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EXISTENCE, UNIQUENESS AND MULTIPLICITY OF POSITIVE
SOLUTIONS FOR SOME NONLOCAL SINGULAR ELLIPTIC
PROBLEMS

BAOQIANG YAN, QIANQIAN REN

Communicated by Claudianor Alves

ABSTRACT. In this article, using the sub-supersolution method and Rabinowitz-
type global bifurcation theory, we prove some results on existence, uniqueness
and multiplicity of positive solutions for some singular nonlocal elliptic prob-
lems.

1. INTRODUCTION

In this article, we consider the nonlocal elliptic problems

—a(/Q \u(x)|7da:> Au=K(x)u™", xin Q,

u(z) >0, xinQ, (1.1)
u(z) =0, =z on N
and
—a(/ \u(x)Pdm)Au =ANu?+ K(z)u™), zinQ,
Q
u(z) >0, xinQ, (1.2)

u(z) =0, =z on 09,

where Q C RN (N > 1) is a sufficiently regularity domain, ¢ > 0, A > 0, x> 0 and
v € (0,+00).

Obviously, if a(t) =1 for t € [0, +00), and are singular elliptic bound-
ary value problems and there are many results on existence, uniqueness and multi-
plicity of positive solutions, see [12| [13], 14} 15 [I8], 20, 21l 22], 23] and their references.
Chipot and Lovat [6] considered the model problem

up — a(/ﬁu(z,t)dz)Au =f, inQx(0,7T),
u(z,t) =0, onT x (0,7), (1.3)
u(z,0) = up(x), on Q.
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Here Q is a bounded open subset in RV, N > 1 with smooth boundary T, T is
some arbitrary time. Notice that if u(z,t) is independent from ¢, (1.3)) is a nonlocal
elliptic problems such as

—a( |u(a:)|7dx>Au = f(z,u), zin Q,
Q
u(z) =0, x on O

And a more generalized problem of (1.4) is
x) >0, xin{, (1.5)

where A : Q x LP(2) — R* is a measurable function.

By establishing comparison principles, using the results on fixed point index
theory, sub-supersolution method, some authors obtained the existence of at least
one positive solutions for or , see [5][7, 8, @ T0, [L9] and their references. We
notice that the nonlocal term A(z,u) or a( [, |u(z)|"dx) causes that the monotonic
nondecreasing of f being necessary for using the sub-supersolution method. Up to
now, there are fewer results on the existence and multiplicity of positive solutions
for or when f(z,u) is singular at u = 0. Very recently, an interesting
result on the following problems is obtained

—a(/ﬂ|u($)|7dw)Au:hl(x,u)f</ﬂ|u(ac)|pdm>

+h2(m,u)g(/ |u(x)|’"da:), x in Q,
)
u=0, xon J,

(1.6)

where 7,7, p > 1 and in which Alves and Covei showed that the existence of solution
for some classes of nonlocal problems without of the monotonic nondecreasing of hq
(see [M]) as hy(z,u) = u%, a € (0,1). In [I6], applying the change of variable and
the theory of fixed point index on a cone, do O obtained the multiplicity of radial
positive solutions for some nonlocal and nonvariational elliptic systems when the
nonlinearities f; is nondecreasing in v without singularity at u =0,7=1,2,...,n
and Q = {x e RN|0 < 7y < |z| < 72}

In this article, we consider the existence, uniqueness and multiplicity of positive
solutions to and when g > 0 is arbitrary.

This paper is organized as follows. In Section 2, according to the idea in [4]
11], we prove a new result on the existence of classical solutions by using sub-
supersolution method with maximum principle. In section 3, using Theorem
the existence and uniqueness of positive solution to are presented. In section
4, by Rabinowitz-type global bifurcation theory, we discuss the global results and
obtain the multiplicity of positive solutions for .
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2. SUB-SUPERSOLUTION METHOD

Now we consider a general problem

—a(/ |u(33)|7dx) Au= F(z,u), in Q,
Q
u=0, xonJf,

(2.1)

where Q C RY is a smooth bounded domain, v € (0,+00) and a : [0, +00) —
(0, +00) is continuous function with

inf  a(t) > a(0) =: ag > 0. 2.9
te[ér,ioo)“()—“() ao (2.2)

Let C(Q) = {u : Q@ — R|u be a continuous function on Q} with norm |jul| =

max, g |u(zx)].

Definition 2.1. The pair functions o and 38 with «, 3 € C(2) N C2%(Q) are subso-
lution and supersolution of (2.1)) if a(z) < u < B(x) for x € Q and

—Aa(r) < —F(z,a(x)), zin Q,

S

a’BQ <0

and
~AB@) >~ F(rf(), w9
0

where ag = a(0) and

by = sup a(t).
t€[0, [, max{|a(z)|,|3(x)|}7 dx]

For a fixed A > 0, we state the problem
—Au+ Au(z) = h(z), zin Q,

u=0, on 99, (2:3)

where Q C RY is a smooth bounded domain and give the deformation of Agmon-
Douglas-Nirenberg theorem for (2.3)).

Theorem 2.2 (Agmon-Douglas-Nirenberg [1]). If h € C*(2), then (2.3) has a
unique solution u € C***(Q) such that

[ull24a < Crllhloo;

if h e LP(Q)(p > 1), then [2.3) has a unique solution u € W2(Q) such that
l[ull2p < Callhl|p,

where Cy, Cy ere independent from u, h.

