non-planar equilibrium (sin z, sin(2z)) (and £ = $7Z).

5. CONSTRUCTION OF AN APPROPRIATE TRANSFORMATION

Let (u,v) € C([0,00) x [0, L], R?) be a solution of (1.6) with Dirichlet or Neu-
mann boundary conditions. For ¢ € R we consider

M) = (Gnf ).

sing  cosyp

Given ¢g € R we introduce

(f) (t,-) == M(—¢(t; ¢o)) (Z) (1)

An elementary computation shows that (w, ) satisfies
(%)
- <j> + Cj) |90 (M(@(5 60) (f) ) - %aﬁ(t; %)) (5.1)
+ (i’) [P (b, M(@(t 60)) (Z’) ) + fo(M(6(£; ¢0)) (f) )]

6. OSCILLATION NUMBER RESULTS

The concept of oscillation numbers [1, 13, 16] (sometimes also called zero number,
lap number or Matano number) deals with solutions y : [0,00) x [0,L] — R of a
linear equation

d

gV = Yaa F q(t,x)y (6.1)

where ¢ : [0,00) % [0, L] — R is bounded on [0,7] x [0, L] for all " > 0. We define
the number of sign changes (the oscillation number) by

Z(t) = sup{keN:30<az; < -<wxp<L:
y(t,z)y(t,xjp) <OV1I<j<k-1.}

It is remarkable that Z(t) is finite for all ¢ > 0, no matter how many zeros the
initial state y(0,-) has, as Angenent [1] proved. The most important result about
oscillation numbers is that Z : (0,00) — N is a non-increasing function. Precisely,
the value of Z(t) decreases whenever y(¢,-) has a multiple zero, i.e. if y(to, ) has a
multiple zero, then Z(t1) > Z(t2) for all t; < tg < ta.

These oscillation number results play an important role in the examination of
a scalar reaction-diffusion equation but can in general not be applied to systems
of reaction-diffusion equations. Whenever z is not the zero function, we want to
have results on the oscillation number of z like those mentioned in the last section.
Thus, we have to show that z satisfies some equation of the form (6.1). Since z
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solves

7 = et w[go(M(¢(t;¢o)) (1;) ) - %‘b(t; ¢0)}

[P Mot 00)) (7)) + sttt 00)) (1))
by (5.1), it only remains to show that
[0ttt o) (%)) = 506 00)

is bounded on [0, T x [0, L] for all T > 0. If ¢; is bounded, then z will solve equation
(6.1) with

w

q1 = —
z

q:=qu + F(t, 2, M(¢(t ¢o)) (f) ) + Fo(M(¢(t: ¢o)) @’) )

and we will be able to apply oscillation number results to z.

We assume that ¢; is not bounded. Then there is T > 0 and a sequence (t,,, x,,)
in [0,7T] x [0, L] such that |g1(tn,2n)] — 00 (n — o0) and z(t,,x,) # 0 for all
n € N. We may assume that (¢,,x,) converges to (to,xo) € [0,7T] x [0, L]. Since go
and, by definition of ¢, also %g{) are bounded, this implies that

Hence, (wy, ¢,) defined by

N
/) JSw(tn, xn) + 22(tn, 2n) 2(tn, Tn)

fulfill ¢, = 0 (n — oo). This means that |w,| — 1 (n — o) and without loss of
generality, we may assume that w, — 1 (n — o00). Since the map

10,27] x 5 5 (g, (0, O)) > g0 (M() (“5) )R

is (uniformly) continuously differentiable, it is Lipschitz-continuous in (w,¢) € S*
uniformly for all ¢ € [0, 27| with Lipschitz-constant L,. Hence, we get
W(ty, Ty d
oo (0163 00) (25727 )) = Grottni o)

2(tn, Tn)

‘gQ(M((b(tn;(bO)) (Cg:) ) — 90(M(¢(tn; do)) (é) ))

ul(2) ()
- LVl -G

We define a,, € R by (wn, (n) = (cos ap,sinay,). Then tan ay, = 2(ty, ©n) /w(tn, )
and «, — 0 ( mod 7) (n — oo). Furthermore, it follows that

Vi =124+ = 2|sin(%)} =O(tana,) = O(M) (n — o0)

w(tn, Tn)

and, thus, ¢1 (¢, z,) is bounded for n — co contradicting our assumption.