We define the unique solution u = (—=A +X)~*h of (2.3). Obviously (—A+ )1
is a linear operator. To prove our theorem, we need the following Embedding
theorem.
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Lemma 2.3 ([3]). Suppose Q C RY is a bounded domain with smooth boundary
and p > N. Then there exists a C(N,p,Q) > 0 such that
|u|k+u < C(Napv Q)””H’H‘LZN Vu € W;—Fl(Q)?

whereazlf%.

Next we give our main theorem.
Theorem 2.4. Let Q) C RY(N > 1) be a smooth bounded domain and ~y € (0, +00).
Suppose that F : Q x R — R is a continuous nonnegative function. Assume a and

B are the subsolution and supersolution of (2.1) respectively. Then problem ({2.1)
has at least one solution u such that, for all x € €,

a(z) <u(z) < B(z).
Proof. Let
F(z,a(x)), ifu < a(z);
F(z,u) =< F(z,u), if afz) <u
F(z,B(x)), ifu>p(z).
We will study the modified problem (for A > 0)

CAu " F(m,u) o .
Bt = e u@)) ) T ) T e (2.4)
uloq =0,

here x(z,u) = a(z) + (u — a(z))™ = (u — B(x))*.

Step 1. Every solution u of is such that: a(z) < u(z) < B(z), z € Q. We
prove that a(z) < u(z) on Q. Obviously, |y(z,u(z))| < max{|a(z)|,|3(x)|}, which
implies that

o0 < af [ Ix(au(w)"da) < by

By contradiction, assume that max,cq(a(r) — u(x)) = M > 0. Note that a(x) —
u(z) Z M on Q (a(x)—u(r) <0,z € 0Q). If g € Qis such that a(xg)—u(zo) = M,
then

0 < —A(a(zo) — u(zo))

1 1
< 5o Flwoal@o) = o @) e

< —Aa(zo) — u(zo)) < 0.
This is a contradiction. -

Now we prove that 3(z) > u(z) on €. By contradiction, assume min,cq(3(z) —
u(z)) = —m < 0. Note that f(z) —u(z) Z —m on Q (6(z) —u(z) >0, x € IN). If
xo € Q is such that B(xg) — u(zg) = —m, then

0> —A(B(x0) — u(xo))
1

1
> —F(xg, B(x0)) —
= ag 0 00 = G )
> Mu(zo) — B(x0)) > 0.
This is a contradiction. Consequently,

a(z) <u(x) < Blx), Q.

F(ao, u(w0)) — Ax(wo, u(o)) + Au(zo)

F(zo,u(z0)) — Mx(w0, u(z0)) + Mu(z0)
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Step 2. Every solution of (2.4) is a solution of (2.1). Every solution of (2.4) is
such that :a(z) < u(z) < B(z). By the definition of F and x, we have

F(z,u(z)) = F(z,u(z)), x(z,u(x))=u(z), z€Q
and u is a solution of .
Step 3. Problem has at least one solution. Choose p > N, a =1 — % and
define an operator
N:C(Q) - CQ) CLP(Q);u— F(-,u(")).

Since F' is continuous, the definition of F implies that F' is continuous also, which
guarantees N : C(Q2) — C(Q) is well defined, continuous and maps bounded sets
to bounded sets. Since (2.2) is true, a is continuous and

: <=,
a( [y (@, ul@))[dz) ~ ag

Nu is continuous, and maps bounded sets to

the operator Nyju = ORE u(:c))hdx)
bounded sets.

For given A > 0, we define an operator A : C(Q2) — C(Q) b
Au) = (A + N7 (N1u+ Ax (- u).

Now we show that A : C(Q2) — C(f) is completely continuous.
(1) By the construction of F and , we have, for every u € C(Q),

F(z,u(x))
’ fQ Ix(z,u(z))| dz) + AX(.T,u(x))‘
< ) <1 F(a,u) + Amax{]|al], [[B]]},

a0 z€Q,a(x)<u<p(x)

for all 2 € Q, which guarantees that there exists a K > 0 big enough such that
Niu+ Ax(-,u) € Br»(0, K) for all u € C(2), where

By (0, R) = {u € Ly()||lull, < K}
By Theorem [2:2] we have
[A@)ll2p = (A +X) 7 (N1w + A (,u) 2 < CoK, Yue C(Q).  (2.5)

Lemma implies that A(C(Q)) is bounded in C*(2). Therefore, A(C(Q)) is
relatively compact in C(9).
(2) For uy, uz € C(Q), by Theorem [2.2] one has

[A(u1) = Auz)l2,p < ColNvur + Ax (- u1) — (N1uz + Ax (-, u2)) |-
Lemma and the continuity of the operator Nj + \x guarantee that A : C(Q2) —

C(Q) is continuous. Consequently, A : C(Q) — C(9) is completely continuous.
By (2.5) and Lemma there exists a K7 > 0 big enough such that

A(C(Q)) C Be(0, Ky),
where Bo (0, K1) = {u € C(Q)|||u|| < K1}, which implies
A(Bc(0,K1)) € Be(0, Ky).
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The Schauder fixed point theorem guarantees that there exists a u € Be(0, K1)
such that

u = Au,
i.e., u is a solution of (2.4).

Consequently, steps 1 and 2 guarantee that u in the step 3 is a solution of ([2.1)).
The proof is complete. O

We remark that the difference between Theorem and [4, Theorem 1] is that
the solution w is a classical solution and we use v > 0 instead of v > 1. In the
following sections, we assume that a(t) : [0, +00) is continuous and increasing on
[0,400) for convenience.

3. THE EXISTENCE AND UNIQUENESS OF POSITIVE SOLUTION FOR ([1.1))

In this section, we consider the singular elliptic problems ([L.1)), where K € C* ()
with K(z) > 0 for x € Q, and pu > 0. Let ®; is the eigenfunction corresponding to
the principle eigenvalue A; of

—Au=Xu, x€Q

3.1
U|aQ =0. ( )

It is found that A; > 0, and
®q(z) >0, |VPi(x)]>0, Ve (3.2)

Theorem 3.1. Let Q C RN, N > 1, be a bounded domain with smooth boundary
0O (of class C?>T*, 0 <a<1). If K € C%(Q), K(x) >0 for allx € Q and p > 0,
then there exists a unique function u € C***(Q) N C(Q) such that u(z) > 0 for all
x € Q and u is a solution of . If u > 1, then there exist positive constants by

and by such that b1<I>1(x)%u <u(z) < bg@l(m)ﬁ, z € Q.

Proof. The proof is based on Theorem [2.4] and the construction of pairs of sub-
supersolutions. The construction of supersolutions to when p > 1 is different
from that when 0 < p < 1.

(1) Assume first that g > 1. In this case, let t = 2/(1+u) and let ¥(z) = b4 (x)*
where b > 0 is a constant. By , we deduce that

A¥(z) 4+ q(z,b)TH(z) =0, z€Q, (3.3)

where g(z,b) = b'TH[t(1 — )|[VOy(z)* + tA1P1(2)?]. Inequality (3.2) guarantees
that min_ g[t(1 — t)|V®1(x)|* + tA1®1(2)?] > 0, which implies that there exists a
positive constant b such that

iK(a:) < q(z,b), Vxe.
ao
Let u(z) = b®,(z)". Hence,
Au(z) + aiOK(x)u(x)*# - [aiOK(x) g h)]u (@) <0, zeQ  (34)

(2) Assume that 0 < g < 1. Let s be chosen to satisfy the two inequalities
0<s<l,s(14+p) <2 (3.5)
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and u(z) = ¢®1(x)®, where ¢ is a large positive constant to be chosen. For x €
we have

Au(z) + aiOK(:c)u(x)*“
=0, (2)" 2|V, (2)|%cs(1 — 5) + %K(z)cf“él(z)f”s — APy (x)°

= =01 (z)° ?[|V®y(2)Pes(1 — s) — aiOK(x)cﬂ“I)l(x)zf(H“)s] — A 8Py ().

From (3.2, there exists a open subset ' CC Q and a § > 0 such that
V@ (z)] >4, YreQ-Q,

which together with 2 — (1 + u)s > 0 implies that there exists a ¢; > 0 big enough
such that for all ¢ > ¢4,

1 _
V&, (z)]2cs(1 — s) — G—K(m)cf“@l(x)%u*“)s >0, VeeQ-qQ,
0
ie forallc>ci,z e Q-8
— ®1(2)* 2 [V (7)|%es(1 — s) — iK(x)C—Mq)l(x)?—(lw)S] — A5 (2)°
ao (3.6)
< 0.

Moreover, from min ®;(x) > 0, there exists a co > 0 big enough such that for

all ¢ > cg, one has

z€Q/

aiOK(x)c*“(I)l(x)*“s —cAsPy(2)® <0, Vre Q,
ie. foralle> ey, z €0,
— @y (2)* 2| VP (2)[Pes(1 — 8) + aiOK(x)c_“‘bl(x)_“s —cAsPy(2)® < 0. (3.7)
Now choose a ¢ > max{cy,ca}. Combining and (3.7)), we have

Au(z) + iK(gc)u(ac)_“

ao
= —®(2) 2 [|VPy(2)[es(1 — s) — iK(m)C*“@l(x)%(H“)s] — A5y (2)°
ao
<0, zef
(3.8)
Choose d = max{b, ¢} and define
¢ a :
() = d<I>17(x), x € 9 %f,u > 1;
d®3(z), z€Q if0<pu<l
From (3.4) and (3.8), we have
1
Au*(z) + —K(z)u™(x)™# <0, Vze.
ao
It follows that for each n € N,
Au*(z) + a—K(J;) u*(z) + - < Au*(z) + a—K(J;)u (x)™* <0, (3.9
0 0

for x € Q.
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Let by = a( [, |u*(x)["dz). Choose ¢ > 0 small enough such that

1
b—K(x)2_“ —eMPi(z) >0, Vzeq, (3.10)
0
and
e®(x) < min{l,u*(x)}, Vze. (3.11)
From (3.1)), (3.10) and , one has that for each n € N,
1 1\~ 1
Acdy(z) + —K(z) (E‘I)l(x) + f) > CK(@)27F —e®i(z) >0, (3.12)
bo n bo
for z € Q.

Let u.(x) = e®1 (), 2 € Q. By the definitions of u, and u*, we have
max{|u. (z)|, [u*()[}7 = u* ()"

and so

sup a(t) = a(/ u*(x)”dx) = by.
)l ()]} da] Q

[0, fo, max{|u.(z

Then for n € N, from (3.9) and (3.12)), we have for each n € N,
1 1
Au*(z)+ —K(z)(u™(z)+ =)"" <0, z€Q,
Qg n
u*|ag =0
and
1 1.
Au,(z) + b—K(m)(u*(ﬂc) + ﬁ) k>0, z€Q,
0
’U/*|5Q =0.
Now Theorem [2.4 guarantees that for n € N, there exist {u, } with u.(z) < u,(z) <
u*(x) for all z € Q such that

¥ Ly z
a(/Q|un(x)| dz) Aty (2) + K (@) (un(2) + )" =0, zeQ, (3.13)

un|aQ = 0.