IN
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7. PROOF OF THEOREM 3.1

Step 1: Assume that the assertion is false and construct a non-planar
element in the w-limit set under this assumption.

By standard arguments [12, 17] we know that the solutions of (1.6) build a (local)
semiflow on some Sobolev space; in particular, the orbit

= {(u,v)(t) : t >0}

of the bounded solution (u,v) is a precompact subset of the space X< := D(A%),
a € (0,1) (in the notation of Henry [12]. Taking o < 1 sufficiently large and using
the Sobolev embedding theorem, we obtain that I lies precompact in C* ([0, L], R?).
This implies that, if the assertion of our theorem does not hold, then there is
(up,vf) € CH([0, L],R?) \ P and a sequence (t,), t, /" oo, such that

1w, v) (tn, +) = (ug,vp)lcr = 0 (n — 00).

This means that (ug,v{) is contained in the w-limit set associated with (u,v). Let
(u’,v") be the solution of (1.6) with initial value (uf,v). We note that (u/,v’) is
defined for all ¢ € R since (ug,v() is an element of the w-limit set.

Step 2: Definition of ¢y. We want to take ¢y € R such that 2'(0, -) defined using

the formula
(4] (= drt=oteion (1) .9

z

has a multiple zero. If uj or v} have a multiple zero, then we can take ¢g = 7/2
or ¢g = 0. If neither uj, nor v, have multiple zeros, then we proceed as follows:
Using the result of the last section, we can apply oscillation number results to 2’
— for every ¢g. Since (v/,v’) are also defined for negative ¢, 2’ solves an equation
of the form (6.1) for all ¢ € R. Then Angenent’s result [1] ensures that the number
of zeros of Z/(t,-) is finite for all ¢; in particular for ¢t = 0. Applying this result
for ¢9 = m/2 and ¢y = 0, we obtain that u( as well as v, have only finitely many
zeros (which are all simple by assumption). Hence, there is a continuous function
¢g ¢ [0, L] — R which satisfies

/

tan o (x) = Uo(@) for all z € [0, L] with ug(z) # 0.
ug ()

This result is an easy consequence of de 'Hospital’s formula, and it can also be
found in [2, p.696,Lemma 2]. We set

¢o :=max {@}(z) : z € [0, L]}
and take xg € [0, L] such that ¢g(zo) = ¢o. Then we get 2/(0,29) = 0 using the
definition of 2’. It remains to show that 2= 2/(0,20) = 0.
Case 1: w'(0,z9) = 0. Then 2/(0,z9) = 0 implies that u{(z) = v{(xo) = 0 and,
thus,

(zo)

(zo)

x

St

v
tan ¢Q = 7
Up

Q

-
Hence, it follows that

22(0, o)

%U}/(O,{EO) = tan(gpé(xo) —¢0)=0.

In particular, we have 8%z/(O, xg) = 0.
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Case 2: w'(0,z0) # 0. Let Uy be a neighborhood of zq in [0, L] in which w’(0, -)
has no zeros. Since ¢((r) < ¢ for all x € [0, L], we get

2'(0, z)
w’ (0, x)
Since w’(0, -) has no sign change in Uy, it follows that z’(0, -) must not have a sign
change in Uy, too. Hence xg must be a multiple zero of 2/(0, -).

Step 3: Applying oscillation number results to z’. As shown in Section 6,
we can apply oscillation number results to z’. Let Z’ : R — N be the corresponding
oscillation number. We note that we can define Z’ on the whole real axis because
2’ is defined for all t € R (and solves a linear equation of the form (6.1) on each
interval [—7,00), 7 > 0). Since 2/(0, -) has a multiple zero by Step 2, we get

Z'(t_) > Z'(ty) forallt_ <0 <t,.

We note that 2’(¢, -) can only have multiple zeros for countably many ¢ € R since Z’
has its values in N, is non-increasing and decreases each time z’(¢,-) has a multiple
zero. Thus, we can choose t_ < 0 < ty in a way that 2/(f4,-) have no multiple
ZEros.