Let Q; = {z € Qu.(z) > £}, k € N. From (3.13)), we have

Aty (2)] < - K () ()" leg— max K (z)(min u.(z)~", =z € 0,
ag ag zeQ T€Qy
which implies that {u,(z)} is equicontinous and uniformly bounded on €, k €
N. Therefore, {u,(x)} has a uniformly convergent subsequence on every €. By
Diagonal method, we can choose a subsequence of {u,(x)} which converges a g
on every €, uniformly. Without loss of generality, assume that

lirf un(x) = ug(w), uniformly on Q, k € N.

Obviously,

which implies that
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Hence, we define ug(x) = 0, for € 9Q. And the Dominated Convergence Theorem
implies that

lim /|un(x)|7dz:/ |ug ()| da,
Q Q

n—-+o0o

which together with the continuity of a(t) yields

ngrilma(/gz|un(m)|”dx) :a</ﬂ|u0(x)\'ydx).

Now we claim that ug € C**%(2) and that
a( / |u0(x)|7dm) Aug(z) + K (x)ug(z) ™" =0, Ve Q. (3.14)
Q

Although the proof is similar as the standard arguments for the the theory of the
Elliptic problems (see [I5]), we still give it in details.

Let zo € Q and let r > 0 be chosen so that B(xg,r) C ), where B(xq, ) denotes
the open ball of radius r centered at zy. Let ¥ be a C'*° function which is equal to

1 on B(zg,r/2) and equal to 0 off B(zg,r). We have

2VU(z) - Vuy(x) + up(z) AT ()
AW ()un(2)) = { + (@) gy K @z (2). Vo € Blag.r),
0, Vi € Q — B(xo, 7).

Let

pu(T) =

0, Vo € Q — B(xog,T).
It is easy to see that p,, is a term whose L°° norm is bounded independently of n
(note inf,c(o 400y a(t) > a(0) = ag > 0). Therefore, for n > 1, we have

{qf(x)mfc(x)u;u(x), Va € B(xo,r),

N
OV (x)un(x
W () Ay () = 3 by, LD
j=1 J
where b, ;, 7 =1,2,..., N, g, are terms whose L° norm is bounded independently

of n. Integrating the above equation, we have that there exist constants c3 > 0,
¢4 > 0, independent of n, such that

/ IV (Tu)[2dz < 03(/ IV (Tun)2dz)? + ca.
B(zo,r) B(zo,r)

From this, it follows that the L?(B(xq,r))-norm of |V(¥u,)| is bounded inde-
pendently of n. Hence, L?(B(zo, 5))-norm of |Vuy,| is bounded independently of

n. Let Uy be a C* function which is equal to 1 on B(zg,r/4) and equal to 0
off B(xo,5). We have A(Vy(x)uy(x)) = 2VWi(2) - Vup(x) + pn,1, pp1 is a term
whose L*(B(xo,5)) norm is bounded independently of n. From standard ellip-
tic theory, the W22(B(z¢, 5))-norm of ¥u, is bounded independently of n and
hence, the W22(B(zo, §))-norm of u,, is bounded independently of n. Since the
W2(B(xo, 7))-norms of the components of Vu,, are bounded independently of n,
it follows from the Sobolev imbedding theorem that, if ¢ = 2N/(N —2) > 2if N > 2
and ¢ > 2 is arbitrary if N < 2, then the LY(B(xo, §))-norm of |Vu,| is bounded

independently of n. If ¥y is a ¢ function which is equal to 1 on B(xo, §) and

equal to 0 off B(xzg, 7), then A(Vy(z)u,(z)) = 2V¥s(x) - Vuy(2) 4 pp,2, Pn2 is a
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term whose L°°(B(xo, §)) norm is bounded independently of n. Since the right-
hand side of the above equation is bounded in L?(B(xo, 7)), independently of n,
the W24(B(zg, %))-norm of Wyu,, is also bounded independently of n. Hence, the
W?24(B(x0, §))-norm of uy, is bounded independently of n. Continuing the line of
reasoning, after a finite number of steps, we find a number 1 > 0 and ¢; > N/(1—«)
such that the W29 (B(zg,r1))-norm of u, is bounded independently of n. Hence,
there is a subsequence of {u,}, which we may assume is the sequence itself, which
converges in C'T(B(xg,71)). If 0 is a C* function which is equal to 1 on B(zq, 3)
and equal to 0 off B(xg, 1), then

A(Ou,) = VUV, + pn,

where p, = 0Au, + u,Af. The right-hand side of the above equation converges
in C*(B(zg,71)). So, by Schauder theory, {fu, jconverges in C***(B(xq,r1)) and

hence {u,} converges in C***(B(z¢,%)). Since xy €  is arbitrary, this shows

that ug € C?+2(Q). Clearly, (3.14)) holds.

Consequently, we have
a(/Q |u0(x)|7dm) Aug(z) + K(z)up(z) ™ =0, z€Q,
uploa = 0.
By [I5] Theorem 1], we have if u > 1, there exist a b; > 0 and by > 0 such that
bﬁbﬂx)ﬁ <wup(z) < bg@l(x)ﬁ, vz € Q.

Next we consider the uniqueness of positive solutions of (3.1). Assume that uq
and uy are two positive solutions. Let ¢; = (a( [, ui(z)7dz))Y 1) and v; = cyu;,
1 = 1,2. Then v; satisfies
—Av; = K(x)v; ",
UH@Q =0.
Now [I5] guarantees that
—Av = K(x)v™#,
v|ag =0

has a unique positive solution, which implies v; = vq, i.e.,

(a(/Qu1($)7da?))1/(u+l)u1(x) = (a(/QUQ(Q;‘)“/dac))l/(#_‘—l)ug(x), (3.15)

for x € Q, and so

(a(/ﬂm(m)’de))W(MH)u?(x) = (a(/Q ug(x)'ydx))w(uﬂ)ug(x), vz € Q.

Integration on 2 yields

(o /Q ul(x)vdx))” e /Q @)z = (o /Q uQ(x)mz))” ey /Q 3 (2)da.

The monotonicity of a implies that (a(t))/(#*+Dt is increasing on [0, +00), which

guarantees that
/ul(w)"’dm:/ug(x)"ydx,
Q Q
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(a(/ﬂul(x)’de))l/(”H) = (a(/gug(x)’Yda:>)l/(u+l),

which together with (3.15)) yields uj(x) = ua(z). The proof is complete. O

Theorem 3.2. The solution u of Theorem is in Wb2 if and only if p < 3. If
w>1, then u is not in C1(Q).

and so

Proof. Suppose u is a positive solution in Theorem Let
K (fﬂ)
Then p € C(Q), p(z) > 0 for all z € Q and u(x) satisfies that
—Au = p(x)u™H,
pl) (3.16)
ulan = 0.

By [I5] Theorem 2|, u is in W12 if and only if < 3. If 4 > 1, then u is not in
C1(9Q).The proof is complete. O

The monotonicity of a(t) on [0,400) is very important for the uniqueness of
positive solution to (LI]). For example, assume that ¢ = [, |ui(z)|dz, where u; is

the unique positive solution of the following problem (see [I5, Theorem 1]
—Au=u"",

(3.17)

u|aQ =0.

Let

alt) = {3, | t=0
24 ((£)=0+m —2)|sin L|1+r, ¢ > 0.
It is easy to see that a(t) is not monotone on [0,400). Let Ay = 2kw + 5. Then
a(Are) = 24 ((\p) "1 — 2)] sin)\k|1+“ = (M) keN. (3.18)
Let ug(z) = Apuy(2), « € Q. Then, from (3.17) and (B.18), we have
Aug(z) = MAug (z) = —Mpuy “(2), 7 €9,

and
L _(a) . ()"
— 5 Uk = k
a( fq luk(z)|dz) a( o Arklui(x)|dx)
1
- - —n
e e a)
= A}j“)\;“ul (x) ™" = Apuq (z) 7
Hence,
1
Aug( — ()" =0, z€Q,
Uk|8Q =0,
ie.,

a(/Q \u(gc)|dx) Au(z) +u(x)™ =0, =z e,
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U|aQ = O

has at infinitely many positive solutions.

4. GLOBAL STRUCTURE OF POSITIVE SOLUTIONS FOR (|1.2)

In this section, we consider the singular nonlocal elliptic problems (|1 , where
€ (0,+00), >0, KGC‘X( ) with K (z) > 0 for all x € Q.
To sutudy equation (|1.2)), for each n € N, we study the equations

v q x) (u(z Ly x
a(/ﬂ|u(m)| dm)Au(x)—i—)\[u + K () (u( )+n) ] =0, €0, (4.1)

U|8Q =0.
Let u denote the inward normal derivative of v on 02 and define

P={uecC"Q):u(z) >0z cQ, u(z) =0 on I and % > 0 on 09},

where o € (0,1). It follows from [I'7, Theorem 3.7] that for n € N there is a set C, of
solutions of (4.1)) which is a connected and unbounded subset of R* x (PU{(0,0)})

(in the topology of R x C1:%(2)) and contains (0, 0). Obviously,
Jull < flullite, Vu € Cn,

which guarantees that

lu]] = 400 implies that ||ulj14+a — +00,Yu € Cy,

4.2
lu — uo|l1+o — O implies that ||u — ug|| — 0. (42)
On the other hand, by Lemma [2.3| and Theorem [2.2] for u € C,,, one has
ull1+a < Cn,p, Q)lull2p
1,- 1/p
< - q NP
< C(n,p,Q fQ |u TFdz) (/Q[u +K(:E)(u(a:)+n) ] d:c)
1 1,- 1/
< C(n,p, Q)A—(/ [u? + K (z) (u(z) + =) #]pdx) 3
ao Q n
1
< C(n,p,Q)A;|Q\1/p[||U|\q + K], YueCy
0
and
lu = uoll1a < Cn, p, Q)|lu — uoll2,p
1/p
< C(n,p,2 / [P, ( (ug)(x)|pdx) , Yu,ug € Cp,
where )
v, T @+ o)
which guarantees that
|e]|140 — +oo implies that ||u|| — +o00,Vu € Cp, (4.3)

|lu — uo|| — 0 implies that ||u — ug||14a — O.