Step 4: Definition of (w,z). By assumption, E is empty and, thus, ¢(-; ¢g) is
unbounded by Lemma 2.2. Therefore, ¢(-; @) has to be periodic; we denote its
period by p. Without loss of generality, we assume that ¢, mod p € [0,p) has the
same value 7 for all n; otherwise we take a subsequence (t,,) such that my = t,,
mod p converges in [0, p|, denote its limit by 7 and set 7 := t,,, — (my — 7). Then
we get (u,v)(1,) — (up,v)), and we can use (1) instead of (¢,). Without loss of
generality, we assume that 7 = 0; otherwise replace (u,v) by (@,9) := (u,v)(- — 7)
which does also solve an equation of the form (1.6). Then we introduce (w, z) by

(w) (t,-) = M(=¢(t; ¢o)) (g) (t,-) fort=0.

We note that (¢,) was chosen in a way that ¢,, is an integer multiple of p for all n.
Thus, we get ¢(tn; ¢o) = ¢o and

(4 )= Moty

0 > tan(pg(z) — ¢o) = for all z € Uyp.

Furthermore, an analogous computation shows that

<Z’> (tn +ta,) — (f:) (t+,)) in CY([0, L}, R).

Since 2’(t4,-) and z'(¢—, ) have no multiple zeros, it follows that there are positive
integers n, n_ such that the number of zeros of z(¢,+t+, ) and 2/ (¢4, -) coincide for
all n > ng. Since Z'(t_) > Z'(ty), the number Z(t) of zeros of z(t,-) accumulates
at two different values Z’(t4). Since oscillation number results hold for z by Section
6, Z has to be non-increasing which is a contradiction.

Remark. We note that the assumption E = () is used in Step 4 only. It ensures
that ¢(-; ¢o) is unbounded and, thus, periodic. Otherwise (7.1) does not hold and
we cannot conclude that (w’, z’)(0) is a limit point of some function (w, z) defined
as above.
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8. PROOF OF THEOREMS 3.2 AND 3.3

Suppose that (ug,vo), ¢o and 7o are given as in Theorem 3.2. First define r by
(3.2) and then (u,v) by (3.1). An elementary computation shows that (u,v) is a
solution of (1.6) with initial value (ug,v). Using the uniqueness of the solutions of
(1.6) (see, for example, [13]), the assertion of Theorem 3.2 follows.

By Lemma 2.2, ¢(+; ¢g) is unbounded. In particular, ¢(+; ¢p) is not constant and
Lemma 2.1 implies that it is strictly monotone. Without loss of generality assume
that ¢(-; ¢o) is strictly increasing. Since ¢(t; ¢g) is not bounded for ¢ — oo, there
is a uniquely determined pys > 0 such that

¢(pg; do) = ¢o + 27

Thus, ¢(-; ¢o) is periodic with period p,. Furthermore, there is tg € [¢o, po + Pe)
such that ¢(to; ¢o9) = 2wk with some integer k. Then it follows that

o(to + peJ; Po) = 2m(k + j) for all integers j.
In particular, we get ¢(to — pek; ¢o) = 0 and, thus,

?(pg; 0) = d(pg; dto — Peks ¢o)) = d(to — Pok +pg; do) = ¢(to —py(k —1); o) =2m
which shows that pg is given by the expression mentioned in Theorem 3.3.

We assume that F' is t-periodic with period pr where pg/pr is rational. This
means that there is p > 0 such that p/p, as well as p/pp are positive integers
(in the autonomous case, one can just take p = py). In particular, equation (3.2)
depends periodically on t (with period p).

Let (g, 7o) be an element of w(u,v) and (@, v) be the corresponding solution of
(1.6). Then (@, o) is planar by Theorem 3.1. By Theorem 3.2, there is ¢y € R and
a function 7 such that (3.1) and (3.2) hold. Since (&g, 7o) = 7(0)(cos ¢, sin ¢g) is
an element of w(u,v), it is a chain-recurrent point. Then an elementary analysis
like it was done in [5, Theorem 2] shows that 7#(0) is a also chain-recurrent point for
equation (3.2). Then [8] ensures that 7 is a p-periodic solution of (3.2) and, since
o(+; ¢o) is p-periodic, (@,?) is a p-periodic solution of (1.6).

9. PROOF OF THEOREM 3.4

1. We will prove the assertion only in the case &« = —m/2. The general case can
easily be reduced to this situation setting

(1) @)= dr-a =2 (2) 0.

Then (u’,v") solves an equation similar to (1.6) replacing F, fo, go by

1 (5) = w0+ (8).

n

(g) = go(M(a+ /2) (g) ),

F' (t,x, (i)) = F(t,z, M(a+7/2) <f7> ).