Combining (4.2) and (4.3]), we know that C,, is connected and unbounded in R x
c(Q).
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Let ¢ € C?%(Q) defined by
—Ap=1, z€o(x)=0, zedq. (4.4)
Lemma 4.1. Let M > 0 and (Ap,un) € (0,400) x P be a solution of (4.1)
satisfying A\, < M and |un|| < M. There is a number € > 0 and a pair of

functions T(M) > 0, K(8, M) > 0 such that if ¢ is given by ([{.3)) and 0 < % <E,
then

AT (M)g(z) < up(x) < B+ XK (B, M)p(x), z€Q (4.5)
for B € (0, M].
Proof. Set

R(3, M) = max{a—lo(rq FR@)r) () €O x [B14+ MY (46)

Let (A, u,) be as in the Lemma 0<i<landpe(0,M]. Set Ag={z €
Quy(z) > B} By (4.4) and (4.6), one has

_ 1
“ANEB M) = Ay
(6, M) a( fo, un(z)7dz)

> MK (B, M) — )\ni[ug1 + K(z)(un) "] >0, x€ Ag,
ao

K (@) + )]

and
up(z) =08, x € dAs.
Thus 8+ A\, K (3, M)$(z) > un(x) on Ag by the maximum principle and the right-
hand inequality of (|4.5)) is established.
To obtain the left-hand inequality, choose R > 0 so that

1
a( fo(B+ MEK(B, M)d(x))dx)

if 0 < r < R. Define I'(M) = min{1,R/(2M||¢||)}. Then, for + € (0,R/2],
n € (0,T(M)] and A, € (0, M], from the right-hand inequality of (4.5) and the
monotonicity of a(t), one has

—AAang(x)) = Ann

< Ap

K(z)r #>1

1
a( (B4 MK (3, M)¢(x))dx)

1 1
<Ay [(Md)? + K (2) 0+ =) H].

< M )+ K@) g+ )7

From this we will deduce that \,[(M)¢(z) < u,(z), z € Q. Since ag‘v" laa > 0,

un(z) > 0 for x € Q, there exists a Q' CC 2 and m > 0 such that ag‘v" log >m >0

forallz € Q— Q' and u,(x) >m >0 forall x € Q', which implies that there exists
a s > 0 such that

1,
K@) Owmo+ )™

Up — TAn@ € P, Y7 €0, s].
Since limg_, 4o ||SAn@|] = +00, there exists a ' > 0 such that u, — s'\,¢ & P.
Define
n* =sup{s > Olu, — TAnp € P, V7 €[0,s]}.
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It is easy to see that 0 < n* < s’ and up, —nA,¢ € Pfor 0 <n < n* and up,—n* A\ &
P. It suffices to show n* > T'(M). If n* <T'(M), let w = u,, — Apn*¢ > 0 in Q and,
by (4.7) for C > 0, we have

—Aw+ Cw=Cw+ )\na ! [un ()9 + K(x)(un(z) + %)—M] — A"

(Jo un(x)vdx)
1

> Cwt s (@) + K (@) un(a) + )77

— [ 6)" + K@) 6+ ) 7))
By the Mean Value Theorem we have
()" + K ) (o) + )] = (" 0(a))? + K (@) O 6(0) + )] = Cow,

where

Cp = min inf —p)r~ (),
z€Q el 5 Hunll+Ann* ¢l
Choose .
C+ )\n—a(fQ un(x)"de) Co > 0.
Then
—Aw + Cw > 0,

which means that w € P. This is a contradiction. Consequently, n* > T'(M) and
50 A\ D(M)p(z) < up(z), x € Q. The proof is complete. O

Theorem 4.2. There is a set C of solutions of (1.2) satisfying the following:

(i) C is connected in R x C(Q);
(ii) C is unbounded in R x C(Q);
(iii) (0,0) lies in the closure of C' in R x C(f2).

Proof. For M > 0, define
B((0,0), M) = {(\,u) € R x C(Q)|\* + ||lul|* < M?}.
Let (An,uy,) € 9B((0,0), M)N(0,4+00) x P be solutions of as above, n — 400
and A\, — A. If A =0, we deduce from that
0 < limsupsup u,(z) < 3, Ve (0,M]

n—+00 4y
and hence that u,, — 0 in C(Q). Then (A,,u,) — (0,0) as n — +oo in R x C(9).
Since (A, up) € 0B((0,0), M), this is impossible. Then A > 0.

From and A > 0, we see that u, is bounded from below by a function which
is positive in Q2 and from above by a constant. Arguing as in the proof of Theorem
without loss of generality, passing to the limit in (4.5), there is a ug € C(Q)
such that

nlirfoo un(x) = ug(x), uniformly z € Qg C 9, (4.8)

where )y is arbitrary sub-domain in 2 and
NT(M)o(x) < ulw) < 6+ NE(B, M)o(a), € (4.9)
for 8 € (0, M]. From (4.5) and (4.9) we have

li =
iy o) =0
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and
lim w,(x) =0, uniformly for n € N. (4.10)

z—00Q

Now (4.8) and (4.10) imply that u,, — ug as n — 4oo. It follows that (A,,u,) —
(A, up) in R x C(Q) and hence (X, ug) € 0B((0,0), M).
A standard argument as the proof of Theorem shows that ug satisfies

a(/ Juo (@) ) A () + A(uo(2)? + K (2)uo(x) ) =0, €,
Q

uO|aQ =0.
Wee omit the proof.

At this point we have shown that if B((0,0), M) is a bounded neighborhood of

(0,0) in R x C(Q), then there is a solution (\,ug) € dB((0,0), M)) of (1.2). Since
M is arbitrary, C = {(\,uy) € B((0,0), M)|uy is a positive solution for (1.2)). The
proof is complete. ([

Corollary 4.3. If ¢ < 1, then X € (0,+00). In particular, (1.2]) with A =1 has a
solution.

Proof. Suppose C'is the connected and unbounded set of positive solutions for
in Theorem Now we show that A € (0, +00).

In fact, suppose set {A|(\,u) € C} is finite and let Ag = {A > 0|(\,u) € C}.
The unboundedness of C' means that there exist {(A\n,uy)} such that

hm ltn || = +o0.
n—

Set 41 = {z € Qu,(x) > 1} and

— 1
K, = —(JJun||? + max K (x)). (4.11)
ap €N
It follows from (4.4)) and ( - ) that
_ _ 1
AL+ XN Kpnp—up) = A Ky —Ap—————[ul + K n) H
(14 AWK — un) S K@) ™

— 1
> MKy — A —[|lun]]? + max K(x)] >0, x € Ay,
ap €N

and
un(x) =1, x € 0A;.
Thus 1+ A\, K, ¢(z) > u,(x) on A; by the maximum principle and so
un(x) <1+ Anfn(b(z)v Vr € ﬁa

which implies

Jun|l < 14 Ao([lun||* + max K (z)) max ¢(x).
e ze

By ¢ < 1, one has

1
1< lim [” o + Ao(JJun |9 1+maxK( )/HunH)meag(ﬁ(x) =0.

n—-+oo

This is a contradiction. Therefore, Ag = 4+00. The proof is complete. [
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Now we consider the case ¢ > 1. Let K(x) = K(]z|) and we consider the problem
(L.2) when Q@ = {z € RY|0 < r; < |2| < ro} and N > 3 and discuss the radial

positive solutions for (1.2)), i.e., (1.2)) is equivalent to the problem

"2 N -1
—a (NwN/ TN_1|u(r)|7dr) (ur, +

= Au(r)? + K(|r)u™"(r))], rin (r1,r2),
u(r) >0, te(ry,re),
u(rl) =0, u(TZ) =0,

Up)

where wy denotes the area of unit sphere in RY.
By [16], applying the change of variable ¢ = I(r) and u(r) = z(t) with

t=1I(r)= N3 +B—=r= (Bit)Nfz,
where
(rira)™ 2 ry
A= Tévfz _ T{V*Q’ B = révfz _ T{\rfzv
we obtain
ro
NwN/ N ()Y dr
r1
1
A - 1 1 -
_ NwN/O (o) VAT L (B 5) R |o(s) s
1
=Ax [ Bn(9)|z(s)|7ds
0
where " -
N -
Ay =N+ fZAM, By(s)=(B—s) =~ ,
and
Uy = 2ty = (= A)(2 - N)r' =",

= 2 ((=A)(2 = N)rt )2 4 24 (= A) (2 = N)(1 = N)r~™,

rr

which implies
N -1

"

Uy + Uy = ((_A)(2 - N)TI_N)QZ&'
And then (4.12) is equivalent to the problem

- a(AN /O 1 BN(s)|z(s)|”’ds) (1)

= M0+ K ()Y N2 r @), in (0,1),

t
z(t) >0, te(0,1),
2(0) =0, z(1)=0,
where
A2/(2—N)

d(t) = (N —2)2(B — 1)20-D/(N-2)’

te€[0,1]

(4.12)

(4.13)



EJDE-2017/138 POSITIVE SOLUTIONS FOR NONLOCAL SINGULAR ELLIPTIC PROBLEMS7

and the related integral equation is

z(t) = A / G(t, s)
(AN fO BN S |7d8

)1/(N )zt (s)] ds,

(4.14)

x [2(s)" + K((

B -5
for t € (0,1), where

Gt 5) s(1—1t), 0<s<t<l,
yS5) =
t(l—s), 0<t<s<l.

Lemma 4.4 (see |2 page 18]). Suppose z € C|0, 1] is concave on [0, 1] with z(t) > 0
for allt €10,1]. Then z(t) > ||z|t(1 —t) fort €[0,1]
Corollary 4.5. Iflim; 4 % +o00, then C in Theorem. satisfies:

(i) there exists Ao > satisfying C' N ((Ag, +00) x Cp[0,1]) = 0;
(ii) for every A € (0,Aq], C' N ([0, A] x Cy[0,1]) is unbounded;
(iii) there exists Ao < Ao such that for every A € (0, \g), has at least two
positive solutions z1,x and za x with

lim llziall = 0, lim [[z2,2]] = +o0.
A—0,(A,z1,0)eC A—0,(N,z2,0)€C

Proof. (i) Suppose that (X, z\) € C. Since 2} (t) < 0 and 25(0) = 2\(1) = 0, we
have z is concave on [0, 1] with z(t) > 0 for all t €[0,1]. Now Lemma [4.4] implies

) 21— 0zl Vee 1)
If |zx]] <1, it follows from (4.14))

12 [zl

= T ! / G(t,s)
a(An [y Bn(s)|za(s)|7ds) t€01]