Hence, we have o = —7/2, / = 8 — a — 7/2 and the assertion follows using
po=¢ +a+mr/2

2. We note that o = —m/2 (Step 1) implies 7/2 € E using the fact that go(0,1) =
90(0,—1) (0-homogeneity). This gives § € (—n/2,7/2]. Hence, (u,v)(0) € I,z

90
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implies ug = rpcospg with 19 > 0 and —7/2 < o < o < 8 < 7/2 and, thus,
ug > 0. Furthermore, we get go(0,—1) = go(cos a, sin ) = 0. Since the restriction
of go on S' is continuously differentiable, then function gy given by

9 (cos ¢, sin @)

~ . 1 .
Jo : S° 2 (cos ¢, sin @) o

sing € R
is well defined and continuous. Setting Go(&,n) = WT) for all (&,n) € R2, go is
0-homogeneous, continuous and bounded; in particular, it is contained in L°>°(R?).

Since u satisfies

d
EUZU1$+U(F+JCO)_UQO :umw+u(F+f0_g0)

and u(0,-) = up > 0, maximum principle arguments imply that, for all ¢ > 0,
u(t,z) > 0 for z € (0,L) and u,(t,0),u,(t, L) # 0 in case of Dirichlet boundary
conditions and u(t,x) > 0 for z € [0, L] in case of Neumann boundary conditions.
Thus, there is a continuous function ¢ : (0,00) x [0, L] — R such that

q(t,x) = Zg 2 ,

(Note that ¢(t,0),q(t, L) can be defined using de’l Hospital’s formula.) We define
¢ :(0,00) x [0, L] > (t,x) — arctanq(t,z) € (—7/2,7/2),

o(t,-) € C([0,L],R), and r by r(t,-) := u(t,-)/cosp(t,). Then, (b) follows. We
note that the positivity of w and the fact that (¢, -) has its values in (—7/2,7/2)
implies that r(¢,-) has only positive values in (0, L) for all ¢ > 0.

3. We take tg > 0 and set ¢_ := miny, 1) ¢(to, "), ¢+ := maxjy ] ©(to, ). Note that
 is continuous by Step 2. Let z = z1 be defined as in Section 5 where the constant
oo should have the value ¢(—tg; ¢p+). Then we get

z4(to,+) = r(to, ) sin(p(to, ) — d+).
Using the fact that r(¢o,-) is positive in (0, L) by Step 2 and ¢(to,-) — ¢— € [0, 7),
it follows that z_(to,-) > 0. We take x_ € [0, L] such that ¢(tg,z_) = ¢_. Then
z_(to,-) has a multiple zero at * = z_. By Section 5, we can apply oscillation
number results to z_. Hence, z_(t,-) is either the zero function or strictly positive
in (0, L) for all t > ¢y. In particular, we get

[r(r)liLr]w(t, ) > ot —to;¢-) Vit > to.

z € (0,L).

Analogously, we get

r[gfffso(t, ) <ot —to;94) Vit > to.

4. The solutions of (1.6) form a (local) semiflow on the space C1([0, L], R?). Hence,
(u,v)(0) € I, p implies that there is § > 0 such that

a<p(t)<pf Y0O<t<d.
Thus, we have (u,v)(t) € I, g for t € [0,0). Take ¢y := §/2 and define ¢4+ as in
Step 3. Then we get o < ¢_ < ¢ < (8 and, by definition of the function ¢(-; ),
a<d(t;o-) <dt;04) <B VE>0.

Thus, Step 3 implies that (u,v)(t) € I, p for all t > §/2 and, using the result
mentioned above, for all ¢ > 0. This proves (a).
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5. Take ty > 0 and define ¢4 as in Step 3. Then we get (u,v)(to) € In,g by Step 4
and, thus,

a<o_ <oy <pB.

If go(cos ¢g, sin ¢g) > 0 for a < ¢g < B, then Lemmata 2.1 and 2.2 yield ¢(t; ¢+ ) —

B

(t — o0). Since

S < mi D)< D)< — {n:
o(t to,aﬁf),gl’lﬁ@(t,)fr[gfg}w(t,),cé(t to;4) V> to

by Step 3, it follows that ¢(t,-) converges to § in C([0, L], R). Analogously, we get
convergence to « in the case go(cos ¢, sin ¢g) < 0 for o < ¢g < . This proves (c).
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