A
x [ex(s)? +K((B AL "(s)]ds
1 A
I max/ G(t, s) (( )1/(N_2))ds,
a(An [, Bn(s)ds) t€l0.1] —s
and so
2 < a(Ay [y Bn(s)ds) (415)
= maxyepon) fy G(t, 5)d(s) K ((525) Y/ (N=2))ds
Since -
lim t = 400,
t—+oo a(t7)
one has
. ta—1 ) sq— 1 ANf BN ds) (g—1)/~
tl}+m°° 2 L - sEI-iI-loo G(SV) -t
a(tVAy [y By (s)ds)
(4.16)
which implies that there is an My > 0 such that
a(t"A By (s)d
v Jy Bn(s)ds) < My, Vtell,+00). (4.17)

ta—1
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If ||za|| > 1, from (4.14]) and (4.17)), one has

1
2l > A max/ G(t, s) ds
(BN (127 Ax [T B (o)ds) (o0 zx(s)1]

q
Izl maX/ G(t,s)d(s)[s(1 — s)]9ds,
a(llzalPAn i By (s)ds) t€l011 Jo
and so
+ < izl Ay Jy Bu(s)ds) !
= l|z]ja—1 maxe(o,1] fol G(t,5)d(s)[s(1 — s)]9ds (4.18)
< My :

max;e[o,1] f01 G(t,s)d(s)[s(1 — s)]qu.

It follows from and - ) that
Ao = sup{A|(A, zx) € C} < 400,
C N ((Ag, +00) x Cpl0,1]) = 0.

(ii) For every A € (0, Ag], we show that CN ([, Ag] x Cy[0, 1]) is bounded. In fact,
it C'N([A, Ao] x Cp[0,1]) is unbounded, there is {(An, z,)} € C'N([A, Ag] x Co[0,1])
such that
A 4 ||zall? = 400, asn — +oo.

Since {A\,} C [\, Ag] is bounded, without loss of generality, we assume that A, —
N >0 asn — +oo. It implies that

llznll®> — 400, asmn — +oo.

From (4.14), one has

1

> A G(t, y d

ool 2 Al A Iy B o)) 03 et
q
> A\ [z max / G(t, s) s(1 — s)]4ds,
(”ZnH’YAN fo BN tEOl
and so

[ ' Y

1>A max G(t,s)d(s)[s(l s)]%ds.

(||zn||’YAN fO BN dS) t€(0,1]

From (4.16), letting n — 400, one has 1 > 4o00. This is a contradiction. Hence,
C N ([N Ao] x Cp[0,1]) is bounded for any X € (0, Ag].
(iii) Choose R > 1 > r > 0. Suppose (A, z)) € C with r < ||z)|| < R. By

294+ K(z)z™" > 29 + min K (|z])z7#,
e

there is a ¢y > 0 such that
29+ K(z)z™" > ¢y, Vz€ (0,+00),2 € Q. (4.19)
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From (4.14) and (4.19) it follows that

1 1
Za(t) = A l/GW$ﬂ@
a(An [y B (s)|za(s)[7ds) Jo
< [an(o) 4 (o)) ()] ds
1 1
T / G(t,s)d(s)cods,
a(RYAy [, Bn(s)ds) Jo
and so
[lzall = A L max / G(t, s)d(s)cods,
R’YANIO BN tEOl]

which guarantees that
R R'YAN fO BN dS)

A < =
max;eo,1] fo (t,s)d(s)dsco

(4.20)

One the other hand, since

S 1 54 A veo (] —
Y+ ANfO ST )|’Yds)d(t)[ ,\(t)+K((B_t) )z ()] = 0,
0<t<l,

zx(0) = 2 (1) =0,

there exists ty € (0,1) with 24 (¢) > 0 on (0,¢5) and 25(t) < 0 on (tx,1). For
t € (0,t)) we have

) < )\a—oz)\“(t)d(t){trél[gﬁ] K((Bi_t)l/(N’z)) +z‘;+q(t)}

A

< A gTH K 1/(N=2) 1tq
_>\aOZA (t)tgl[éa)i]d(t){ [631] ((B—t) )+ R }

1
= Az (t)d

CLQZA () 1,

A

= K 1/(N-2) utq

= s d(t){ e K (=) 4 e,

Integrate from ¢ (¢t < ty) to ¢y (note z)(s) is increasing on [, t,\]) to obtain
tx 1 ta
()<xf/ 4w@¢mgA7/? VH(0)dsdy <A mf%%
ag ao J¢
ie.

1
LA <Ay (4.21)

and then integrate (4.21) from 0 to ¢y to obtain

L g /tA A (t)dza(t) < Aidl.
p+1 “Jo T ap

Consequently

ritlag
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It follows from and that (A, up) € [, Ar] x ({z]r < ||z|]| < R} N P)
for all (A, zx) € C with r < ||zx|| < R. Since C comes from (0,0), C is connected
and C'N((0,A) x Cp[0,1]) is unbounded, if A € (0, A,-), there exist at least two 1
and xo \ with [|z1 || < r and ||z2,A] > R.

Let

Ao = sup{A, : (L.2) has at least two positive solutions for all A € (0, A,.)}.

Obviously, Ao < Ag and (1.2)) has at least two positive solutions for all A € (0, \,.)
and has at least one positive solution for all A € [Ag,Ag]. Since R and r are
arbitrary, it follows that (iii) is true. The proof is complete. O

If N =1, we can consider the problem

1
“a [ J(e)Pds)= () = Ae(e + K@z (0], tin (0.1),
0
z(t) >0, te(0,1),

2(0) =0, =z(1)=0,
and obtain the similar results as Corollary for the above problem.
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